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ITPEINCJIOBUE

Kaura nanmcana Ha OCHOBE MHOTOJIETHETO OIBITA YTEHUS JIEKOAU U
BeJEeHUsI CEMUHAPCKUX 3aHATHH Ha dusmdeckom dakyabrere MI'Y; npen-
Ha3HA4YeHa KaK JJIg CTYAEeHTOB, TaK W [JId MOJIOABIX IIPernojaBaTesel,
HAYMHAIONMX BecTu ceMmHapbl. OHa OXBAaTHIBAET OCHOBHON MaTepua
KypcoB nuddepeHnnaIbHbIX YPABHEHN, MHTErPAJbHBIX YPABHEHUI U Ba-
PHAIMOHHOTO MCYHCIeHns. KHura siBjseTcss He TOJBKO COOPHUKOM 33139
u ynpaxaernuit. Ee Ha3HaYeHne — MOMOYb AKTUBHOMY ¥ HE(DOPMAIBLHOMY
YCBOEHUIO CTyZEHTaMu u3ydaemoro npeamvera. Marepuas kaxaoro napa-
rpada pa3dbur Ha TPU MyHKTA.

B paspene “OcHOBHBIE TOHATHS W TEOPEMBI’ MPUBOAATCS OCHOBHBIE
TeopeTudecKue cBefenus u GopMyiibl (6e3 J0Ka3aTeIbCTB, HO ¢ HEOOXOIM-
MBIMHA U 9aCTO PA3BEPHYTHIMHU MOosgCHeHUAMHE ). DOPMYJIMPOBKY OIpeIee-
HUI ¥ TeopeM B GOJBIIMHCTEE CIIy9aeB COOTBETCTBYIOT KHuraMm [18, 3, 22].

B pasgene “Ilpumepst pemrennst 3a1a49” pa300paHbl TUMIHBIE IPUMeE-
PBI, JEMOHCTPUPYIOIIYE HA NPAKTUKE NIPUMEHCHHUE PE3YJIbTaTOB TEOPHUU.
Bo mMHOrIX mpuMepax pelreHus 3a/1a9 aBTOPbI CTPEMUINCH NaTh dusnde-
CKYI0 MHTEpIpeTanuio u (PU3ndecKue MPUIOKEHNS MATEMATHIECKUX 10~
HaTuit. KomuaecTBo pa3obpaHHBIX TPUMEPOB BAPHUPYETCS B 3aBUCUMOCTH
0T 00beMa U Ba>KHOCTH TEMBIL.

Hasnauenune paszgesa “Safaun u ynparkHeHus Ijisd CAMOCTOSTEIbLHOM
paboThl” onpeeseHo ero Ha3BaHueM. ABTOPBI HE CTPEMUJINCH K OOJIBIIIO-
My KOJIUYECTBY YIIPaXKHEHW, yIesss BHUMaHUe UX pas3HoobOpasuio. [Ipu
mobope yupaykHeHu! ObLIN NCIIOIb30BAHBI PA3INYHbIE HCTOYHUKH, B TOM
9uCIie MUPOKO u3BecTHBIE 3ana9ankn A. @. @umunnosa, M. JI. Kpacuosa
u gpyrux aropoB. IlosTomy mHOrme 3amadm mocobus HE NPETEHIYIOT
Ha OPpUIMHAJIBHOCTH, HO CpPp€Iu HUX €CTh W MHOI'O HOBBIX. K 3aJda9aM nu
YIPpa>XHEHUAM JaHBbI OTBETHI, a B PAZe CJIyd9a€B U YKa3aHUA.

Hauano pemennii 3amaa ormedaerca 3uakoMm A. Koner, samedannii u
pelenuit 3a/1a4 OTMedaeTcss 3HaKOM [,

Ilocobmue paccumTano Ha crymeHTOB (bu3mdecKux (HDaKyJIbTETOB YHU-
BEPCHATETOB, HO BIIOJIHE MOXKeT OBITH MCIIOJIb30BAHO TAKXKE B TEXHUIECKUX
By3ax.

ABTOpPBI HAIEIOTCs, 9TO MOCOOME MOMOXKET CTYAEHTaM B OBJIQJIEHUN
BasKHBIMU 151 (DU3UKOB pa3IejlaMu BBICIIEH MaTEeMaTHKU MIPUA CaMOCTO-
ATepHOM pabore Ham npeameroM. OHU TakKe BHIPAYKAKT HAIEXKLY, 9TO
mocobre O6yIeT moIe3HO U MPENOJABaTeNsIM B paboTe CO CTYAEeHTaMU, U C
6/1ar0JapHOCTHIO BOCIIPUMYT BCe KPUTHYECKUE 3AMEYAHUA U IOXKEJIAHNS,
HAIPaBJIEHHbIE HA YJIydIIEHHNE €r0 CONEPIKAHUS.



I'masa 1

OBBIKHOBEHHDBIE /IN®PEPEHIINAJIBHBIE
YPABHEHU A ITEPBOT'O ITOPAJIKA

§ 1. O6bikHOBeHHBIE AU dhepeHITNATIBHBIE YPAaBHEHUS
MEePBOTO IOPsAIKa, pa3pelleHHbIe OTHOCUTEJIHLHO
IIPOU3BOIHOM

1. OcHOBHBIEC MOHATHS U TeopeMbl

Judpepernyuarorom ypasrenuem HA3BIBACTCA YPABHEHUE, B KOTOPOE
Henm3BeCTHas (DYHKIWS BXOAUT MOJ 3HAKOM ITPOU3BOIHOM.

Hopsodrom Judpdeperyuanvrozo ypasHeHUs HA3BIBAETCI MaKCAMaJIb-
HBIl OPSAIOK BXOASIIUX B HETO IMPOU3BOIHBIX.

VYpaBHeHHus, comepzKallue TPOU3BOAHBIE OT HEM3BECTHON (DYHKIUN
TOJIBKO TI0 OJHOW HE3aBUCHUMOWM IepeMEeHHON, HA3bIBAIOTCS 00blKHOBEH-
HOLMU.

Ob6sikHOBEeHHOE MudDEPEHINATBHOE YPABHEHIE IEPBOTO MOPSIIKA IIMe-
eT BUJ

d
F(a,y, dg) =0, (1)
roe F' — 3amanHas QyHKOUS TpexX apryMeHToB. B gacTHOCTH,
d
= fley) wm y = f(z,y). (2)

VYpasrenwe (1) Ha3bIBaeTCA HEPA3PEIIEHHBIM OTHOCHTEIHHO TIPOM3BOTHON,
ypasHeHnme (2) — paspemeHHBIM OTHOCHTENBHO IIPOM3BOTHOMN.

Pewenuem ypasnenus (2) HaspiBaercsa jobas muddepeHnupyeMas
dynrms y = y(z), obpamatomas ypasHerne (2) B Toxkzaectso. I'padux
PeIIeHnst Ha TIOCKOCTH (,Y) HA3BIBAETCS UHMEZPaAbHol Kpuesod.

MmuoxkecTBo Becex pemenmii ypasHenus (1) HaseiBaeTca obwum pe-
wenuem ypasHerus (1). Begkoe OTHENbHO B3ATOE peIIeHNe HASBIBACTCS
YACTNHDBIM DEUEHUEM.

Hrnmezpuposanuem ypaBHEHNs HA3bIBAETCA IIPOIECC HAXOXKIECHUS €ro
pelIeHnii.

B mMaTemaTndeckoM aHaJn3e WHTETPUPOBAHUEM HA3BIBAETCS OMEPAIAs
HaxXOXKAeHns (DYHKINHU 10 331aHHOM nmpon3BoaHOi. B Teopun muddepen-
[UAJbHBIX YPABHEHUH CIIOBO “HHTErPHpPOBaHUE” O3HATAET HO0JIee CII0KHYIO
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OmepaIio — HAXO0XKIeHWe permeHnit auddepeHnasprHOT0 yPABHEHNU T,
a omeparusi, Ha3bIBaeMas WHTETPUPOBAHWEM B aHAJIW3€, B TeOpUU Aud-
depeHnraIbHLIX YPABHEHHIT HA3BIBAETCA “KBaapaTypoit’.

ITpaBas wacte (2) B Kaxmoil TO9-
y K€ HEeKOTOpoit obsactu GG MIOCKOCTH
(z,y) ompemensieT TaHTeHC yrjia Ha-
KJIOH& KaCcaTeJbHOI K TON WHTerpaib-
HOIl KpHWBOH, KOoTOpad NPOXOOUT de-
pe3 3ty rouky. Obnacre G, B Kax-
IO TOYKe KOTOPOH yKa3aHO HAIPaBJIe-
HIEe KaCATeJIbHOM, Onpee/sieMoe BeIu-
anHO# f(Z,Yy), HA3BIBAETCA NOAEM HA-
npaeaenuti (puc. 1). C reomerpudeckoit
TOYKU 3PEHHs WHTErpupoBaHue aud-
0 Y  (epeHmanpbHOrO ypaBHEHNs O3HAYAET
Puc. 1. HAXO0XK/I€HWE TAKUX KPHUBBIX, KOTOPHIE
B KaXKJIOM TOYKE MMEIOT 33/I[aHHOE Ha-

IpaBjeHUE KacaTeJIbHOM.

ObpaTum BHMMaHUE Ha CJIEIyIOIIee 00CTOATENIBCTBO. [eoMeTpuyecku
OCh Yy HUYEM He OTJIIMYAETCH OT JIFODOW IpYyroil MpsiMOil, MPOXOasreit
gepes (0,0). [Tosromy ypasuerue (2), B KOTOpOM ¥y cauTaeTcs (DyHKIHUEH,
a T — HE3aBUCHMOI MEPEMEHHOM, He BIIOJHE aJeKBATHO IeOMETPUIECKOMN
KapTuHe. BBUIY 9TOr0 B ClIy4asix, KOTIa T U Y PABHOIPABHBI, B 9aCTHOCTH,
IpU PEIIeHUU I'eOMeTPUYeCKUX 3aJad, Mbl JOJI2KHBI HAp4ly C ypaBHEHU-
eM (2) paccMaTpuBaTh TaKKe yDaBHEHHE

dzx 1
ax _ 1 3
dy — f(z,y) ®)
qaCTO YpaBHE€HUE NIEPBOIr'0 IIOPAAKa C CaMOT0O HadaJla 3aJaeTCd B (bOpMe
fl(m,y)dm—i—fQ(x,y)dy:O, (4)

B KOTODPO# T U Yy PABHOIPABHHI.

Vxke mpocTeiinivie TPUMEPHI MOKA3bIBAIOT, 4TO AuddepeHnmaabHoe
ypasaenne (1) mmeer He OmHO pemeHwWe, a cemelicTBO pemeHmi (CM.,
HampuMmep, pa3zen 2 nanHoro naparpada, 3agaam 1 u 3). Do cemeiicTBo
9aCcTO MOXKHO 3alllCATh B BUIE

Ecnu B 3100t hopmyse conepkaTca Bce pemenns audepeHnunaabHo-
ro ypaBHEHHUsl, TO BbIpaxkeHUe (§) ABIAETCH 0O6UWUM DPeWeHUEM YPABHE-
auga (1).

Ecmu cemeiicTBo perieHnii 3a/1aeTcs B BUue, He PA3PENIeHHOM OTHOCH-
TEJILHO ¥:

&(z,y,C)=0 (6)
WA, MOKeT OBITh, B BHJE, Pa3pelmeHHoM oTHocuTeabHo C:

¥(z,y) = C, (6")
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To coorHomenwe (6) mm (6') HaspBaerca unmezpasom Jupdepenyuarn-
Ho20 ypasnenus (CM., Hampumep, pasgen 2, 3agada 3). Ecau coorHome-
mve (6) mwm (6') comepKHUT BCe peIIEHNs, TO OHO HA3bIBAETCS OOIIHM
HHTErpaJioM ypaBHEHUS. 3aMETUM, YTO HHOTIA HHTerpagsoM quddepeHi-
AJIbHOTO ypaBHEHNUsI Ha3bIBaeTCs He cooTHoterne (6) mwin (6'), a dyrkuuns
®(z,y,C) nm Y(z,y).

UT06bI 13 GECKOHEYHOrO MHOXKECTBa (CEMEeHCTBa) peleHmil JTaHHOTO
ypaBHeHnsi (2) BBIZENNTH OJHO DEIIEHWE, HY?KHO 337aTh JOTMOTHUTEH-
Hoe yciopue. IIpocreiimee TOMOJIHATENLHOE YCIOBAE COCTOUT B TOM, UTO
3amaercss ToIKa (Zo,Yo), I€PE3 KOTOPYIO MOIDKHA NPONTH MHTErpabHAS
KpuBasd. AHAUTAYECKH 3TO 3alACHIBACTCA TaK:

Y lo=ao=yo mmx y(zo) = Yo.

VYpasHeHue (2) BMecTe ¢ 3TUM JONOIHATEILHBIM YCIOBHEM 00pa3yeT Tak
HA3BIBAEMYIO HA%AALHYIO 3adavy, min 3adavy Kowu:

W~ fle), vlzo) = wo. (7)

Bo3HEKAIOT BOMPOCH:: KAKAM TPeOOBAHUSAM JIOJKHA YIOBJIETBODATH
dysxusa f(z,y), 9To0bl pemeHne ypaBHeHHs (2) IeHCTBUTENBHO CyIle-
CTBOBaJIO; HA KAKOM MHOKECTBE 3HAYEHHUil T 9TO pelreHne OyIeT ompeze-
JIEHO, U IeHCTBUTENHLHO JIM yciaoBue (7) BBIAEseT U3 MHOXKECTBA PeIIeHmiH
Kakoe-T0 0gH0. OTBeT Ha 9TU TPU BOMPOCA JAET CIEAYIOMAs TEOPEMa;

Teopema 1 (cyliecTBOBaHMsI W €JMHCTBEHHOCTH). I[lycmo
8 Hexomopom npamoyzoavhuke R = {|lz — zg| < a, |y — yo| < b}
bynxyus f(z,y) Henpepuiena Mo COBOKYNHOCTU NEPEMEHHVIT T,Y U
ydosaemsopaem mak nasveaemomy ycaosuo Jlunwuya:

|f(z,9) — £z, 9] < Ly — 4]

(sdecw (z,7), (z,y) — amobvie dse mouku us R, L — nocmoannaa, ne 3a6u-
CAWLAH OM 6DLOOPA IMUT MOYEK U HA3bBaeMan Koremanmot Junwuya).

Tozda na cezmenme |x — xg| < H, 2de H = min(%%), (M =

=sup |f(z,y)|) cywecmeyem eduncmsennoe pewerue 3adauu Kowu (7).
R

Xo+

N

X0 b [Xo+a X0 Xo+a

|
|
4
|
~

Puc. 2.
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3ameuanune 1. Ecmm H = a < %, TO WHTETpaJiIbHAd KpUBas Pacro-

snoxkena BHyTpu R, kKak Ha puc. 2 b, a ecim H = % < @, TO MHTErpaJbHasI
KpUBas PACIIOIOKEHA, KAK HA PUC. 2 @ U MOXKET MOKUHYTh MIPSAMOYTOJIFHUK
qepe3 ero BEPXHIO WM HUXKHIOKD CTOPOHY, T.€. yiTh B 00JIacTh, TIe

MOT'YyT HE BBINOJIHATLCA YCJIOBUS TeOpeMbl 1, TaK YTO IapaHTHPOBATH
CyIIIECTBOBAaHUE DEIIeHNd Jijid T > % y2Ke HeTb34. (I

3ameuanue 2. [lycrb ycinoBus Teopembl 1 BBINOJHEHBI HE B Mpsi-
MoyrosibHUKe R, a B HekoTOopoil obnactu G. IlocTpouB npsiMOyroJbHUK
R C G c menrpom B HawambHOU TOuke No(Zg,Yo), TOIYIAM [O TEOpE-
Me 1 HHTErpaJibHy0 KPHUBYIO BHYTPH ITOrO HPSAMOYIOJIHHUKA, MPUIEM

OHa JoXomUT Jubo 1o BepxHeil rpanunsl R (H = aubo 10 mpaBoit

)
M )
rparunst R (H = a) (5a puc. 3 H = a). Ilpuaas N; 3a HOBYI0 HATAILHYTO
TOYKY ¥ IIOCTPOWB OPSIMOYTOJIGHUK 11, JOBOAMM MHTErDAIbHYIO KPUBYIO
no rparunsl Rp. U tak ganee. MozKHO MOKa3aTh, YTO TAKUM IIOCTPOEHUEM

MO2KHO OOBE€CTH HUHTETPAJJIBbHYIO KPHUBYIO OO0 T'DAaHUIIBL obnmactu G (CM.,

Hampumep, [16]). |
1)
G G
o] N o N,
Ry
Puc. 3. Puc. 4.

Mer Buzmenn, Kak cTpouTcd B (G MHTerpasibHas KpUBas, IIPOXOISAINAs
gepes M. ®ukcupyss To W MeHSS Yy, MOXKHO TOCTpouTh B G ceMeicTBO
MHTETPAJIGHBIX KPWUBBIX, 3aBUCAIINX OT mapamerpa Yo (puc. 4). B cm-
ay Teopembl 1 obsacth (G NMOKpHIBAETCH MHTErPaJIbHBIMU KPUBLIMU 0e3
npornyckoB (T.e. B G HeT TO4YeK, Wepe3 KOTOPble HE NPOXOAWIa OBl WH-
TerpasbHAas KPHWBas) W NEPECeIeHUIl MHTETPANBHBIX KPHUBBIX, TAK KaK
IPOITyCKH 03HAYaJId Obl IPOTUBOPEYHE C yTBEPKIEHUEM O CyIIEeCTBOBAHAI
pEIlleHns], & TePeCeYeHns O3HAYAIN ObI MPOTUBOPEYNE C yTBEPIKICHUEM
0 €ro eJMHCTBEHHOCTH.

TakuMm 06pazoM, ypasHeHmio (1) oTBedaeT omHOIapaMeTPUIECKOe Ce-
MeHCTBO MHTErpajbHBIX KPUBBIX, O 9eM y2Ke TOBOPHJIOCH BhIme (cM. (3)).
9o cemelicTBO MOXKHO 3anmcaTh B Bune (ro pUKCMpoBaHO, Yy — mapa-
MeTp)

y:SO(-T,Z'O,yO)- (8)

Tak kak (8) BBIpaXKaeT 3aKOH COOTBETCTBUS MEXKILy HAIAJIBHON TOY-
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Kot (Zg,Yo) W Texymeil TouKoii (z,y), TO B CHILy PABHONPABUS 3TUX TOYEK
uMeeM

Yo = <p($07$,y), (9)

rae ¢ — ta xe dyakuus, aro B (8). Coornomenue yo — p(zg, z,y) = 0,
TaKUM 00pa3soM, siBJISeTCs MHTerpajoM ypasHeHus (2) (cp. ¢ (4)).

Ecin BbIONIHEHBI BCE yCI0BUA TeopeMbl 1, Kpome yciiosus JInmmmuna,
TO YTBEPXKJEHHE O CyNIECTBOBAHHH PEHIEHHS OCTAETCH CIIPABEIJIUBBIM,
HO 9TO pemneHme, BOOOIIE TOBOPs, y2Ke He €IWHCTBEHHO (CM. pasmen 2,
sagaqn 11 a, 11 b).

Cropasennsa

Teopema 2 (Ileano). IIycmo 6 npamoyzoavrure R = {|z — x| < a,
ly—yo| < b} pynruusa f(x,y) nenpepusra no cOBOKYNHOCTU NEPEMEHHBLT

z,y. Tozda na ceemenme |x — xo| < H, 20e H = min(a,%), M =
= sup |f(z,y)|, cywecmeyem no xkpaiineti mepe odno pewenue 3adauu
R

Kowu (7).

IIpu BBIMOTHEHUN yCJIOBHII TeopeMbl 1 eIMHCTBEHHOE peIleHne 333~
qm 7 MOXKHO HAaWTH KaK MPEIES HEKOTOPOU (DYyHKIIMOHAJIHHOM MOCIea0Ba~
renbHOCTH. [l0CITE10BATEIEHOCTD MOZKHO CTPOUTD IO-PA3HOMY. ¥ IIOMSIHEM
JIBa CII0co6a MOCTPOEHUS.

1. Ilocaedosamesvrocms aomarvir isepa. JTa MOCIEIOBATETLHOCTD
CTPOUTCS CIeAYIOMUM 00pa3oM:

a) OTpe3oK [zg,To + H| meawrcst HA N paBHBIX YacTedl numHBI h =

= % Touku pejieHus 06O3HAYAEM Z1, . ..,Tn—1; T = To+ H (puc. 5); stu
TOYKH CABHUTAIOTCA C H3MEHEHHEM 7, TaK 9TO T; 3aBUCHT OT 7, HO MBI 3Ty
3aBUCAMOCTD 0003HAYATH He OyzeM.

2
Y1

Yo xot+tH=x,
O

Xo X1 X Xn-1
Puc. 5.

(n)
6) n-ii 4IeH mociIeNoBaTEIBHOCTH, 0003HaTaeMblll ¥ (x), reoMeTpude-
CKU ABJIAETCA JIOMaHOI JmHUell, KoTopas 3a/aeTCd Ha KarK/IOM ydacTKe
CIIeIyIOmuM 0O6pa3oM:

[g, 1] : (Z)(ﬂf) = yo + f(zo, yo)(z — zp),
ezl s B (@) =3+ fenm) (@ — 2),

e y1 = Yo + f(zo,%0)(z1 — o) = yo + f(20,%0)h,
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(n)
[@r, zry1] 0 Y (2) = yp + fl@r, yr) (@ — 1),
rae Yk = Yo—1 + f(Tr—1,Yk—1)h.

3ameTnM, UTO HAKJOH 3BEHA JIOMAHOI Diiyiepa Ha y9IacTKe [Tk, Tki1)
COBIIAJIAET C HATPABJIEHUEM TIOJS B TOUKE (Tk, Y )-
CrpaBeiuB NpeesbHBIH Tepexos,
(n)
y() = y@), [z—=z <H,

(n — o0)

(10)

rpe y(x) — pemenne 3azaqau (1), (2).

2. Iocaedosamenvrocmsd ITukapa. dra 10CIEI0BATEIHHOCTD CTPOUTCS
tak. ComocraBuM 3a1ade (7) SKBUBAJEHTHOE HHTETPAJIbHOE YDABHEHHE

y(x) = yo + j F(z,y(z)) de.

(0)
Teneps monaraem Y (z) = ¢(x), rme p(r) — npomsBosbHAS HENPEPHIBHAS
Ha |x — 2| < H dbyskuusa. Yacro nomaraior ¢() = yo u manee onpese-
JISFOT

Yn+1(2) = yo + J f(zyyn(z))dz, n=0,1,...
zo

CropaBeiuB Ipee/IbHBIN TEPEXOT,

y(n)(ll) = y(ﬁ?), |l‘ - .’E0| < H,

(n — o0)

(11)

rae y(z) — pemenne 3amaan (7).

Meton noctpoeHns perenns 3amadn (7) Ha IpEMepe OMMCAHHON TO-
CJ1eTOBATEIBHOCTH HA3bIBAIOT METOIOM MOCIEI0BATENHHBIX TPUOIHKEHIH
ITukapa (cMm. [18, . 2, § 6]).

Kak meron jiomMaHbIx Ditjiepa, TaK U MeTOJ, TOCIeJ0BATEIbHBIX TIPU-
ommxkennit [lukapa Moxker OBITH HCIOMB30BAaH st 3(PDEKTUBHOTO MO-
CTPOEHUsT IPUOJIMZKEHHOTO PermeHns 3a1a9au (7), eciin 3a MpubIImKeHHOe

n
pelleHne B3sTO (y)(:zz) M Y () ().
ITocie10BATEILHOCTD JIOMAHBIX DiijIepa JIEKUT B OCHOBE HYHC/JIEHHOIO
MeTosia MHTerpupoBanus quddepeHuaibHbIX ypaBHeHH ], Ha3bIBAEMOTO
MeTrozoM Diinepa [18].

3ameuanne 3. Coornomenne (10) momygeno B [18], § 2, B mpomecce
noxasarenscrsa Teopembr 1. Coornomenme (11) taxzke momydeno B [18]
B IIPOIECCE JAPYTOTO BAPUAHTA JOKA3aTeabCcTBa TeopeMbl 1 (§ 6). O
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3ameuanue 4. Merox nocsenoBaTe/bHbIX TPUOJIMKEHUN MOXKET C
YCIIEXOM NPHMEHSATbCA W NPU IOCTPOEHUW DelIeHWi Ipyrux 3amad (Ha-
npruMep, MHTErPaJbHBIX ypaBHeHU Bonbreppa m ®pearonbma BTOPOTo
porma (cMm. [3]), a TakKe IPH WCCIETOBAHNN 3aBECUMOCTH pererns nudde-
PEHIUAILHOTO ypaBHEHUs OT mapaMeTpa (cM. 3anady 4 u3 pasmena 2 §5).
ITocnemoBaTeIbHOCTH JIOMAHBIX DijIEpa MOXKHO MIOCTPOUTH W B CIIydae,
Korga ycioBue Jlummuna He BBHIIOIHEHO. Torna yike mpemesibHOE COOT-

n
Homenve (10) He cupaBeqINBO, HO W3 MOCIEIOBATENBHOCTH Y (Z) MOXKHO
BBIJIEJIUTD OIOCIEI0BATENEHOCTh, PABHOMEPHO CXOJASIIYIOCS K OJHOMY
u3 pemenuit 3agagu (7). VIMEHHO Ha 9TOM OCHOBAHO J0KA3aTEIHCTBO
reopembl [leano (cM. paszen 2, 3amada 12). |

2. Ilpumepsl penrenud 3aga4

1. IlocTpouts mose HampaBJIeHU N1 YPABHEHUS

Y= (12)
/A Bynem HaImpaBJIeHHEe KacaTeJbHOH yKa3bIBATh MaJeHLKAM OTPE3KOM
C IEHTPOM B TOUKe (7,y), Kak Ha puc. 1. B qanHOM Ciiy9ae Takme 0Tpe3Kn
OyyT, OYEBHUIHO, JIEXKATH HA TPAMOHN, mpoXoadAmeil gepe3 Touky (z,Yy)
n Hagaso koopauHAT (0, 0) (puc. 6). 13 Buaa momns HanpasieHnil ACHO, 9TO
HHTErpaJbHBIMA KPUBLIMHA OYIyT BCE IPAMBIE, IPOXOILITHAE I€Pe3 HadaIo
Koop/uHaT (KpOME OCH ¥, TaK KaK OCb Y He onuchiBaeTcs PyHKIUEH Bua
y = y(z)). CanenoBaTeapHO, MOKHO HAINCATH AHAJINTHYIECKOE BBIPAYKEHIE
IJid pemieHnit

y =Cu, (13)

rae C' — mpOM3BOJIBHBINA MapaMeTp. ¥YiKe Ha 3TOM MPOCTEHIeM IpuMepe
MO2KHO HaOJIFOATH CBOWCTBO, OTMEYEHHOE Ha CTP. 9: muddepeHmaabaoe
YPaBHEHHE UMeeT He OJHO peIleHne, a CeMeliCTBO pelIeHn.

y

Puc. 6. Puc. 7.
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2. Kakwnm guddepeHimagapbHbiM yPAaBHEHNEM ONMMUCHIBAIOTCS BCE TPSI-
Mbl€e, TTPOXOASAIINE Yepe3 HAYaI0 KOOPAMHAT !

A Tlepenummem ypapaerue (12) B Gosee obmeit dpopme:
ydr —xdy =0,

rjie IEPEMEHHBIE T U i PABHOIPABHBL. DTOMY YPABHEHHIO YIOBJIETBOPSIOT
kak QyHKnun cemeiicra y = Chx, Tak u yukmun cemeiictea x = Cay,
B wacTtHOocTH, dyHKIug ¢ = 0 (ocb y). O

3. Ilocrtpours mosne HampaBJIeHH Jjis yPaBHEHUS

A OueBHIHO, HAIPABJIEHUE KACATEIBHBIX B 9TOM CJIydae MePIeHTuKY-
JISPHO HAIMPABJIEHUIO KACATEeJIbHBIX, yKazaHHoMy Ha puc. 6. Orciona scHo,
9TO HHTErPaJIbHBIE KPUBBIE IPEICTABIIAIOT CODON OKPYKHOCTH IPOU3BOIb-
HOrO pagmyca (puc. 7), AHATATHYIECKN 3aMUCHIBAEMBIE B BHIE

22 +y?=C.

B sT0ii 3amade pemreHme mosydeHo B HesiBHOM dopme (6), T.e. B BHIe
WHTETrpaJja. O

4. Tlomyunts cemeiictso (13), He npuberast K TEOMETPUIECKON MHTED-
peTanum.

_ Y
A Bseznem moByio HemspecTHyto dynkmmio z = 5. Torma
y=zz, Yy =22 +2=2 = 2 =0=>2=C = y=~Cz.

3amMeHa MEpPeMEHHOM IMO3BOMUIA CBECTH 33a9y MHTerpupoBanms audde-
PEHIMAILHOTO yPaBHEHUA K 3aJade aHaJIn3a — HAXOXKJCHUIO (DyHKIuH
N0 33JaHHON NpPOM3BOAHON (B JAHHOM Cilydae 9Ta NMPOM3BOAHAS DAaBHA
Hym0). Kak 6puto ykasaHo B pasmene 1, omepamumsi HaxoxkaeHus: yHK-
OU¥ TI0 33IAHHON MPOM3BOIHON B Teopun auddepeHnaIbHbIX ypaBHe-
HUI HA3bIBaeTCd KBaapaTypoil. Takmm 0O6paszoM, MHTErpUpOBAHUE YPaB-
Henus (12) cBozuTCa K KBagparype.

5. Haiitu pya ypasaenus (12) pemenne 3agaan Komm (7).

A Tloxpcrasnaa (13) B (7), nomyanm

y0:C:vg:>C:g—g:>y:g—2:c ([l

6. Ucxoma u3 cemeiicra (13), mamucars muddepernuansaoe ypas-
HeHne, KOTOPOMY Y/IOBJIeTBOPHET 3TO CeMeiCTBO.



§1] Ypasnenus, paspewentvie 0mHOCUMEALHO TPOU3BOOHOT 17

A UNmeem y = Cz, y = C. Uckmouwaa C, nonyunm y' = %,

T. €.
ypasaenue (12). O

7. Ina xakoro H TeopeMa 1 rapaHTHpYeET CyIIeCTBOBAHNE € TMHCTBEH-
HOTO pellleHus Caeayrmux 3agad Kommn:

a)y =zy+0,5, y(0)=0, a=b=0,57

6)y =y+axy®, y(05)=0, a=b=1?

B)y =y+ay®, y(0)=0, a=1, b=0,5?

A a)3mece M =0,75, H = min(075; %) = 0,5 (ciywait a) puc. 2).

6) 3mece M =25, H = min(l; 2—}5> = 0,4 (ciyuait 6) puc. 2).

. 0,5 .
B) 3nmece M = 0,625, H = mln(l; m) = 0,8 (cmyuait 6) puc. 2).
OpHako HA CAMOM JeJI€ PeaIu3yercsd (), TAK KaK B JAHHOM CLydae €IuH-
CTBeHHOE pemenue 3asaau Komu ects y(z) = 0. O

8. MOoKHO I TapaHTHPOBATH CyIECTBOBAHMIE €IUHCTBEHHOTO pellle-
mua sagaan y' = = + y°, y(0) = 0 Ha orpeske [—0,5;0,5]?

A Paccmorpum npsmoyroabHuk R, rme a = 1, b = 1. Torna
M=1+1=2, H:min(l,%) —0,5.

OTBeTr: MOXKHO. O

9. PaccmarpuBas mocienoBaTebHOCT IPAMOYTOIBHAKOB, JOKA3ATh,
9TO pelleHne 3a/1a49u

Y =Ay+ B, y(wo) =yo >0, A=const, B =const (14)

cymecTByeT Ha Bceit ocu. IIpoBepuThb 3T0T PakT 3dhHEKTUBHBIM HAXOXKIE-
HIIEM pellenns (CBOAUTCA K KBAJPAType 3aMeHOil MepeMeHHbIX § = ze/®
i cM. § 2).

o N, R,

Puc. 8.

A TlocTpouMm mOCIENOBATEIHLHOCTD TPSMOYTOJILHUKOB Pa3MepPOB

bn=b, an = 2b/[A(yo+ (n+1)b) + B].
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Paccvorpum mpsmoyronsauk Ry. st Hero
bo=b, ao=31b/A(yo+b)+ B, My=A(yo+b)+B.

CrenmoBaTenbHO, HHTErPAIbHAA KpHUBas TonagaeT B Touke Ni(xy1,y1) Ha
npasyio cropoHy Ry (cmywait puc. 8). Paccmorpum R;. ast mero by =
== b, ay = %b/A(yo +2b) +B, M1 = A(yl +b) —|—B Ho Y1 < Yo +
+ b m moromy M; < A(yo + 2b) + B, 1\1)711 > b/A(yo + 2b) + B >
> a1 7, TakuM 00pa30M, WHTErpajbHAs KPUBas TMOMAJAET HA MPABYIO
cropory R; (B Touxe Na(x2,y2)).

Herpyano moka3aTh METOIOM WHIYKIWH, 9TO B JIIOOOM MPSIMOYTO/Ih-
HuKe R, WHTerpajbHas KpUBasd PACIOIOXKEHA TaK, YTO IONAQJaeT Ha
npasyio cropory R, (puc. 8). Takmm 06pa3soM MHTErPAILHYI0 KPHBYIO

yAeTCs MPOJOIXKATE Ha 10001 OTPe30K, PaBHLIR ag + a1 + ...+ a,. Tak
o0 oo

KakK pam Y. ap, = Y. %b/[A(yg + (n + 1)b) + B] pacxomuTcs, TO TEM
n=0 n=0
caMbIM HMHTerpajbHas KpUBas [IPOJOJIKAETCH Ha BCIO HOIYOCh T > .
AnanorndHO MOXKHO PacCyXIATh U Iy T < To.
TTony4unM Temeps, HOAB3YsICh YKA3aHHOM 3aMEHOMN I€PEMEHHBIX, pellle-
Hue 3ana49u (14) B Buge opMysbl, oTKyza OyIeT CIeI0BaTh CyIIECTBOBA-
Hue pemeHus 3anadn (14) Ha Beeil peficTBuTensHOM ocu. Mmeem:

yl — ZleAm 4 ZAeAm’ ZleAm — B, Zl — Be—Aw’

OTKYJa

x
2(z0) = yoe A0 = z = yoe AT + J Be % =
zo

_ yoe—Azo + %<€_A$O _ e—Am).

CneroBaTenbHO,

y= (yo + %)ef“(“mo) -8 o (15)

10. VY6emurhcsa Ha mpumepe ypasrernii (12) n (14) B Tom, aT0 B dop-
mynax (8) u (9) ¢ — omna u Ta xe GyHKOUA.

A Ona (12) (em. 3amady 5) umeem y = z—gm, OTKyJa Yo = %$0. s (15)

aMeeM Yo = (y + %)e“‘(“’w) - % O
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11. a) VYpasuenme y' = ,/y uMeeT 1Ba DEIIEHNs, yIOBIETBOPSIONIIE

yerosuio y |, _q =0,aumenHoy =0ny = %xz. Kakoe ycnoBue Teopemsr 1

HapPyILIEHO?

A B npamoyronsamke R ¢ nentpom B Touke (0,0) bynxmma f(z,y) =
= ,/y HemnpepsiBHA. Ecim Ol ObLIO BBIIOIHEHO yciioBue Jlummmma, pe-
meHne ObLIO OBl coryacHO TeopeMe 1 emmHCTBeHHBIM. (Clie10BaTEIBHO,
€IMHCTBEHHOCTh HAPYIIEHA B pPe3yJIbTaTe HEBBINOJHEHUs ycjaoBus Jlum-
[INIIA. O

6) Y6emuThCs HEMOCPEACTBEHHO, YTO JUIs ypaBHeHHs y' = /Y Hapy-
IeHo ycsaoBue Jlummumna.

A Jonycrum, uro ycaosue Jlummuna seinonseso. Torna, moiaras § =
= 0, nmeem /¥ < L|g|, T.e. 1/4/§ < L. Ilpn § — 0 oTcioga momygaem
IIPOTHUBOPEYNE. O

12. MerozmoMm JoMaHBIX Diiiepa IoKa3aTh TeopeMy 2 (reopema Ile-
aHo). YIparkHEHHe HAIPABJIEHO HA U3ydYeHHWe CBONCTB JIOMAHBIX JDiiiepa
JIOTIOJTHUTEJILHO K T€M, KOTOpPbI€ BBIIBHJIACH IPHU JI0KA3aTEJIbCTBE TEOpe-
met 1 B [18].

(n)
A Tlocrpoum mocaenosareabHOCTs Y (X) nomanbix Jitrepa (cm. [18]).
JIokaxkeM, 9TO 9Ta MOCIIeJOBATEILHOCTh PABHOMEPHO OTDaHUYeHA M PaB-

HOCTEIIEHHO HENpPEpbhIBHA.

(1)
TTokarkeM PaBHOCTENEHHYIO HENPEPBIBHOCTB. 1lycTh & € [Tk, Tp41],

2
(:c) € [zp, Tpy1]| (mas onpenenennoctu p > k). Torma

(n) (n)

(n) (2), (n)
V() = ¥ (@p1) +

v(@) = ¥ ()| +

(n) (n) (n) (n)
4ot | W (rre) — ¥ (mkﬂ)\ Y @) — Y (ml)\ <
2 1 2 1
< M((:c)—;vp—i—xp— e — (ac)) :M<(ac)—(m)),

qT0 1 Tpebyercs.

Tak Kak BCe JioMaHble Diijiepa OPOXOJAT 4epe3 TOUKY (Zg,¥Yp), TO
0O W3BECTHOH TeopeMe aHAIM3a (PABHOCTENEHHO HENPEPBHIBHAS IIOCITTE-
JI0BATEILHOCTH, OTPAHNYIEHHAS XOTs OBl B OJTHON TOYKE, SBJISIETCS PABHO-
MEPHO OTPAHMYEHHOH) JIOMaHble Dilepa pABHOMEPHO OTDAHNIEHBL.

Torma cormacHo Teopeme Aprena [7] U3 mociieJOBaTEIHLHOCTH JIOMAHBIX

(n)
Qitnepa Y () MOXKHO BBIIEJUTH PABHOMEDHO CXOIANLYIOCS IIOIIOCIEA0BA~
(k)
TenbHOCTE Y (Z), MPemesIoM KOTOPOii ABIAETCA HEKOTOPAs HENPEPhIBHAS
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dynknms y(z). B criry paBHOMEPHON CXOAMMOCTH MOXKHO TEpeHTH K Tpe-
A€y B UHTETPDAJIBHOM yYPDaBHEHUN

(n) i (n) (n)

V(@ =w+ [ [fl@ v @)+ v]da,

Zo
(n)

KOTOPOMY VOBJIETBOPSIET JIOMaHas Jitiepa. 31eCh 1) — PABHOMEDPHO
cTpeMsmasicss K Hyiao HeBs3ka (cM. [18, (2.63)]). B pesyabrare mpe-
JIeJIBHOTO TIEPEeX0Zia HONYYIuM, 9TO y(r) yAOBIETBOPSET MHTErPAIBHOMY
YyDABHEHHUIO

y(@) =y + [ f(@,y(2))de,

a CJIeJ0BATENIBLHO, AB/AeTCa pemenueM 3ana4 (2), (7). O

B 3amagax 13, 14 npepnararorca ynpakHeHusa Ha Meton IIukapa.

13. Ilocrpouts mo meromy Ilukapa mociemoBaTeIbHBIE TPUOINIKEHUST
Y(0)s ¥(1)» Y(2) K pemennto 3anaan Komn: y' = z—y?, y(0) = 0, nonoxus
Yo) = y(wo) = Yo-

5

8

O

[\
[en)

Ay =0,y0) = J[m — (y(0))*] de = deﬂﬁ =5y =9 -
0 0

14. 3agaua 3auMcTBOBaHA U3 [14] U UMeeT UEIBIO MOKA3ATE, 9TO I
CHenuaJIbHBIX KJIACCOB yPABHEHHUI MOXKHO HEIOCPEIACTBEHHO HCCICI0BATD
BOIIPOCHI CYIIECTBOBAHWSA W €IWHCTBEHHOCTH, He ONMHUpasch Ha TeopeMy 1.
PaccMoTpuM ypaBHEHHE

Y =F@),  Yly—s = Yo (16)
ITycts F(y) menpepberEa Ha [0,b] m F(c) = 0, rme a < ¢ < b. Ilycre

dy
F(y)

a<y < cmu J cxomguTcd. VccmemoBaTh BOIPOC CYIIIECTBOBAHUS

Yo
U eMHCTBEHHOCTH perrenud 3aaa4u (16) mpu z > xg, ecnmu F(y) > 0 upu
y<cuupmy>c

A Yn06HO TPOBOAUTH UCC/IEN0BAHNE, TPUHSB T 33 (DyHKIUIO, a Y — 34

HE3aBUCUMYIO TepeMeHHy. Uarerpuposanne ypasrenus (16) comurcs
K KBasparype. [lomyanm

y
T =x0+ j Y (17)
Yo
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CeMeiicTBO MHTErpajbHBIX KDHBLIX HMEeT BHJ, IPEJCTABJICHHBIN Ha

puc. 9. AbGcumumcca 1 Toukum M (z1,y1) NepecedeHWs HHTETrPAJbHON

KpUBOii, npoxonsameii gepe3 My(zo,yp), ¢ OpaMoii y = ¢ (3aMeTuM, 9TO

Y = ¢ TOXKe SIBJISIETCS PEIIeHneM) OIpeelseTCss U3 YPaBHeHNS T1 = T +
C

dy
+ | =*. Ilpu aToMm, oueBHIHO, Tepe3 TOUKY M() IPOXOIUT HECKOIBKO

F(y)
Yo
MHTErPaJbHBIX KPHUBBIX, a HMEHHO: Bce KpuBble tuma MoMyMsMs,
BKJIIOYatomue B cebs oTpe3ku mpsamoit y = c¢. B momocax a < y < ¢
n ¢ < y < b mMeeT MeCTO CyIIeCTBOBAHWE W €IWHCTBEHHOCTDH PEITECHUS
samaan (16). O
y
’ b
M

S S
Y

—_—X

My

Puc. 9.

15. Byzer ju HapylIeHa eIUHCTBEHHOCTH pemenns 3aaa4u (16) B mo-
noce a < y < b, ecmm F(y) = ¢o(y)(y — )%, tne a < 1, a ¢(y) menpepbiBEA
n ¢(y) # 0 nopu a < y < b? Jlath 06bACHEHNE C TOYKH 3PEHUS TOIBKO
9YTO MPHUBEJCHHBIX PACCYZKICHHUI U C TOYKU 3PEHUS TEOPEMEHI 1.

A ExnHCTBEHHOCTH OyZeT HapyIIeHa, TaK Kak Ipu « < 1 maTerpas (17)
cxonurcs. Hapyirenne e ITMHCTBEHHOCTH MOXKHO YCTAHOBUTH TaKIKe IO TEO-
peme 1, Tak KaK BCe YCJIOBUs 3TOH TEOPEMBI, KpOMe yCIOBHS Jlummmuia,
BBIIOJHEHBI. Hapymenne ycioBus Jlummmumna ycTaHaBJIMBaeTCs, KAK B 3a-
nmaae 11). O

3. 3ajaum m ynpaKHeHUS IS CAMOCTOATEIHHOH PaboThI

dy

1.1.1. IlocTpouTh mose HAIPABIEHUN s yPABHEHUS In = (cxema-

z
Y
THYHO).

1.1.2. Tlomp3ysich TOI Ke 3aMeHOU MEePEeMEHHBIX, 9TO U B 3amade 4,
CBECTH K KBaJpaType HHTeIPUpOBaHue ypaBHeHHd y' = % + 22,

1.1.3. Pemurs 3amgaay Komru:

y =Y 127 y(z0) = po.

1.1.4. Y6enurbca Ha npumepe ypaBHeHus u3 331a49d 1.1.2, aro B dop-
mynax (8) u (9) ¢ — omHa m Ta xe GyHKOUA.
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1.1.5. Hanucars auddepeHnanipuoe ypaBHEHNE 33aJaHHOTO CeMei-
CTBa:

2) y = ot
6) 2%+ cy? = 2y.

1.1.6. Jano ypaerernue y' = zy + zy> ¢ HaganbHbM ycaosuem y(1) =
= 0,5. I1a kakoro H teopema 1 rapaHTHpyeT CyIIeCTBOBAHUE €INHCTBEH-
HOTO PEIIeHNs, eCIN

a)a=b=17
6)a=>b=0,57

1.1.7. MoxHO i TapaHTHPOBATH CYIIECTBOBAHIE €IMHCTBEHHOTO pe-
menns sanaan y = zy? — 0,5, y(0) = 0, Ha orpesxe [—0,5;0,5]?

1.1.8. Ilocrpourh mnocienoBaTe/bHbIe TPUOIHKEHUS Y(0), Y(1), Y(2)
o metosy Iukapa ama 3amaan Komm y' = y2+3z%2 1, y(1) = 1, monoxkus
Y(0) = Yo-

1.1.9. ITocraaena 3anaga Komu (16). VccnenoBarh BOIpoC CyImecTBo-
BaHUA U €JUHCTBEHHOCTH TS CIIy9aeB

a) Fly) >0mpry <c, F(y) <0 npuy > ¢

6) F(y) <Oumpuy<ec¢, F(y) > 0npu y > ¢

6) UCCIEJOBATH TOT YK€ BOIPOC, 3aMEHHUB YCJIOBHE CXOAUMOCTH MH-
c

TerpaJa J , IpuHATOE B 3a1a4e (16), ycIoBreM ero pacxoauMo-

dy
f(y)
Yo
cTn.

OTBeTsnI

1.1.1. Puc. 10. Yka3aHme: TMOJE3HO WMETh B BUY, UTO TpaBas YacThb
ypaBHEHNS NOCTOSHHA Ha OKPYKHOCTAX BUA x2 4 y? = const. 1.1.2. y =

_ 1.3

=Czx+ %m:”. 1.1.3. y = wm—i— %x‘o’. 1.1.4. Ilpsmoit BBIKIaIKON U3
_ 1.3

orBeTa K 33/ad4e 1.1.3 moydyum yg = ;m To +

+ %mg 1.1.5. a) zy’ = 3y; b) 2%y’ — 2y = yy'.

-1 _ 2 . _ 05 _

1.1.6. a)H—7—,5—1—5N0,13,b)H— 3 =

= % ~ 0,17. 1.1.7. Moxuno. locTaTo9HO B34Th

a=b= 0,5. 1.1.8. Yo) = 1, Ya) = .’ES, Yeo) =
%(aﬁ—l)—l—xa —z+1.1.1.9. B cayuae a) gepes
Kaxayo Touky My monocel a < y < b mpu = >
> T IPOXOIUT €AMHCTBEHHAS MHTErPaJIbHAA KPH-
Puc. 10. Bag (puc. 11). B ciywae 6) gepes KaxkIymo TOUKY,
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KpOMe JINHUU Y = C, IPH & > T NPOXOJIUAT €IUHCTBEHHAs WHTErPaJIbHA
kpuBas (puc. 12). B ciayvae 8) wepes xaxayro TOUKy MOJoChl a < y < b
NPOXOJIUT €MHCTBEHHAS WHTerpajbHaa KpuBas (puc. 13).

Pl = =
Cs C /
L —

§ 2. DneMeHTapHbIE METObl MHTEIPUPOBAHUA

1. OcHOBHBIE MOHATHS U TeopeMbl

B paze cinyuaes cemeiicrBo y(x,C) pemenuii nuddepeHIuaIbHOrO
YPABHEHUS MOXKHO TOJy9IHTh B Buze (POPMYJIBI IIyT€M NPUMEHEHHUS OIIe-
panuy KBaapaTypbl. JIjsi MOCTpOEHHUs pellleHWsi HadaibHON 3amadm (7)
(§1) myxHO onpenennts C u3 ypasaenus y(xo, C') = yo. Takum o6paszom,
CyH_[eCTBOBaHI/Ie 1 €JUHCTBEHHOCTD PEIIeHUd 3a1a49U (7) MOZKHO BbBIACHUTH
HEIOCPeICTBEHHO, He puberas K Teopeme 1.

1°. YpasHnerua ¢ pa3deasrouumucs nepemenHsvimu. Tax Ha-
3bIBACTCAd yPaBHEHUE BUIA

fi(z) dz + f2(y) dy = 0. (1)

CemeiicTBO peleH it MOXKeT OBITh MOJIy9IeHO IIyTeM KBAAPATYyP:

[ fi@)da+ [ foly) dy = C.
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Pemenne naganbroii 3aga4m (4) § 1, nockonbky y(zo) = yo, oupenessercs
B HeABHO popme

z Y
| fitw)dw+ | folwydy =o.
o Yo

K ypasHenuto (1) serko cBomuTcs ypaBHeHHe

J1(%)g1(y) dx — fo(x)g2(y) dy = 0 (2)

nmenerneM Ha g1(y) f2(z). Hamo mmers B Bumy, 9T0 IpM 3TOM MOTyT GBITH
NOTEPSTHBI PEIeHns BUIA Y = § = const — KopHHU ypasaerus ¢ (y) = 0.

3ameuanue 1. B ypasuennn (1), a Takxke B (2), mepeMennbe T w0 Y
pasHONpaBHBL. C 3TOH TOYKM 3pEHHS MBI JOJKHBI y9eCTh TaKKe, 9TO
MOTYT GBITH TOTEPAHBI PEIIeHns BUAa T = £ = const — KOpHH ypaBHEHUS
f2(x) = 0. Ecom xe ypasrenme (2) manmcano B opme

@ _ fl(w)gl(y) (3)

dz — fa(x)g2(y)’

T0, mpuBead ero K Bumy (1), MBI JO/DKHBI y9eCTh BO3MOXKHBIE IIOTEPH
pereHnii Buga y = § = const — KopHu ypasHeHus g1(y) = 0.
K ypaBreHuro ¢ pa3gensomuMucs IepeMeHHbBIMI CBOSUTCS yPABHEHIE

W — flaz +by +o), (4)

rae a, b, c — mocrogrHBIE. JIJIs 3TOTO HAIIO CIeIaTh 3aMeHy u = az + by +c
(u — dbysKUUsA, £ — He3aBUCHMAas II€PEMEHHas) U TOraa ypasHenue (4)

OPUHUMAET BUT, % = bf(u)+a (vacrHbIi ciayvaii (3)). Bo3aMoxkHBI HOTEpH
pemienuii Buga u = 4 = const — Kopuu ypasHenus bf (u) +a = 0. O

2°. Odnopodnwve ypasnenus. Pynkuus F(z,y) HasblBaeTCs OTHO-
POIHOM CTEereHn m, eCJIM JJisi JII0O0ro ¢ CrrpaBejInBO TOXKIECTBO

F(tz, ty) = " F(z, ).
Opnroponubiv HasbBaeTca nquddepeHnuaIbHOe yPABHEHNE BULA
M(z,y)dz + N(z,y)dy = 0, 5)

rae M (x,y) u N(z,y) — omHOpomubIe DyHKIME cTenern m. Y paprerue (5)

(

e

NPUBOAUTCA K YPABHEHHUIO C PA3AE/IAOMUMACT ePEMEHHBIME BAAA (2)
2™ [M(1,u) + uN(1,u)] dz + 2™ N(1,u) du =0 (6)

3aMeHOM Yy =ux. Bosmoxna Takzke 3amena x = uy.

VYpasuenue
dy _ (y
- 1(y), (7)
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O0YEBUIHO, IPUHAJIEXKUT K KJIACCY OJHOPOIHBIX ypPaBHEHWIT. 3aMeHa Y =
= ux Jaer

duy — f(y) — Jﬂﬁga:mm+0.

dz” u)
Kpome TOro, BO3MOXKHBI DeIIeHWs BUAA % = U — KOPHU yPABHEHUSA
f(u) —u=0.
VYpaBHeHuE BUIa
dy _ a1x+b1y+01>
dzx _f<a2ac+b2y+c2 ’ (8)

rae a;, b, ¢; (i = 1,2) — mocrosiHHble, Mpeobpa3yeTcs K OSHOPOIHOMY
ypaBuernuto Buga (7), ecnu ajby — asby # 0, wim K ypaBHEHHIO C pa3-
JIEJIIONUMIUCS [TEPEMEHHBIMU, ecau a1be — agb; = 0. B mepBoMm ciygae
CIIeIyeT CIenaTh 3aMeHy IEePeMeHHBIX € = T —a, ) = y — b (£ — HoBasg
He3aBUCHMAst IEPEMEeHHas, 1) — HoBas (DYHKIWs ), TA€e a U b OIpenesnsioTcs
U3 CHCTEMBI aJIre0pandecKnx ypaBHenuit a1a+b10+c1 = 0, aza+bab+co =
= 0, u ypaBHeHUE B IepeMeHHbIX &, 1) npusenerca K sugy (7). Bo Bropom
ciydae a; = kag, by = kba, rme k — nocrogunas (uHmekcsl 1 u 2 MoryT

MEHATHCS MECTAMH).

Torma 3amenoit u = asx + boy ypasnenme (8) cBemercst K Bumy gl; -

=ag + baof (k; _:_ cc; ), TIe mepeMeHHbIe CPa3y Pa3AeIaioTC .

Wuorna ypaBHeHne Buma
apx O¢0 ﬁO Za matyﬁt (9)

rue a;, a;, B; (1 =0,...,n) — OOCTOSHHBIE, IPUBOAUTCA K OJHOPOILHOMY
3aMeHOi y = u"". DTO BO3MOXKHO, €C/IM HAWIETCS 11 TAKOE, 9TO

ag+mbBop+m—1=a;+mpby =...=a, + mPBy.

3°. Jlunetinoe ypasHeHue nepeozo nopsdkra. ITo — ypaBHEHUE

y' = P(x)y+ Q). (10)
Ecmm Q(z) = 0, To ypaBHEHWE MMeeT Bu,
y' = P(z)y (11)

U Ha3bIBAETCA B ITOM CiIydae o0nopodwuim. B obmeM ciaydae, T.e. Korma
Q(z) # 0, ypaBrenue (10) HasbIBaeTCA HEOOHOPOOHBIM.
Bripaxkenue

y = CeJ'P(z)dw’ (12)
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rie JP(;C) dx — xakas-1mb0 neppoobpasnas ot P(z), npm mobom 3HaUE-

Hun nocrostHEON C' ynosmerBopsier ogHOpomEoMy ypasreruto (11). C npy-
roii CTOPOHBI, BCAKOE PEIlleHne OTHOPOAHOro ypaBHenus (11) comepxkurca
B (12) npu HekoropoMm 3HaueHun C. ITostomy dopmyna (12) HaseiBaeTCs
obwum peweruem 00Hopoonozo ypashenus (11). Samermm, ato dbopmy-
ay (12) moxHO mosydnTh, paccMaTpuBas ypaprenue (11) kak ypaBHeHue
C pa3Ae/IsIOIUMUACS T€PEeMEHHBIMMU.

Yo KacaeTcs HEOTHOPOIHOTO yPABHEHUS, TO €r0 ODIIee PEMeHne MOXK-
HO WCKaTh B BUIE

y = C(z)el P@dz, (13)

T.e. B ¢dopme, HanmommHaoomeii (12), #Ho Tonpko Temeps C sBIsETCA He
MOCTOSHHOM, a dyukueit x. 1o 3Toit npuunHe OMUCHIBA€MBIN METOJ TO-
CTPOEHUS Y HA3bIBAETCS MEMOJOM 8aPUAUUY NocmoarHotl. PakTraecKn —
9TO 3aMeHa mepeMeHHOl B ypaBHenun (10), cocTosmas B TOM, 9TO BMECTO
y(z) BBOEMTCA HOBasi HemsBecTHas pyukmsa C(z).

Toncranoeka (13) B (10) maer % = Q(z)e I P@)dz orxyma C(z) =
= Je’fp(”d””Q(x) dz + C (C = const) n

y = Ce_]'P(z) dz + e_]'P(z) dz Je—fP(z) sz(w) dz. (14)

Ota dopmyJia aJis 06IIEro peleHrs HeOJHOPOIHOIO YPaBHEHUs COCTO-
UT U3 JBYX CJIAraeMbIX, IEPBOe U3 KOTOPBIX MPeACTaBageT coboii (12), T. e.
obImee peleHne OTHOPOTHOTO ypaBHEHHs, a BTOPOE ABIAETCA YaCTHBIM
perreHnem HeomHOpOmHOrO ypaererus (10), orsewatromum C' = 0.

OTmeTnM gajee, 9TO IPU MOCTPOCHWH OOIMIEro PeNIeHHus HeOTHOPOI-
HOro ypaBHeHHsi MOxHO B dopmyse (14) BMeCTO BTOPOro Cjaraemoro
B34Th 1060€ 9acTHOe pemenne §(z) m Torga dhopmysa obIEero perenns
HEOJHOPOJHOTO yPaBHEHNs IPUHAMAET BHUJ

y = Cel P@de L g(g), (15)

Urak: obwee pewenue neodHopodnozo YpasHeHUus eCd CYmma obuse2o
DEWEHUS COOMBEMCMBYI0ULE20 00HOPOOHO20 YPABHEHUA U YACTHOZ0 De-
WEHUS HEOOHOPOOHO20 YPAGHEHUS.

V106HO BCTpedaromuecs BO BCEX IPEABIIYIINX BHIPAXKEHUAX IEPBO-
obpasHBle OpaTh B BHUIE fio Tornma dbopmyna (14) gns obmero pernreHus
HEOJHOPOAHOI0 ypaBHEHHd NPUHIMAET BH/I

. T P(n)dn
y=Cel M4 [ Q) de.

Zo
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SIcHo,aTo npn & = xo momy4gaem y(zg) = C, T.e.

TP(n)dn H TP(n)dn

y=we® o+ [ Q) de (16)
e [Py n
QOyuknua aByx nepemenubix K(z,£) = ef Ha3bIBACTCA UM-

nyavchoti pynryuedi, nna gynryuet Kowu. Yepes pyrkmuio Kommu dop-
mysa (16) 3anumerca B Buze

v =K (z,20) + [ K(2,0)Q(e) de. (a7)

@Dyukuus Komu 0o apryMeHTy  yI0BIETBOPSeT OJHOPOLHOMY ypaB-
menuio (11) u mHagansHOMy ycnoBuio K(z,§)|q—¢ = 1.

ITycts x mmeer cmbica Bpemenm: ¢ = t, £ = 7. Torma K (¢, T) MoxkHO
JaTh OmpeIeneHHyo (du3ndeckyio wHTepnperanuio. Ilycts mpu ¢t < 7
ypasuenue (11) mmeer pemenne y(t) = 0. Ilycrs mpu ¢ = T meiicTByer co-
CPEeIOTOYEHHBI MIHOBEHHBIH MMILYJIbC, B PE3YJIbTATe KOTOPOrO CKOPOCTH
dy

E opu t = 7 6GECKOHETHO Be€JINKa, a Y HUCIOBITBIBAET CKAYO0K U CTAHOBHUTCA

pasabM eauaune: y(r — 0) = 0, y(r +0) = 1. Urak, y(r) = 1, a upu
t > 7 mo-upexHemy cupaseuBo ypasaenue (11). Torma npu ¢ > 7 umeem
t
JP(n)dn
y=1-¢€" = K(t,7). Takum obpasom, K (t,7) ecTh 3HaUeHWE Y
B TOYKE t, BHI3BIBAEMOE MTHOBEHHBIM OECKOHEYHO OOJBIIUM HMITYJIHCOM
B TOYKE T.
K nuneiiHOMy ypaBHEHUIO CBOAUTCS TaK HasblBaeMoe ypashenue Bep-
HYAAU

y' =P(z)y + Q(x)y* (o= const).
JeiicTBITeILHO, Nead 3aMeHy IIepeMeHHBIX z = y! ™%, moayunM aid z

I E 2 = P(z)z + Q(x).

(%

3ameuanue 2. [Ipu a > 0 ypaBaenne BepHy/in nuMmeer TpuBHaIbHOE
pellieHne, KOTOPOe MOXKHO MOTEPATH IPU MEPEXOoe K 2z, YTO HAJI0 UMETh
B BUIY. Il

Ypasnenuem Puxrkamu Ha3bIBAETCA YpaBHEHHE

v = P(x)y + Q(z)y” + f(=z). (18)

Ono B 0obmeM ciydae B KBagpaTypax He mHTerpupyercd. OmHako, ecan
U3BECTHO KaKOe-I1b0 JacTHOe ero pemenue y = yi(z), TO 3a1a9a HHTErPU-
poBanus ypasHenud (18) cBoqUTCH K 3a/1a9€ NHTETPUPOBAHNS yDABHEHAS
Beprysm 3amenoit nepemernabix z = y—y; (2). PyrKnus z ynosieTsopser
ypaBHeHnio BepryJuim:

7 =[P(z) +2Q(z)y]z + Q(x)2".
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4°. Ypasuenue 8 noanwvir dudpgepenuyuanrar. Hnmezpupyro-
WUl MHOHCUMEADL. YPaBHEHUE

M(z,y)dz + N(z,y)dy =0 (19)

Ha3bIBAETCs YPABHEHWEM B TOJHBIX JauddepeHimanax, eciii CyImecTByeT
takasi dyskmusa U(z,y), aro dU(z,y) = M(z,y)dz + N(z,y) dy. Torma
dU(z,y) = 0 u cemeiicTBo pemenuii ypapuenud (19) mpeacraBumo B Bue

Ulz,y) = C, (20)

T.e. B Buze uHrerpana (6') u3 § 1.
g roro arobsr dyskuusa U(z,y) cymecrBoBasia, HeOOXOAUMO U [0-
CTaTO4YHO, tITO6I)I BbITIOJIHAJIOCH PaBE€HCTBO

(%M(m,y) = %N(xay) (21)

Ecau (21) Beimonseno, 1o U(z,y) MOXKHO HAlTH B BUAE KPUBOIMHEHHOTO
HHTErpasa

(z,y)
U(may) = J M(xay) d:v—i—N(x,y) dy, (22)
(®0,y0)
rae (Zo,Yo) mpousBoabHas (DUKCHpOBaHHAs TOUKa objactu D, B KOTOPOi
samanbl Gyakuun M (z,y) u N(z,y).
Ecom paBencTso (21) myst ypasrerus (19) He BBIOTHEHO, TO YMHOKAM
ypastenue (19) mva dbyskuuio p(z,y) £ 0:

uMdz+ pNdy =0 (23)

7 TIOMBITAEMCsl BHIOPATH (4 TaKuM OOpa30M, YTOOBI JJisi 3TOTO ypaBHE-
Hus (23) BBIDOMHSAIOCH yeaosue (21):

9 -0
8y’uM_ 8xl’LN'

Oynxmusa (T, y) HAZBIBACTCA UHMEZPUPYIOULUM MHONCUTNEAEM; OHA YIIO-
BJIeTBOpsieT ypaBHeHuO (23) min (apyras dopma TOro ke ypaBHEHHs )

o O _ (08 o)
May N@w B ,u( or oy )’ (24)
VYpasuenne (24) sBiagercsa ypaBHEHHEM B YaCTHBIX MPOM3BOAHBIX. Ero
pemenue cymecTsyer, ecia M, N, %—A;, %—JZ merrpepbisHE! B D w M2 (z,y)+
+ N3(z,y) # 0.

Yucno wmATErpmpyrommx MHOXKHUTeNnel ypasrerns (19) GeckornedHo,
MOTOMY 4YTO, €CJHM [i — WHTErpUPYIOMHUil MHOMKHUTENIb, TO BBIpasKeHUE

up(U), roe ¢ — npousBoibHas auddepennupyemas pyukuusa U, oueBu-
HO, TaKKe sBJISI€TCS HHTErpupyomuM MaokuTeaeM. CopaBeiInBO TakKe
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yTBEpXKIeHNE, ITO JIFOOON MHTErpUpYyOMuil MHOXKHUTEID (1] MOXKET OBITH
IIpeICcTaBIeH B BUAE

= pp(U), (25)

rae ¢ — Hekoropas guddepenuupyemas dyuknus U.

Uurerpuposanne ypaprerus (24) B 00meM Buje He MPOIIE, I€M De-
menne ncxopHoro ypaererus (19). Oxpako HaM JOCTATOYHO 3HATH JIWIIH
OZIHO 9aCTHOE DelleHune ypaBHEHUs (24), W 9TO HEPEAKO YAAETCS B CHILY
Kakux-m6o crenudmaeckux cBoiicTs ypasaernus (19). Uccremyem, Hanpn-
Mep, KOTJa HHTerPUPYIONIA MHOXKHATEIb MOYKHO HAWTH B BHIe (DyHKIUH
TOJBKO x. YpaBHeHue (24) npuHEMaeT BUT,

oM ON
dp Oy Ox
TN
OTKY/Ia SICHO, 9TO JIsl CYIeCTBOBAHNUS HHTETPUPYIOIIEr0 MHOKUTENS [1(X)
HEOOXOIUMO U JIOCTATOYHO, 4TO0BI mpaBas 4acTh (26) Obuia dyHkmeit
TONIbKO . Torma y HAXOAUTCS KBAAPATYpOil. AHAJIOTMYHO PACCMATPUBA-
erca cyqait p = p(y).
Mo2kHO HCKATh HHTETPUPY IO MHOYXKUTEH B 60s1ee 00111eM Buae: [ =
= plw(z,y)], roe w(z,y) — BoiOpannas Hamu n3sectHas Gynkuusa. Toraa
ypaBHeHne (24) mpumer Buz,

(26)

ON _ oM
dp Oor Oy
Oy oz

Ecim npasas 9acts okaxercs dyskumneii or w(z,y), To p(w) HAxomuTCs
KBaIpaTypou.

2. Ilpumepsl penienns 3324

1°. Ypasnenus ¢ pa3deasarouumMucs nepemMeHHbMu.

1. TIpounrerpuposars ypasnenne 2x2yy’ + y? = 2.

A Tlpusenem sro ypasHeHue K Buzay (2) u manee K Buxy (1) nesenuem

2 2. dx ydy
—2)2z%: =+ 2

Ha (y )2z m2+ v 2 v

Tlocrostauyt0 c yZI00HO TPEICTABATH B BUIIE C = InC (5 > 0).

1

= 0. CienoBaresnbHo, —% +In|y?-2|=C.

Torma |y? — 2| = Cez, mm 2 — y?> = +Ce, umm 2 — y?> = Cez,
rae C' MOXKET NPUHUMATH KAK IOJOXKUTE/NbHBbIE, TAK U OTPUIATE]bHBIE
sHauenna. Kpome Toro, mpu jeseHun Ha y? — 2 MOXKHO MOTEPATH PeleHns

Buna y = +v/2. Herpynuo y6eauTbesi, 9TO STH PEIIEHHS COLEPIKATCI B

nonygensoMm cemeiictse npu C' = 0. Wrtak, okonuarensuo 2 — 32 = Cex,
rae C' — npoussBonbHag nocrosaHasg (—oo < C' < 00). O
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2. TlpounTterpuposarh ypasHenue /1 — y2 dz = x dy.

d
A Paspmensas nepeMeHHbIe, KaK U B 3a7a4e 1, MOIyInM S = dz

iy @
Orcioma © = Ce®iny (O # (). Ilpu pasmeeHEH MepeMeHHLIX MOLIH
ObITh mOTEpAHbI pemenns y = +1, a Takxke pemenne ¢ = 0 (B ucxogHOM
yDaBHEHHH TlepeMeHHble ¥ W Yy paBHompaBHBI). Ho x = 0 comepxwurcs
B monydenHoMm cemetictBe npu C = 0. Pemenunsi xxe y = +1 B 3TOoM
ceMelficTBEe HE COAEPXKATCS, U UX HAAO NMPUIUCATH JOMOJHUTEIbHO. VTak,
T = cfearcsiny7 Y= +1. 0

3. IIpoumnrerpmposath ypasrernue y = cos(y — ).

A Oro ypasmerme thma (4). Cpmemaem sameny u = y — z. Torma
ypaBHeHue npuMet Bug u' + 1 = cos u. Pazmensem nepemeHHble:
_ du . du
da = cosu—1 " 9gin2 &
2

. “ — X
Orcrona moyyaem ceMeificTBO peleHuit: ctg yT =z 4+ C. Kpowme Toro,
umeroTcs perterns cosu — 1 =0, r.e. u = 27k, r.e. y = z + 27k (k € Z),
KOTOPBIE HAJIO IPHAIMTACATH K MOy I€HHOMY CeMEHCTBY JOMOTHATEIHHO, KAK

u B 3a7a4e 2. ([l

4. Pemnts HagampHyo 3ama4y (z + 2y)y’ =1, y(0) = —1.

A Cpenaem 3ameny u = x + 2y. Torma uu’ = u + 2 u, ciegoBaTeabHO,
y —In|z + 2y + 2| = C. HauanbHoe 3HaYeHHE JIEXKUT BHE 06IacTH
omnpenesenusi gorapudmvmdeckoit pyakmun. Ho mmeercss Takke perrenne
u+2 =0, wm x+ 2y + 2 = 0, noTepgHHOE IIPU PA3JEIEHUN IIEPEMEHHBIX.
Haganeraa Touka (0, —1) npuramiexur sroit npsamoii. CienosaTensHo,
pellleHre TTOCTaBJIEHHOM HAYAJIBHOM 33a1a9n ecTh & + 2y + 2 = 0. U

5. Hanucars muddepennuanpaoe ypaBHEHHE, ONPEIEISIONIEe KPU-
BBI€, Y KOTOPBIX TOYKA IepecedeHns 000 KacaTeJIbHON C OChIO T MMeeT
abcruccy, BOBOE MEHBIIYIO a0CIMCCHI TOYKY Kacauus. Haiitu sTu Kpusbie.

Y A Tlo ycioBuro KacarenbHasi K KDUBOI B TOY-

ke A(z,y) mepecekaer ocb T B TOYKe B(%,O).
ITycThb myis1 OTIpeie/IeHHOCTH TOYKa A pacmomoxe-

[ Ha B MEPBOM KBaJpaHTe. ViMeem % = tg(@)
' (puc. 14). Pacemorpum AABC. B vem |AC| =y,
|CB| = % IIpu stom |AC| = |CB|tg(CBA),
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zdy
2 dzx
ypaBHEeHHUe TIOaydInM, ecan A pacmosoxkena B a1060M KBaIpaHTe.

Pemasi nonydenHoe ypaBHEHHE KAaK yDPaBHEHUE C Pa3ae/IsONUMUCS
nepemenHbivu, notyunm y = Cx®, rne C' — npousBo/ibHAS TMOCTOSHHAS
(—o0 < C < ). O

wia y = . 9TO U eCTh UCKOMOE ypaBHEHHE. 3aMeTHM, 9TO TaKOe JKe

Sameuanue 3. Ipavas y = 0 (ock x), KOTOpas ABIAETCA HHTETPAITH-
HOWl KpwWBOil (M MOXKeT GBITH MOTEpSHA TPH DPA3JIEJICHAN MEPEMEHHBIX,
HO, B JJAHHOM CJIy9ae, BXOJAT B CEMEHCTBO) MO CYIECTBY HE MOMKET OT-
HOCHTLCA K KPHBBIM, 00JIaJai0IAM TPeOyeMbIM 331ade TeOMeTPUIeCKIM
CBOMCTBOM, & MOYKET PaCCMaTPHUBAThLCS TOIBKO KaK HEKOTOPOE MPeIeTEHOE
TIOJIO?KE€HNE TaKUX KPUBbBIX.

6. Teno maccer m GPOIIEHO BBEPX CO CKOPOCTHIO V(. ¥ YUTHIBAS CHILY
conporujenus Bo3ayxa F, = —[4v, HaliTn MaKCUMAJIbHYIO BBICOTY IOIb-
eMa Tejla U BpeMs MObeMa.

A B kadgecTBe mesaBmcmmoii mepemenHoit nmpumem Bpems t. CorsacHo
dv

BTOpOMy 3akoHy HproToHA mgy = P + F., tme P — cuna Tsxecrn.

B OPpOEKIUN Ha OChb, HAIIPDABJECHHYIO BBEPX, 3TO YPaBHCHUE IIPDUMET BUI]

m% = —mg — fv. DTO ypaBHEHHE C PA3IEJIAIONMMICH [T€PEMEHHBIMI,

KOTOpO€e HY’KHO PemuTh npu HadaisbHoM ycaosua v(0) = vg. Iomyanm
B B
v:voefmt—i—%(e mt—1>.

MakcuMa/bHaA BEJIHYHHA IIOAbEMA TEJIa COOTBETCTBYET MOMEHTY, KOT-
(¥
ma v = 0. Torga u3 BEIpasKeHHS I U TMOMYYIHM trpax = % In(1+ mo_g)

MaxkcumaabHas BBICOTA ImoabeMa

tmax )

Amax = J vdt:mvo—kwln%. O

|

7. BreiBecTn muddepennmaiprHoe ypaBHEHNE, OMMCHIBAIOIIEE 3aAKOH H3-
MEHEHUsI BBICOTHI YPOBHS KUIKOCTH B MUAJAHIPAIECKOM DaKe IUaMETPOM
2R gepes orBepcTre B gae quamerpom 2r. Och Oaka BepTUKaJbHasA. depes
KAaKO€ BPeMsl KUJIKOCTh BBITEYET U3 HAKa MOJHOCTHIO, EC/IU IIEPBOHAYAIBLHO
0ak ObL1 3amosHeH Ha BeicoTy H 7

A Caenyer Bocmonb3oBaThes dbopMyitoii ucredenuss Topudemnn (cM.,
Hampumep, [11]): v = +/2gh (v — CKOPOCTBH NPOTEKAHUs Yepe3 OTBEPCTHE,
h — BBICOTA CcTONbA *KmMakocTn). 3a Bpemss At ypOBEHb YKHUAKOCTH H3Me-
vurca Ha Ah. CienoBareibHO, Macca XKUAKOCTH TOXKE U3MeHuTCs: Am =
= 2rRp Ah (p — mnorrocTh xkmaxoctn). Ty ke Benmamay Am MOXKHO
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MOACYUTATh JPYTUM CIIOCOOOM: KaK MAacCCy, BHITEKAIOIIYI0 Uepe3 HUKHee
oTBepcTHe 3a BpeMs At, a umenno, Am = —2mrv At p. Orciona nmeem

R = —r\/2gh.

9710 m ecTh mcKkoMoe ypaBHeHme. OHO dBJIsIETCS yPAaBHEHHEM C pa3-
JeNSIONIMACS TepeMeHHbIMU. VHTerpupys e€ro ¢ y4eToM HAdYaJIbHOTO

yemoua h(0) = H, momydum 2vVh = f}%\ﬂgt + 2vH wmu h =
= ( [ t) Bpewmsi, uepe3 KOTOpOe KHUJIKOCTH BBITE€YET IOJIHO-
CTBIO, moTy4anM, mosaras h = 0, orkyza t = g % O

8. Kycok merajuia ¢ TeMmMIepaTrypoil a TpajyCcoB IIOMEINeH B Iedb,
TeMIepaTrypa KOTOPOl B TedyeHHme BPEMEHHU t) PABHOMEPHO IIOBBLIIIAETCS
oT a rpaaycoB 10 b rpagycoB. CKOPOCTbh HarpeBaHUs METAJIa B JIOOO
MOMEHT BPEMEHHU PaBHA MPOM3BEIEHUIO TAK HA3BIBAEMOT0 KO3 UIIMEHTA
TEMIIEPATYPOIPOBOAHOCTU k HA PA3HOCTH TEMIEPATYD MEYN W METAJLIA.
CocraButh muddepeHnnaabHOe YpaBHEHNE, OMUCHIBAIOINEE MPOIECC Ha-
rpeBa MeTaJjIIa B IIE€YH.

A Tlpumem BpeMms t 3a He3aBUCUMYIO TiepeMeHHy0. OG03HAUNM TeMIIe-
parypy merasia depe3 1, Temmeparypy medn depe3 Theq. Meem ‘2—7; =

= k(Thes — T). B srom muddepeHnmaIbHOM COOTHOMEHNW TIOKA IBE
veusBecTHble QYHKIUA T 1t Theq. Onpenenum Tiheq. Ilo ycioBuro 3amadn

d _
dtTHe‘{ = C. Orcroga

Theq = ct + d. IlocTosiHEBIE ¢ B d OIPENENIIOTCS C YIETOM JOMOTHUTE b=

CKOPOCTHh Harp€BaHHUA IIE€YIH ABJIAE€TCA TOCTOSHHOI:

. b—a
HBIX YCIOBUAA Theq(0) = a, Theq(to) = b u paBHBI ¢ = R d = a. Ilogn-
CTaBJIsAd HalileHHOE BhIpasKeHue s Tye. B IIEPBOE yPaBHEHUE, OIydaeM
muddeperHIaIbHOEe ypaBHEHNE, ONMUCHIBAIOIIEe HarPeB MeTaJlla

i — k(b 7).

dt
Sro ypasuenne tuna (4) u pemaercs 3amMenoii u =

b—a
t

HYIO HHTerpupoBanus onpenenseM u3 ycaosus 1'(0) = a. OkorvaTenbHO
nonygaeMm T = a + bk ekt + kt —1). O
O0nopodnvie ypasHeHus.

9. IIpounrerpuposars ypasaerue y> + 2y’ = zyy'.

A Tlomaraem u = % Torma v? = (v + w)(u — 1) mm v’ % 1= Cgc—x
Myrem xBaaparyps momyaum u — Inju| = In|z| — InC wm y = Ce¥/*

(C # 0). Moxer 6brTh moTepsino pemerne u = 0, T.e. y = 0, HO OHO

BxomuT B cemeiicrso npu C = 0. Okonuarensro momydaem y = Ce¥/®
(—o0 < C < ). O
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10. TIpowmnTerpuposars ypasaenne (4z+2y+3) dz—(2z+y+1) dy=0.

A Dro ypasrenme Buma (8), roe onpexenmrens ajbs — axby = 0. Ilo-
sTOMy menaeM 3aMeHy u = 2z + y. Homyunm (4du + 5)dz = (u + 1) du.
Pazzensis IepeMeHnbIe U HHTErpupyd, Haxomaum 4u + 5 = Cetv=16¢ (O £
#0) wm 8z +4y — 5 = Ce 824 (C # 0). [Ipu paseTeHuN mepeMeHHBIX
MOKHO IIOTePATH peIleHue U = f%, T.e. 8¢ + 2y + 5 = 0, HO OHO BXOIUT B
cemeiictso ipu C' = 0. Utak, 8z2+4y—5 = Ce 8+ (—c0 < C' < 0). O

11. IpounrerpuposaTh ypasrenue yy = 2y — z — 1.

A Dro ypasrenume Buma (8), rae ompexenurens ajbe — asby # 0. Io-
sromy nojtaraeMm { =z —a, N =y —b,rmea=—-1,b=0,re. £ =z +1,
n = y. [locie 3TOrO HYKHO CIEJaTh eme OfHy 3aMeHy u = y/&, Kak
OBLIIO PEKOMEHJIOBAHO Jyid ypaBHeHus (8). B mepemenubix u, £ ypaBHe-

(u—1)

o Otcroma, ceong K KBajparype u

z+1
BO3BPAIAsCh K MPEXKHUM [I€DEMEHHbIM, nojgydum y — & — 1 = Cey—2-1
(C # 0). Bo3moxkHa moreps pemerns u = 1, T.e. y = z + 1, HO 31O
pemenne comepxkurca B cemeiictBe mpu C' = 0. OKoHYATENBHO: Y — T —
x+1
—1=Cev—="1 (—o0 < C < ). O

HUe npuHuUMaeT Bux u'f = —

12. IIpomnTerpuposath ypasuenue 22y’ = y° + xy.

A BDro ypasHenue Buma (9). IMomaraem y = u™. Torma ypaBHeHHe
npurmmaer Bug 2z mu™ ! = 4™ + zu™ W CcTAHOBUTCA OJHOPOTHBIM,

ecm2+m—1=3m=m+1, e m= % WTak, memaeM 3aMeHy u = y°.

Homyanm z?u’ = u? + zu. Ilonaraem z = % u nveem 2’z = 22, Orciona

1 2
z=Ce z =Ce /¥ (C#0). Toreps pemrennsi z = 0 upu paseieHun
IepeMeHHbIX IPUBOAUT K HOTepe pelreHus y = ( MCXOJHOTO ypaBHEHHSI.
Pemenne y = 0 B ceMeficTBe He CONEPXKHUTCS M HYXKHO €0 IPHUIHNCATH
2
nononauTeBHO. UTak, x = Ce™ /Y™ (C' #£0), y = 0. O

13. Haiitu kpuBble, y KOTOPBIX TOYKa ME€PeCeYeHns 000N KacaTeb-
HOM C OCBIO aOCINICC OIMHAKOBO YIAJIEHA OT TOYKM KACAHUS U OT HAYAJIA
KOODZWHAT.

A B npoussosbrOil Touke A(z,y) nckoMoOil KpuBO# (/14 OmpeseIeHHO-

CTH JIesKaImell B IepBOM KBaIPAHTE) MPOBEIEM KACATEIbHYIO, IEPECEKA0-

myt o ock abcmce B Touke B (MOXKHO Bocmonb3oBaThes puc. 14). Vmeem

|OC| = z, |AC| =y, v’ = tg(ABC). Torna u3 pasencrsa |AB| = |OB],
2

KOTOpOE IMeeT MeCTO COIVIACHO YCIOBHIO 33 a<H, IOy IHM (y,)2 +y2 =
Yy
=z — < um y(2® — y?) = 2xy. Iro omHOpoHOE ypasHeHme. [lemaem
Yy

2 A.B. Bacuiunesa, I H. Menseznesn



34 Obwvknosennve dupgepenyuarvnoie ypasnenus nepsozo nopadka  [Im. 1

3aMeHy u = Yy/x, Tocie KOTOpo# pasmensieM mepemenHbre. [lomyamm

ln‘ 1_:4 2‘ = 1n|$‘ + (7, uim Yy = C(wQ + y2) (C # 0) PeH_IeHI/Ie y = 0’
u
IIOTEePAHHOE IIPU PA3JeJIEHNN II€PEMEHHBIX, COAEPZXKUTCA B ceMencTBe upu

C = 0, HO OHO HE MMEEeT reOMETPUYIECKOr0 CMbICIA. Tak, OKOHIATEIHHO

y=Ca*+y?) (C#0). H

14. T'py3 maccel m, OPUKPEIIEHHBI HEBECOMOI HEPACTAXKUMON HU-
THIO K HAJYTOMY BO3IYIIHOMY Iapy, OMYCKAETCs C IIApOM Ha 3€MJIFO
C TIOCTOSTHHOM CKOPOCTHIO V. Ha map meficTByeT cuja COMPOTHUBJIEHUS
Bosnyxa Fog = —fuv, v = |v|, 8 = kS, S — miomaap moBepxXHOCTH 1Iapa,
k = const > 0. B moMmeHT BpemeHu ty IPOMCXOAWUT MPOKOJ IMApa, U €ro
IIOIA/b HAYMHAST yMeHBITaThCA 1o 3aKony S = Sy /(tg + t)? (mpm arom
o6onouka ocraercs mapom). OnpenesuTs CKOPOCTh TPy3a IMOCJIe TPOKOIIA
mapa. Cuioit conporusiieHus BO31yxa, AeHCTBYIONIEH Ha I'Py3, MacCOil u
MMObEMHOM CHUJION TIapa mpeHeopedsh.

A 3anumem BTOpoi 3akoH HbroToHa 1jisi rpy3a: m‘fj—‘g =P+F.,(P—
cuia TsKeCcTH). B mpoekmum Ha OCh, HATPABJIEHHYIO BHU3, ypDaBHEHUE

IpuMeT BU

2 2

d_U _ _ kSO’U LTI md_’[) = mag — kSOZ’U
T

Mg = ™9 (to +1)? dr 9

5 T:t0+t.

9TO0 OmHOPOIHOE ypaBHEHWE. 3aMeHOH « = v/T MPUBOANM €ro K ypapHe-
HUIO C Pa3IeIAIONIMUCH TIEPEMEHHBIMU 1 UHTEIPUPYEM C YIETOM HadaIb-
Horo yciosus v(tg) = vg. Homyanm
_ m(to+1t) ( _ 2a )
V=05 M 1)
2]65() Vo

—+1+a
o J1 L 4kSg ~_ 1 _m to
roe a = ].+ m ,C—%W. D

+1—a

m to
3°. JlunetiHvie YpasHeHUs Nepeo2o nopadxa.

15. /lan®I f1Ba pa3/IMYHBIX PEIIEHNUS Y1 U Yo JIMHEITHOTO HEOTHOPOTHO-
ro ypasrenus (10). BerpasuTs gepes Hux obIee pelenne 3Toro ypaBHeHN .

A Bsenem dysknuio u = y; — Y. dra OYHKIMS yIO0BJIETBOPIET COOT-
BETCTBYOIIEMY OTHOPOIHOMY ypaBHeHUIO. Torma C'u ecTh 0blee pereHne
OJTHOPOJHOTO ypaBHeHus. /leCTBUTEIHHO, 4, KAK HEKOTOPOE JaCTHOE pe-
menve, comepxkurcad B dopmyie (12) obmero pemieHus mpu HEKOTOPOM

suagenuun C = C, r.e. u = Cel Pz Orcrona Yy = %u = Cu (oTHOIIEHNE

C/C B Buny npousBoabHocTH C' MOXKHO BHOBb 0603HaunTh depes C).
Tenepsb MOXKHO BOCHONIB30BATHCA hopMyioii (15) u npeacraBuTh obiee

pemenne ypasrerus (10) B Bume y = C(y1—y2) + y1 wm y = C(y1 —

— y2)+y2. O
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16. IIpounrerpuposars ypasrenne y' = 2z(z2 + y).

A Moxno BOcmomb3oBatbes (opmynoit (14). OxHako npm pemeHun
KOHKDETHBIX MPUMEPOB JIydine caenaTh 3ameny (13) m Bce manpreiimme,
npusoggamue K (14), BHIKIaJKN HEMOCPEICTBEHHO JJIs JAHHOTO ypaBHE-
HUA.

Urak, nomaraem y = c(ac)e””2. Torma c'(:c)e””2 + c(ac)?:ce“”2 = 223 +
+ 2zc(z)e”’, wm ¢(z) = 223¢=*". Orciona c(z) = C — (1 + 22)e~".
Crenosarensho, y = Ce® — (1 + z2). O

17. IlpomnTerpuposath ypasaenue (z + y2)dy = y dz.

A B 3TOM ypaBHEHUHW TI€pEMEHHBIE T W § PaBHOMPABHBI. HeTpymaHO
BHUETH, YTO €CJIN T PACCMATPUBATH KaK (PYHKIIUIO, & Y — KAK HE3aBUCUMOE

nepeMeHHoe, TO ypaBHEeHNe OTHOCUTENBHO Z(y) OyaeT JIuHeHHbIM, & HMEH-

HO: y‘é—z = z + y?. OtHocuTenmpHO Y(T) ypaBHeHHe JTUHEHHLIM He OyJer.

Pemaem ypasrenue orHocuTenbHO z(y) Kak B 3amade 2. [lomaraem z =
=c(y)y. Torma ¢'(y) = 1 = c(y) = C+y = = = Cy+y?. Cnexyer y4ecTs,
9TO, BBIOMpas Y B KA4eCTBE HE3ABUCHMON MEPEMEHHOW, MBI TIOTEPSJIN
pemrerue y = 0, He conepzKalmeecs B MOJIy<IeHHOM ceMeiictBe. UTak, r =
=Cy+y?, y=0. O

18. TIpomnTerpuposars ypasaenme (2¢¥ — )y’ = 1.

A Xora B camoli 3amuCH ypaBHEHHsS Y CYuTaercd (PyHKOMEH T, TeM
HE MEHee [jisi €ro peIleHus yA00HO MOMEHSATh POJIIMU HE3aBUCHUMYIO
nepeMeHHY0 W (DYHKIWIO, T. €. TONYyIATh yPaBHEHNE OTHOCHTENBHO Z(Y),

KOTOpOoe OyIeT IMHeHHbIM: g— = —x + 2e¥. meem = = c(y)e Y, (y) =

=2e%, c(y) = C + e*. Cnenosaremsno, y = (C + €2Y)e Y. Mensas pommn
Z | 1, MBI MOIJIA IIOTEPATH PEIeHUs BHIA i = const, OTHAKO TaKOBBIX
pelrenuil 1aHHOe ypapHeHne He mveet. Utak, z = (C + e2¥)e Y. O

19. Ilpoumnrerpuposars ypasuenue (z + 1)(2yy’ — 1) = y2.

A YpaBHeHHE He SBIETCH JIMHEHHBIM, HO CBOIUTCA K JIHHEHHOMY
npocTeiimeii 3aMeHoit HemsBecTHOH GyHKIEH v = y2. MoxkHO, XOTH
1 He 00S3aTeSbHO, CHEJIATh TAKXKEe 3aMEHy HE3aBHCHMON IIePEeMeHHO
¢ = z+ 1. Umeem v’ = u + £ Cremosarenvro, u = (C + In|€])E.
B03Bpamaﬂc1> K TIIPpEKHUM II€PEMEHHBbIM, OKOHYATE/JIbHO II0/IyYaeM

y?=(C+Inlz+1|)(z+1). O

20. B cocyn, conepzxammuit 10 j1 Boapl, HAUNHAS ¢ HEKOTOPOT'O MOMEHTA,
HEIPEPBIBHO IIOCTYNAET CO CKOPOCTBHIO 2 JI/MUH PACTBOP, B KAXKIOM JIATPE
koroporo cogepxkutcs 0,3 kr conu. ITocTynaromuii B cocys pacTBop nepe-
MEIIUBAETCSA C BOIOI, & CMECh BBITEKAET U3 COCYJa C TOU K€ CKOPOCTHIO.

2%
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CocraButh nquddepeHnuanbHOe yPaBHEHNE, ONUCHIBAIOIIEE ITOT IIPOIECC.
IIpu cocraBiieHUN ypaBHEHUS CINTAETCS, IYTO MIEPEMEITUBAHIE TPOUCXOIUT
MraoBeHHO. CKOJIBKO cotn Oyer B cocye 4epe3 b MuHyT?

A Tlpumewm Bpems t (¢t > 0) 3a HE3aBUCHMYIO IIEPEMEHHYIO, a 33 UCKO-
Myto byHKImIO Y(t) — KOIMIECTBO COMM B PACTBOPE B MOMEHT t.
CocTaBuM GajlaHC M3MeHEeHNsT KOJnaecTBa, com 3a Bpemsa At. C omHo
CTOPOHBL, 3T0 KosmmdecTBo pasuo y(t + At) — y(t). C mpyroit cropomsr,
B MUHYTY B COCYZ IOCTYIaeT 2 J pacTBoOpa, TOo ecTb, 0,6 Kr comm, a
yAaJIFeTCA U3 COCYIa BMECTE C BBITEKAIOIIUM PACTBOPOM 1y_02 =y-0,2 (xr).

Takum o6pazoM, Bcero 3a BpeMs At M3MeHEHHe KOJUIeCTBa COJIM PABHO
t+At

[0.6 — y(t) - 0,2] dt.

t
HpI/IpaBHI/IBaH IDOJIy4Y€HHBbIE€ BBIDAXKE€HUA OJId U3MEHEHHAd KOJIHUIEeCTBa

COJINA, TIOJLyIUM

t+At
y(t+ At) — y(t) = J 0,6 — y(t) - 0,2] dt
t
nJjn, COTJIACHO Te€OpeMaM O CPEIHEM:

Aty (t*) =10,6 — y(t**) - 0,2] At.
Ilepexonsa k npenery npu At — 0, mosyanm
y'(t) = —0,2 y(t) + 0,6.
910 u ecth guddepeHnmaIbHOe yPABHEHNE, ONUCHIBAIOIIEE IIPOIIECC.

Jl;isr oTBeTa Ha BTODOiT BOTIPOC 3a/Ia9W pelaeM 3To ypasHenue. [loma-
raem y = c(t)e %2t Torma c/(t)e %2t —C(t)-0,2e %2 = 0,6 —0,2c(t)e %2,
T.e. c'(t) = 0,6e%% c(t) = C+ 8%60’% u, cIemoBaTenbHo, y = 3— Ce™ %%,
Tenepp HANMO yAOBIETBOPHTH HadanmbHOMY ycaosmioo y(0) = 0. IMomyanwm
y = 3 — 3e~ %2, Cnemoparemnro, y(5) =3 — 3e~ ! ~ 1,9 kr. O

21. HamwucaTh ¥ pemmuTh ypaBHEHNE, OMICHIBAIOIIEE N3MEHEHUE CHUJIBI
ToKa I B menm, KyJa BKJOYEHO CONPOTHUBJIEHHE R W KaTymuka C KO-
s dunmenrom camouHayKuu L. B memm wMeeTcs BHEIIHWI HCTOYHUK
9JIC, koropasi MeHsieTCd [0 Nepuoaudeckomy 3akony: F = Fjcoswt.
Hauansroe ycnosue I(0) = Iy (puc. 15).

A IIC caMOMHIYKIUU PaBHA —L% (cm., Hanpumep, [12]). ITo 3ako-
ny Oma

RI = Ejcoswt — L%. (28)
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OTo — smHeiiHOe ypasHenue orHocuTeabHo I(t), pemenue KoToporo Haii-
nmem corsacHo dopmyre (15) Kak cymMMy OOIIETO PEIIEHUs! OTHODPOIHO-

R
ro ypaBHEHHS Ce™ L' u wacrtHOrO pemreHns | HEOJZHOPOIHOLO ypPAaBHE-
Hus (28). Vcxons u3 Buga HeomHOpomHOCTH Fy COS wi, HoNbITaeMcst HafiTn
gacTHOe pemenne B Buge I = A coswt+ B sinwt, rne A m B — Hen3BecTHbBIE
nocrosiHEbIE. [1oCTaBIsAS 9TO BRIparXkeHwe B (28) W NIPUPABHUBAS OTIEIh-
HO KO3 PUIHEHTHI IPH Sin wt 1 cos wit, MOSYyINM CAeAYyIONue yPaBHEHUS
i onpeneenus A u B:

LAw=RB, LBw=—-RA+ Ej.
EoR EowL

OTCIOJI& A = m, B = m Takum 06133430M7 peniesne
nMeeT BUJ,
I=Ce L' G Lsi
=Ce +m( coswt + wL sinwt),
rIe B COOTBETCTBHE C HadaJIbHBIM ycaoBuem C' = Iy — i. O
L*w® 4+ R?
® M
E E
R L R, L L, R,
Puc. 15. Puc. 16.

22. Nwmerorcst aBa KOHTYPA, Ky/JAa BKJIOYEHBI COOTBETCTBEHHO COIPO-
tuBnennsd R u Ry, Karymku Ly u Lo, nmeromnue obimumii cepaevnuk. Ko-
s dunmenT B3anMuol nHLyKIMu Karymek pasen M (puc. 16). B mepsyio
menb BKodeH uctounHuk I/1C: E = Ejcoswt. Haittu Toxu [ u I3, ecian

Ri = Ra, L1 = Lo; 1;(0) = Ljo (i = 1,2).
A 3Bammmem 3akoH OMa 115 Kaxkmoil u3 memneit (eum. [12]):
LRy =F— L3 - M4l LRy =-L,%2 - i (29

O6osaaunm A = I; — I, I = I + I,. Torma npu R1 =Ry =R, L; =
= Ly = L u3 (29) umeem

AR=E-L% + & [r=p- 14 - pdl

dt’
Kaxkmoe u3 9Tux ypaBHEHUI ABJIETCA JUHEHHBIM U PEIIAETCS, KaK B IIPe-
apiaymeit 3agade. 3uasa A u I, jerko waiitu Iy u Io. O

23. IIpounrerpuposarsh ypasaernue ry’ + 2y + z°y3e® = 0.
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A Dro ypasuenue Bepnymum. Kak pekomenmosasioch B pasuene 1,
caemaeM 3aMeHy z = y 2. Torma ypaBHeHHe CTaHET JTHHEHHBIM:

—%z' +2242%% =0.

Haxommu ero pemrenne z = (C 42 )z, Orciona y2 = —— L 3necs
I p (C+2¢€") A2 Y" = (G aenyat

noTepsHO TpmBHAibHOe pemenne y = 0 (Tak kak a = 3 > 0), ero HamO

[IPUIIKCATH JAOMOJHUTEIbHO. M TaK, y2 = y = 0. O

(C + 2e%)z*’

24. TIpomnTerpuposath ypasuenne (2zy> — y)dz + x dy = 0.

A FEcmm y Beibparh B KadecTBe (DYHKIUH, & & — B KA4eCTBE HE3aBU-
CHMOH TIepeMeHHOil, TO IOJIyIuM ypaBHeHme Bepmymamm zy' = y — 2zy>.
BBong z = y !, npuxomum K JuHEHHOMY ypPaBHEHHIO, PeIiasg KOTOPOe HO-
AY9IUM 2 = =+ uin ¢ = (C+2?)y. Crona, Kak u B IpebIIyIeit 3a1a59€,
cleIyeT IpUNUCaTh noTepsaHHoe pemernne y = (. Kpome Toro, npuaas y 3a
dysrumo, Mbl norepsaan pemterne £ = (), yIOBIETBOPSIOIIEe UCXOTHOMY

YDABHEHHIO, B KOTODOM Z U Y DaBHONpPABHBL. VTak, OKOHYATENHHO T =
=(C+2*)y,y=0,2=0. O

25. IlpomnTerpupoBars ypasrenue y'z3 siny = zy’ — 2y.

A DTo ypaBHEHHE CBOAWUTCH K YPaBHEHWIO BepHyJuin, eciu x BhIOpaTh

dyHKIIMEH, 8 Yy — HE3aBUCUMON TI€PEMEHHOI: 2y§—z = z — z°siny. Ero
pemenne y = (C — cosy)z?. Kpome Toro, Buibmpasg = byHKImei, MbI
morepsiu permerne y = (, yIOBIETBOPLAIOIIEE HUCXOJHOMY yPABHEHHIO.

Urak, y = (C — cosy)z?, y = 0.

3ameuanune 4. Pemenne r = 0 npomexxyTodHoro ypasHenusi bep-
HYJLJIA HE SBJISETCS PEIIEHNEM MCXOIHOTO yPABHEHUSI. (I

26. B xumunyeckoit peakmum ydacTByroT asa BemecrBa A m B. Be-
mecTBo B oriaudaercst or BemecrBa A 6osiee ycToWYMBOM CTPYKTYpPOi
Monekysbl. IIpn cronkHOBeHUn Monekyn A m B monekyna A ot ymapa
mepexoauT B MoisieKyay B. Kpome Toro, B peakTop ¢ ITOCTOSTHHOU CKO-
pocThio mocTymnaeT BemecTBo A. Onucars nponecce auddepeHuabHbIMu
yDaBHEHUSIMHA, CIUTAsl, YTO IPHU CTOJKHOBEHHH MOJeKysa A m monekyn B
MeKJIy HUMH HUKAKAX XUMUIECKUX U3MEHEHUl He IPOUCXOIUT.

A Tlycts a m b — xoHneHTpamuu BemecTB A u B COOTBETCTBEHHO.
Ilpu cocTaBieHNN ypaBHEHUI MOYKHO BECTU PACCYKICHUs, HE TPUMEHSS
HHTErpajabHy0 (GOPMY 3aMUCH U TEOPEMY O CPEIHEM, KaK 3TO HeJIaJOCh B
3amage 5. B nureparype mo ¢dpusuke npuMeHsSIeTCS UMEHHO TAKOW CIocob
paccyzxkuenuii. [Toncunraem usmenenne Aa KOHIEHTPAIMH @ 32 Bpems At.
KomraecTso mosnekyn Bemectsa A B eamHUIE 00beMa MPONOPIIOHATBLHO
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ero KoHueHTpanuu. ducio croskHoBeHnit mMosiekys A ¢ mosekynavu B,
OYEBUIHO, MPOMOPIMOHAIBHO MPOM3BEIEHUIO YUCEJ MOJIEKYJ ITUX Be-
IIECTB, T. €. MPOMOPIMOHAIBHO MPOU3BEIEHIIO KOHIIeHTpamwii. V3menenne
KOHIIEHTPAIIUU @ B HAIPABJICHUN YMEHBIIEHUs MPOMOPIUOHAIBLHO YHUCITY
cToKHOBeHUN n Bejnannae At, T.e. B KOHEIHOM cdere paBHO —kabAt, rie
k — xodddunueHT NpoONOPIUOHAIBLHOCTH. Y BEJINYEHNE KOHIEHTPALNA a4
[IPOMCXOAUT 33 CYeT IOCTyILIeHus BemecTBa A B peakrop m paBHO oAt
(CKOpOCTb DOoCTyIJIEHN A IIOCTOS{HHa,)7 e ¢ — IIOCTOdAHHAad BEJIMYIUHA.

Konmenrpamnus b Bemecrsa B yBeananBaeTcs 3a CYET CTOJKHOBEHWIT,
U 9TO yBeJMYeHHe PABHO abCOMIOTHON BEJMYMHE U3MEHEHWS ¢ 33 CUeT
cronkHoBeHuii. Utak, Aa = —kabAt + a At, Ab = kab At. Ilepexons
K npeneny npu At — 0, T. e. 3aMeHsis PA3HOCTHBIE OTHOIIEHUS TTPOU3BOJI-
HBIMU, IOy INM

a' = —kab+a, b = kab. (30)

Takosbl nuddepeHnuaIbHbIE YPABHEHNS, OMICHIBAIOIINE PEAKIIHIO. O

27. Ceecru pemenve ypasaenuii (30) K ypaBHenuto Beprysum u mo-
JIyIUTh BBIPAXKEHUS [JIs @ U b 9epe3 mx HadabHbIE 3HAYCHUS.

A Cknanpeas ypasrerus (30), mbr moayanm (a 4+ b)' = a. Orcrona
a+b=at+ C, rne C — Hem3BecTHad NOKa nocTogHHAaA. A Torma b =
= —kb? + kb(at + C). Takum 06pa3oM, KOHIEHTpANUs b yIOBIETBOPSAET
ypaBHeHuIo BepHyLm.

Iycrs 3312861 HaYanbHbIe KoHIEeHTpanun a(0) = ag, b(0) = by. Umeem
torga C' = ag + bg u, cinemosatensro, b’ = —kb® + kb(at + ag + by). Beona
z= %, pelmaeM 3TO ypaBHEHHE U TOIydaeM

ek[at2/2+(a0+bo)i]
: .
1+ bok j eklo€? 2+ (ao+bo)é] de¢
0

b(t) = by

Bennunna a(t) Bbipaxkaercs depes b(t) u3 coorHomenus a(t) = at + ag +

+bo — b(t). O

28. Ilyrem mombopa IaCcTHOrO perneHns CBECTH K ypaBHEHUIO BepHy-
nu cremytomee ypasaenne Pukkaru: y' — 2zy + y? = 5 — 22, u nonyunts
BCE ero penieHus.

A Tlpu moa6ope IacTHOTO PEIeHns CIeIyeT OPUEHTUPOBATHCI Ha BUT
cBobomHOrO wieHa u KO3(M(UIMEeHTOB ypaBHeHuWs. B maHHOM Cciaydae
€CTEeCTBEHHO MOMBITATHCH MCKATHh J9aCTHOE peleHue B Buue y; = ar + b.
IloncraBisieMm Y, B ypaBHEHUE U IPUPABHUBAEM KO3 QUITNEHTHI, CTOAIIIIE
npu 1, z, z° B ero neBoil u npaBoil gactax. [lomyuum Tpu ypaBHeHUS:
a+b>=5ab—b=0,—-2a+a’= —1, U3 KOTOPHIX HAXOJUM (JOCTATOTHO
HaliTH Kakoe-TO OgHO pemterne) a = 1, b = 2. Utax, y; = x + 2. [Tonaraem
Temepn z = y — & — 2 1 IOJTydaeM ypasHenue Bepryimm 2’ + 4z + 22 = 0.
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Ero pemenne: z =0, z = I CnenoBarenbuo, y = x + 2, y = ¢ +

Ce4z _

4
24—, O
Tt Ce*® —1

3ameuanue 5. Tak Kak JBe MOCTOSHHBIE @ U b IOIKHBI YIOBJIETBO-
PATb TPEM ypaBHEHUAM, TO 3TH TPU yPaBHEHUA (HpI/I JPYTOM CBOOOIHOM
anene puga Ar? + Bx + C) MOTYT GBITh U HE COBMECTHBI, T. €. JaCTHOTO
pemenns Buma axr + b He cymecrByer. OTMETHM, YTO YHHUBEPCAJIHHOTO
criocoba TMOCTPOEHNUsT Y1, BOOOIIE TOBOPsI, HET. (I

29. Haiitu Kpusble, 00/1a1a101I1e CIeAYIOMNUM CBORCTBOM: €C/IA 9epes
mr00y10 TOYKY KpUBOi A(z, y) IPOBECTH KacaTeIbHYI0, IEPECEKAOILY IO OCh
abcomce B Touke B, TO paccrosiame or Todkm A 0 HadaJa KOOpOWHAT
PaBHO paccTosgHmIO oT Touku B mo mpamoit OA (puc. 17).

Y A W3 touku B mpoBeneM NEPIEeHIUKY-
\ 4 agap BC x mpamoit OA. Paccmorpum
AOAB. B nem:
|OB| = |OD| + |DB| = « + y ctg(OBA) =
_ y _ .
A =T =g =T YT
[AD| =y, |0A]=va?+y?,
0D I |OA| = |BC| (no ycaoBuro);

Puc. 17. 1 1
Snoap = 5|0B|-|AD| = 5|0A|-|BC| nm
z'y? —xy+2’+y? = 0. D10 MU depennmamproe ypasHerne Pukkarn. Kax
UCKaTh 9aCTHOE€ penieHue, He ACHO. O,[[Ha,KO MOXKHO 3aM€TUTh, 9YTO JaHHOE
ypasHeHne PUKaTTH IPHHAIIEKAT K KIACCY OMHOPOIHBIX ypaBHeHHH (2).
x

IlosTomy monaraem u = y W TOMyaeM ypaBHEHHE C PA3/Ie/IAIIIMUCA Tie-

pemennbivu 'y = —u? —1. Ero pemenne y = Ce™ 28 %, CemoBarenasHo,

- — arctg —
CEMENCTBO UCKOMBIX KPHUBBIX Y — Ce Y. O

30. B cocyne mmeeTcss B pacTBOpe HEKOTODOE€ BEmecTBO A, KOHIIEH-
Tparys KOTOporo pasHa a. [IpoucxoanT yMeHbITeHre KOHIIEHTPAIIUN ITO-
ro BeIecTBa moj, AeficTBueM AByX (bakTOpOB: 1) BEIIECTBO pa3iiaraeTcs
(mampmMep, oz, JeficTBHEM CBeTa); 2) BEIeCTBO Pa3pyUIaeTcsl IPU CTOJK-
HOBEHUN ABYX €ro MOJIeKy.H. OﬂHOBpeMeHHO IpoucxoauT yBe.HI/IquI/Ie KO-
JITIECTBA BEIECTBA A 3a cueT m06aBiIeHns PACTBOPA U3 APYTOro COCYIa,
ONMCAHHOTO B 3aJade 7, B KOTOPOM KOHIIEHTPAITAs BemecTBa A paBHA
ag > a. CocraButb quddepeHnnaibHOe YyPaBHEHNE, ONUCHIBAIOIIEE 3aKOH
M3MEHEHUs KOHIEHTPAIWMA ¢ BemecTsa A.
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A B nepBom u3 ykasaHHBIX IIPOIECCOB yObLIN BemecTBa A ero KOHIEH-
Tpamys a yObIBaeT 3a eMHUILY BPEMEHH IPOMOPIIMOHAIHFHO CAMON KOHIIEH-
rpammm: (Aa); = —kaAt. 3a cuer BrOporo mpomecca yGbUIb KOHIEHTDPA-
nun mponopnuoHanbHa a?, T.e. (Aa)y = —aa’?At. Hakoren, msvenenne
kounearpamun (Aa); 3a caer mOoGABIeHWA PACTBOPA U3 APYTOTO COCYIA
mojcauTaeM cienyiommum obpaszom. Umeem a = %, roe V — obbem pac-

TBOpa, m — KommdectBo BemecTBa A. Ilosromy (Aa)s = W,
rae Am = qpAV, r.e. (Aa)z = ao‘; AAV . TIpu srom AV = 27r/2gh At,

t
aV =W+ JQmﬂ/Qgh dt, tme h — m3BecTHasi QYHKIUS , TOTyIEHHAS

0
B 3azade 7, V) — nepBoHaYaIbHbIA 00beM pacTtBopa. Utak, (Aa)s mMeer
BT,

)

27ry/2gh At
(Aa)s = (ap — a) 7{: g
Vo + J 27tr+/2gh dt

0
a ACKOMO€E yPaBHEHHE TAKOBO:

% = —ka — aa® + (ag — a)f(t),

e (1) = — 21 20T
Vo + J 27r+/2gh dt

0

4°. Ypasuenus 8 noannr dupdepenvyuaraxr. Wnmezpupyro-
WUt MHOHCUMEND.

. 910 ypaBHenue Pukkaru. O

31. IIpounrerpuposBarh ypasaenue e ¥ dx — (2y + ze ¥) dy = 0.
A Ypasaenue umeer Buz (19), roe
— oY — 9y —ge ¥ OM _ _ -y _ ON
M=eY, N=-2y—ze?, ay—e = 3z

T.e. ycinoBue (21) soimonneno. Vmveem %—g = e~ Y. KBagparypa mo me-

pemenHoil z (y cumraerca mocrosiHHOM) maer U(z,y) = ze ¥ + ¢(y),
rae p(y) — moka HemsBecTHas (PyHKIUs, KOTOPYIO ONPEIENINM, 3HAS %—Z,

a UMEHHO: %—Z =N=-=2y—ze ¥V=—ze V4+¢'(y), ¢ = —2y. Torma ¢ =
= —y?+C. Buibepem C = 0 u Torga U(z, y) = ze~¥ —y?. CremoBaTenuo
(em. (20)), cemeiictBo pemennit mveet Bug ze ¥ — y? = C.

MozxHO BOCHOMB30BaThCa W dopmynoit (22), B KOTOPOi ymoGHO mO-
JIOXKATb Tg = Yo = 0, a UATErpUPOBaHHE BECTU IO JOMAHOW JIMHHH,
COCTOSAIIEN W3 TOPU30HTAIBHOTO IPAMOIUHEHHOTO oTpe3ka oT Touknm (0, 0)

mo toukn (x,0) W masee BEPTHKAIBHOrO MPSMOIMHEHHOTO OTPE3Ka OT
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roukn (z,0) no Touxn (z,y):

(z,y) x Yy

U(z,y) = J e Vdr— (2y+ze ¥)dy = I dx — J(2y +xze Y)dy =
(0,0) 0 0

2

=z— (Y -zeV)j=z—y +aeV—z=zeV—y’ O

32. HaiiTi wHTErpUpyOmIe MHOKATETN s ypaBHeHnH (2), (5).

A VYpasuennme (1) m3 pasgena 1, odeBHaHO, SIBJIsIETCS ypaBHEHHEM
B monHbiX muddepenmuanax. [109TOMy HHTErpUpyOIIIM MHOXKHUTEIEM
ong ypaBHeHus (2) gBisieTCs, B 9ACTHOCTH, MHOXKUTEJNb, TPUBOIAIINAN

ypaBuerue (2) k Bugy (1). Takum o6pasom, miaa ypaBreHus (2) unHTe-

TPUPYIONIII MHOXKHUTE/Ib MOXKHO BBIODATH B BUIE (I = — 1

g1(y) f2(2)

Jas omHOponHOrO ypaBHeHus (5) HHTErPHPYONMHA MHOKATEIb MOXK-
1

N CHRRICHH

x z/x
YMHOXKEHUH HA STOT MHOXKHTEh, KAaK BUIHO U3 (6), ypaBHEHHE CBOIUTCS
Yy

K YPaBHEHHUIO B MOJIHBIX JuddepeHnuatax B NePeMeHHbIX T, u = 5. [

HO B34Thb B BUJIE U = , IOTOMY 4YTO HIpH

33. IlpounTerpuposaTh ypasuenue x dr + (22 + y? + y) dy.

A Tak kak %—A; # %—JX, TO ypaBHEHWE He SsBJISIETCS YPaBHEHUEM

B noytebIX guddepenmnuanax. Bymem nckaTs HHTErpupyoOIuit MHOXKATEIb

B Buge pu = p(y). Torma cormaceo (27) umeem % = 2u u, cuaeno-
BatebHO, 1 = Ce?¥ (mocTaTodHO B3ATH OMHO W3 pemenmit g = e2Y).

JIOMHOKUB Ha HaiJIE€HHBIH MHOXKHUTENb HCXOJHOE yDaBHEHHE, ITOJIyIHM
ypasHenue B onEbX muddepenmmanax re? dz + (22 +y2 +y)e?¥ dy = 0,
ceMeicTBO pemeHnii KOTOporo Haliaem, kak B 3azade 31. Ono mmeer By,
(22 +y?)e?¥ = C. O

a TIpoJesIaTh BBHIKJIAJKH, IpUBoAAmue K (27) B KOHKpeTHOH (dopme (cM
pexomenzamun K 3agade 16): p(y)zdr + p(y)(2® + y° + y)dy = 0
(]

d d
a%uw = D p@ +y* +v), wd—‘; = 2z, ﬁ =2u.

3ameuyanue 6. Pexkomennyercs He moab3oBaThes dopmynoit (27),
b)

34. IIpounrerpuposars ypasaenue dz + (1 — e *y) dy = 0.

A YpaBHeHUE He SIBJISIETCA YPABHEHUEM B HOIHBIX auddepeHnuanax.
Bynem nckaTh mHTErpUpyOMUii MHOXKATENL B BAme 4 = u(w), rae w =
= x+y. Torma cornacuo (27) (onarb-TaKu BEIKIAIKH, IpUBOAsmHE K (27),
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d — —
JIyIIle TPOJIENIATH HEMOCPEICTBEHHO ) ﬁ = u, p = Ce“. Boibepem C = 1.
VYMHOXKEB Ha = € UCXOAHOE ypABHEHHE, IOy IMM yPABHEHUE B MOJTHBIX
muddepennuanax, pemas Koropoe Haiinem €2V + (y — 1)e¥ = C. O

35. IlpounTerpupoBaTh ypaBHEHHE
(zy +y*) da + (z° — zy®) dy = 0. (31)

A TIpomeMoOHCTpUpYeM Ha 3TOM MpUMepe, KaK MOYKHO HCIOIb30BaTh
[IJ1S HAXOXKIEHUsl HHTerpUpyomero Maoxuressa popmyiy (25). Ilpencra-
BUM JIEBYIO 9ACTh yDABHEHUS B BHIE CyMMBI JIBYX claraeMbrx (zydr +
+ z¥dy) + (y*dr — zy®dy) = A + B, ana Kaxa0ro m3 KOTOPHIX JIETKO
Pa3bICKATh UHTErPUPYIOLINH MHOXKUTENb (MOXKeT ObITh, IPOCTO Henocpe/:x—
CTBEHHO YBHJIETh). B manHOM ciyuae ajis Buipaxkenns A = xy dr + z2 dy

MHTErPUPYIOMUM MHOXKUTEJIEM SIBJISETCH, OYEBUIHO, (1] = % u %A =
=ydr + xdy = duy, rme u; = xy. Jusa serpaxenns B = y* dx — zy3 dy
WHTEr =1lulp= yde—zdy _
PUDPYIOIINM MHO2KUTEJIEM ABJIACTCA Uy = 5 n 5 = y2 =

Yy Y

= dug, TIE Uy = %

Yrob6sl pemmuTh ypasHenue (31), Hamo HANTH OJMHAKOBBIA MHOXKUTEJIb
Hoom Mg A m B. Ina sroro Bocnonb3yemca dopmysnoii (25) u 3ammmem

PaBEHCTBO [logy = %f(acy) = yl—sap(%) Breipaxkas ¢ u y 4depes u; U ug,

nmeeM orcioma ulf(u1) = uje(uz). dToMy ypaBHEHHIO JIErKO YIOBJIe-
TBOpUTH, NOMOXKUB f(u;) = %, p(uz) = % Torna flosw = %% =
uy Ug ui
1

== % IIpu ymHOXKeHWH HA >TOT MHOXKUTENb ypaBHeHue (31) mepeiimer
Uz
B ypaBHEHUE % duy + i dus = 0. CnepoBarenbHO, —ul - %% =Cimn
u1 Uz 1 U3

ly

OKOHYATEJbHO = + = (. Croga a0 npunucarth pertenusd y = 0 u

xy
x = 0, morepsaHabIE HpI/I JEeJIEHVU HA T U Y. 1

36. Pemurs onucanubM B 3a7ade 35 cnocoboM ypaBHEHHE
y*(ydz — 2z dy) = 23(z dy — 2y dz).
A Uwmeem (y2 dr — 2zy* dy) + (223y dx — z* dy) = 0,

)

. _ 1 _ z>
5 ,LLQ—ITy, Ug—ln‘j

1 7 1 ~(z?
Hobm = x—ysf(ﬁ) = xTy‘P(%)

L 12, 8 4
Orcroma f(%) =z 3y3, cp(%) = z3y 3 (Takoe pelleHUE TPYJHO
Yy

1 T
L w—fE
M1 xy:;a 1 yg

YCMOTPETh HEMOCPEJICTBEHHO; IMOTOMY PEKOMEHIYeTCsl UCKaTh f B BUIE
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f=2 5= 2% -1 5_ 4 SHORM
= 5%, P = TF WTOTHA O = —3, B = 3 ONpeIeNATCs U3 JUHeHHOMH
Y Y

cucreMbl ypaBHeHHN). meem masnee
1, 1 1,4
duje” 3" + duged3™ =0, —4e 3" +e3"?2 =(C (32)

1, okordarensHo, —4y? + z° = C' 3/zy?. Croma Ha0 IpUNICATH TOTEPSH-
Hble pemennd x = 0 u y = 0. O

Bameyanune 7. [Ipu Haxoxxmennu (32) ObLI OMyIIEH 3HAK MOJYJIsS
B BBIDAXKEHUAX JisA Jiorapudma, T.e. (paKTUIEeCKH BCe MPOAETAHO s
z > 0, y > 0. AHajoruysble BBIKJIQJKA B OCTAJIBHBIX KBaJpaHTaX (Ha-
2
npumep, g ¢ < 0, y > 0, Korma u; = ln<—%), Uy = ln<%)), Kak
Y
HETPYIHO IPOBEPUTH, JAIOT TO K€ CAMO€ BBIDAXKEHWe [jisi pemeHus. [

3. 3amaum ayid caMOCTOLTEILHOIO PeIIeHns

1.2.1. IIpounrerpupoBars ypasuenue y> = y'ye® + 1.

1.2.2. Pemnte HavanbHyto 3anaqy dy — ydzx = (22 — 3)dz, y(1) = 1.

1.2.3. IIlpoBepuTh, 9TO ypaBHEHWE, MOJYIEHHOE B 33J/1a9€ D, OCTAETCH
TeM 2Ke CaMbIM, €C/JIN TOYKa A JIE2KUT B .HIO6OM KBaJApPaHTeE.

1.2.4. Haiitu kpuBble, 00JiaJaromue CBONCTBOM: €CIU 4Yepe3 JIH00YI0
TOYKY KPWBON TPOBECTH NPSMBIE, TMapaJlLIeJbHbIE OCAM KOODIAWHAT, IO
BCTPEYH C STUMHU OCSMHU, TO ILJIOIMIATH MOJYy9IEHHOTO IIPIMOYTOJbHAKA 16~
JIUTCA KPUBOHl B cooTHOmeHnu 1 : 2.

1.2.5. Pemnts 3amaqy 6 pa3zgena 2, ecitu Cujia COIPOTUBJIEHUS BO3IyXa
KBaJIPATWYIHO 3aBUCUT OT ckopoctm: F, = —fuv (v = |v]).

1.2.6. IIponnTrerpuposats ypasaerne y' = sin2(y + z) — 1.

1.2.7. IlpomnTerpuposats ypasuenne 2x3y’ = y(2z2 — y?).

1.2.8. IIpounrerpuposats ypasaernue (z — y) dx + (z + y) dy.

1.2.9. IIpounrerpuposats ypasaerne (y —z +2)y' + z —y — 1 = 0.

1.2.10. TIpu kakux o u 3 ypaemenme y' = ax® + by’ upusomurcs
K OJHOPOIHOMY !

1.2.11. HaiiTn KpuByi0, y KOTOPO!l paCcCTOSHUE OT HaYaja KOOPAWHAT
10 KacaTeJIbHOU PaBHO abCIucce TOUKU KaCaHUS.

1.2.12. Ilony4unTs pemenue ypaBHeHUd U3 3aja4u 16 pa3mesna 2, moib-
3ydach ¢opmyioii (15) u mogbupas 9acTHOE pelleHne B BUIE MHOTOYJIEHA.

1.2.13. TIpounTerpupoBaTh ypaBHeHHE ysinx + y' cosz = 1.

1.2.14. TpounTerpuposars ypasrenue y + ¢’ In? y = (z + 2yIny)y’.

1.2.15. IIpounrerpupoBaTh ypaBHeHne z(e¥ — y') = 2.

1.2.16. s aByx cocymoB, KaxKAbIil eMKOCTHIO B 10 JI, OMUH COMIEPKUAT
0,3 Xr pacTBOpPEHHOI1 cosm, & APYTOil HAIOJTHEH YnucToi Bomoil. Haumnasa
C HEKOTOPOr0 MOMEHTA, MMPOUCXOMUT Cjeayomuil mpomecc. B mepssiit co-
CYZ TIOCTyNaeT IuCTadg BOAA CO CKOPOCThIO 2 ji/MuH. U3 mepBoro cocyma
PacTBOP C TOM 7K€ CKOPOCTHIO 2 JI/MUH MEPEKAIMBAETCA BO BTOPOI COCY/I.
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W3 Broporo cocyza pacTBOP BBITEKAET ONSATH-TAKU C TOM K€ CKOPOCTHIO
2 n/vmun. Ilepememmbsanne mponcxomur MrHOBeHHO. COCTABHTH ypaBHE-
Hue, omuchiBaromee mporecc. CKOIbKO coau OymeT BO BTOPOM COCYZE
uepe3 t munyT? Ilpm xakom ¢ BO BTOpPOM cocyne OyZer MakCHMaJbHOE
KOJIMYECTBO COJIM U Y€MY OHO PAaBHO?

1.2.17. B nens, onucanHyo B 3amade 21, BKIIOYNIN BMECTO KATYIIKN
kougencarop emxoctu C. Hanucars u pemmTh ypaBHEeHHUE 115 CUIIBI TOKA ]
npu HadanbHOM ycosuu I(0) = Io.

1.2.18. IpounTerpuposats ypasuenne ry dy — (y* + z) dx = 0.

1.2.19. IpounTerpuposaTsh ypasrerne (2z2ylny — x)y’ = y.

1.2.20. Kanisg Boabl IBUXKETCS B TIOJIE TSXKECTH B CpPeJie, B KOTOPOi 3a
CYeT KOHJEHCAIMY IIPOMCXOINT yBEJIMYeHNe MACChl KAILIN 110 3aKOHY dm =
= Avdt, rne A = const > 0, v — abCOMOTHASA BEJIMINHA CKOPOCTH KAILIH.
Haiitn ckopocTh Kamim B 3aBHCHEMOCTH OT MAacChl, €ClM B HAYaJIbHBIH
MOMEHT KAaIljIs ObLIa HEIOABUKHA, & €€ MAaCCa PABHAJIACH M.

1.2.21. Y6emurnca, 9To Ang ypapHenns Puxkarn ¢ —2zy+y? =5 —x
YaCTHOT'O PEIeHUsI BUJA Y1 = G + b He CymecTByer.

1.2.22. Ilyrem moabopa IacTHOrO pelleHus CBECTH K ypaBHEHHUIO Bep-
Hy/TH ypasHerue Puxkarm y’ + 2ye” — y? = 2T + e u HaiiTm Bce ero
pereHns4.

1.2.23. IlpounTerpupoBaTth ypaBHeHNEe PuKKaTn

2 +y? =L

T

1.2.24. TIpounTerpupoBaTh ypaBHEHHE B MOJIHBIX quddepeHimaIax
3
322(1 + Iny) dz = <2y - %) dy.

1.2.25. Pemurh mawanbryio amaqy 2zy dr = (y? — 2?) dy, y(0) = 1.

1.2.26. HaiiTn mHTErpupyomuii MHOXKATEIb JJid JUHEHHOTO ypaBHE-
Hus (10): [P(z)y + Q(z)]dz — dy = 0. CpaBHHUTH pellleHne JIHHEHHO-
ro ypaBHEHHWd, MOJIYIEHHOE MPU MOMOINY WHTErPUPYIOMIEr0 MHOXKUTEJS,
¢ dopmymoit (14).

1.2.27. TIpounTerpuposarh ypasHenue y' = —x2y — %ln Y.

1.2.28. TlpomnTerpuposath ypasmenme z2y> + y + (23y?> — z)y’ = 0
crrocoboM, OIMMCAHHBIM B 3agade 35 pasmena 2.

1.2.29. Hpounrerpuposars ypasuenue (2 —y)dr + z(y +1)dy = 0
crrocoboM, OIMCAHHBIM B 337a49e 35 pasmena 2.

OTBeTsnI

1.2.1. e7® + %ln|y2 -1 =cy=+1.1.22. 2z +y — 1 = 2e*~ L.
1.2.4. Kpusas y = Cz? (onpeznenserca u3 auddepeRnnaILHOTO ypaB-
menna ry = 2y) m kpusag r = Cy°. 1.2.5. YpasHeHme mmeeT BuUI
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m% = —mg — Bv? v = /%tg(arctgﬂmﬁgvg — \/%25), tmax

2
= /% arctg z/ mﬁgyo, hmax = %h}(l -+ 6%) 1.2.6. ctg(y + LE) =
_ 06—21’ y = —x + km (k‘ S Z) 1.2.7. 1]fl|.’,C| = Z_Z+ CJ Yy = 0.

1.2.8. arctg %—i—ln Va2 +y?=C.1.2.9. (y—z+2)*+2z = C.1.2.10. «
u 8 10JKHBI ObIT CBsi3aHbl yeiioBueM ¢ — 3 —aff = 0. 1.2.11. Vxasanue.
IIpu pemennn 3agaum ya00HO TMOMB30BATHCS 9EPTEKOM, HA KOTOPOM I'pa-
¢UK KpUBO#l B MEPBOM KBaJIPAHTE MMeET OTPUIATENbHYIO MTPOU3BOTHYIO
(8 ormrame ot puc. 14). Otser: 22 +y? = Cz. 1.2.13. y = Ccosx +sin .
1.2.14. & = Cy+In®y. 1.2.15. eV = Cz?+z. 1.2.16. OGo3HA4HB depe3
1/ KOJIMYECTBO COJIM B MOMEHT ¢ B TIEDBOM COCY/[IE, & 9€Pe3 2 — KOJIMIECTBO
CONMM B MOMEHT t BO BTOPOM COCYJI€ W PACCY?KJasl aHAJOTHMIHO TOMY, KaK
B 3amade 20 pazmesa 2, MOJIYYNM CIeAYIONINE YDPABHEHHUS W HAYAJTHLHBIE
YCIIOBHS: % = —-0,2y, y(0) = 0,3, % = —0,2z + 0,2y, 2(0) = 0. Yepes
t MuHYT BO BTOpoM cocyne 6yaer z = 0,06te” %2t kr comu. Maxcumannb-
HOe KOJIIecTBO coim, paBHoe 0,3e ! Kr, 6ymeT Bo BTOpPOM cocyie depe3
5 muayT. 1.2.17. YuureBas, ato E = IR+ V, V = Q/C, tne V. —
HAIIPS?KEHNE Ha OOKJIAIKAX KOHJEHCATOPA, () — 3aps KOHAEHCATOPA, II0-

R
JyanM ypaBHeHHEe — FEow sin wt = R% + é Ero pemenme: I = Coe~ C' +

+ %(Rcoswt— i sinwt), Co=1Iy— LRl. 1.2.18. 3% =
2 2
R + C2w2 R + C2w2

= Cz? — 2z 1.2.19. zy(C — In®y) = 1. 1.2.20. Bocnompsosasumcs

3akoHOM HbIOTOHa AjId KalIm C TEePEeMEeHHOU Maccoi %mv = P, tme

P — cumna TaxecTn, momydmm gy v = |V| ypaBHeHue mj—;;l +v =
3

= %’ OTKyZla U = 32—1 (m — m—g) 1.2.21. Cucrema ypaBHeHHUI mjis
m

onpenesenus ¢ u b umeer Bux a + b2 =5, —2a + a® = 0, 2ab — 2b = —1.

W3 Broporo ypasrenus umeeMm a(—2 +a) = 0 = a) a = 0 = (u3 nepsoro
ypabenns) b = ++/5, a Torma TpeTbe ypaBHEHHE HE yIOBIETBODSETCA.
6) @ = 2 = (u3 mepBoro ypasHenms) b = +1/3 U TpeThe ypaBHeHUe
TOXKe He yIoBjeTBOpdeTcd. 1.2.22. y = e”, y = e” + %ﬂ Yxasanue:
2z
9JaCTHOE pelIeHne CleIyeT HCKaTh B Bue ¥ = ae®. 1.2.23. ¢ = Ce 1—5019 .
Yxasanue: ypaBHeHHE CJIeAyeT PemiaTh, CBOIS K OIXHOPOSHOMY, METOIOM,
pUMeHeHHBIM B 3ajade 12 pasgema 2. 1.2.24. z3lny + 2° — y? = C.
1.2.25. v — 32%y = 1. 1.2.26. p crenyer uckathb B Bume u = u(z):

uo= e~ I P@)de 7 997, 4rlny + z* = C; p cremyer uckaTh B BUE

uo= p(%) 1.2.28. 32 = Cz2e® V" (MoxHO pasbuTh JIEByI0 9aCTh

ypaBHeHHus Ha aBa craraembix: A = z2y? dz + x3y? dy, Torma py = #,
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up =Inzyl; B=ydz—xdy, po = 5, up = Z, f(ur) = €21, p(us) = s

L
2 1 2 2 z? %
duie”*r + Y duy =0, Cy® = z”e® ¥ . Croga HaJ0 IPUNKCATH NOTEPSIHHOE

2 2
pemernne y = 0 mwim 3ammcaTh ceMeiicTo B Buae y2 = Cz2e” Y, BKo-

2
qaromem y = 0.) 1.2.29. ln<% +4/1+ y_2> + 22 +y2 = C. Croma manmo
T

NIPUNUCATh MOoTepsaHHOe pemenne r = (. (MO}KHO pa3buTh JIEBYIO 9aCTh

ypaBHEHUS Ha ABa craraembix: A = —ydx + x dy, p1 = 12, up = y ; B=
x

du1 1duz _O)

Vit 2V

= 2% dz +xydy, pp = §, vz = 22 + ¢

§ 3. YpaBHeHus mepBOToO IMOPsJKa, HE pa3pelleHHbIe
OTHOCUTEJHHO MPOU3BO/THOM

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

1°. VYpaBHeHHWEe TIEPBOTO TOPSIKa, HE Pa3pPEIIeHHOe OTHOCUTEIHHO
OpPOU3BOIHOI, IMeeT BHU],

F(z,y,y') =0, (1)

rae F' — 3amanHag QyHKIHS TPeX apryMEeHTOB, MOCIETHHN U3 KOTOPBIX
no Tpamunum obo3Havaerca epes p: F(z,y,p).

Tak kak F, Boobme roeops, HeamHelHA 1O p, TO ypasHerme (1) npm
OIIpeaeJIEHHbIX yCJIOBI/IﬂX 9KBUBAJIEHTHO HECKOJIBKUM (I/I JazKe 6eCKOHe‘-I-
HOMY MHOKECTBY) ypaBHEHWI BHIa

v =filwy) (i=12..) (2)

1o gncity KopHeii ypasuenus F'(z,y, p) = 0 orrocuresnnuo p. Jocrarodnsie
ycoBug cBenenus ypasHenus (1) x ypaBHeHusMm Buzma (2) maer ciaemyro-
nIas TeopeMa.

Teopema 3. Ilycmv 6 mexomopom mnapassesenunede ¢ UEHMPOM

6 mouke (xg,Yo,p0) Pynryua F(x,y,p) Henpepusna no cosokynmocmu

NEPEMEHHBIT BMecme C “acmHuMU npousso@mnmu %, %%, npuvem

F($073/07P0) = 0} a
8L (20,40, p0) # 0. (3)

Tozda na nexomopom ceemenme |x—xo| < H cywecmsyem eduncmeentoe
pewenue ypasuerus (1), ydoe/zemeopﬂmmee HAYAADHOMY YCAOBUIO

y|z:mo = Yo, (4)

nPouseooHas Komopoz2o Y'|z—z, = Po.
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TloguepkueM, 9TO, KaK U B CIydae PA3pEIIeHHOTO YPABHEHUs, To U Yo
MOZKHO 33JaBaTh NPOU3BOIBHO, & Po, T.€. Y |z—z,, IPOU3BOIBHO 333aBATH
Helb3s, TOCKOIbKY TpOiiKa 4Hceld g, Yo, Po MOMKHA yIOBIETBOPATDH
ypasaernio F(zo,yo,po) = 0.

Teopema Bblaenser u3 ypaBuenus (1)
ONHO W3 ypaBHeHmW#i Tuma (2), mas Koro-
poro f(xo,¥) = po. Ecm cymectsyer
eme Tpoiika 4mcen (Zo,Yo,P1), YAOBIETBO-
pSIOIIAs YCIOBUSIM TEOPEMbI (C 3aMeHOM Py
HA p1), TO BBIIEJNUTCS €Ile OJHO yDABHEHWE
tuna (2), conepxameecs B (1). U tak gasee.
Beuuay Toro, uro ypasrenue (1) sakmouaer
B cebe HECKOJIbKO ypaBHeHUi Tuma (2), reo-
MeTpUu4deCKad KapTUuHa CeMeﬁCTBa, UHTETrPaJIbHBIX KPUBBIX ypaBHeHI/IS{ (1)
ABJIAETCA HAJIOXKEHHEeM KapTHH, IIPEICTaBIeHHBIX Ha puc. 4. Ha puc. 18
n300pazkeH ciydaii, Korna (1) sKBHBaJIeHTHO JBYM ypaBHEHHSM Tuma (2).
O6paTuM BHEMaHHE Ha TO, 9TO KpHBBIE Ha pHC. 18 B cmiy ycnoBus

Puc. 18.

%—Z(mo,yo, p;) # 0 mepecekaroT Apyr apyra 6e3 kacanus. Hapymrerume

9TOr0 yCJIOBHUS TPUBOAUT K HEKOTOPHIM OCODEHHOCTSM CEMENCTBAa HHTE-
rPaJbHBIX KPUBBIX ypaBHeHus (1), 0 KOTOPBIX OyZeT WITH pedh HUXKE B
nyHkTe 3°.

2°. Ecmm byskmun f;(z,y) B (2) ynaerca HaliTn B sBHOM Buze (HAIpH-
Mep, B CIIy9ae KBaIPATHIHON 3aBUCEMOCTH F' OT p), TO K KaXKI0My U3 TIO-
JIy‘-IeHHbIX ypaBHeHI/II'/’I MO2KHO IIONBbITATHCA MPUMEHATH METOAbI DPEIIEeHUA,
omucaunble B § 2. OHAKO 3TO BO3MOXKHO JIAIIb B HCKIIOYATEIbHBIX CIIyda-
ax. Korga ypasuenne F'(z,y, p) = 0 HeBo3MO0KHO 3(bdeKTHBHO pa3pemnTh
OTHOCHTEJNHHO p (MJIM JIa’Ke KOTJia 9TO BO3MOXKHO, HO COOTBETCTBYIOLIUE
GbopMyIBI 09€Hh TPOMO3JKH), 9ACTO MOMOTAET TAK HA3BIBAEMBIH Memod
66e0eHUA NAPAMEMPA.

Paccmorpum ypasrenme F(z,y,p) = 0 Kak ypaBHeHHE TIOBEDXHOCTHU B

npocrpaHcTse (z,y,p) ( MBI IOKa He YIATHIBAEM, 9TO P = g—z) N3BectHO,

9TO ypaBHEHWE MOBEPXHOCTH B TPEXMEDHOM IMPOCTPAHCTBE MOXKET OBITh
3aIMCaHO B MapameTpudeckoit popme

z=X(u,v), y=Y(u,v), p=~P(u,v). (5)

Bynewm canrath, uro dpyskmun X, Y, P ymgaioch BEIIUCATH B BuIe dPPeK-

d
tuBHBIX dopmya. Eciau Temeps yaects, aTo p = _y’ TO IIOJCTaBJAdA B 9TO

coorHOmenue dy, dz u p, BeIpaxkernusle u3 (5), momyanm nuddepennuaTs-
HOE YPABHEHUE B IEPEMEHHBIX U U U, TPAYEM OHO 6y IeT OTHOCUTHCS K TUILY

yPaBHEHUI, pa3pelleHHbIX OTHOCUTEIHBHO IIPOU3BOTHOM Z—Z (I/I.HI/I %)

(%_p%) du+<%—¥—P%) dv = 0. (6)



§ 3] Ypasnenus, ne paspewennvie OMHOCUMEADHO NPOU3EOOHOT 49

Ecim cemefictBo pemennit ypasaerns (6) mveer Bug v = ¢(u, C), To
HOJICTaBJIsAs 9TO B IepBBIe ABa ypaBHeHus (5), Hoaydum

T = X(’LL,(,D(U,C)), Yy= Y(ua@(uao))' (7)

OTO CeMelCcTBO pelleHuii B UCXOAHBIX IEPEMEHHBIX T U Y, NPUIEM ITO
CEeMEeMCTBO 0Ka3aJI0Ch 33 JaHHBIM B IIAPAMETPUIECKOH opMme.

OTMeTrM HECKOJIBKO CJIy4YaeB, KOT/Ia WHTEIPUPOBAHUE yPABHEHUS (6)
CBOIUTCA K KBaJAPaTypPaM.

1*. Iyctes F = F(z,p). Ypasuerne F(z,p) = 0 mmeer mapamerpu-
geckyo dopmy ¢ = X(u), p = P(u). Bropeim mapamMeTpoM u MOKHO
caurarb y. Ypasrenue (6) cBogurca k coorromennio dy = P(u)X'(u) du,
a ceMeiicTBo (7) nMeeT BHT,

z=X(u), y= jp(u)x'(u) du+ C. (8)

2* IIycts F = F(y,p). Tormay = Y (u), p = P(u), Y'(u) du = P(u) dz
U CeMeliCTBO pEIIeHnl NMeeT BUI,

_ (Y () _
—J P du+C, y=Y(u). (9)

3*. Ilycte ypasuenue (1) umeer Bug,
y=e)z+9y), (10)

rae ¢(y'), ¥(y') — nsBecrHple dyHKIMHN y'. DTO ypaBHEHNE HA3BIBAETCS
ypasnenuem Jlaepamotca. B sToMm ciaydae npexacrasienue (5) momydmm,
Oeps T B Ka4eCcTBe U, a p — B Ka4eCTBE U:

=z, y=ep({z+ipp), p=p (11)
Ypasrenne (6)
(p(p) —p)dz +[¢'(p)x + ¢’ (p)]dp =0 (12)

OKa3bIBAeTCs JMHEAHBIM OTHOCHTENHHO T KakK (yHKImn p. Pemas (12),
HaxomuM z = X (p,C), u pemnenne (10) momydaeM B BuIe

r=X(p,C), y=¢p)X([p,C)+v(p).

Bameuyanue 1. Ypassuenue (12) npome nosyunts, samucsBas (10) B
Buze y = p(p)z + ¥(p), nuddepernupysa u yaursiBasg, uro dy = pdx:
pdz = o(p) dz + [¢'(p)z + ¢'(p)] dp. O

4* TIycts B (10) ¢(y') = ¢/, T. e. ypaBHeHHE UMeeT BHUT,
y=y'z+Py) (13)
u HasbIBaeTca ypashenuem Kaepo. Ypasuenue (12) cBogurcs K ypaBHEHUIO

[z +9'(p)] dp = 0. (14)
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Orcroma dp = 0, p = C n, ciegoBaTeabHO, CEMENCTBO PEIIeHni nMeeT Bu,

y=Cz+y(C). (15)

Ho ects m nmpyras BO3MOXKHOCTH ymosiersoputh (14), a wmMeHHO:

x = —9¢'(p). DTo maer yxe He ceMeHCTBO, a OJHY HMAPAMETPHYIECKH 3a-
JTAHHYI0 KPUBYIO

z=—¢'(p), y=-p¢'(p) +9(p), (16)

KOTOpas TOXKE ABJIAETCA pemeHneM ypasHeHus (13).

3°. p- u C-duckpumunarnmmuwse Kpuevie. Ocobvie peuterus.
Oupenenum KpuByo y = Y () HCKIIOUeHNEM p U3 CIEAYIOMAX COOT-
HOIIIEHUH

F(z,y,p) =0, F,(z,y,p)=0. (17)

OTa KpuBasi HA3bIBAETCH P-OUCKPUMUHAHMHOY Kpusol. B Toukax p-muc-
KPUMUHAHTHO} KpHUBOI Hapymaercs yciaosue (3) Teopembl 3, U KpuBble,
n300pakeHHbie HA puC. 18, kKacatorcs apyr apyra. Ha puc. 19 npexncrasire-
HBI XapaKTepPHbIe CUTYAINN: pP-TUCKPUMWHAHTHAS KPHUBAs SBJISIETCS Teo-
MeTPHYECKAM MECTOM TOUeK 3a0CTpeHus (puc. 19a) nim Touek B3aNMHOTO
KacaHHUs KpUBBIX ceMeiicTBa (puc. 196) [17].

y=Y,(x)
&)@ %

a 0
Puc. 19.

MozKeT CIy9uThCd, 9TO p-IUCKPHUMUHAHTHASA KPUBAasd CaMa ABJIAETCS
permmernem ypasaerns (1). B Toukax rpaduka 3TOro pemenns HapymaeTcs
yciosme (3), n Takoe pemenne “me ynasamBaerca’ Teopemoit 3. OHO HA3BI-
BaeTca 0cobum pewenuem. Oupemenenne ocoboro permenns: (HE3ABACAMO
OT p-TMCKPAMUHAHTHON KPUBOI) MOXKHO JIATh TaK: 0CO60E PEIIeHne ypas-
Herns (1) — 3TO Takoe pemenue, B TOYKaxX rpacbuka KOTOPOTO HAPYIIAETCS
ycmoBue (3). Ilo npuumue Hapymenusa ycaosusa (3) B Toukax rpadu-
Ka 0COBOro peleHnsl UMEeT MeCTO KacaHue 3TOro rpaduka ¢ KPUBBIMU

ceMeiicTBa, n3obpakennoe ua puc. 20. Oco-
0oe pelreHne SBJSETCS, TaKUM 00pa3oM,
orubaromeil cemeiicTBa MHTErPAIbHBIX KPH-
BEIX (ompenenenwe ormbatomeii cm. [6]).
Vmeer MecTO M 0OpaTHOE YTBEPKICHUE:
orubaromas ceMefCTBa MHTErPAJbHBIX KPH-
Puec. 20. BBIX ABJISETCA OCOOBIM PEIICHHEM.
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Orcroma ciemyer, 9T0 0C000€ PEIIEHWE MOXKHO HAXOAUTH 110 MPABH-
JIy mOCTpoeHmsi ormbarommeii, ecom m3BecTHO ypasaerme ®(z,y,C) = 0
ceMeficTBa HMHTErPaJbHBIX KPHUBBIX. D10 mpasmwio (cM. [6]) cocromr B
caenyromem. Haiinem kpusywo y = Y. (z) uckiarodeHneM u3 ypaBHEHMUIH

®(z,y,C) =0, ®.(z,y,C)=0 (18)

(9TO mPaBUIIO COBEPIIEHHO AHAJIOTMYHO MPABWILY HaxOoxKieHus Yy = Y, (z),
TONBbKO B TOM y4dactByeT He F, a ®). Kpusaa y = Y.(z) masweiBaerca
C-oduckpumurnarmmoti xpueoti. DTa KpUBasd SABIAETCI Orubaromieil, T.e.
0COOBIM pellleHneM, eC/ii B ee TOUYKaX BBITOJHEHO YCIOBUe

P2 + @2 #0. (19)

Cremyer OTMETHUTH, 9TO HAXOXKIEHWE OCODOOTO DEIIeHUs MPU MOMOIIHN P-
,Z[HCKPHMI/IHH,HTHOﬁ KpI/IBOﬁ UMeEEeT TO NIPENMYIIECTBO, 9TO JJId 3TOrO HY K-
HO TOJIBKO CaMO yPaBHEHUE U He TPeOyeTcs 3HATh CEMEIICTBA €ro PEIeHMiA.

y=Y.(x)
y=Y.(x)

Puc. 21.

B cnyaae, ecim ycnosme (19) me Bemomaeno, C-AUCKPUMWHAHTHAS
KPUBad ABJIETCA PFeOMEeTPUYECKIM MECTOM Y3JI0BbIX TOUeK (puc. 21a) uin
(mpemenbHBIA CIydail y3/I0BBIX TOYEK) TeOMETPHYECKAM MECTOM TOYEK
3aocrpennd (puc. 216).

Kak p-, tak u C-IucKpUMUHAHTHAs KPUBas COMEPKAT OTUOAIOILYIO U
FEOMETPUIECKOE MECTO TOYEK 3a0CTPEHHA. UTO KACAeTCs Y3JIOBBIX TOYEK,
TO OHU HE BXOIAT B P-IUCKPUMIHAHTHYIO KPUBYIO, TaK KaK KPUBBIE CeMeii-
CTBa IIPOXOAAT 9€pe3 y3J/IOBbI€ TOYKU C PA3HBIMU KaCaTEJIbHBIMUA. Ha,HpO-
THB, TOYKH KacaHus (puc. 196), BXoAs B p-TUCKPAMUHAHTHYI KPHBYIO,
He BXoAaT B C-IUCKPUMUHAHTHYIO KPUBYIO, TAK KAK COMPUKACAIOIIAECS
KpUBBIE SABJILIOTCA “majieKuMu’ Opyr oT Apyra mo mapamerpy C.

Takum o6pazom, p- u C-IMCKPUMUHAHTHBIE KPUBBIE CILyXKAaT I BbI-
SIBJIEHUsT 0COGEHHOCTEl CeMefiCTBa HHTErPATbHBIX KPUBBIX ypaBHeHus (1).

2. Ilpumepsl penrenud 3aga4

B samagax 1-5 maliTm cemeiiCTBO pemreHwil m YacTHOE DPeEIEeHUE, He
BXOJ4INEe B CEMENCTBO, €CIM TAKOBOE CYIIIECTBYET.

1.y +42=1.
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A Bsemem mapamerp cremyromuM obpasom (cMm. pasgen I, myskT 2,

dy _ cosudu _
cos U

= du. Cuenosarensro, © = u + C, a snaunt, y = sin(z — C). 1o n
ecTh UCKoMoe cemeiicTBo. Kpome Toro, mpu CokpaleHnu Ha COS U MOTJIH
MOTePsATHCS pellleHnsi, oTBedatomue cos w = 0 1 uMerone B y = sinu =
= +1. Urak, okoHuaTenbHo, y = sin(z — C), y = £1. O

cay9ait 2%) y = sinu, p = cosu. Umeem dy = pdz, dz =

2. zy’® — 2yy’ + 4z = 0.

A CewmeiicTBO pemeHuii HalineM, Kak yKa3aHo B paszejie I (myHKT 2,
cy49aii 3%, 3amedanne 1), HOCKONBKY 33J]aHHOE yPABHEHWE €CTh YDABHEHAE

Jlarpanzxa. meem y = %xy' + 2?, OTKYZa
v =g +25, (20)
pde = lpde+ Sudp+ 2%@’ _ 253%’
(5-3)r=3a(3-3)

OTCIO,H& IosIy9aeM

a) dw_m = %p’ p=Cz,y = %mQ + % OTo ceMelicTBO perIeHuit
(cemeiicTBO apaboi),

6)p? =4, p==+2,y=+r+x=+2z.

Nrak, y = %x2+%,y::|:2x. U

3ameuvanne 2. Heobxommmo oOpaTuTh BHUMaHEE HA OIHY PAaCIPO-
crparennyio omubky. IIpu pasbope ciydad a), mogyaus p = C'z, CIUTAIOT

nmanee y' = Cx u, ClIeIOBATENBHO, Y = %xQ + C1. A mexy Tem corsacHO
ONMCAHHOMY BBIIIe IPABUITYy Hago Bhipaxkernune p = C'z moxcrasuts B (20).
HenpaBuiibHO TO/IydeHHOE CEMENCTBO SIBJISIETCS ABYIapPaMETPUIECKUM,
9Jero He MOXKeT OBbITh /Uil yPaBHEHU MepBoro nopsinka. (MoxXHo, KOHEYHO,
ceazarb (7 u C' moacTaHOBKOR Yy = %1‘2 + C1 B ucxogHOE ypaBHEHHE, U

TOTJIA TIOJIy9IUTCS MPABUJIBHOE PEIEHNE, HO TAKOM CIIOCOO permeHnst siBJisi-
€TCd HEeOIIpaBIAaHHO I[JII/IHHI)IM.) AHaJIOI‘I/I'-IHyIO 0HII/I6Ky MO2KHO CIeJjiaThb 1
B cirydae 6). O

2 3
3. m—y:%y' —%y'.

A 39ro cHOoBa ypaBHeHme Jlarpamxka: y = x — %y'Z + %y’:g. Nmeem

pdr = dr — %Qp dp + %3}72 dp, dz(p—1) = %p dp(p — 1). Orcrona:
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a) de = gp dp, x = ép2 + C m cemeiicTBO pemeHwmii MpeacTaBIsaeT-
Csl TApaMeTPUYECKU B BUIAE T = —p2 +C,y = p2 +C - 4p2 + %p3 =

= C+ 27p3 MoxKHO, 0JHAKO, MCKJIOYATH P W MOJIy9IATH CEMEHACTBO B
dopme p(z,y,C) =0, a umenHo, (z — C’) (y — C)2

6)pjl,y:x—%+287 :J;—— Urax, (x — C)3 = (y — C)?,
Y= — 5. O

4. Y%z -y -1 -2 +[(z—y)* - 1] =0,

y +1 +d _pt+1l

A Nmueem y—xr = +—-——— orkyga pdr —dr = dp, T.e.
y - T O p N
dCU(p—l) :im dp OTCIO,I[&
a)p=1y=z+V2,
_ dp
O = T

Ksaaparypy ymobro mpoBecTu, mesras 3aMeny nepemeHubix p = tgt. Torma
dx = Fcostdt, x — C = Fsint,
tgt+1

V1 +tg?t

Oxkon4vaTebHO ceMeiicTBo pemtennit mveet Bus (y — C)2 + (z — C)? = 1.
Ionyvennnie B &) DYHKOUNA TOXKE ABJISIOTCH PEIICHUSMU, HE BXOMd-
IIUMHI B CEMEMRCTBO. O

y=C Fsint+ = C Fsint £ cost(tgt + 1) = L cost.

5. (2zy’ —y)? —42® = 0.

A 3aMeruMm ¢ caMOro Hadaja, 9TO ypaBHEHUE uMeeT cMbICT npu z > 0.
9T0 ypaBHeHHWEe yIOOHO pelmaTh He METOAOM BBEIEHUS MapaMeTpa, a
paspelnas ero HemoCpeACTBEHHO OTHOCUTEILHO Y':

y—zx:tac/

OT0 — mapa JUHEeHHbIX ypaBHeHni. Pelag nx, Kak OmucaHo B § 2, TOXyIuM

y=+vz(z £ C), um y? = z(z + C)%

6. Y6emurnes, aro pemenue (16) ypasaenus Kiepo (13) ocoboe u aB-
naerca ormbaromeii cemeiicrsa (15).

A Cormacao (18) momyunm u3 (15) y = Cx+¢(C), 0 = 2+ ¢'(C), uro
ornmuaerca or (16) Tonbko 0BO3HAYEHMEM MAapaMeTpa, Yepe3 KOTODBIi
npezcraBjieHa KpuBasd. Takum obpasom, (16) ects C-mIucKpuMuHAHTHAS
kpuBad. Tak kak npu stom ®, = 1 # 0, To sra KpuBas fABIAETCA
orubaromeii cemeiicrsa (15), T. e. 0ocobpiv pemenuem ypasaernus (13). O
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B crenyrommx 3amagax 7T-10 ucciemoBarh 0COOEHHOCTH CeMeNCTBa UH-
TErpajbHBIX KPUBBIX, MOIB3YdACh p- U C-IUCKPUMUHAHTHBIMU KDPUBBIMH.
WnnrocTpupoBaTh 9epPTEKOM.

7. UccnemoBath ceMeiicTBO MHTErPAJIBHBIX KPUBBIX B 3amade 1.

A Hatinem Yy. Umeem p*> +y> =1,2p=10. Orcromap =0,y =1,y =
= +1, T.e. p-AUCKPUMUHAHTHAas KPUBas COCTOUT U3 JIBYX MapPaJLIeIbHBIX
npaMbIX. Tak Kak y = 1 m y = —1 yI0BIeTBOPSAIOT YPaBHEHUIO, TO 3TO —
ocolble pemennus u orubarommue cemelictBa y = sin(xz — C), monydeHHOT0
B 3amade 1 (puc. 22). Tor ke pe3ysbraT nosydaeM, UCuoiab3yd Y.. Umeem
y—sin(z—C) =0, cos(z —C) = 0. Orcropa sin(z —C) = £1, r.e. y = +1.
Tak xkaxk ®, = 1 # 0, To y = £1 aBngroTCH OrHOAIONUIUMHE, T. €. 0COOBIMU
pemieHusiMu. 3aMeTHM, 9TO B JAHHOM ciydae p- u C-IUCKPUMUHAHTHBIE
KPUBBIE COBIIQ/IAIOT. O

y y=x+\/2_
y=x

Y y=x-v2

| /
O\ 77

Puc. 22. Puc. 23.

8. UccnenoBarh ceMeliCTBO MHTErPAJIBHBIX KPUBBIX B 3aa4e 3.

A Haiigem Y,. Umeem y = x — %pz + 28—7p3, 0= —%p + %pQ. Caenosa-
renpHO: &) p=1,y =z — %, 6) p =0, y = x. Utak, p-AuCKpUMUHAHTHAS
KpUBas PaCHaIaeTcs Ha JBE:

a)y=x— 2% Berme (cM. 3a7a49y 3) Mbl BUIEIIH, 9TO 9TO PEIICHUE UC-

XOHOTO yPABHEHUS M, TAKUM 0DPA30M, OHO SIBJIIETCS OCOOBIM DEITeHUEM.
6) y = z. OTa QyHKIUS pPereHneM He SBJISETCS, ITO MOXKHO HEIo-
CPEICTBEHHO IIPOBEPUTh.

Haiinem Temeps Y,. Umeem (cum. 3amaay 3) (z — C)3 = (y — C)2,
3(x — C)? = 2(y — C). Orciona 2(x — C) = 3(y — C), C = 3y — 2z,
(3z — 3y)3 = (2z — 2y)? wm 27(z — y)® = 4(z — y)?. CrenosaremnnHo,

a) 27(x —y) =4, T.e.y:m—%,

6)z—y=0,Te y=uz.

B ciygae a) umeem &, = 2(y — C) = 4(z —y) = % # 0 m mpuxomuM
K TOMy K€ BBIBOJY, KOTODBI HOIYYeH IPU IOMOIH Y, T. €. K TOMY, ITO
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y=x— % — ocoboe pemenne (orubaromast). st ciryqas 6) umeem ®, =
= 0 u Touno tak xe P, = 0. YuursiBas, 9T0 OpAMad Yy = & COIEPKAIACH
TaK:Ke B p-IUCKPUMHUHAHTHON KPHUBOM, MPUXOIUM K BBIBOIY, 94TO Y = T
SIBJISIETCS TEOMETPHIECKAM MECTOM TOYEK 3a0cTpeHus (puc. 23). O

9. UccnenoBaTh ceMeiiCTBO MHTErpaJIbHBIX KPUBBIX B 3aaate 4.

A Haiinem Y, Umeem p?[(z—y)?—1]-2p+[(z—y)*—1] = 0, 2p[(z—y)*—
—1]-2=0. Orcroma p = ﬁ, (z—y)?-12=1=a)z—y=0,
r—y -

6) z—y = +1/2. Oynknus y = & + /2 ynoBIeTBOpsIET yPABHEHMIO, A
Y = T HE YJOBJIETBOPSET.

Haiinem reneps Y. Umeem (z—C)2+(y—C)? = 1, 2(z—C)+2(y—C) =
= 0. Cnenosarensro, C' = %(m +v), (z—y)? =2,y =+ /2. Ipu srom
®, =2(y—C) =y—z =2 # 0. Taxum obpazom, y = = ++/2 aergerca
ocoGeiM perennen (orubaromeit). 3amernM, 4To Y = = £ /2 comepKuTCH
TaK2Ke B P-TUCKPUMUHAHTHOII KPUBOU.

Yro kacaerca KpHBO Yy = I, TO OHA, HABILAACh 4YacCTbIO p-
JUCKPUMWHAHTHON KpuBoil, B C-IUCKPUMUHAHTHONW KpPWBOH He CO-
nepxurca. CreoBaTe bHO, 9TO T€OMETPUIECKOE MECTO TOYEK KACAHHS

(pmc. 24). O

Puc. 24. Puc. 25.

10. UccnenoBath CcemMeHCTBO WHTETPAJBbHBIX KPUBBIX YPABHEHUS
(2zy" — y)? — 42® = 0 B 3a;a4e 5.

A Haiizem Y,. Umeem (2zp — y)? — 42® = 0, 2(2zp — y) - 2z = 0.

CnenoBarenbHo, p = xz = 0. Takum 06pazoM, p-AUCKPUMUHAHTHON

KpUBOil THIA y = Yp(ajxﬂe HAMeeTCs.

Haiinem Y. Umeem y? = z(z + C)2, 0 = 2z(z + C). CremosarensHo,
C = —z,y> = 0, e. y = 0. IIpu srom ®,|,—0 = 2yly—0 = O,
o, | &0 = [( + C)? + 2z(x + C)|(c=—y) = 0. lIpamag y = 0, Takum
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06pa3oM, He SABISETCA OrMbamel W B TO Ke BpeMsi He BXOAWUT B P-
JMCKPUMHUHAHTHYI0 KpuByIo. Cile0BaTe/bHO, 9TO FeOMETPHYECKOE MECTO
y3JI0BBbIX TO4eK (puc. 25). O

11. Haiitu kpuByI0, KaxKaas KacaTejJbHas K KOTOPOil 06pa3yerT ¢ ocs-
MM KOOPJUHAT TPEYrOJbHUK IJIOLIAIN 2a2.

A  3amaum TOMOGHOTO THUINA, T.€. TaKWe, TAe Hy>KHO HAHTH Kpu-
ByI0 TIO CBOHCTBY ee KacaTelIbHBIX, YA0OHO pemaTh, MOIb3YACh p-
JACKPUMUHAHTHOII KPUBOI.

IIycts xo, Yo — KOODAWHATHI TOYKH KACAHWSA, Y, — TAHTEHC YIJIA
HakJjIoHA KacarenbHoi. OTpe3ok ocu y ot () 10 mepecedeHns C KacaTeIbHOH
uMeeT IUIAHY Yo — y6w0|. Touro Tak xe 0Tpe30K ocu z or 0 10 TOYKH

. Ilo ycmoBuio 3aga4u

0| m omyckas mamexc “0” y o,

202 = l|yo—y'a: |‘x
o+0 7
, 2 Yo
Yo, Yo, IPAXOUM K YPABHEHUIO CEMEHCTBA KPABBIX, OTHOA0IIAA KOTOPOTO
OyIeT maBaTh pellleHne IMOCTAaBJIeHHON 3a1a9m:

4a?ly'| = (y — zy)?
Haﬁ;LeM Y,. Umeem 4a’p = £(y — zp)?, 4a® = F2z(y — zp). Orcroma
2 2 2 2
p= ( + 2“ 24 4%(y + 2%) = :|:4i2. Cremosarensro, y = +% mm
x

2
xy = +a?. Henocpencrsenno ybexpaemcs, 94To y = :i:% SIBJISIETCS Pellre-
HHUEM HOJIy9eHHOrO Bbimie qudhepeHnnanbHOr0 yPABHEHNAS, T. €. ABJISAeTCS
orubatomeit. VITak, nckomas Kpubag ry = +a? (mapa rumep6oi). O

3. 3amaum ad caMOCTOLTENHLHOTO pelleHns

B zamauax 1.3.1-1.3.7 HaiiTu ceMeficTBO pelieHnii 1 9aCTHOE PeIeHune,
HEe BXOJIfINEe B CEMEHCTBO, €C/IM OHO CYIIECTBYET.

1.3.1. 2 =y'\/(v')?2 + 1.
132 ¢ Vy—y +1=0.
1.33. zy —y=Iny'.
1.34. 22y —y = s1n( .
1.3.5. y = 2y +y (y')3.
1.3.6. (zy' +y)? = 22y,
1.3.7. y(y — 22y')% = (v')2.
1.3.8. Tokazarth, ato y = 1 4 Inx saBasteTCsT 0COOBIM pEIIeHNEM yPaB-
HeHud u3 331a4dn 3 pasnena 2. Iloctponts rliepTex(.
V2T

HugMU ypaBHeHnd B 331ade 7. Ilocrpouts geprex.

1.3.9. okazaTb, 910 perieHus y = + SABJIAIOTCS 0OCOOBIMU perire-
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1.3.10. Pemmts ypasnenne 9y2y e 4y — 2. IMoawzysice p- u C-

AUCKPUMHUHAHTHBIMU KDPHUBBIMU, HCCIETOBATH CEMENCTBO WHTETPAJJTHLHBIX
KPUBBIX.

1.3.11. Haiitu xpuByo0, y KOTOPO# IJIMHA OTPE3KAa KAaCATEJIHHOH, 3a-
KJTIIOYEHHOTO MEXKJY OCAMH KOODAWHAT, NMEET IMOCTOAHHYIO BEJIUYUHY a.

B zagauax 1.3.12-1.3.29 ypaBHeHNS PAa3HBIX TUMOB JaHbI BIIEPEMEIIKY,
9TOOBI HAYYUTHCS ONPENENISTh TUIl YPABHEHUS U HYKHBII METO, PEIIIEeHHS.
1.3.12. 2z — 4y +6)dz + (z +y — 3) dy = 0.
1.3.13. y = 3zy’ — 7(y')3.
2., .2 3
1.3.14. 35 FY gy 20 FW 4

2

1.3.15. (1 — ny)y =y(y—1).
1.3.16. y = zy’ — 22(y')>.

L1T. o/ \E =y =T+ VE
1.3.18. 2y’ — (2z + 1)y + y? = —z2.
1.3.19. 2y + (2%y + 1)ay’ = 0.
1.3.20. (y')2 +2(x — 1)y' —2y=0.
1.3.21. y = (4o +y — 3)

1.3.22. ydx — :cdy =213 tg 2 Y dz.

!
1.3.24. y =y'/1+ (¥')?
1.3.25. ¢’ = tg( —2z).
1.3.26. (sin’y + zctgy)y = 1.
1.3.27. 2(y')2 - 3(y')> + = = y.
1.3.28. 2%y’ = y(z + y).

Yy =
1.3.29. (1 + y?sin2z) dx — 2y cos® z dy = 0.

OTBeTnI

1.3.1. z = p/p? +1 p?+1 ,y:
= (p—1)eP. 1.3.3 y—C’xflnC (C>0),y= 1+lnm 1.3.4. p’z =
= psinp + cosp + C, py = psinp + 2cosp + 2C. 1.3.5. y> = Cz + %CQ,
3223 = —27y*. Vkaszanue: TOMHOXKUTH ypaBHEHHe HA Y U CAEIAThH 3aMEHY
z = y% 1.8.6. z(C —y) = C? = = 4y. Ykasanue: cBecTH ypaBHEHHE

K JByM ypaBHeHuaM Jlarpamxa. 1.3.7. y? = 2C%z + O2, 27z%y? = 1.
Ykasarue: nCIONbL30BaTh TOT K€ IpHeM, 4To U B 3ajJade 5. 1.3.8. F/ =

= x—i = 0 opu y = 1+Inz. Yeprex npusenen Ha puc. 26. 1.3.9. Fr =

= —6zy(y — 2xy')> -2y = 0 mpn y = + . Ueprex npuBEIEH Ha

1
V2T
puc. 27. 1.3.10. (y + 1)%(y — %) =(x+0)% y= % Yrasanue: yno6-
HO, KaK B 3a7ade b pasmena 2, PaspemuTb ypaBHEHWE OTHOCHTEJIHHO Y.
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y
y

_1
TTYTJ) 2

X

X

-1

AN K y

Puc. 26. Puc. 27.

P-IMCKPUMUHAHTHasA KpuBas: a) y = 0, 6) y = %, C-INCKpUMAHAHTHASA
KpHUBasg: a) Y = %, 6)y=-1y= % — ocoboe pemenne (orubaromas), y =
= —1 — reomMeTpUYECKOE MECTO Y3JIOBBIX TOYEK, i = () — TreoMeTpUvecKoe

MecTO Todek Kacanus. 1.3.11. 3amaga pemraercs: mo npuanuny 3amgadn 11
pazzena 2. Ucmonb3ys Teopemy Iludaropa, npuxoaum K ypasaenunio Kite-
!

a
L] =, 0cob0e pereHne KOTOPOro TaCT NCKOMYIO KPUBYIO

Pv = ATy

2/3 2/3
<§> + <y> = 1 (actpomma). 1.3.12. (y — 2z)® = C(y — x — 1)%;

a a
y=x+1. 1.3.138. z = (3p"2 + C)p3/2, y = 3(3p"/%2 + C)p /2 — Tp?;
3
y =0.1.3.14. = + 2—2 + 2 =C. 1.38.15. (y—1)?z =y —InCy; y = 0;

y=11.3.16. zp> =C\/]p| -1,y =ap—2%p3 y=0.1.8.17. Jy—z—

—vr=C,y=12.1.8.18. y=x + ac—l—LC; y==z.1.3.19. z2ylnCy = 1;

y =0.1.8.20. 2y = 2C(z—1)+ C?% 2y = —(z — 1)%. 1.3.21. 4z +y —
-3 =2tg(2z+C). 1.3.22. sin% =Ce ®.1.3.23. 2 = CyP+y% y = 0.
1.3.24. 2 =2y/p>?+1—-In(1++/p?+1)+InCp, y = p/p?>+1;y =0.
1.3.25. sin(y—2z)—2cos(y—2z) = Ce®™?Y. 1.8.26. = = (C—cosy)siny.
1.3.27. 4(2z—C)3 =27(y—C)* y=2-1.1.3.28. y—InCz = —z; y = 0.
1.3.29. =z — y?cos?z = C.

§ 4. 3aBUCUMOCTD peIlleHus OT MapaMeTpPOB

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

O6parmmcs BHOBb K 3amade (7) m3 § 1. Ilycre mpasaa wacts B (7)
3aBUCUT HE TOJILKO OT T U Y, HO COJEPXKUT €IlIe HEKOTOPYIO BEJUYUHY K,
KOTOpas PU WHTETPUPOBAHWH yPABHEHWs CINTAETCS TIOCTOAHHOHN (He3a-
BHCHMYIO IEPEMEHHYIO £ MBI 0y/1eM B HHTEpecax JaabHeiimero 0603HaIaTh
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9epes3 ¢, MHIEKC y HAYAJIBHOTO 3HAYEHWs Y HANWIIEM CBEDXY):
d
dit/ = f(t,y,n), (1)
Yli=to = 1°. (2)

Ecmu p mensercsa, To MBI mMeeM He ONHO ypaBHEHUE, & CEeMeUCTBO
YPaBHEHH, B KOTOPOM BeJUYUHA [, ABJIAETCH napamempom. Permenue
samaun (1), (2), Takmm 06pa3oM, 3aBUCAT He TOJILKO OT ¢, HO U OT 4. Bomee
TOrO0, pellleHre 3aBUCAT KAK OT IIApaMeTpPOB, Tak u oT ty u y°: y(t, p, to, yo).
MozxeT ObITh TAKXKE HECKOJIBKO BXOIANINX B YPABHEHNE [IAPAMETPOB:

d
d_:g:f(tayaula"'nu‘k% (3)
Yle=to = ¥°. (4)

Hanpumep, B 3amade 21 paszgena 2 u3 § 2 B ypaBHeHun (28) mapamerpamu
apagorca L, R n Ejy.

3ameHoit nepemeHHbIX t —ty = &, Yy — yO = 1) MO2KHO IapaMeTpHI tg, Y
IePeBeCT! B Pa3ps] APAMeTPOB [i1, . . ., THe tg = i1, Y° = Mkio:

0

d ~
d_g = f(§+t0777+3/07,u17-- -7Mk+2)f(§7777,u17- - 7/*Lk+2)7
Nle=o = 0.

ITosromy MoxkHO B 3anade (1), (2) umm (3), (4) uccnemoBarh JauIIb 3aBU-
CHMOCTD OT [i1,. .., flk, CIUTAA tg U Yo DUKCHPOBAHHBIME TUCJIAMA.
Paccvmorpum 3amagy (1), (2), rae tg, y° — durcuposannbie wncTa.

Teopema 4 (0 HenpepbIBHOI 3aBMCMMOCTHM pelIEHWsI OT Ia-
pamerpa). Iycmo f(t,y, 1) HENPEPBIBHA MO COBOKYNHOCTU APZYMEHTTIOB
6 obnacmu G = {|t—to| < a, |[y—yo| < b, |u—po| < C} u ydosaemeopaem
yeaosuro Junwuya

|f(t7y1nu) - f(t,yQ,,U)| < L|y1 - y2|7
2de L = const, (t,y1,p), (t,y2, ) — arbvie dse mouku, npunadaesrca-
wue G. Tozda na ceamenme |t—to|<H, H= min(a7 %), M=sup|f]| cy-
G

wecmeyem cemeticmeo pewenud y(t, u) 3adawu (1) (u — napamemp ce-
meticmea), npuvem GYHKUUA HENPEPHIEHG O COBOKYNHOCTIY GPZYMEHNOE
npu | — pol < C, |t —to] < H.

3ameuanme 1. Ananormynas TeopeMa WMeeT MECTO B CiIydae
HECKOJIbKUX [IaPaAMETPOB [A], . . . , Uk- (Il
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3ameuanme 2. Kak ciencrsBue rmeopembl 4 MOXHO yTBEDPXKIATH
HENPEPHIBHYI0 3aBUCAMOCTH Y(t, [t) OTHOCHTENBHO L B JHO00H TOUKe
cermenTa |pu — po| < C, pPaBHOMEPHYI OTHOCHTENHHO ! HA CETMEHTe
|t —to| < H, T e. psa Beex |t —to| < H mmeer mecro nepasencrso |y(t, u+
+Ap)—y(t, p)| < &, ecmm |Ap| < §(e), 9T0 03HATAET rEOMETPHIECKH, ITO
nmauHag kpusag Y(t, 4+ Ap) HAXOAUTCA B £-OKPECTHOCTH KpuBoit y(t, 1)
Ha BceM cermente |t — to| < H (puc. 28).

y
y(tp+Ap)

e
2¢e

P——

fo to+H

Puc. 28.

2. Ilpumepsl penienns 33124

1. PaccmoTpuM Ha9aJIbHYIO 33034y [JIs JIMHEHHOTO yPABHEHUS, 3aBU-
CAIIETO OT ImapaMeTpa [

yl = P(t’:u’)y + Q(tnu)’ (5)
y|t:0 = yo- (6)

ycts P(t, 1), Q(t, 1) HENIpPEPHIBHBI IO COBOKYITHOCTU apryMEHTOB B 06~
nactn G = {0 < ¢ < T, |p— po| < C}. Y6enurncs, Monb3ysach SBHBIM
Npe/cTaBIeHneM 1y pemterns y(t, u), 910 dyHKms y(t, 4) HempepbIBHA
110 COBOKYITHOCTHM TIepeMeHHbIX ¢, i B obaactu G. Besmuumna y° cuuraercs
dbukcupoBaHHOIM.

A Tlo dopmyse (16) § 2
t
y(t,p) = ylelo PEM Iy jef - PEBAQ(7, ) dr. (7)
0

CorylacHO M3BECTHBIM TEOPEMaM aHAJIM3a O HEMPEPBIBHOCTH WHTErPAJIOB

(kBampaTyp) OT BXOOAMUX B MOABIHTErPAIHHOE BHIPAYKEHNE MAPAMETPOB
t

U OT IpeJiesIOB MHTEeIPUPOBAHUSA, 3aKI09aeM, 9TO HHTerpaJ JP(t, w) dt

T

menpepeBer mpu 0 < ¢t < T, 0 < 7 < ¢, |u — po| < C, cnenosarensHo,
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t
exp J P(if~7 ) dt mempepeiBHA B TOH xKe obmacTi. OTCIOmA CleLyeT Hempe-

4
PBIBHOCTH obomx ciaraembix B (7), a 3Hauwt, m camoro y(t, ) B obma-
cru G. 0

2. Ilycrs B (5) Q(t,1) = 0, a P or p me 3asucut: P(t,u) = P(t),

npuuem P(t) menpepsiBHa npu ¢ > 0; mapaMeTpoM cauTtaercs y°.

a) Joxazath, uro ectm P(t) < 0, to y(t,y°) menpepwisra mo y°
PaBHOMEPHO OTHOCUTEJBHO ¢ mipu t > 0.

6) doxasark, uro ecniu P(t) > a > 0, To yTBepXKIeHNE O HENPePHIB-
nocru y(t,y°) o y°, pasromepHoit orHOCHTENBHO ¢ TIpH ¢ > (), HEBEPHO.

A a) U3 bopmynsr (7) mmeem

y(t,y°) = yPelo PO,

Orcroma

Ay =y(t,y" + Ay°) — y(t,°) = Ay elo PO, (8)
[Mostomy, ecmm P(t) < 0, o |Ay| < |Ay®| m, Takmm obpasom, |Ay| < €
mpu |Ay°| < e = §(¢) nya Becex t > 0, aro m Tpebyercs.

Paccyxmaem oT mpoTuBHOTO. J[OMyCTHM, 9TO IMEET MECTO yTBEPIKIE-
HPe, JIOKa3aHHOE B a), T.e. ausa € > 0 3d(e) rakoe, uro |Ay| < € mas

Beex t > 0, ecnm |Ay®| < §(¢). Bosbmem |Ay°| = %(5(5). B cuiy ycnoBus
¢
P(t) > a > 0 umeem eprP(%v) dt > exp(at) m TeM CAMBIM SKCIIOHEHTa
0
¢
exp J P(t) dt npn moctaTogro GOMBIOM ¢ CTAHOBHTCA GONbIIE 4%, a Torma
0
u3 dopmynst (8) umeem |Ay| > g 4 % = 2¢, 9TO TPOTHBOPEYHUT
HepaBeHCTBY |Ay| < €. O

[Ipumep MOKa3bIBaeT, 9TO TeopeMa 4 He PACIpOCTPAHSAETCs Ha GECKO-
HEYHBIH IPOMEXKYTOK M3MEHEHNS ¢ W IS €€ CIPABEIJIMBOCTH HyKHBI €IIe
HEKOTOPHIE JIONOJHATEIbHBIE TPEOOBAHUS CIIEIUAIBHOTO THIIA, HAIIPUMED,
yciaosme Ha 3HaK P(t), Kak B ciydae a).

3. Ybemurhcs, uTo pemrenune 3amadn 21 paspena 2 u3 §2 mpu R — 0
CTPEMUTCA K PENICHUIO 33,1291

L% = Egcoswt, I|i—o =1 (9)

niig Bcex t > 0.
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/A HenocpeacrsenHo u3 orBera K 3azade 21 paszgena 2 nosydaem
. Eo .
lim [ =1y + L—O sin wt,
R—0 w
9TO HefCTBUTEIBHO SABISETCS peleHneM 3ama4u (9). O

O6paruMm BHHMaHWE Ha TO, 9YTO B 3amade 21 paszena 2 ypaBHeHUe

ABJIAETCA JUHEHHBIM U P = f% < 0 (cpaBHHETE CO CaydaeM a) mpumepa 2

IaHHOrO maparpada).

4. JlokazaTb Teopemy 4 METOAOM MOCJIEI0BATEHHBIX MPUOINKEHUH
ITukapa

A TlocTpouM mociieqoBaTeIbHbIE TIPUOIMYKEHNsT, KaK OMucaHo B § 1.
(n)
Kaxnoe npubsnukenune Y 6ymer dpymkuumeir r u pu. Onmpasick HA

n)
YCJIOBUE TEOPEMbI, HETPYIHO JOKA3aTh HEIPEPHIBHOCTL Y (z, 11) MO COBO-

(n)

KYIIHOCTH T, {4 1 PABHOMEDHYIO CXOUMOCTb Y (T, /1) OTHOCUTENBHO T U [
npu |z — 20| < H, |p — pol < C. d10 nenaercsa myTem He3HAIMTETHHON
momndnKanmyn paccyxaeHnii, npuseaerabix B § 6 [18]. Orcroma caenyer
HETPEPBIBHOCTD TIPeeNbHol dyHKInn y(z, (1) Mo COBOKYTHOCTH T, . To,
9TO TIpU KaxkAoM p GyHKmus y (T, ) ABJIAeTCS permerneM 3agaan Komm
v = f(z,9, 1), Y|z=z, = ¥°, MOKa3BIBaETCH B TOUHOCTH, Kak B § 6 [18]. [J

1) B [18] reopema 4 10Ka3bIBAETCS APYTHEM CIOCOBOM.
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JMNPPEPEHIINAJIbHBIE YPABHEHN A
BBICIIINX ITOPAJIKOB. CUCTEMBI
JINOPEPEHIINAJIBHBIX YPABHEHUI

§ 1. InddepennmanbHble YypaBHEHUS BBICIIIX
HOPAIKOB

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

1°. Obugue ceotlicmea. luddepenyuasvhoim YpasHEHUEM N-20 NO-
padka Ha3BIBAETCS YPABHEHUE BUJIA

F(z,y,y,...,y"™) =0 (1)
(He pa3peleHHOe OTHOCUTEIHHO CTAPIIEH MPOU3BOAHON) Uin
y™ = f@,y,y sy Y) (2)

(pa3pemeHH0e OTHOCUTEJILHO CTaPIIIeit Hpon3Bo;LHoﬁ).

Pewenuem ypasrenns (1) wmm (2) ma unrepsane X (KOHEIHOM min
GeCKOHETHOM ) Ha3bIBAETCS N Pa3 HenmpepbiBHO nuddepernupyemas byHK-
mast y = ¢(z), KoTopas NpPW TOACTAHOBKE B ypaBHEHWE OOPAIAeT ero
B TOXKJIECTBO.

MHroxkecTBO Beex permernii ypasaerus (1) nom (2) HaseBaercs o6ujum
peweruem ITOT0 ypaBHEHUS.

VYpasrenwe y = () 3amaer Ha mHTepBase X Ha IJIOCKOCTH TIEpe-
MeHHBIX (Z,Y) HEKOTOPY® KpuByio. Ee HaspBaroT unmezpaavhot xpusot
ypasaenns (2).

Ecmu maOX)KeECTBO DyHKITHI

y:§0($,01,---,0n), (3)
yaoBneTBopsommx ypasaeauto (2), tne C1,...,C, — OpOU3BOIbHBIE TIO-
CTOsIHHBIE, 103BOJIsieT 3a cder Bbibopa C4,. .., , monxydurb a00yI0 WH-

TerpasbHyI0 KpUBYIO ypasHeHud (2), To (3) aBisercsa ofmmM pemeHneM
ypasaenns (2).

2°. Anmeezpaast ypasuenus. Ecam obmee permerne ypasaerns (2)
HEABHO 3a/1aHO YPaBHEHUEM

&(z,y,Ch,...,Cp) =0, (4)

To (4) HA3BIBAIOT 06WUM UHMEZPaLOM yPaBHEHHS (2).
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CoorHomenne
q’(.’E, yay,a ey y(n71)7 Cl) =0

6o
dj(xayayla"'ay(n_l)) :Cl (5)

HA3BIBAIOT NEPEbLM UHMEZPAAOM YPaBHeHHS (2).

MHora nepBbIM HHTErPaIoM Ha3bBaoT byHKIo ¥(z,y,1,...,y "),
BXOJAIIYIO B JIeBYI0 dacTh (5).

C moMoIbo N He3aBHCUMBIX IIE€PBBIX MHTErPAJIOB, UCKJII0YAasd U3 HAX
npoussommsie Y, . ..,y Y, MoxknO mOTydHTH 06T HETErpaT (4) ypas-
Henus (2).

Jlj19 HE3aBUCUMOCTH 7 IEPBBIX HHTETPAJIOB

1/11'(1'79,2/’,---’9("_1)):01' 7;:].,77,,

HEOGXOIIMO ¥ JOCTATOYHO, 4T06b sKobman dyskmmit 1;(z,y,y/,...,y ")
[0 MOCJeTHAM apryMeHTaM He o6pamaJics TOXKIECCTBEHHO B HyJIb:

D(¢1,..-,%n)
0.
D(y,y,...,y" ™) #

Ecmm m3sectaber m (1 < m < M) OEPBBIX WHTErPAJOB, TO UCXOJHAS
3ala9a WHTErpUPOBAHUA YPAaBHEHUA 7N-TO IIOPAAKa CBOAUTCA MCKJIIOYE-
HUEM M CTapIiuX TPOM3BONHBIX K 0ojlee MpoOCTOi 3amade (n — m)-ro
nopsAIKa.

3°. 3adaua Kowu. Ecmu tpeGyercs HaliTn perieHne ypaBHeHuUs (2),

yaosnersopsifomee ycaosusam y(xo) = 4o,y (z0) = by - .-,y (zo) =
= y(()"fl), TO TOBOPSAT, 9TO JJIsi ypaBHEHUs (2) MOCTABIEHA HAYAADHAR
3adava nn 3adava Kowu M 3aUCHIBAIOT €€ B BUJIE
-1
y" = f(zy,y,. .,y Y),
(6)

(o) = yo, ¥'(20) = Yhy---, ¥ D(mg) = 4.

Teopema 5. ITycmo
1) 6 ypaswenuu (2) dynkyua f(z,y,9,-..,y™" D) onpedesena
6 (n + 1)-meprom napassesenunede

n— n—1
D:{|$7330\ga,|yfyg|<b1,...,\y( nyé )‘gbn}

6 NPOCMPAHCMEE CEOUT APRYMEHMOE;
2) 6 obaacmu D dyrsuusa f(z,y,y ...,y V) nenpepviena no coeo-
KYNHOCU ap2ymenmos u ydosaemeopsaem ycaosuto Junwuua no nepe-
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menmvim Y,y . ..,y
n—1
P o8 D) — Fla g TN <N Y [9 — 9)
=0
Tozda na ompeske [z, zo + H|, 20e H = min{a, %}’

M =max|f|, b= minb;,
D i
cywecmeyem eduncmeennoe pewenue sadauwu Kowu (6).

4°. Ilonuotcenue nopadxa ypasHeHUus. B HEKOTOPBIX Caydasx
BO3MO2KHO IIOHM2KE€HUE ITOPAJKA YPaBHEHUA, ITO o6ﬂer‘qaeT €ro uHTerpu-
poBaHUe.

1. YpaBHeHHE HE COLEPKUT UCXONHON (DYHKIUN U €€ IPOU3BOJHBIX 0
(k — 1)-ro nopsiKa BKJIIOYUTEJIBHO:

F(z,y® g0 yM) =o. (7)

Bamenoit y¥) = u, rme u — HoBas HemsBecTHas DYHKIHS, ypaBHe-
mwe (7) npuBoguTca K ypasHeruio (n — k)-ro mopsaaka

F(z,u,u', ..., u" ") =0.

Ero pemenne umeer sun u = u(z,C1, ..., Cy—_g)), TIOCIE 9€ro HCXo-
Has (DYHKIWS Yy HAXOOUTCH k-KPATHBIM WHTETPUPOBAHUEM, B Pe3yJIbTATE
HOSBIAIOTCA eIe k IPOU3BONbHBIX TOCTOAHHBIX.

2. YpaBHeHUE ABHO HE COAEPKUT HE3ABUCUMOI IT€PEMEHHOM:

F(y,y',...,y(”)) =0. (8)

TMopsanok ypasHeHus (8) MOHMKAETCA HA €AWHAILYY 3aMeHOM y' = p, The
p = p(y) — HoBas HemsBecTHas dbyHKIHUs. [locaes0BaTebHbIE TIPOU3BOJI-

uwie y'y”,y", ... B HOBBIX TIepEMEHHBIX P U Y UMEIOT BUI:

dy _ dy _dp _dp dy _ dp
dr ~ P de2  dr  dy d:v_dyp’

Ly g (), gy, dodody £y (Y
dz® ~ dzr\dy p_dy2 dz P dy dy dx = dy? dy p
d*y

u T. O. BI/IJ_IHO, 9TO IPOU3BOAHBIC W BBIPDa2KaIOTCA Yepe3 IMPOU3BOIHBIC

OT p MO Yy mopsinKa He Bbime k — 1.

B pesynbraTe ykasaHHOI 3aMeHBI BO3MOXKHA TOTEPS PEIIeHWH y =
= const, 9TO TpoBepgeTCd HENOCPEICTBEHHONU MOJICTAHOBKOM.

3. YpaBHeHUd B HOJIHBIX IPOU3BOMHBIX. Kcmu jieBasg 4acTh ypaBHEHUS

F(z,y,9,...,y™) =0 (9)

3 A.B. Bacuasesa, I'. H. Mensenes
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SIBJISIETCS TIOITHOM pon3BonHOM HekoTopoit dbyrkmun G(z,y, Yy, ..., y(=1 ),
To mepenuceBasa (9) B BUIE
LG,y ") =0, (10)

HAXOIWM TIePBBIA mHTerpas ypasaeaus (10)
G(xJ Y, yIJ DR y(n_l)) = 017

npencraBaaomuii co6oil ypaBHEHHE y2Ke HA €MHALY MEHBIIEro HOPAIKA.

Ecau ypasuenue (9) ze numeer suga (10), To nHOrIA MOXKHO I0400pATh
HHTerpUpYOMmi MAOKHTETb 1t = (T, Y,y ,. . .,y™), mocte ymaOKeHES
Ha KOTOprﬁ YpaBHEHUE (9) CTaAHOBUTCA YyPAaBHEHUEM B IIOJIHBIX IIPOU3BO/I-
#biXx. Kopuu ypasuenus p = 0 MOIyT OKa3aTbCs JIAIIHAMY DEIICHUSMH,
a PasphIBHOCTH L MOKET IIPUBECTHU K MOTEPE PEIIeHMI .

4. TIycrs ypasuenne F(z,y,7,...,y™) = 0 0AHOPOIHO OTHOCHTETHHO

U,y s,y Y 910 03HAYAET BHIIOIHEHHE YCIOBHSI

F(x, ty, ty', ... ,ty(")) =t"F(x,y,9,. .. ,y(")).

Tlopsmok Takoro ypaBHEHWs MOHUKAETCS HA €IUHUILY I[TOICTAHOBKOMN
y' = yu, TIe u — HOBaA HeM3BECTHAs (DYHKIIHUS.

5. Ilycrs ypasrenne F(z,y,7',...,y™) = 0 omrOpoaHO B 0606IIeHHOM
CMBICTIE OTHOCUTEJILHO Z U Y. B 3TOM ciIydae BUJ, ypaBHEHHS TOJKEH CO-
XpaHATLCA IPU 3aMeHe T Ha tr u y Ha t™y. IIpm 3TOM B COOTBETCTBYyIOMITE
BhIpasKeHHd HepeiayT nuddepernuanbl 1 TpOU3BOTHEIE:

de — tde, dy —t™dy, d’y—t™d’y ur o,

dy m—l@ d2y m—2dz_y
dr — 1 dz’  da? — 1 da?

U T. .

Takum 00pa3oM, IJisi COXpAHEHWs BUIA YPABHEHUS JOJIXKHO BBIIOJ-
HATbCA yCJI0BUE

F(tw7 tmy’ tmilyl’ v 7tminy(n)) = th(m’ y, yl’ ety (n))’

KOTOPO€E MOXKET BBIOJHATHCS He Tpu JIEooM m. [ljist moydennst nCKOMOTO
3HAYEHUS M HAJ0 HPUPABHATH APYI APYry CYMMBbI IIOKa3aTesieil crere-
Hell { B KaXXJIOM CJIaraeMOM YDAaBHEHHS, B PE3yJbTaTe YEro IOJIyYaeTcd,
BOOOIIE TOBODs, EPEOIPeeeHHas cucTeMa. K nckomoe 3HadeHne m
CYIIIeCTBYET, TO JIeJaeTCd 3aMeHa IIepeMeHHBIX

r=c, y=uem,
rae t — HOBasi He3aBHCHMasl TepeMeHHasi, a u(t) — HoBasl Hems3BeCTHas
dyuknua. IlomydaeTca ypaBHeHHE, He COJAEpIKaIlee fBHO HE3aBUCHMOI
MEPEMEHHOH ¢ U IOMyCKAIOIIee TMOHMKEeHNE TIOPIKa, HAIPIMED, COTJIACHO
caydJao 2.
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2. Ilpumeps! penreHus 3329

1. Pemuts ypaBHeHue
y// _ le-

A Cnocob 1. 9ro ypaBHEHHE HE CONEPKHUT Y, TOITOMY 3aMeHOH Yy =
= u, u = u(Z) OHO MPWBOANTCA K ypaBHEHMIO u' = u®, PABHOCHIIBHOMY
COBOKYTHOCTH ypaBHeHU#t u = 0 u d—l; = dz. U3 mociemgHero HaxomguM
u
_ 1
01 —x’
d .

Tak Kak u = d—g, TO, HHTErpUPYs HANJEHHBIE COOTHOIIEHHUSI, TIOJIY IaeM

ana y(z):

u

y=C, y=0Cy—In(Cy—z). (11)

Cnocob6 2. Ypasnenne y” = y'> oTHOCHTCSA TaKsKe K THILy, He COIEpIKa-
HnieMy siIBHO He3aBUCHMON 1epeMeHHo# x. [loaToMy TMOPAIOK ypaBHEHUs
NOHMKAETCSA HA eAMHMIy 3ameHoil y' = p, tme p = p(y) — HOBas HeW3-
BectHaa yuknusa. JleficrBurenbHo,

"

' _dp
y=p ¥ =g7P

u ypasrerue (11) cBomuTCa K ypaBHEHUIO IIEPBOTO MOPSIKA

d
%pZﬁ,
. dp
PaBHOCHJIBHOMY COBOKYIHOCTH ypaBHeHuit p = 0 n > = dy. N3 nocnen-

mero Haxomum Cip = €Y.

Bosepamascs k dyaknun y(z), morygaem y' = 0, a Tak:ke ypaBHEHHE
C Pa3IeIAIONIIMICS TTePEMEHHBIMH

Cl j—z =éeY.
Wurerpupys 5T ypaBHEHUs, HAXOAUM Juist y(x):
y=C, y=InCy—In(Cy — x). (12)
Pesynbrarer (11) u (12) coBmamaroT ¢ TOYHOCTBIO J0 0GO3HAUEHMH
[POU3BOJILHBIX IOCTOSIHHBIX. O

2. Pemnts ypaBHeHHE

"=\/1+y.
A yMHO}KaH ABHEHIE Ha NHTETrpu TOIMWIT MHOXKHUTEJIb = #
yp PUPYIOI, H Ity
MOZKHO 3aIIMCaThb €I'0 B BHJE
_y _1_y
2V/1+y 2

3%
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njaim
d /] x =0

(ypaBHeHI/Ie B IIOJIHBIX I‘IF)OI/I3BOILH])I)()7 OTKY/Ja HaXO0AnM HepBbII'/'I WHTEerpaJi
oz _ G
Vit —5=%

!

y:

a 3aTeM

(I+Cl)2 — ].

=

U, OKOHYATEJLHO,
y = %(w—l—()’l)3 —z+ Cs.

K sTomy permenmio Hamno n1ob6aBuTh pemenne y = —x + C', MOTEPSIHHOE TIPU
. !

MHOXKEHIH Ha MHOXKHUTEJb (i = —————, pa3pbIBHBIA npu y = —1. |
Yy 1 Aty pas3p puay

3. Pemuts ypaBHeHmE

A YpaBHeHHWe ABIAETCA OZHOPOIHBIM, TaK KaK COXPaHAET CBOH BUI
nocse 3amens y, ¥ u y” wa ty, ty’ u ty” coorsercreenHo.

CiiemoBaTenbHO, MOXKHO HOHH3HTH €r0 IOPSAI0K Ha €IUHUILY, oJiaras
Yy = yu, roe u — HoBad Hem3BecTHasA pyHKIudA. g npou3BogsbX ' u y”
nMeeM

Y =yu, ¥ =yutyd =y’ +d),

[IOCJTE YEro MCXOIHOE YPaBHEHNE MTPUOOPETAET BHU/T

y*(u? + ') = yu?,
orkyma y = 0 m v/ = 0. HTerpupys mocieaaee paBeHCTEO, MOy 9aeM

!

u = Cla % = Cla

[OC/Ie 9€ro BO3BPAIaeMcs K nepeMeHHoi y(z):
y=0, y=Cee" (Cy#0).

Pemenne y = 0 MOXHO BKJIIOYATH B MOCIETHION (GOpPMYILy, “paspe-
muB” Cy IPpUHUMATH 3HAYEHNE, PABHOE HYJIIO. O

3ameuanue 1. Ilose3no pemuTs 3TO ypaBHEHUE eIe ABYMs CIIOCO-
OaMu: KaK He COIEpXKalllee SBHO HE3aBUCHUMOI MEpPEMEHHON M KakK Ipu-
BOAdAIIEeEeCd K YPAaBHEHUIO B IIO/JTHBIX IIPOU3BOAHBIX IIOC/JIE€ YMHOXKE€HUA Ha

MUHTErPUPYIOUMi MHOXKHUTEH 1/ Y2 O

4. Pemwuth ypaBHEHHE
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A VYpaBHeHUE HE SABJSIETCS OTHOPOIHBIM OTHOCUTEIHHO Y W TPOU3BOJI-
veix. Ho mpu mepexozne

—Z —

dr t2dax? dz?’
IpUpaBHUBad CyMMBI IIOKa3aTesell cTeleHell ¢ B JeBOIf W MpaBoil JacTax
ypaBHEHHS, HAXOIUM:

2 m 32 2
r—tx, y—tTy, y”:dg tdy—t"“zQ

2m =3+ (m — 2),
orkyza m = 1. YpaBHeHHe OKa3bIBA€TCH OJHOPOAHBIM B OGOGIIEHHOM

CMBICIIE.
3aMeHa mepeMeHHBIX

z=¢é', y=ue
IOPHUBOAUT K yPaBHEHHIO i+ u —u? = 0. DT0 ypaBHeHNe ABJgeTCH ypaBHe-
HueM BepHynnanm, a TakKe He CONEPKUT SBHO HE3ABUCUMOU IIEepEMEHHOI ¢,

7 [O9TOMY MOXKET OBITh PEMIEHO PAa3HBIMU CIIOCODAMHU, B TOM YHCIIE U
IIOHUZKEHNEM MOPAJKa COIJIACHO CIIydYaro 2. O

y' +w?sing =0, y(0) =y, ¢ (0)=0.

A YpaBHEHEE He COIEPXKUT IBHO HE3ABUCUMOI IEPEMEHHO T, TOYTOMY
MOXKHO TIOHW3WTH €T0 MOPSANOK, momaras y' = p, tae p = p(y) — HoBast
Hen3BeCTHAA (DYHKIIHS.

Jamee HaxXOIMM:

I/_@@_dj 2 —
= dyde = dyg P pdp +wsinydy =0,

2

% = w?(cosy — cosyy), p = Fwy/2(cosy — cosyp),
d
p= ﬁ = dw+/2(cosy — cosyp).

Haxkomner,
y
dy

_ 1
T wV2 J \/COsy — cosyo

Yo

x

I/IHTeraJI BBIpaXKa€TCd B TaK Ha3bIBA€MBbIX 3AAUNMUYECKUT (byHKI_II/IHX.

3. 3ajaunm m ynpakHeHUd I CAMOCTOATEILHOM PaboThI

Pemurs ypaBuenus:

2.1.1. y"" =z + cos z.

2.1.2. y" = ze”, y(0) = ¢'(0) = 0.
2.1.3. ¢y’ =2zInx.

2.14. 3y =1
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2.1.5. zy" =v'.

2.1.6. zy" =y + x>,
2.1.7. gy =y'? — .
2.1.8. v = V1+y'°
2.1.9. ¢ = /1 —y'%
2.1.10. ¢ = 2yy’.

2.1.11. yy" + 3y'y" = 0.
2.1.12. yy" + ¢y = 1.
2.1.13. yy" +y'* = 0.
2.1.14. zyy” — zy'* = yy.
2.1.15. 2yy" — 3y’ = 42

OTBeTsnI

4
2.1.1. y = 35—4 —sinz + C12% + Coz + C3. 2.1.2. y = (z — 2)e” + z + 2.
3

2.1.8. y = % Inz — %ms + Chz + Cs. 2.1.4. C1y? — 1 = (C1z + C)2.
2.1.5. y = Cia? + C5. 2.1.6. y = & + C1a® + Cy. 2.1.7. y+ Cilny| =
=z2+4+Cy,y=C.21.8. y=ch(z+C1)+Cs. 2.1.9. y = Cy—cos(Cy+2z),
y==z+C.2.1.10. y = C tg(Crz + C3), y = C. 2.1.11. Coy? — C; =
= C3(z+C3)%,y = C. 2.1.12. y? = 22+C12+C5. 2.1.13. y? = C12+Cs.
2.1.15. ycos?(z + Cy) = Cs.

§ 2. Cucremsbr guddepeHIInAIbHBIX ypPaBHEHU
B HOpMaJibHOIT popme

1. OcHOBHBIE TOHATHS U TeopeMbl

1°. Obwue ceoticmaa. Cucremoii quddepeHnuanIbHbIX yPABHEHNIT,
PASPEWEHHDBLT OMHOCUTMENDHO CTNAPWUT MPOU3E00HDBIT, HAHIBAETCS CH-
cTeMa BUIA

(ma

yl ) = fl(t7 yl?yll’ te 7y(m1_1)7 .. "y'ﬂ?y’:lﬂ te ?y’slml_l))7

yT(Lmn) = fn(t, y17y/1’ . "y(mlil), i "yn,y’:’L’ v 7y7(1,mn71))'

Yucmo N =my + ... + m,, Ha3bBaeTCd HOPAAKOM cucreMsl (1).
Hopmanavroti cucTeMoit Mau CHCTEMOM YypaBHEHU, Pa3pENIeHHBIX OTHO-
CUTEJIbHO IIPOU3BOAHBIX OT HEU3BECTHHIX (DYHKIUI, HA3BIBAETCS CACTEMA
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BU/IQ
y;_ = fl(tayla' e ayn)a

..................... 2)
y; = fn(t, Y1,y '7y’n)'

Cucremy (1) Bcerma moxxaO mpusectn K Buay (2). Ilonaras B cucreme (1)

_ _ _ ,,(m1—1)
21 = Y1, 22 =Y15-++5 Zmy = U1 3
— —— — o (mn—1)
Fmit..Amn_1+l = Yns Zmit.Amp_142 = Yns -0y EN = Yn )
[OJTy9a€M HOPMAJIbHYIO CHCTEMY OTHOCUTEIbHO (DYHKIHUH 21, ..., 2N . 1lo-

9TOMY, HE OIPAHMYNBAs OOIMIHOCTH, MOYKHO PAaCCMAaTPUBATH HOPMAJIbHbBIE
CUCTEMBI.

YacrabIM caydaem cucremsl (1) sIBIsleTCS OMHO ypaBHEHHE N-TO TO-
pAnKa

y™ = flt,y, oy, y™ D),

KOTOpO€e TaKzKe BCerjga MOXKHO CBECTU K HOpMaJIBHOfI cucreme. Ilomaras
_ A _ n—1
21 =Y, Z2=Y,s---s Zn_y( )7
oIy 9aeM:
I
Z1 = 22,
! p—
Zo = Z3,

20 = f(t, 21,22, -+, 2n)-

Pewenuem cucmemos (2) Ha naTepBase T (KOHEYHOM WM GeCKOHEU-
HOM) HA3bIBAETCSA yOPSAI0IEHHASA COBOKYITHOCTD HENpephIBHO mud depen-

IUPYeMbIX PYHKITAH
Y1 :Qﬁl(t), ceey Yn :San(t)a tETa (3)

KOTODBIE IIPU HOJCTAHOBKE B CUCTEMY O0PAIIAIOT BCE €€ yDABHEHU B TOXK-
JIeCTBA.

MuoxkecTBo Bcex pemennit cucremsr (1) mim (2) HasbiBaeTca o0ujuMm
peweruem ITOU CUCTEMBL.

VYpasrenna (3) sazaror Ha naTepBase I’ B IPOCTPAHCTBE IEPEMEHHBIX
(t,y1,-..,Yn) HEKOTOPYIO KpuByI0. Ee HaspBaIOT unmezpasvrotl xpusod
cucremsr (2).
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Ecim muOXecTBO dyHKIIT

Y :goi(t,C’l,...,Cn), 1= 1,7’L, (4)
yaosnerBopsitommx cucreme (2), tme C1,...,C,, — NpPOM3BONBHBIE TO-
CTOSIHHBIE, MO3BOJIAET 3a cdeT BoiOOpa C, ..., , TOIydnTh OOy UH-

TerpaJbHyI0 KPUBYIO cHcTeMBl (2), To (4) siBisiercss o0IuM pelieHHEM
cucrems! (2).

HopwmanbHbIe cucTemMbl HoIIycKaroT 60siee MPOCTYIO U KOPOTKY0 opMy
3alluCu B BEKTOPHO-MAaTPUYHBIX 0603HaquI/I5{X.

YHopsimodeHHy0 COBOKYIHOCTD Y1(t), ..., yn(t) muddepenmupyembrx
dyukumit yno6Ho paccMaTpuBaTh KaK KOODAUHATHI BEKTOPA-CTOIOUA (ro-
BODAT U O MaTPUIE-CTOIOIE) B I-MEPHOM JIMHEHHOM IPOCTPAaHCTBE. AHa-

JIOTUYHO 331a€TCA U BEKTOP-CTON0ET, ¢ KoopamHaTaMa f1(t, Y1, .-, Yn), - - -
- f’n(ta Yt,-- -, yn)
Beenem obosHaueHU:
y1(t) fi(t,y)
y = : , fty) = :
Yn(t) fultsy)

Bynem HasbiBath y u f BekTOp-DyHKIMAMHA (MHOTJa — BEKTODAMH,
uHoraa — OYHKIUAMH).
Torma cucremy (2) MOXKHO 3aITICATH B BUE BEKTOPHOTO yDABHEHUS

yl = f(tv y)'
Dopmynst (4) B BEKTOPHOH 3alUCH UMEIOT BH/L
y= W(ta C)a (5)
rue
C1
C= :
én

— NPOM3BOJILHBIA MOCTOSHHBIN BeKTOp. Bbipaskenme (5) GymeT obmum
pellleHneM CHCTeMBI (2) B TeX Ke CIaydasx, 9To u dhopMyst (4).

2°. Hwmeepaave cucmemdv.. Eciam obmee pemrenne cucremst (2)
MOXKET OBITh HEeSIBHO 3aJdaHO CUCTEMOI N He3aBUCUMBIX ypaBHeHI/Iﬁ

d)i(tayla"'ayn)zci i:]-ana (6)

To cucreMy (6) Ha3BIBAIOT OOWUM UHMEZPAAOM CHCTEMSI (2).

JIio6oe u3 coorHomeHuil (6) HA3BIBAIOT NEPELIM UNMEZPAAOM CH-
crembl (2). IlHOrga mepBBIM HHTErPaJIOM HA3bIBAIOT JHOOYI0 (DyHKIUIO
¢i(ta Yis- 00 yn)a BXOJAIILYIO B (6)
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Ecmm bysxmms ¥;(t, y1, - - ., Yn) HenpepbsHO muddepermupyema, TO
€€ IPOM3BOAHAS B CHJLy CACTEMBI (2) PaBHA HYJIIO:

=0 vteT.
y;-=f(t7y17---,yn)

dp; (91#1 51&1
dt + Z By]

Nuage roBops, NepBEIil HHTErpaj 0OPAIATCS B MOCTOSHHYIO BIOJb JIO-
Goro pemenus (4) cucrems (2).
J7151 He3aBICHMOCTH 7 IEPBBIX HHTETPAJIOB HEOOXOANMO U JOCTATOIHO,

9T06BI fiKOOuaH byskumii ¥;(t, yi,...,Ys) MO MOCTETHUM N APTyMEHTaM
He 00paIasics TOXKAeCTBEHHO B HYJIb:

D(wh - ,d)n)

—————= #0.

D(y1,---,yn) #

Ecmm w3sectaer m (1 < m < M) OEPBBIX WHTErPAJOB, TO UCXOMHAS
3aJja4a MHTErPUPOBAaHUsA CUCTEMbI (2) C M HEM3BECTHBIMH UCKJIIOYEHHEM
M HepeMeHHBIX CBOAMTCA K 0ojiee IIPOCTOil 3aJade MHTeIPHPOBAHMSA CH-
CTeMEI C 1 — T HeI3BEeCTHLIMM.

3°. 3adauwa Kowwu. Ecmn tpebyercs HafiTu peleHne cucTeMsl (2),
yZoBIeTBOpaATonIee ycaosuaM Y;(tg) = yP, i = 1,n, To roBOpAT, ITO IS
cucremsl (2) MOCTABIEHA HA%AADHAA 3adaqa wina 3adava Kowu n 3anmcer-
BalOT €€ B BUJE:

y: = fi(tayla"'ayn)a

i (7
yi(tO) =Y, = 1,7’L,

WX B BEKTOPHON dpopMe:
y = fty), vy(to)=y"

Teopema 6. IIycmo L
1) 6 cucmeme (2) dynxuyuu fi(t,y1,...,Yn), ¢ = 1,n, onpedeaenni
6 (n + 1)-meprom napassesenunede D :

d:{|t_t0|<a’7 ‘yl_y?‘gbla 7::17”}7

2) 6 obaacmu D dynruuu fi(t,y1, ..., Yn) HENDEPLIBHBL NO COBOKYNHO-
cU apeymenmos u Yydoeaemeopsatom ycaosuto JIunwuya no nepementvm

|fi(t7y_1a"'7y_n) - fi(tayzla"'ayzn)‘ < NZ|y_] _y:j|‘
Tozda na ompesxke [tg,to + H]|, 20e

H:min{a,%}, M:mlaxmgxfi, b:miinbi7

cywecmeyem eduncmeennoe pewenue 3adavu Kowu (7).
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4°. ®daszo06vie mpaexmopuu. Touku noxos. Baxmueitmeit mogeapio
HOpMaJIbHOfI CHUCTEMBI ABJIAIOTCA YPAaBHEHNA NBU2KECHUA MEXaHUIECCKUX CHU-
CTEM. POJIb HENU3BECTHBIX @yHKHI/II‘/‘I UTPAIOT OIPU 3TOM KOOPAWHATHI 1 CKO-
pocTtu (I/IJII/I 0600IIIeHHBIE KOOPANHATHI 1 CKOpOCTI/I). Ponb mesaBuCHUMOML
nepeMeHHOH { UTpaeT BpeMd.

3ameuanne 1. YacTo, 0cOOEHHO B (pU3MIECKUX 3aJadax, LU POJb
HE3aBUCHUMOM IIePeMEHHO UrpaeT BpeMs t, MPOU3BOIHBIE TIO ¢ 0003HAYAIOT
TOYKOIA:

dy _ . dy? _ ..
@ =Y gEp=iurnx
(I
B n-MepHOM NPOCTPAHCTBE MEPEMEHHBIX Y1, ..., Y, DemeHue (3) onu-
chiBaeT aBuKeHWe TOYKHU (y1(t),...,Yn(t)) B 3aBECHMOCTH OT t Kak OT

napaMerpa. JTO MPOCTPAHCTBO HA3BIBAIOT (Pa306biM NPOCTNPAHCTEOM.
Kpusyto, onucsiBaeMyo napaMeTprudecKuMHA ypaBHeHusMH (3) B dhazoBoM
IPOCTPAHCTBE, HA3BIBAIOT mpaekmopuel, TOUKH (Y1, . ..,Yn). OueBumHO,
YTO TPAEKTOPUS TOUKH (Y1, . . ., Yn) B HA30BOM IPOCTPAHCTBE €CTh IPOEK-
I[[yisl MHTErPaJbHON KpUBOii (3) B IPOCTPAHCTBE IEPEMEHHBIX (t, Y1, . - ., Yn)
Ha (pa30BOE TPOCTPAHCTBO.

B wactHOM ciydae, korma yHKIME f; HE 3aBHCAT SBHO OT BPEMEHH,
cucrema (2) Ha3bIBaETCA ABMOHOMHOU:

yll = fl(yla-"ayn)a

y;; = fn(yla"'ayn)'

B aBTOHOMHOII cHCTeMe CKOPOCTh JBUKEHHA B (DUKCHPOBAHHON TOYKE
(Y1, - -+, Yn) OCTAETCA HEM3MEHHOM C TEYEHUEM BDEMEHH.

B da30BoM IpPOCTPaHCTBE TPAEKTOPUS ABUKEHAST MOKET 00PAIIATHCS
B TOUKy (mocTogHHOE pemenne). Takas TOYKa HA3BIBAETCA MOwKOT NOKOA
(noaosicenuem pasnosecus). Touxa (y?,...,y0) asnserca Toukoit mokos
cucTemsl (2) TOrA U TONBKO TOTAR, KOTAA

filt, ) =0 VeeT, i=Tn.

5°. IIpusedenue cucmemsv K 00HOMY yYpasHeruro. Onaum u3
OCHOBHBIX METOJI0OB MHTErPUPOBAaHMsS HOPMAJbHON cucTembl auddepeH-
UATHHBIX yDABHEHWIT (2) ABJISAETCS IPUBEIEHAE €€ K OJHOMY YPABHEHUIO
N-T0 MOPAIKa (MM HECKOIBKAM yPABHEHUSAM MOPSAIKA, MEHBIIETO, IeM 7).

Iycre byaknun f;(t, Y1, - - -, Yn ) AMEIOT HEIPEPHIBHBIE YACTHBIE TIPOM3-
BogmbIe 10 (n — 1)-ro mopsaaka mo Bcem aprymenTaM. 1Ipeqmonoxmm, 9To
HOJICTAHOBKOW HEKOTOPOro pemenus yi(t),...,Yn(t) Bce ypasmenms (2)
oOpaIleHbl B TOXKIECTBA.
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IIponuddepennupyem, HATpUMeEp, MEpPBOe U3 ITUX TOXKIAECTB MO t
n — 1 pa3, 3aMeHss BCAKUIA pa3 IPOU3BOAHBIE Y. (t) B cuiy ypasHeHnii (2).
IlosyauM n TOXKIECTB BHOA:

yll = fl(tayla"'ayn)a

yg_, = FZ(tJ Yt,--- 7yn)7

-1
ygn ):Fn—l(tayla"'ayn)a

y§n) = Fn(ta Yiy-- ayn)

IIpeamonaras, 9To B paccMaTpuBaeMoil 00JjlacTH AKOOMAaH MMEPBBIX
n —1 byarumit f1, Fo,..., Fj,_1 0 MEPEMEHHBIM Y2, Y3, . - ., Yy OTIAIEH
OT HYyJId,
D Fo,...,Fp_
(fla 2, s L'n 1)#0,
D(Z/2:y3,- .. 7y‘ﬂ)

paspemaeM mepBble n — 1 ypasHeHmii (8) OTHOCHTENHHO NEPEMEHHBIX

Y2y« -y Yn. OHE OyIyT BBIpaIKeHBI depe3 t,yl,. .. ,y%nfl). IloncraBnas

HaiileHHbIe BBIPAZKEHUs B MOC/IEAHee U3 ypaBHeHuil (8), monydaeMm ypas-
HEHUE N-TO MOPSIKa OTHOCUTEJBbHO HEM3BeCTHON (hyHKINNU Y1 :

~1
y = Ftynyh,. .o ). (9)
Pemas ypasrenue (9), Haxomum dyskmmio y1(t), a 3aTem moacTaBaseM ee
NPOU3BOJHBIE B MOIyIeHHBIE BBINIE BBIPAXKEHUs i Y (t), .. ., Yn(t).

3ameuanue 2. PaccMorpeHHBIE Pe0OPa30BaHUs MOKA3BIBAIOT, UTO
HOPMAJBHYIO CHCTEMY He BCErJa MOXKHO IIPUBECTH K YPABHEHUIO N-TO
nopaaka. Hanpumep, cucrema

yll = Y1,
yé = Y2,

O0YEeBUIHO, HE MOXKET OBITH IPUBENEHA K YPABHEHIIO BTOPOro HOPAAKa. [

6°. Inmezpupyemvie KombuHayuyu. VHTErpupyemoit KoMOMHAIIN-
eif HasbIBaeTca auddpepeHnnaIbHOe ypaBHEHNE, IBIAIONEECs CIeICTBAEM
ypaBHeHuii cucteMsl (2) (mostydaromieecss 06bI9HO My TeM apudMETHIECKIX
omepanmii), HO yzKe Jierko maTerpupyomeecsa. O6BIMHO CTPEMATCS MOTY-
YUTh ypaBHEHHUE BHIA

d®(t,y1,...,Yn) =0

WA yPaBHEHUE, CBOASIINEECS 3aMEHO TePEMEHHBIX K KAKOMY-HUOYIb UH-
TEerpupyeMoMy THUITY YPaBHEHUN C OTHON HEM3BECTHOU (DYHKITHEH.
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st OTHICKAHUST MHTETPUPYEMBIX KOMOWHAIMN IacTO OBIBAET yI00HO
mepefiTi K TaK Ha3bIBAEMON cHMMeTpUIHON (opme cucrembl muddepeH-
IMAIBHBIX YPABHEHUI

-fl(tayla"'7yn) S fn(t7y17"'=yn) -

B cummverpuanoii dopme 3ammcn cucremsr (10) Bce mepemeHHbBIE BXO-
ST PABHOMPABHO, YTO WHOTHA 00JIErdaeT HAXOXKIEHWE WHTErPUDPYEMBIX
KOMOMHAIIWIA.

IIpexxe Bcero BBIOMPAIOT Mapbl COOTHOIIEHUI, JOMYCKAIONIAE Pa3/ie-
JIECHUE NEPEMEHHbIX. B ﬂpyI‘I/IX C.quaﬂx IIOJIE3BHO HCIIOJIB30BATH CBOﬁCTBO
paBHBIX apobeii

dyl dyn dt (10)

a _ az _ _am _ kiai+ksas+ ...+ kmam (11)

b1~ ba T by kibi + kaba 4 ...+ kmby?

BBIOMpasi MpoOM3BOJIbHBIE KO3(MdunmenTrl k; yIoOHBIM 00pa30M, HaIpH-
Mep, YTOOBI YUCauTeNb ObLT auddepeHnuasToM 3HaMeHaTe s, TU00 IUCIIU-
TeIb OKA3BIBAJICA MOJHBIM auddepeHnuanoM, a 3HaMeHATeb ObLT PaBEeH
HyJE0 (B TOCIIEHEM CIIydae IPOIOPIUA PACCMATPUBAIOTCH KaK PaBEHCTBA
OPOU3BEEHU CPENHUX U KPAWHUX YJIEHOB).

2. Ilpumepsl pemrenud 3aga4

1. Haiitu TOYKHM IOKOA aBTOHOMHOM CHCTEMBI

¥ =y—a? -,
Yy =3z —22—y. (12)

A KoopamuaTsl TOUKN TOKOs (TIOTI0KEHUsT paBHOBecHs) cucteMsl (12)
OTIPEIEIAIOTCS AaredpamvaecKoil CuCTeMOit

y—z? —x=0,
2 (13)
3x—z°—y=0,

NOJIy9aromelicss TPUPAaBHUBAHNEM HYJIIO TPAaBbIX [acreil cucrembr (12).
Pemas (13), Haxogum Touky mokost cucreMs! (12)

z=0, y=0 mw =1, y=2. (14)

B mpocrpancTee nepemennsix (t, z,y) ypasHenus (14) onpemensaoT nse
MpsiMble, BIOJb KOTOPBIX COXPAHSIOTCA MOCTOSIHHBbIE 3HAYEeHUS (DYHKIAH
z(t) m y(t).

Ha dazosoit mnockocru Oy ypasuenus (14) onpenendoT aBe Heno-
JIBIZKHBIE IPU U3MEHEHWH ¢ TOYKA — TOYKHU MOKOsi cucTeMbl (12). O
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2. Pemurs cucremy
2

=y —x?
v =y(2z +3) — 223 — 322 — 22. (15)

A TlomeiraeMcs cBectu cucremy (15) K ypaBHEHHIO BTOPOTO MOPSIKA.
Huddepennupys nepsoe u3 ypasaenuit (15) u 3amenss obpasyromuecs
npousBonHble B cuity (15), monygaem cucremy

2

' =y—x?
" =19y — 2zx’ = 3y — 322 — 2. (16)

Uckimouas y w3 Broporo ypasHenus (16), mpusomum cucremy (15)
K BH.LY, JOIMYCKAIOIIEMY IIOCIEI0BATEIHHOE ONPEAEICHNE T U Y:

2" — 3z +2x =0,
y =1 +a?

OTKYIa
z = Cret + Cre?,

Yy = Clet + 20262t + (Clet + Cg€2t)2

(cmoco6wI permernst ypasHeHnit ¢ mocTostHEBIME K03 durmerTamu cu. B § 3
ra. IIT). Il

3ameuyanune 3. B HEKOTOPBIX CaydasX CHCTEMY N yPaBHEHHUH mep-
BOTO MOPsiTKA MOXKHO CBECTH He K YPABHEHHIO 1-TO TOPSIKA, & TOJBKO
K HECKOJIbKUM yDABHEHHSIM MEHBIIEro mopsiaka, deM n. Hampumep, cu-
cremy

! ! !
r =Y, Yy =, z =z

MO2KHO CBECTH JINIIb K YPaBHEHUAM

" !

=z, z ==z
7 HEBO3MOXKHO CBECTU K YPABHEHUIO 3-I'O IIOPSIKA. |
3. Pemnts cucremy
de _ dy _ dz
Y=z = % (17)

A U3 nepsoro pasercrBa (17), JomycKaromero paszejeHue IepeMeH-
HBIX, IMEeM

rdr —ydy =0
wm d(z? — y?) = 0, OTKy1a HAXOMWM TIePBBIit WHTErpaJT

2 —y? =C). (18)
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Sanmmem mus 3aaHHON cucTeMBbI cBOcTBO (11):

Yy T 4 kiy + kex + ksz

dl_@:@_kldw+k2dy+k3dz‘ (19)

Tlomarast ky = 1, ko = 1, k3 = 0, nonygaem

dz _ dz+dy
z x4y’
dz+y) _ dz .
OTKyla — 1~ = W, CIEJ0BATeIbHO, IPYTOil MHTErPaJl MMEET Bi
x4y = Csz.

fxobuaH HaWIEHHBIX WHTErPAJIOB 110 MIEPEMEHHBIM & U Y

20 —2
1 1y ‘:2(95‘*’3/)

umeer panr 2 npu = + y # 0. CnemoBaresbHo, Ipu & # —Yy HaliJIeHHbIE
MHTErPAIbl HE3ABUCHMBI, M UX COBOKYIIHOCTH JAaeT OONWii MHTErpaJ Cu-
cremst (17).

Wurerpasn (18) moxkuo Takxke mosydnts u3 (19), nomaras ky = =z,
kg = Y, kg =0.

Torma nmeem
dz _ zdx —ydy

z 0 )
OTKYyIla
rdr —ydy =0, dz®—-19y?) =0, z*—y*>=C. O
4. Pemuth cucremy
de  _ dy _ dz _ dt
y—2z z—x x—y 1°

A Sanmmem mist 3aJaHHON cucTeMBbI cBOcTBO (11):

dx dy dz kidx + ko dy + ks dz

Yy—2 z-2 Ty ki(y—2) +hka(z—2)+hs(z—y)

Ilomaras k1 = ko = k3 = 1, monygaem

dz _ dz+ dy+ dz
T—y 0 ’

orkyna d(z + y + z) = 0 u, ciie10BaTeIbHO, OMUH U3 MEPBBIX WHTErPAJIOB
nmeeT BUJ,

Tlomaras ky = x, ke = y, ks = 2z, moygaem

dz _ xzdr+ydy+zdz
T—y 0 ’
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oryna d(z? + y% + 2?) = 0 u, ciegoBaTebHO, APYTOI MEPBHIH HHTErPaJ
nMeeT BUJ,

22+ y? 4 2% = Cs. O

5. Paccmorpum aBmkenme marepumasibHON Toukm M ¢ maccoit m
B cuwioBoM moje F w Halimem OMUCHIBAIONIYIO 9TO [IBUKEHHWE CHUCTEMY
muddepeHnnaIbHBIX YPABHEHHUH, & TaKXKe €€ MHTErPaJIbl.

A Tlo Bropomy 3akoHy HbIOTOHa MMeeM B BEKTODPHON (hOpMe CUCTEMY
Tpex auddepeHnnaIbHbIX YPABHEHII

d
m% =F, (20)
e v = %, r = {z,y, 2} — paguyc-Bekrop Touku M, F — cuia.
Eciu F = 0, o u3 (20) moixydaem
v _

AIn
mv = C = const .

Takum 06pa3oM, mepBbIM HHTErpasgoMm cuctembl (20) gBiageTca wH-

Terpas WMITyJbca (B KOODAMHATAX — TPU YPABHEHHS JJ KOODIMHAT

BEKTOPA CKOPOCTH).
Ymuoxas (20) cieBa BEKTOPDHO Ha T, IOIy9aeM

[r,m‘é—ﬁ = [r, F],

9TO MO2KHO TaK2Ke 3aIlliCaTh B BHIE

L[r,mv] = [r, F] (21)
(TaK KaK CJIaraeMoe [%mv} PaBHO HYJIIO KaK COAEpzKalllee IBa OJUMHAKO-

BBIX BEKTODa). YpaBHeHme (21) — ypaBHEHWE MOMEHTA MMILYJIbCA.
Ecim none F uenrpaibHoe, 1 HA9a/10 KOOPAMHAT IOMEIIEHO B CUIIOBOM
nenTpe droro nons, 10 [r, F] = 0 n u3 (21) umeem

%[r, mv] =0,
OTKyza
[r,mv] = C = const. (22)

Takum 0bpa3oM, TOTyYeH APYTOil paCIpPOCTPAHEHHBI B MEXaHUKE WH-
Terpajl — MHTerpaJl MOMEHTa MMIYIbCa.

HeHOCpeﬂCTBeHHLIM ciieacrsuemM Cy]l[eCTBOBa,HI/ISI UWHTEerpaJia MOMEHTA
AMIYa6Ca OyZeT BBIBOL O TOM, YTO TPAEKTOPHUS TOYKH, IABUWXKYIIeics
B IIEHTPAJBHOM IIOJIE, JIEXKUT B ILJIOCKOCTH, TIPOXOASAINEN Yepe3 CUTIOBOM
LEeHTP.
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B camom mese, ypaBHeHue (22) B KOODAMHATAX WMEET BH/L
yz—z2y=C1, zit—x2=0Cs xy—yi=Cs. (23)

YMHOXKas ypaBHeHns (23) Ha ®, Yy W z, COOTBETCTBEHHO, W CKIIAJbIBad,
oIy 9aeM

Ciz + Coy + C32 = 0, (24)
r.e. [C,r] = 0.

Urak, Touka M nsmxkercss B miockocTw (24), ee pagmyc-BeKTOD I
= {z,y, 2} JeKUT B 3TOH ILUIOCKOCTH W NePIEHIUKYIsipeH BekTopy C =
= {C1, C2,C3} — BekTOpY MOMeHTa mMITysbca (cM. (22)).

Haiinem emne onua BakKHENIINI HHTErPAJ — HHTErPAJI SHEPTrAA. Y MHO-
JKas CKasspHO ypaprerue (20) Ha smeMeHTapHOE nepemernenne dr = v dt,
moJTy9aeM

(m%,vdt) = (F, dr)

nin

d(m;Q) — (F, dr). (25)

U3 paBencTBa (25) MOMYyYUTCS MHTErpaj SHEPTUH, €CIH CHIIOBOE IIOJIe
Oyner noreHnuaabHbIM, T. €. F = grad ¢. Torma npasas gacts (25) Oyaer
nuddepeHnnaIoM CKaIIPHON (MYHKINH ¢ — HOTEHINAIA CHIIOBOrO HOJIS:
(F, dr) = de.

Bennunny u = —¢ HA3BIBAIOT MOTEHIMAJBHONW dHEPrUEll MATEpPUAIH-
voit Touku M. OKOHYATENBHO Ui [BUXKEHWS TOYKHA B MOTEHIHAIHLHOM
nose u3 (25) Haxomum

d(™y") +du =,
OTKy/1a

mTH + U = const.
mv® .

5 + U — cymmy kuHETHYIECKOiT
U MOTEHINAIBHON SHEPIUKM — HA3bIBAIOT UHTEIPAJIOM SHEPIHH.

Takum 06pa3oM, B 3aBUCHMOCTH OT KOHKPETHBIX CBONCTB TOTO UJIA
uHoro cusooro nond F mosy4arorcs pasiudHble MHTErPajbl CHCTEMBI
nuddepeHuaIbHBIX yPABHEHNU , ONUCHIBAIOIINE JBUZKEHUE MaTEeDPUAJIb-
HON TOYKH B 9TOM IIOJIE. O

STO BBIDAKE€HUE WNJIN BEJINIUHY

3. 3azaun ¥ ympakHeHHS JJI CAMOCTOATEIbHOI PaboThI

HaiiTi TOYKU MOKOS CJIELYIOMIUX CUCTEM.
2.2.1. 2" = 2% —y,

y' =In(l -z +2?) —In3.
2.2.2. 7' = (2z — y)(z — 2),

/

Yy =zxy — 2.
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2.2.3. 2" =22 —y,
v =2"-(y-2)*
Pemmnrs crenyromue cucreMbl, CBOZS UX K yPaBHEHUSIM 00JIe€ BBICOKO-
ro mopsiaka (CIoco6BI PEeHns Oy Yal0MUXCs YPABHEHNH C TOCTOSTHHBI-
mu Koaddunuenramu cm. B § 3 ot III).

2.2.4. ac/’/’ =y,
=zx.

2.2.5. 2" =3z + vy,
y = —2x.
2.2.6. ' = y? + sint,

Yy =z/2y.

PemuTh ceayomme CACTeMBI yPaBHEHMI.
2.2.7. ' = 2% + 9%, o = 2zy.

228. ¢ =z/y, y =y/x.

229. 7' =y/(z—y), ¥y =z/(z —y).
2.2.10. '’ =sinz cosy, y = coszsiny.
2211, 9 —dz _ B

T "~ ty°
2.2.12. 4t —dz _ Iy

2.2.13. ;4o — W _ dz

T2y —z y z"
2214, G2 - W __ _dz

"ytz T ztz zty
2.2.15. 9z = W _ dz

z Tz y

de _dy _ _d
2.2.16. 4 = G = —da_,

OTBeTnI

2.2.1. (2;4), (—1;1). 2.2.2. (2;1), (1;2), (—1;-2). 2.2.3. (—2;-4),
(1;1), (2;4), (-1;1). 2.2.4. £ = Ciet + Coe™? + C3sint + Cycost, y =
= Cret + Ce ' — C3sint — Cycost. 2.2.5. © = (C1 + Cat)e! + Cze 2,
y = 2(Cy — Cy — Cat)e! + Cse 2. 2.2.6. o = Che’ + Cae ! — 1 cost,
2 _ t —t 1. 1 _ 1 —
y® = Cie’ — Coe™" — 3 sint. 2.2.7. FEy +t = Ch, e +t = Cs.
2.2.8. % — % =0, 14+ Cix = C2e“1t. 2,29, 22 — 92 = C, z —y +
+t = Co 2210, tg25Y = O1e, tg T3 Y = Coet. 2.2.11. z = Cit,
y = Cqet. 2.2.12. 2 — 2% = Oy, 22 — 3% = 0. 2.2.18. y = C1z, ¢ =
=2y —2+Cy 2214, 2 —y = Ci(y — 2), (x+y + 2)(z — y)* = Ca.
2.2.15. 22 — 2y = C4, 6y — 22% — 322 = (5. 2.2.16. 2 =Cy, zy — 2 =
= 0233.




I'masa 3

JIMHEVHBIE J®PEPEHITNAJIBHBIE
YPABHEHUA

§ 1. JIuneiinbie oITHOpPOAHBbIE yPaBHEHUSI

1. OcHOBHBIE TOHATHS U TeopeMbl

1°. Obwue ceoticmea. Jlunetinvim 00ropodHvim nuddepeHnuaIL-
HBIM YPABHEHHEM 7-TO MOPSAIKA HA3BIBAETCA yPABHEHHE BHIA

ao(2)y™ + a1 (2)y" V) + ...+ an(z)y =0, (1)

rae dyakuun a,(z) menpepobiBaa Ha uaTepBase X (X Moxker GBITH Kak
KOHEYHBIM, TaK U GECKOHETHBIM ).

Ecma ag(zg) = 0, To Touka x = 1z HasBBaeTCA 0co60l Moukol
ypaBrenus (1) (B 9T0l TOUKe MEHAETCSA MOPANOK yPABHEHUS).

Ecmm ag(zg) # 0 B paccmarpmpaemoii o6sacTnm mepeMeHHOH X, TO
ypasHenue (1) menenuem Ha ag(r) IPUBOAUTCSA K BULY

y(") + al(;c)y("fl) +...F+an(z)y=0 (2)

(m1st k03 dUIUEHTOB a; () UCIONB30BAHBL Te K€ 0603HAYEHNS).
Pewenuem ypasnenus (2) HaspiBaeTCs n pa3 HenpepbiBHO auddepen-
nupyemas dbyakmua y = y(z), KOTOpad IpHU HOJCTAHOBKE B ypDaBHEHHE
00pAaIlaeT €ro B TOXKIECTBO.
Ecmm byskunm y(z),. .., ym(z) — pemenns ypasrenus (2), To sr0-
m

Gas nuneiiHasg koMm6unanus » |, C;y;(x), tme Cy,. .., C,, — IPOU3BOIHHbIE
i=1

IOCTOAHHBIE, CHOBA €CTHh PDEHICHNEC YPAaBHECHUA (2)

2°. 3adawa Kowu. Ecmu tpeGyercs HaliTu perreHne ypaBHeHuUs (2),

yaosnersopsifomee yerosusm y(zo) = Yo, ¥ (20) = ¥h, .- ¥y (20) =
(n—1)

= Y , TO TOBODSAIT, 9TO JJIsi ypaBHEeHUs (2) MOCTABIEHA HAYAADHAA
3adava niu 3adava Kowu U 3aIIUCBIBAIOT €€ B BHIE:

Y™ +ai(z)y" Y + ..+ an(z)y =0,
y(o) = vo, ¥ (z0) =Yy -, Y™ D(z) =y Y.

3)



§1] JIunetinvie 00HopooHbIE YPaBHEHUS, 83

Teopema 7. Ecau gynruyuu a;(x), i = 1, n, nenpepoisho na unmepsa-
ae X, mo pewenue navarvrot sadavwu (3) cywecmseyem u eOuUHCMBEHHO
ectody na X .

3°. Onpedeaumenv Bponckozo. Pyrkumm ¢1(z),...,p(x) HA-
3BIBAIOTCA AUHEHO HE306UCUMbLMY HA WHTEepBage X, €CIU TOXKIECTBO
Cip1(z) + ...+ Crpn(x) =0 Vo € X BHITONHSETCST TOIBKO TOTA, KOTIA
Bce K03 durmentsr C; paBHBI HYJIIO.

ITycre dysxmpn 1 (x),. .., ¢, (z) HenpeprBEBI Ha WHTEpBase X CO
CBOMMU NpOU3BOAHBIME 110 (1 — 1)-ro nopganka BraroanTeabHo. PyHKImO-
HAJIbHBIN OIIpenenTe b

pi(@)  pa(@) . eal2)
Alpr,. - pul =| AW ) @) )
" V@) o8 @) . el ()

Ha3bIBAETCA onpedeaumenem Bponckozo (sponcruarom) byrkumit ¢ (z),
con(z), Tz € X.

Teopema 8. Onpedeaumeav Bponckozo pewenud yi(x),...,Yn(x)
ypasnenua (2)

— aubo mosicoecmeenno paser HYA0 Ha unmepsase X, u mozda amu
pewenua auretino sasucumo. na X

— aubo He pasen HYa0 Hu 6 00noti mouke unwmepsana X, u mozda
amu pewenus sunetino nezasucumos Ha X .

3ameuanue 1. B Teopeme 8 roBopuTCS 0 CBOMCTBaX OIPEIETATES
Bpomrckoro g pemennii ypasrerus (2). Eca (), . .., ¢n(2) — npons-
BOJIbHBIE (DYHKIMHU, TO U3 PABEHCTBA HYJIIO UX ONpeaeanTens BpoHCKoro,
BOODIIE MOBOPsI, HE CJIEAYET WX JUHEeHHAas 3aBUCUMOCTh. PaccMoTpuM nBe
dbyHKIMIN

() = 0, -1<z<0, () = 22, —-1<2<0,
PREI= 22, o<e<1, %70, o<z<l

Onu JwHelHO He3aBucMMBI Ha oTpe3ke [—1;1], Tak Kak yciaoBue
Cip1(z) + Copa(z) = 0 ma orpeske [—1;0] maer Cy = 0, a Ha OTpe3Ke
[0;1] maer Cy = 0.

HecmoTpst Ha 310, onpemennTens Bporckoro stux GyHKIUi HA KaxK-
JION TIOJIOBHHE 3TOTO OTPE3Ka MMEET HYJIEBOW CTOJIOEIl M IO3TOMY TOXK-
JIECTBEHHO paBeH Hyi0. lIpeamonokuB, 9T0 3T (DYHKIUU SBIISIOTCS
PEIIeHUSIMA KAKOr'0-TO YPABHEHUST BTOPOTO MOPSIKA, MBI IIPUXOIMM K IIPO-
THUBOPEYIUIO C PE3YIHTATOM TEOPEMBI 8. |

YacTo ObIBaeT MOJIE3€H APYroil KPUTEPUU JUHEHHONW HE3aBUCHUMOCTH
[IPOU3BOJIBHBIX (DYHKIHUIA.
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Hast Toro arober mponssonbHble GyHKIAN ©1(T),.. ., @, (2), HETIPE-
PHIBHBIE Ha [a, b], 6N JTMHEHHO HE3aBUCHMBIL Ha [a, b], HE06X0MIMO 1 110-
CTaTOYHO, 9TOOBI ompedenuTenb ['paMa 3Tux GyHKImi GBI OTIMYEH OT
HYJIsI, T. €. 9TOOBI BBITOHSIIOCH YCIOBUE

(p1,01) (p1,02) .. (p1,0n)
| T e £ 0, (5)
(en, 1) (Pnr92) - (¢ns@n)

rie

b
(pir i) = | eil@)ps(a) da, i,j=Tom,
— CKaJIIPHOE Ipom3BezeHue GyHKIU ¢, Yj-

4°. dyndamenmaavHas cucmema peuwerut. DPyndamenmanv-
noti cucmemoti pewenuti yi(x),...,y,(x) ypaBHeHms (2) HasBIBarTCHA
m06BIe T TMHEAHO HE3aBUCHMBIX DeIIeHuil ypaBHeHns (2).

Teopema 9. Jlunetinoe odnopodroe ypasHnerue scezda umeem Gyrnoa-
MEHMAADHYIO CUCMEMY PeweHud.

O6parHO, M0 33aJaHHON CHCTeMe N JIMHENHO He3aBUCUMBIX (DYHKIWA
y1(2), ..., yn(T) MOXKHO HAlTH eIUHCTBEHHOE ypaBHeHMe (2), 11 KOTOPO-
ro 3t GyHKIUU 06pa3yoT GpyHIAMEHTAJbHYO cucTeMy pemennii. Eciu
y(z) — HemsBecTHas YHKIMS, TO HCKOMOE yPAaBHEHHE UMEET BUJL

y1(z) y2(z) .. yn(m) y
yi () ya(z) ..o wp(@) y'
A[yl’”.’yn’y]: ................................................ =0.
~1 -1 -1 _
y' Ve w e @) v ()
@ @ o e @) )
(6)
HeifictBuTeibHO, H00aB/sisi K 7 JIMHEHHO HE3aBUCUMBIM (DYHKIHSIM
Y1y ..., Yn JIEOO0E IPYroe peElleHre Y UCKOMOIO YPABHEHHUS N-TO HOPSIKA,

HOJIy9aeM CHCTeMY U3 i+ 1 pemenus SToro ypaBHEHHs, KOTOPBIE JITHETHO
3aBUCHUMBI, & 3HAYUT, NX BPOHCKHNAH PaB€H HYJIIO.

MHoxkecTBO pelieHnil JTUHEHHOIO OJHOPOIHOTO ypaBHEHHsS oOpa3yer
JINHEHHOEe TPOCTPAHCTBO. JIobasi dyHIaMeHTaIbHAS CUCTEMa PEIIeHU
siysieTcst 6asucom vroro mpocrpancTea. CymecTByer G6eCKOHEYHO MHOTO
byHIAMEHTAIBHBIX CHCTEM DEMICHUH ONHOPOAHOTO yPABHEHNUS, IEPEXOs-
IIUX ONHA B IPYTYIO C IOMOIIBI0 HEBHIPOXKIEHHOTO JIMHEHHOrO mpeobpa-
30BaHUAA.

Eciu dysknus u(z) + iv(z) (roe u(x) u v(r) — BemecrBenHbe HyHK-
[WN) €CTh peIleHwe ypaBHeHud (2) ¢ BemecTBeHHBIME KodbdumenTammy,
ro dbyrkmmm u(x) u v(r) TaKXKe ABJIAIOTCA PEIIEHNSMA ypapHeHus (2).
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Ecmm dyrkmuns u(z) + iv(z) (rme u(x) m v(z) — BemecrBennbe byHK-
yn) eCcTh peneHne ypapHeHus (2) ¢ BemecTBeHHbIME KodbduuneaTaMM,
To dyrkuus u(z) — tv(x) TakKe FBIASETCS penIeHneM ypasHeHms (2).

Ecmu bysaknum

wy = ur(z) +ivr(x), ..., wp = up(z) + v, (),
w1 = uy(z) —iv(x), ..., W = up(z) —ivy(z) ™)
(rme wi(z) m v;(z) — BemecTBeHHBIE DYHKIWHN) JTUHEHHO HE3ABHCHMBI
Ha X, To QyHKIAN
ui(z) =Rew;, wu;(z)=Imw;, i=1,n, (8)

TaK>Ke JIHHeﬁHO HE3aBUCHUMBbI Ha X
Takwum o6pa3om, ecin ypasHeHne (2) mMeeT BemecTBeHHbIe Kodbdnmn-
€HTBI, TO OT (DYHIAMEHTAIBHON CHCTEMBI KOMILIEKCHBIX Pemmennit Buaa (7)
MOXKHO TIEPeHTH K BEIeCTBEHHON (hyHIaMeHTaIbHOM cucTeme (8).
Obmee pemenne MMHEHHOrO OMHOPOJHOTO ypaBHEHHs (2) UMeeT BU

Yy= Clyl(x) +ot Cnyn(w)a

rae y1(x),...,yn(x) — dynmamentambHas cucrema pemennii, Ci,...
., C}, — IPOU3BOJIbHBIE IOCTOSTHHBIE.

5°. Hopmaavhas pyrndamenmanvras cucmema. Ecin GyHKImun
yi(z), i = 1,n, dbyHIaMeHTANbHON CHACTEMBI MMEOT €JINHUIHYH MAaT-
pully HadaJbHBIX 3HAYEHUH B TOYKE T = T, T.e€. ygj)(xo) = 0;j, rae
L, 1=y,
0ij = 0. o4  cuMBOI Kponekepa, To cucrema yi(z),...,yn(x)
, o LF
HA3BIBAETCA HopMaavholi (Ipm © = xg) Pyndamenmarvroti cucmemod
pelneHnii.
ITyctb y1(x),...,yn(x) — HOpMambHas (mpu = = zp) GyHIAMEHTAIB-
Had cucTeMa pemreHuii. Torma pemenne sagaan Komm

y(n) +a; (x)y(nil) +...4+ an(m)y = 0,

(9)
y(.’L'()) = Al, y'(xo) = AQ, ey y(nil)(mo) = An

AMeeT BHJ,
y = Ay (z) + Aoyp(z) + ...+ Anyn(2). (10)

Dopmyiy (10) 6eIBaeT yIo6HO MIPEACTABIATH KaK CKaJIsAPHOE IPON3Be-
nIeHre cTpoku (hyHKIHi, 06pa3yomux HOPMaJbHYI0 (QyHIaMeHTAIbHYIO
crucTeMy, Ha CTOJI0el HA9aJIbHBIX YCIOBUIA.

Ob6paTHo, ecau Ijis MPOU3BOJIBHBIX 3HAYEHWN A; PEmeHuio 3a1a9m
Komm (9) mozker 66iTh npugana dhopma (10), To Bxogsmue B Hee byHKINM
y1(2), ..., yn(z) obpasyroT HOpMaTBHYIO (IpK T = Z() GYHAAMEHTAILHYTO
CHUCTEMY DeNIeHmit.
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6°. ITonuotcenue nopsdxa ypasHeHus. Jljas npousBOILHOTO Jiu-
HEWHOr0 ypaBHEHWS C TEPEMEHHBIMU KO3 DuImeHTaMu He CYIIEeCTBYET
001IIero MeTo/Ia OTHICKAHWSI JACTHBIX PEIIeHui [jis mocTpoenus DyHIa-
MEHTAJIbHOI CUCTEMBI.

B HEKOTOPBIX CIyYdadX yJdaeTCd HaTH YacCTHOE penrenue myTeM II0I-
0opa, a 3aTeM, UCIOJIb3ys HalJIEHHOE DeIleHne, TOHU3UTh MOPSI0K ypaB-
HEHUA Ha €IUHUILY.

3Hasi gacTHOe pelleHue yi(Z) JUHEHHOrO OIHOPOIHOTO ypaBHEHHS,
MO2KHO TIOHHU3UTH IOPAJOK YPaBHEHHUA C IIOMOIIOBIO 3aMEHBI y((l?) =

!
=y () Ju(:v) dx mnm, 9TO TO XKe camoe, u = (%) . Ha npakTuke ymobHee
cragasta nonoxurh Yy = Y1(x)z, rme z = z(x) — HOBas HeW3BeCTHAA

bynknusa. as z mosydaercs JUHEHHOE ypaBHEHWE, COIEpIKaIlee yiKe
TOJIBKO MPOM3BOAHBIE Z, HO He camy dyHKuio 2. [locie aToro momararoT
u=2z ur g

Hanpumep, ayist ypaBHeHHs BToporo nopsaxa y” + a1 (x)y’ + az(z)y =
=0, ecim y = y1(x)z, gaa bysknun z(z) monydaeM ypaBHeHHe

y12" + (2y1 + a1 (x)y1)2’ = 0.

Tlonaras u = 2z’ u pasgensas mepeMeHHBIE, HAXOIAM

— |ai(z) dz
wo Gyl
Y1
OTKy/1a
—Jal(z)dac
Y= C’lyl(;c)JBdem—i—ngl(m). (11)

Ecim usBecTHbl n — 1 9aCTHBIX pelleHnil, TO B PE3YJIbTAaTe MOCIEI0Ba-
TEJIBHOT'O TIOHU2KEHUA MOPAIKA HOJIy‘-Ia,eTCS{ ypa,BHeHI/Ie IepBOro nMopdakKa,
HHTerpupymlieecd B KBaJpaTypax.

IIpo6rema mocTpoenust pyHIAMEHTAIBHON CUCTEMBI PEIIEHUN [ JI-
HEWHOr0 yPaBHEHWsI C MOCTOSHHBIMHU KOI(MMUIMEHTAMU CBOAUTCS K aAJI-
rebpanveckoii 3aja4e PEIleHns TaK HA3bIBAEMOI'0 XapPaKTEPUCTUYIECKOTO
yPaBHEHUS, O YeM TOUIET pedsb B § 3.

2. Ilpumeps! pemrenud 3aga4

1. Ilokazarb, aro pyukImu 1,z,...,2" THHEHHO HE3ABUCUMBI HA BCEH
YUCJI0BOI IPAMOIi.

A Cnocob 1. Ilpeamonoxkum, 9T0 JaHHBIE (DYHKIUU JTUHEHHO 3aBUCH-
MBI, T. €. 9YTO PABEHCTBO

ap-l+az+...+a,z" =0 (12)
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BBIIIOJIHAECTCA TOXKJAECTBEHHO M HE BCE (¢; PaBHBI HYJIIO. TOFI[a IoJIy9aeM
yDaBHEHUE CTEIEHU HE BBIIIE N, KOTOPOE He MOXKET UMeTh 6ojiee N KOpHE,
3HAYWUT, TOXKECTBEHHOE PaBeHCTBO (12) HEBO3MOXKHO.

Cnoco6 2. TlonyduMm TOT Ke Pe3yJbTAT € MOMOIUBIO OIPEeIUTENs
Bponckoro. Nmeem:

1 z z? "
0 1 2« nz™ !
All,...,z"] =10 0 2 n(n — 1)z 2 0
) ) k)
0 .ooveinnn. nn—1)---2-1
TaK KaK MaTPUIA BDOHCKUAHA UMEET TPEYTOJbHBIN BU, ¥ BCE JTUATOHAb-
HBIE JIEMEHTHI HE DABHBI HYJIO. O
2. Tlokazars, uro bymkmmm €1, ... eFm® k; £ k;, mnHEHHO HE3aBHU-

CHUMBI Ha BCell 9UCJIOBOIT IPAMOM.

A Cnocob 1. Ilycrs paBeHCTBO
a1e1® + anef?® 4+ apmefmt =0 (13)

BBIMIOJIHSAETCA TOXKJECTBEHHO, U HE BCe (v; PaBHBI HyJ0. IlycTh oy, # 0.
Paznemmm (13) Ha ef1? u mpomuddepenmupyem moayumBIIeecs TOXKIe-
ctBo. ITomyanm

as(ky — kl)e(krkl)m F oot i (b — kl)ekmfkl —0.
Ilocme m — 1 Takoii onmepanuu npuaeM K PaBEeHCTBY
Oém(km — kl)(km — kg) e (km — km_l)e(kmfkmfﬂz — 0,

OTKYJa ¢y, = (0, 9TO TPOTHBOPEYNUT HUCXOTHOMY MPEIJIOKEHUIO. 3HAYNUT,
Tox1ecTBo (13) BBINONIHSETCS TONBKO pH BeeX a; = 0, T. e. byHKIUM eki®
upu k; # k; JuneiiHO HE3ABUCHMBL.

Cnoco6 2. CocraBnas ana dymxmumit eF1%, ... ek ompemenurens
Bporckoro, nmeem
ehe - ghkme 1 . 1
A — kzleklw . kzmekmw _ e(k1+___+km)z kl e km _
L ghue km=Lehme i kot
= 6<k1+"'+km)z H(kl — kJ) 7& 0.

i>]

(3HaueHNe TOCIIETHETO OTPEEITENsT — ONPENeNnTeNsT BanqepMoHaa —
CYATAEM W3BECTHBIM M3 KyPCa JWHEHHOH anreGpsr. )
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3. Onmnpenesmnrens Bporckoro dyrkmmit ¢1(x),...,om(z) Toxme-
CTBEHHO PaBEH HYJII0 Ha HEKOTOPOM WHTepBaJje. Moryrt jmm 3tu QyHKIIN
OBITH JIMHEAHO HE3aBUCHAMBI?

A a, moryt. Cm. pasmen 1, 3amedaHue. O

4. WsBectHo, uro yHKIWA y1(X),. .., Y, (x) IUHEHHO 3aBUCHMBI Ha
nnaTepBaie (a, ). Yro MoXKHO cKa3aTh 06 UX onpezenuTeie BpoHckoro?

/A Bporckuan 3Tux (QpyHKIUA paBeH HyJIIO. ([l

5. Yo MOXKHO cKa3aTh 00 ompenaeauTesae BpoHCKOTO cucTeMbl TuHE-
HO He3aBHUCUMBIX GyHKIWI Ha uHTepBaie («,3)?

A Ckasarb Hu4ero Henb3d. Kciau 3tu QyHKIMM — perieHus OJIHOPOI-
HOTO JimHeHOrO nuddepeHnajIpbHOTO yPABHEHNSI, TO UX BPOHCKWAH HE
paBeH HYJIIO HUA B OJJTHOI TOYKe MHTEPBAJA (a, B ) Ecnu 310 mpousBosibHbIE
dyHKIEN, TO BPOHCKMAH MOXKET PaBHATHCSA HYJ0 (CM. paszer 1, 3ameda-
HEE). O

6. JlokazaTb, 9TO DYHKIWH Sin T, Sin 2, sin 3z JInHEHHO HE3ABUCUMBI
Ha mpomexyTke [0; 27].

A na nasebx QyHKI@i, OPTOTOHANBHBIX Ha mpoMmexyTke [0;27],
onpenenuTenas ['pama (5) mMeeT 0COGEHHO TPOCTON MUATOHAJIBHBIA BHT
U OTJWYeH OT HyJId:

™ 0 0
[[sinz,sin2z,sin3z] = |0 7 0| #0.
0 0 =

CaenoBarenpao, GyHKOUU Sin T, Sin 2z,sin 3z JIUHEHHO HE3aBUCHMBI HA
npomexyTke [0; 27]. O

7. Hambl byskumn @1 (z) = €”, pa(z) = sinz. ITocTponTs:

1) muddepermmanbroe ypaBHeHne, st KOTOPOTo 3Tn MyHKImH 06pa-
3y10T (byHIaAMEHTAIBHYIO CHCTEMY DEIIEHMUIT;

2) HopMasbHYW (npu & = 0) GyHZAMEHTAJBHYIO CHCTEMY DeIleHHi
9TOr0 YpaBHEHUS.

A 1) IIposepum, obpasyror au marable QyHKIEH QYyHIAMEHTATBHYO
cucremy. CocraBuMm ux onpeznemTe b BpoHCKOro:

T sinz

COoS T

€

Ale”,sinz] = |

e = e®(cosx —sinx).
Bungo, ato byskmum ¢1(z) = €” u pg(x) = sin x smHEHHO HE3aBUCH-
MBI Ha MHTEPBAaJaX, Tae cosx — sinx # 0.
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Vickomoe ypasrerne mHaxomum 1o dbopmyie (6):

x

e sinz y
Ale®,sinz,y] = |e* cosz y'|=0.
e* —sinz gy
ITocne cokpamenus Ha e* # () mosly4aeM ypaBHEHUE
y"(cosz —sinz) — 2y’ sinz + y(sinz + cosz) = 0. (14)

OTMeTnm, 9TO TOYKH, Te cosx — sinz = 0 W BPOHCKUAH 3aJaHHBIX
dyHKIHit obpammaeTcs B HyJIb, OKa3BIBAIOTCA OCOOBIMU TOYKAMU ypaBHE-
Hus (14), B HUX obpammaeTcs B Hyab Koabdunuent npu y'.

2) Jyst nosmy4ennst HopmasbHOi (npm z = 0) dbyHmamenTampHOM cucre-
MBI pentennii pemmmM juis ypasaerns (14) sanaay Komm ¢ nponssonbHbIM7
HaYaJIbHBIMU yCIOBUSIMU

y(0) = A1, ¥'(0) = As.

3uas obmee pemenne y = Cre® + Cysinz, nmomydaem cucremy Jist
onpeneneausa Cy u Cs:

y(0) = Cy = Ay,
y'(0) = C; + Cy = Ay,

orkyma C1 = A, Co = Ay — Ay, y = A1(e” —sinz) + Ay sinx. Permenne
npu mpousBoibHBIX A; m As mpusezeHo k suny (10). CuenosatesnsHo,
dysrn y; = e —sinz u y» = sinz 06pa3yoT HOpMaJbHyIO (mpH
x = 0) dbyHnamenTanbHyO cucreMy pemernuii ypasHenus (14). Henocpen-
CTBEHHOU TPOBEPKOIl ybexKmaeMcsi, 9TO HAYAJIbHBIE YCJIOBUS, KOTOPBHIM
YAOBJIETBOPSIOT 3T hyHKIUA B TOUKe & = 0

y1(0) =1, y2(0) =0,
yll(o) =0, yé(O) =1,
06pasyoT eJUHAYHY0 MATPHILY. O

8. Pemwurs ypasuenue zy”’ — (z + 1)y’ +y = 0.

A Y6emmMmcs, 9TO YACTHBIM DEIICHUEM JAHHOTO YDABHEHHS SBJISCTCS
dbyukuua yi(z) = €®. o dopmyne (11) BTOpbIM Y9aCTHBIM pelICHHEM
Oymer

J CETJr1 dz
z+Ilnz

ya(z)=€" j erm:ez j £ = drx=e”" j e Tdx=

=e’(—e Pz —e %) =—(z+1).

O6mee pemenne nmeer Bug y(z) = Cre® + Co(z + 1).
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Tlonyuum mociaennuii pesysbrar, He IOJb3ysaCh TOTOBOH dopmy-
noit (11). Ionoxum y = e - z. Boruncnaa y', y”, Haxogum musa z(x)
ypaBHEHUE

z2" +(z - 1) =0,

a ans GyHKOEU u = z' — ypaBHEHHE C Pa3AeIaiONMUCS T€PEMEHHBIME

u/ — 1 ; xu,
orkyma u = Crze ®, 2= —Ci(z+1)e 4+ Cq, y = —Cir(z+ 1) + Coe™*.
IIpu C7 = —1 u (3 = 0 mony4yaem BTOpOe YaCTHOE PEIIEHUE Yo = X +
+ 1. O

3. 3amaum JyId CaMOCTOLTEILHOIO PEeIIeHUST

UccnenoBars, SABISIIOTCS JTU JIMHEITHO HE3ABUCUMBIMUA B CBOEi 0bj1acTu
OTIpeIeIeHUsT CJIEAYIOIIe CUCTEMBI (DYHKITHIA.

3.1.1. 1, sinz.
2.1, 2, sinz.

3. 1, sinz, sin 2z.

4.1, sin?z, cos®z.

5. 2, cosx.

6. 3, 4, cosz.

7. 2, cosz, sin 2z.

3.1.8. 2, sin? 2z, cos? 2z.

Haiitu onpenenurenn Bporckoro cienyromux cucreM GyHKIAN.

3.1.9. sinx, cos x.
3.1.10. 1,¢€”.
11, sinz, z sin x.
A2, e %, ze %, €%,
3. 1,sinz, sin 2z.
14 2,22+ 1,2+ 2.
2
z x <0 0 z <0
15, y1(x) = ’ T)=4 . .
y1(z) {0’ >0 y2(z) {x3, £>0
3.1.16. y1 (z) = 2°, ya(z) = zz], [z] < 1.
a) |z <1,6)0<z < 1L
Haiitu onpenenurenu I'pama caegyromux cucrem QOyHKIII HA TpoOMe-
XKyTke [—m,7|. SdBnarorca mu >u GyHKIUN JTUHEHHO HE3aBUCHMBIMA !
3.1.17. 1, sinz.
3.1.18. sin z, sin 2z.
3.1.19. sinz, cos .
3.1.20. sin z, sin® z.
Ilokazark, 9To cieayromue cucTeMbl (pyHKIII 06pa3yioT pyHIaMeH-
TaJbHbIE CHCTEMBI PEIeHn HEKOTOPBIX auddepeHnnaIbHbIX YPABHEHMII
¥ TOCTPOUTH 3TH yPABHEHUS.
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3.1.21. %, e7".
3.1.22. sinx, cos x.
3.1.23. 1,z €".
3.1.24. 1,sin x, cos x.

3.1.25. Ina dyHIaMeHTaJIbHBIX CHCTEM PEIIeHUi, YKa3aHHBIX B 3a-
magax 3.1.21-3.1.24, u mosydeHHBIX IJIs HAX YPABHEHUil, ITOCTPOUTH
HOpMmasbHbe (pm z = 0) DyHIAMEHTATIBHBIE CHCTEMBI PEIIEeHHI.

3Hasi OJHO W3 YACTHBIX PEIIeHUil, MOHU3UTHh MOPANOK YPaBHEHUS
7 HaiTu QpyHIAMEHTAIbHbIE CHCTEMbBl DEIEHN 15 CIeAyOMuX yPaBHe-
HHH.

3.1.26. (2:1: +1)y" +4zy’ — 4y =0

3127 2y — 2z + 1)y + (z + l)

3128wy’ + 2y —axy =0,y =&

3.1.29. xy -2z + 1)y +2y=0, y1 e,

3.1.30. z(2z + 1)y +2(x+ 1)y — 2y =0,y =2~ L.

3.1.3L z(z +4)y" — 2z +4)y +2y =0, y1 = 22

Yy =
:0,y1:em.

OTBeTnI

3.1.1. Jla. 3.1.2. Her. 3.1.3. HTa. 3.1.4. Her. 3.1.5. Ja. 3.1.6. HeT
3.1.7. JTa. 3.1.8. Her. 3.1.9. —1. 3.1.10. ¢*. 3.1.11. sin®z.
3.1.12. 2¢7*. 3.1.13. —2sinz(2 + cos2z). 3.1.14. —2. 3.1.15. 0, HO
dyskmn nuHeliHO HeszaBucuMbL 3.1.16. a) 0, HO GyHKUUM JHHEHO
HesaBucumbl; 0) 0, dyHKUEm muHeliHO 3aBucuMmbl 3.1.17. 7, na.

3.1.18. 72, ma. 3.1.19. 72, ma. 3.1.20. %H, ma. 3.1.21. ¢ —y =

=0.3.1.22. y' +y =0. 3.1.23. ¢y —y”" = 0. 3.1.24. ¢y + ¢y = 0.
3.1.25. chz, shz; cosz, sinx; 1, z, -1 —x +¢e%; 1, 1 +sinx,1 — cosx.

3.1.26. z, e 2*. 3.1.27. €%, z2¢%. 3.1.28. %— 3.1.29. €2*, 2z + 1.
3.1.30. 1 2 +1.3.1.31. 22 z+2.

§ 2. JIuHeiliHbIe HEOJHOPOAHBIE yPAaBHEHUSI

1. OcHOBHbBIE NOHATHS ¥ TEOPEMBI

1°. Obwue ceoticmsa. Jlunetinvm neodnopodnsim muddepennu-
aJIbHBIM YPABHEHUEM 7-T'0 MOPSIKA HA3BIBAETCH YPABHEHUE BUIA

ao(z)y™ + a1 (2)y" Y + ..+ an(2)y = f(2), (1)

rne dbyskmmn a;(z), ¢ = 1,n, n f(z) HenpepwBHBI Ha mHTEpBase X
(X Moxker 6BITh KAK KOHEIHBIM, TAK W OECKOHETHBIM).
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Ecmu ap(zg) = 0, To Touka & = x( Ha3BIBaeTCa 0€060T MOUKOY
ypaBrenusd (1) (B 9T0l TOUKe MEHAETCSA MOPANOK yPABHEHUS).

Ecmm ag(zg) # 0 B paccmarpmpaemoii o6sacTnm mepeMeHHOH X, TO
ypasHenue (1) menenuem Ha ag(r) IPUBOAUTCSA K BULY

Ly= y(") +aq (m)y("_l) +...tan(x)y = f(x) (2)

(mnst ko3 dbunmenTOE a; () n npasoit wacTu f () HOIYy9eHHOTO yDABHEHAS
ACIIOTb30BAHbI TIPE’KHAE 0003HAUEHMNS ).

Teopema 10 (npuHmun cynepriosunun). [Tycmos 6 ypasnenuu (2)
npasas wacmo f(z) aeasemca aunetinol xombunayueld dynruyud f;(x),
i = 1m, me f(z) = Y, a;fi(z), 2de oy — nocmoannvie wucaa,
u nycmo y;(T) A6AAOMCA PEWEHUAMUY YPasHEHUT

y” + @)y 4+ an(@)ys = fila). (3)
Tozda aunetinas xombunayua Pynryud y;(z) ¢ memu orce Kospdu-
yuenmamu a;, m.e. ynryua y(z) = Yoo o;y;(z), 6ydem pewenuem

ypasnenua (2).

CaencrBue 1. PasHocTh AByX pelIeHHmii HEOTHOPOIHOIO ypaBHEe-
Hus (2) yZoBiIeTBopsieT OfHOPOAHOMY ypaBHeHmio Ly = 0.

CaepcrBue 2. Ilycts y1(x) u y2(x) ymoBiaeTBopsitoT ypaBHeHHAM (3)
npu ¢ = 1,2 ¢ BemectBerabME Ko3bdummentamu ax(z), k = 1,n, n Be-
IIECTBEHHBIMA IpaBbiMu dacTaMu fi(z) u fo(z). Torma byskuns z(z) =
= y1(z) + iy2(x) ymoBmeTBOpsieT ypaBHEHHUIO

2 4ay ()2 4t an(z)z = fi(z) +ifa(z).

ObpatHo: mycts dysruus z(x) = y1(z) +iy2(x) yoosieTBopseT ypas-
Henuo (2) ¢ mpasoii wacreo f(z) = fi(z) + ifa(z) (y1, y2, f1, fo —
Bemectennbe). Torma fi(z) m f2(x) yIOBIETBOPSIOT COOTBETCTBEHHO
ypaBrenuaM (3) npu ¢ = 1, 2.

Ecmua yi(z),...,yn(x) — dyHgamenTanbHas cucreMa pemeHnil OmHO-
pomaoro ypasHeHmst Ly = 0, a y(x) — HEKOTOpPOe HYaCTHOE DPerIeHne
HEOJHOPOAHOrO ypaBHeHud (2), To obuiee pemenue ypasHeHus (2) mMeer
B,

roe C4,...,C, — NpOU3BOJIbHBIE TTOCTOSHHBIE.
Wuadge: obmiee perreHre HEOMHOPOIHOTO YPABHEHUsSI €CTh CyMMa, JIFO-

00ro YaCTHOTO peIleHrsi HEOTHOPOIHOTO YPaBHEHUs W ODIIEr0 peleHus
OTHOPO/THOTO ypPaBHEHUS.

2°. 3adawa Kowu. Ecmu TpeGyercs HaliTh pereHne ypaBHeHuUs (2),
yomeTsopmomee yeaosmsr y(z0) = 4o, 3(T0) = Y- » 37 (z0) =
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(n—1)

= Y , TO TOBODSIT, YTO JJIsi ypaBHeHUs (2) MOCTaBIEHA HAYGAOLHAA
3adana mm 3adayva Kowu m 3amMCBIBAIOT €€ B BAJE:

y(n) + al(w)y("—l) + ...+ an(a:)y = f(a:), 1) (4)
y(zo) =vo, Y(x0) =y, ..., ¥y V(mo) = 5" .

Teopema 11. Ecau ¢ynwxyuu a;(z), i = 1,n, u dynxyua f(x) nenpe-
poleHbL Ha urmepsane X, mo pewenue nauaavrol 3adavu (4) cywecmsy-
em u eduncmseenHno ectody Ha X .

IMycrs y1(x),...,Yn(x) — HOpMambHAS (MpE T = Z() DyHAAMEHTAI-
Hasd CUCTeMa pemieHuit ogHOopoaHoro ypapHeHus Ly = 0. Torma permenue
3amaun Ko

y™ +ar(@)y" TV .+ an()y = f(2),
y(@o) = A1, ¥ (z0) = Az, ..., "V (z0) = Ay
MOKeT ObITh MPEJICTABIEHO B BU/IE
y = Ay (z) + Aoya(z) + ... + Anyn(z) + ¥(2), (5)

rae y(z) — 9acTHOE perieHne HeOAHOPOAHOrO ypaBHeHus (2), yAOBIETBO-
pSIOIIee HyJeBbIM HaYaJbHBIM YCIOBHIM.

Ecnmu w3BectHa dyHmamMeHTaIbHAST CHCTEMA PENIEHWI OXHOPOIHOTO
yPaBHEHUS, TO IOCTPOEHUE YACTHOTO PEIIEHNs HEOJHOPOJHOTO yPABHEHUS
CBOIMTCSA K KBaJIpaTypaM, T.e. K THTerPAPOBAHMUIO0 W3BECTHBIX (DYHKITHIA.

ObmmMy MeTonaMm TOCTPOEHWsI PemeHusi ypapHeHus: (2) Ha 6ase
dyHIAMEHTATBHOW CHCTEMBI PEImEeHuil COOTBETCTBYIOMETO OJHOPOIHOTO
yPaBHEHUs ABJIAIOTCA METOJ BapHAul MOCTOAHHBIX W MeTos Komm.

3°. Memod esapuauuu nocmoarnwvir (memod Jlazpamnoica).
ITycts m3BecTHa yHmaMeHTAIBHAS CUcTeMa pemeHuil yi(z),. .., Yn(z),
a 3HAYUT, U ODIIee pelreHne OTHOPOIHOTO ypaBHeHus Ly = 0:

y(z) = Z Ciyi(z),

roe C; — MOCTOSAHHBIE.
Pemmerne HeomEOPOIHOrO ypasHeHns (2) WIIEM B BUIE

y(z) = Z Ci(x)yi(z), (6)

T.e. cautaeM C; He TOCTOSHHBIMY, 3 HEKOTOPHIMU (DYHKIUSIMU TT€PEMEH-
HOM T, MO IeKAIINMU OIIPEIEIEHUIO.
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Hast onpenenenns C;(z) mmeem cucreMy ypaBHEHMIA
Ci(z)yr + Cy(2)y2 + ... + Cp(2)yn = 0,
Ci(@)yh + Co()yp + ... + Cp(2)yn, = 0,

Cl(@)y" ™ + Ch(x)ys ™ + ..+ Cl(z)ym D =0,

O1 @)y + Ch@)ys" ) + .+ Cl(a)y Y = f(2).

1o — sMHeHHAs HEOJHOPOJHAS CUCTeMa ajrebpandecKux ypaBHEHMIT
orHOcuTenpHO C(Z), onpenennrens KOTOPOI OTIWYEH OT HYJIs, TAK KaK
ABJIFAETCA OonpeeanTeaeM BpoHckoro byHIaMEHTATBHON CHCTEMBI Delle-
Huii. ITosromy cucrema (7) MMeeT eAUHCTBEHHOE PEIIEHHE

Ciw) = 5 f@), =T,

orkyzna C;(r) HAXOAATCA WHTErPUPOBAHUEM:

Ci(z) = J AA"ES) f(z)dz +C;, C;=const. (8)

3nece A(z) — onpenennrens Bporckoro GyHAaMEHTAIBLHON CHCTEMBI
perennii yq(z),...,yn(z), Apni(z) — anrebpamdeckoe mOMONHEHHE §-TO
3JIEMEHTA MOCIeAHEH CTPOKH ITOTO OINPEIEIIUTEIS.

Toncrasnss naiinennsie C;(x) B uCKoMBblIii Buj pernenus (6), momydaem
ofImee peneRne HEOTHOPOTHOTO ypaBHeHud (2) B BAIE

¥(@) = Catn(a) + ..+ Ot @) + Y wio) [ T3 ) do

Ilonaraa Cy = ... = C,, = 0, HaX0AUM YaCTHOE PEIIeHIe HEOTHOPOI-
HOTO ypaBHeHHd (2):

i(@) = > wi(a) [ Fi5 f(a) do. ©)

3ameuanne 1. Ha npakTuke 3armoMmHATH TMOABIHTErPAJIBLHOE BBIPA-
skerne B (9) HeT HEOOXOIMMOCTH, TaK KaK OHO HEMOCPEJICTBEHHO IOJTyda-
eTcsa B pe3yJsbTaTe DEIIeHus aireGpamdeckoii cuctemsl (7) OTHOCHTENH-
Ho C(z).

Bribupas B (9) oqay W3 nepBoo6pasHBIX BHIA

i) =Y nlo) | Fl e (10)

Zo
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NOJy9aeM YaCTHOE DelleHWe ypaBHeHusi (2), yIOBIETBOPSIONIEE B TOY-
Ke T = X HyJeBBIM HadaJbHBIM ycioBusaM y(xg) = ¥'(zg) = ... =
= 7 U(z5) = 0. B sToM MOXKHO y6eIUThCH HEIIOCPEICTBEHHBIM Mud-
dbepermmposarnem dbopmyaner (10) ¢ mecnonbzosaruem yciosunii (7) u Buma

C!(x). O

4°. Memod Kowwu. 3Has (DyHIAMEHTAJIbHYIO CHCTEMY DelleHmi
y1(z),...,yn(z) omHopommoro ypaemenms Ly = 0, MOXKHO HIOCTPOWUTH
pellieHre CaeayoIeil crenuaabHoi 3amayun Kormm:

Ly =0,
y(§) =0, ¥ (€)=0, ..., gD () =0, yV(¢) =1 (11)

C HAYaJbHBIMHA YCJIOBHAMH B HEKOTODOH MPOHM3BOJIBHOH Touke T = &.
Pemenne Takoit 3agauu 3aBucut or £, kak ot mapamerpa. O603Ha9IM 5T0
pemenne K(z,&).
Dyrkumo K (z, ) masemator gynryuetd Kowu ypasaenms Ly = f.
EcrecrBenno nckarp dynkmuoo Komm — pemenme 3amaum (11) —
B BUIE

=3 Cilul), € — napaverp. (12)

SIcno, 9To Takaa QYHKIHEA O IEPEMEHHON T yZOBIETBOPSET yDAaBHE-
mauo Ly = 0. Ioncrasnasa K (z,€) nckoMoro Buia B HAYAIBHBIE YCIOBUS
samaun (11), nomywaem anrebpamdaeckyto cucremy juis onpenenenns C;(€),
ananormanyio (7), orkyzna

Ani(§)
Ci(§) = , 13
(€)= 5l (13)
rae, kKak u B (opmyine (8), A(£) — ompenemurens BpoHcKOro cucreMbl
byakuuit y1(§),...,yn(§), Ani(§) — anrebpamyeckoe HOMOIHEHUE i-TO

3JIEMEHTa IIOCIegHell CTPOKH.
Hnsg dyskunm Komm ¢ yaerom (12) u (13) momywaerca Bepazkenne

n

K(,6) = 3 ey (14)

i=1

Dopmyny (14) ynobHo 3anucaTh B BUIE

y1(8) y2(6) - ya(§)
%1 (6) va(&) o wn(8)

T g g g
yi(x) ya(x) oo yn(2)

Yucmmrens mpencrasiser coboil onpemesmmnrens Bporckoro A(€) cm-
cremsr byakumit y1 (£), .. ., Yn(£), B KOTOPOM TOCITIETHAA CTPOKA 3aMEHEHA,
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dbyskmuavu yq(z),...,yn(z). B n — 1 crpoke Bcromy — apryment ¢,
B IIOCJIEJHEN CTPOKe — apryMeHT I.

Suas dyskumo Ko, MOXKHO IOIyYnTh 9aCTHOE PEllleHIe YPaBHEHUS
Ly = f B Bune gpopmyav, Kowu:

ie) = | K(2,0)f(¢)d¢ (16)

uny, ¢ yaerom (14):

) = | (30 260 w) r(e)de. (17)

T 1=

Henocpencreennast mpoBepKa IIOKa3biBaeT, 4To (yHKImsA J(T) BU-
ma (17) aenserca pemmennem ypasHeHWs Ly = f, a B TOuke T = g, KaK
n dynkmus (10), yIOBIETBOPSET HyJIEBHIM HAYAIBHBIM yCIOBUSIM:

(wo) =¥ (z0) = ... ="V (w0) = 0.

Sameuanne 2. Jlerko 3amerurs cxoncrso dopmyn (10) u (17), cBo-
JAINUXCA OHA K JAPYTOii ePeCTaHOBKON MOPSIKA CyMMUPOBAHUS M HHTE-
TPUPOBAHUS. (Il

3ameuvanune 3. Bwuamo, 9To mojcraHOBKA B MHTErpajbl B (HhopMy-
nax (16) u (17) mmkaero npegena & = o AAET HEKOTOPBIE NOCTOAHHEIE,
yMHOXKAOmpecs 3aTeM Ha Yy;(z) — pelleHus OZHOPOTHOTO ypPAaBHEHUS
Ly = 0. nade roBopd, NOACTAHOBKA HUXKHETO IpeIesa JaeT HEKOTOPOe
pelreHne 0JHOPOTHOTO YPABHEHNU .

IlosToMy, ecnu Hy:KHO HaNTH KaKoe-HHOYIbh YaCTHOE DeIleHHe ypaB-
menmst Ly = f, nmocrarouno B dopmymax (17) m (16) orparmanrses
MOJACTAHOBKOW BEPXHETO MPEJIETIA.

CHUMBOIHYECKH MOYKHO JIJIsl TAKON eI 3aMrCaTh (DOPMYJIbI BEIYUCIIE-
uug y(z) B BUZE:

x

TORSSIOIE v HGES (18)

x

i(@) = [ K(2,6)f(§) de, (19)

b0 MPOCTO MCIOJIb30BATh 3HAK HEONPEIEIEHHOIO MHTerpaja Jjs 000-
3HAYEHUS KaKOW-HUOYIh TEePBOOOPA3HOIA.

OTMmeruM, 9TO MOJLyYeHHbIE TaKuM OOpPa30M YaCTHBIE PEIIEHUs MO-
I'yT He y/JIOBJIETBOPATH HYJIEBBIM HAYaJIbHBIM YCJIOBUSAM, KaK IOJIyYeHHbIE

no dpopmynam (16) u (17). O
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Oyukuio Komm Ha3eiBaoT Takke nMITyabCHOM dyrkuneit mwm OyHk-
npel BINSHAS MIHOBEHHOI'O €JMHWYHOIO MCTOYHMKA. Paccmorpum Heon-

HOPOJIHOE YPaBHEHUE CO “COCPeIOTOYEHHON” MpaBoil YacThIO.

v +ar(@)y™ Y+ an(2)y = 6 — 21) (20)

(6(z — 1) — bysxkuma Inpaka) ¢ HyJIeBBIMA HAYAJIbHBIME YCIOBUSIM.
Pemenne ypasuenna (20) mo dbopmyne (16) mmeer Buzn

y(z) = J K(z,8)6(€ —x1)dé = K(z,21), T <x <.

Cnenosarenpro, K (z,x1) nveer cMbicn QyHKIUN, ONMUCHIBAIOMEN BINs-
HOe Ha TOYKY Z €JUHHYHOrO BO3JeiiCTBUs, IPOUCIIENIIEr0 B TOYKE 7.
BimgHme HA TOYKY & TOYEIHBIX BO3LEHCTBHUIl, PACIPEAEJIEHHBIX 11O HH-
repBaiy (zg,z) ¢ wiorHocThiO f(), maercs uaTerpanoM (16).

3ameuanue 4. B dusuueckoit mureparype dyukmmo Komu Takxke
gacTo Ha3bBaioT (yHkuueil ['puHa 119 HaYa bHON 3aJa4mM, TaK Kak
mo pU3UIECKOMY CMBICITY (DYHKIHUU BIUSHHUS COCPEIOTOYEHHOIO MCTOY-
HUKa OHa aHajornvHa dbyHkuuu ['puHa kpaesoit 3amaqan (cm. . V). O

3ameuanue 5. Meron Bapuanuu nocTosHHbIX u MeTon Komm sBis-
FOTCH ODIIMME METOJAMHU IIOCTPOEHUs] YACTHOTO PelIeHus HEOITHOPOIHOrO
ypaBHeHUs Ha 06a3e GyHIAMEHTAJHHON CHCTEMBI PEIIEHHI COOTBETCTBYIO-
Iero ypaBHEHUS.

B psme gacTHBIX CiyvuaeB, HaIpUMep, B JUHEHHBIX YPABHEHHUSAX C II0-
CTOAHHBIME KO3 DUIMeHTAME U CHENUAIbHBIME IPABBIMA JACTAMU, IIIU-
POKO TPUMEHSIETCS TaKXKe IOA00p YaCTHOrO PEIIeHUsl HEOIHOPOIHOTO
YPaBHEHHS METOJOM HEOTPEIETEHHBIX KO MUIIEHTOB.

2. Ilpumepsl penrenud 3aga4

1. Haiitu obmiee pereHre HEOTHOPOIHOTO YPABHEHUS

y' +y=1

A Yb6eammcst HENOCPEACTBEHHON TOICTAHOBKOM, aro dbyHkunm y; () =
= sinz u y2(T) = COSZT YIOBIETBOPSAIOT OJHOPOTHOMY ypaBHEHHIO Yy’ -+
+ y = 0. Ix onpenesmrens BpoHckoro ornnden or Hynas (Haifiaure ero),
Mo3TOMY 3T QYHKINHA 00pa3yoT MYHIAMEHTAJIHHYI0 CUCTEMY DEeITeHMiA.

Herpynsao momobparhs 9acTHOE pelreHue NAHHOIO YyDAaBHEHUS B BHIE

glw) = L.
CnenosarenbHo, obliee pellleHre HeOIHOPOAHOTO ypaBHeHus iy’ +y =
=1 umeer Bug y = Cysinx + Cycosx + 1. [l

4 A.B. Bacunsesa, I'. H. Mensenes
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2. Haiitu merooM Bapualuy MOCTOSHHBIX ODIIee peleHne HeOHO-
POIHOTO ypaBHEHUS

y” +y= f('r)a rae f(ll) = SiI:E:L" (21)

A OyHZAMEHTAJIBHYIO CHCTEMY PEIIEHHUH COOTBETCTBYIOIIETO OTHOPOI-
HOrO ypaBHeHmsa y"’ + y = 0 obpasyoor ymkmmm yi(z) = sinz m
ya2(z) = cosz. Obmiee pemeHne OJHOPOAHOIO ypPABHEHWs MMeeT BUM Y =
= (Cysinxz + Cycos .

Obwmiee pemeHne HEOQHOPOAHOrO ypaBHeHus (21) mmeMm B BHOe y =
= C4(z) sinz + C2(z) cosz, 1. e. canraem Teneps Cy u Co byHKIMAMY T,
MOZJIEKAIAMH OIPEIEICHHIO.

Hna onpenenenns Cq(x) u Co(x) umeem cucreMmy ypaBHEHHI

{C{(z) sinz + C} cosz = 0,

Ci(x)cosx — Chsinx = f(z). (22)

Cucrema (22) mMeeT eITMHCTBEHHOE PEIEHNE, TAK KAK €€ OMPEIEJINTENh
(BpoHckuan yHKIWIL sinx u cos x) paBen —1:
Ci(z)=cosz - f(z), Cy(z)=—sinz- f(z),
OTKYZa
Ci(z) = Jcos zf(z)dz + Cy,

_ (23)
Co(z) = J(f sinz)f(z)dz + Cs

(C_l n C_2 — HOPOU3BOJIBHBIE HOCTOﬂHHbIe).
Borancnsa Cy(z) u Co(z) ana f(z) = 5 —

KOMBI BHJI PEIIEHUS, TTOIydaeM o0Iee pelleHre HeOQHOPOIHOTO ypaBHe-
Hus (21) B BUzE

U IIOACTABJIAA HUX B HC-

y=(Ci +In|sinz|)sinz + (Cy — ) cosz.

Ecmm B (23) nmonoxkute C7; = Cs = 0 u NOACTABUTH MOy IUBIIAECS
Ci(z) u C2(x) B nCKOMBI BIJ PeLIeHNUs, TO MOy IUTCA IACTHOE PEIICHHE
HEOJHOPOIHOTO ypasHeHus (21):

y=sinz-In|sinz| — z cosz. (24)
O

3. Haiitu merogom Komm wactaoe pemenue §(z) HEOTHOPOIHOTO
ypaBHeHHUS

y” +y= f(ll?), rae f(.’,C) = $7 (25)

YIOBJIETBOPSAIOIIEe HyJI€BBIM HAYAIBHBIM yeaoBuaM J(xg) = 0, ¥ (z¢) = 0.
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A Meron Komm cocronT B IpeCcTABIEHNM 9acTHOTO permreHust §(x)
HEOIHOPOJHOIO YPaBHEHHA B BLIE

§a) = | K(2,€)f(€)ds  (dopmyma Komm), (26)

rne K(z,£) — dysxmma Komm, nis mocTpoeHwWst KOTOPOH JTOCTATOTHO
3HATHh (PYHIAMEHTAJIbHYIO CUCTEMY PEIIeHUil OJHOPOIHOIO YPABHEHHUSI.
Paccmorpum nocrpoenne dyukmun Komm njis ypasHenus (24).

Cnoco6 1. Cormacro (7) maiinem dynknuro Komn xax pemenne omo-
pomuOro ypasrenus y” +y = 0 B Buze

K(z,&) = C1(§)sinz + C2(€) cosz (27)
(£ — mapameTp), yIOBIETBOPSIOIIEM CIEIUATIBHBIM HAYAJIbHBIM YCIOBUSIM
K(l’,f)h:{ =0, Ka,n(mag”m:ﬁ =1L (28)

IMoncrasisas uckomslil Bux (26) B yciaosus (27), nomydaem aarebpan-
geckyto cucremy gus onpenenernst Cy(€), Ca(€):

C1(€) sin€ + C(€) cos € =0,
C1(€) cosé — C(€) siné = 1,

orkyna HaxomuMm C1(€) = cos§, C3(§) = —siné u K(z,£) = sin(z — §).
YacTHOe peleHne uMeeT BUT,

ile) = | sin(x—€)1(€) dé. (29)

Koukpernsiii Buz y npu f(z) = sirllm OyZeT BBIUUCIIEH HUXKeE.

Cnoco6 2. @yukmusa Komm Moxer OBITH TakKe HalimeHa mo hopmy-
ne (15):

sin & cos&|
cosé —siné|

sin cos¢

. -1,
smx COSXT

K(2,6) = 5(g

ENES

orkyna K(z,£) = —(sin€cosz — sinz cos{) = sin(z — §).

Bepremca k obmuM CBOMCTBAM W KOHKPETHOMY Buay pemenus (29)
ypaBHeHus (25).

Henocpencreenno ybeaumcs, 910 9acTHOE pemenwre (29) ymIoBieTBops-
€T HyJIeBBIM HA9aJIbHBIM yctoBusaM J(zg) = 0, ¥ (z¢) = 0. deiicTBuTensHo,

4%
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Y(zo) = 0, Tak KaK COBHANAIOT TPEEJIBI MHTETPATIA, a

§@o) = 45 | sin(e - ©)£(6) delo—s, =

= sin(z - 2)f(€) + | cos(x — )£(§) = 0.

TMoncrasnssa B (29) F(§) = —L y Berancias WHTErpaJl, HAXOAUM KOHKDPET-

sin &

HBII BUJ 9aCTHOTO PEIeHns JUid 33 JaHHO IpaBoiil 9acTn ypasaenus (25):

ﬂ@):.[$fo§%$£d§:$nxj:ﬁgdffamgjdf:
To Zo Zo
=sinz[ln|sinz| — In|sinzg|] — cosz - (x — z9) =

=sinzIn|sinz| — zcosz — [sinz - In|sin x| — zg - cosz]. (30)

Yacrroe pemenune (30) coBmazaer ¢ (24) ¢ TOYHOCTBIO JO YACTHOLO pe-
[IeHWs OJHOPOJHOIO ypaBHeHUs Sinz - In|sinzg| + cosz - z¢ (nuneiinag
KoMOMHaIMA QYyHKIMA QyHIAMEHTAIBHONR CHCTEMBI PEIIeHil C KOHKPEeT-
HBIMW 9UCIOBBIME Ko3bdunneHTaM™M).

Ecim Hy>XHO mosyunTh KakOoe-HHOY/b YaCTHOE PEIIeHHe HEOLHOPOI-
HOro ypaBHeHHs (25) (He 00s13aTeNIbHO YIOBIETBODSONIEe BCEM HYJIEBBIM
HAYAJIBHBIM YCJIOBHAM ), B MeTode Kol mocTaTodno orpaHuIuThCsd MOJ-
CTAHOBKOM TOJIBKO BEPXHEro mpemesa £ = x:

x

y(z) = J.sin(m—f)sirlls d¢ =sinz -In|sinz| — z cosx

(cm. 3ameuanue 3).

Urak, mo dbyHmaMeHTaIbHON CHCTEME PEIIEHUN OIHOPOIHOTO yPaB-
HeHus crpoutcs dyHkius Komn K (x,§), mocie dero 4acTHOe perleHne
HEOJHOPOAHOIO ypaBHEHUs JJid 3aJaHHON mpasoil gacrtu f(z) HaxomuTcs
kBazgparypoii (30).

3ameuyanue 6. B mammom mpmmepe dbymkmma Komm K(z,&) =
= sin(z—¢) aBnsgerca byHKIMEN pasHOCTH T — ¢ CBOMX aPTyMEHTOB. DTO —
cBoiicTBO (yHKIu Koy ypaBHEHMI ¢ TOCTOSHHBIMEA KO3 DUImeHTaMmu
(cM. 06 sToMm noxgpobree § 3 ru. IV).

4. Haiitu pemrenne 3amaan Ko qjis ypaBHeHUst

vty = (31)

sin x

¢ HaganbHBIME ycnosuamu Y(Zg) = Yo, ¥ (zo) = y-
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A O6mee pemenne ypasHeHns (31), COracHO NMPEABILYIAM NPHMe-
paM, UMeeT BHUJL

y = Cysinz + Cycosz + y(z), (32)

rae yY(z) = sinzln|sinz| — In|sinzg|] — cosz - (z — zy) — 9acTHOE pere-
Hue ypasHeHud (31), yIOBIETBOPAIONIEE HYJIEBBIM HAYAIBHBIM YCIOBAAM
(o) = §(0) = 0 (crr. mpustep 3).

TMoncrasnaa (32) B maganpable ycnoug Y(Zo) = Yo, ¥ (o) = Yo,
nosiyyaeM cucreMy i onpenenerus Cq u Cs:

Cysinzg + Ca cos g + Y(zo) = Yo,
Cl COSTy — 02 sin Ty + ﬂ/(mo) = y{),

OTKygja € yaeroM Toro, 4ro ¥(xo) = ¥ (z¢) = 0, Haxogum
C1 = yo sin zg + yj cos xy,

Cs = yo coszg — Y sin x.

IMoncrasusas Cp u Co B (32), umeem
y = yo cos(z — o) + y sin(z — zo) + Y(z). (33)

Ormernm, uro pemenwme (33) mmeer Bug (5), OTKyJa CIIemyeT, 9TO
dynrmmm y; = cos(z — xg) m ya = sin(z — o) 06PA3YIOT HOPMAIBHYIO
(mpm & = z¢) dbyHIaMeHTATIBHYIO cuCTeMy pemenmii ypasHerus y” + y =
=0.

HeiictBurebHO, 3T DYHKIUNA UMEIOT IPU T = To €JUHUIHYIO MaTPU-
oy Ha4YaJIbHBIX 3Ha,quI/Iﬁ:

yi(zo) y2(zo)\ _ cos(z — zg) sin(z — zg) (1 0 0

yi(zo) wh(zo)) — \ —sin(z — zg) cos(z — xp) —\0 1/
=T

5. IMocrpouts dyuknuio Komu nius ypaBHeHUS

22y + 2y + (2 —n?)y =0 (34)

opu| n = % 1 penmnTh C €€ IIOMOIIBI0O HEOJHOPOAHOE YPaBHEHUE

22y + zy’ + <m2 - %)y =3+ %x (35)

A VYpasuenue (34), Ha3pIBaeMOe ypaBHeHHeM bBeccejid, IMUPOKO pac-
IPOCTPAHEHO B MaTeMaTHIecKoil dpmsmke. B obmem cirydae mpm mpoms-
BOJILHOM 71 OHO HEpa3penImMoO B 3JeMeHTapHBIX (DYHKIUIX.

Js oTeickaEusa (hyHIAMEHTAILHON CHCTEMBI PEImeHuil 0JHOPOIHOTO
ypaBHEHUS

22y + xy + (mz - %)y =0 <n2 = %) (36)
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BBE€JIEM HOBYIO HEM3BECTHYIO (DYHKIWIO Z, CBSI3AHHYIO C MEPEMEHHBIMU &
U Y COOTHOIIEHHEM 1 = % Borancnsaa npoussonubie y' u ¢y u momcras-
X

nss X B ypaprenue (36), mosydaeM OTHOCHTENBHO 2 yDaBHEHHe
2 +2=0,

J7Isi KOTOPOTo (pyHIaMEHTAJIbHYIO CUCTEMY PeIIeHuil 06pa3yoT QpyHKIII
z1(z) =sinz u z9(z) = cosz.

Takum obpazom, GyHIAMEHTAJBHYIO CUCTEMY PEIIeHUH WNCXOMIHOTO
ypaBueHnus Beccena (34) obpasyior dyHKuuM

y2(-7/') — COSI‘

yi(z) = \/—’ Vz
Dyuxuuo Komwu miua ypasaenus (35) maiigem mo dbopmyie (15):

sin{ cosé

_ 1 | V& VE|_ 1 —sin@—-¢
K(z,¢) = (&) |sinz cosz| A(§) Vg ’
Ve Vo
rme
7] (gngy (mne)| V| VB sgsng _Bng igone|”
VE VE 3 ¢
sin cos§ _ 1

-1 1
T VE 25\/5‘2§c0s§—sin§ —2¢siné —cosé| &

K(z,6) = \/gsin(a: —£).

B oTimume or mpenbimymero npuMmepa ¢byHKmua Komm ypaBHeHHs
C mepeMeHHBIMU K03 PUImeHTaMu He aBjsgeTcs (pyHKIueil pasHoct T — &
CBOUX apryMeHTOB.

O6parnm BEIMaHUE HA TO, 9T0 hopmyia (16), BEIpaXkaomas pemenne
HeomHOPOAHOrO ypasaenus (1) wepes dyrkuuro Komu K (z,€) n npasyro
gacth f(x), BeIBemeHa nys ypasHeHus (1) co crapmmm koaddunneHTOM,
PaBHBIM €IUHUIIE.

Tostomy myist onpenesienns: Buna npasoit gactu f(z) nepenmmmem (35)

B TpebyemoM Buze (2), nens Ha 2

" 1,7 1 _

otkyzma f(z) =z + %
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VEsin(z —¢€)
Jz

TMoncrasnsas K(z,§) = u f(§) = {—i— B dopmyay (16),

nMeeM

o) = | dEsina— )¢+ ) de -

_ 1 3/2 -1/2 - _
= o | €/ sin@ - ¢ de + ¢—J5 sin(z — ) d¢.
WuTerpupysa mo 9acTaM, MOTyIaeM

() = L [6/cos(a — ©)|

Zo

+3 J €12 cos(z — €) dé+

+ %{1/2 sin(z — §) ’

Zo

—%Jﬁﬂwd —¢)de].

zo

Bunnao, 4TO cymMMa WHTerpaJjioB, He BBIPAKAIOIMINUXCS B JIEMEHTAPHBIX
dyHKUMSX, paBHA HYJIIO.
WTak, oKOHYATEIHEHO

~ 3/2 cos(z — xo 3 sin(z — a:o)
o) = [pf2 20 g e ] )
Mozxno y6emurbest, 9T0 mckoMoe pemterne (37) yIOBIETBOPAET HyJe-
BBIM HAYAJBHBIM ycaosuaM y(zg) = §'(xo) = 0. O

3. 3amaum A9 caMOCTOLTEIHLHOTO pelleHns

Iocrpours dyrkuun Komm (KejarenpbHO pasiudHbIMU CIOCOGaMM)
it cnenyromux ypasaenuit. [Ipeasapurenbuo HaiiTu dyHIAMEHTAIBHYO
CUCTEMy DeIlIeHni, 3Has OJHO YaCTHOE PEIleHUe.

321 (1+z®)y" +ay —y=0, y, ==

3.2.2. 22y —xy — 3y =0, y; = .

3.2.3. (a:—l)y”—a:y’—i—y:(), Y1 = T.

3.24. y" +y' +e 2y =0, y; = cos(e™?).

3.2.5. y" — ' +ye®® =0, y; = sin(e?).

3.2.6. z(z — 1)y" — (2z — 1)y’ +2y =0, y; = z2.

Metomom Bapmanyum TOCTOSHEBIX 1 MeTonoM Komm (ncnonmbsys dbyHk-
mun Komnw, HafieHHbIe B IpegbIAyINed 3a1ade) HAWTH OOIIie peIleHus
ClIeyIOIMUX ypaBHEHNH.

32.7. (1+2?)y" +2y —y+1=0,y1 = x.
3.2.8. 2%y — zy’ — 3y = 5zt y, = 3.
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329. (z— 1)y —zy +y=(z—1)%"%, y1 = z.

3.2.10. ¢ + 9 +e 22y = 6’3“”, y1 = cos(e ).

3.2.11. y" — o +ye®® = 2e®* — 1, y; = sm( ).

3.2.12. z(z — 1)y" — (2z — 1)y’ + 2y = 22(2z — 3), y1 = z°.

OTBeTsnI

4z

4 z
8.2.1. (xy/1 1€ 6VITa0)/I1€.3.2.2. = & 323, s
3.2.4. efsin(e ¢ —e?). 3.2.5. e~ ¢ sin(e®—ef). 3.2.6. (2

2€(E+1)
3.2.7. y= Cho+CovVI+22+1.3.2.8. y = Cy2® + 2 424, 8.2.9. y =
= Ciz+Che® —i—(——w)e 3.2.10. y = Cycos(e” )—I—Czsm( T)+e 7.

3.2.11. y = C cos(e”) + Cysin(e®) +z. 3.2.12. y = C1z°> +C2(2z —1) +
+ z3.

§ 3. JIuneilinble oJHOPOAHBIE ypaBHEHUSI
C IMOCTOSTHHBIMY K03 dUImeHTaMu

1. OcHOBHBIE TIOHATHS U TeopeMbl

1°. ITocmpoenue obuiezo pewenus. JIMHERHBIM OJHOPOIHBIM
YPaBHEHHEM N-TO MOPSIIKA C HOCTOSHHBIME KO3 DUImeHTaMu Ha3bIBA€TCS
YpaBHEHUE BUIa

Ly=y™ + a1y Y + .. +an_1y +any =0, (1)

rae a;, i = 1,n, — mocrosiHEBIE (BOOOINE TOBODPSA, KOMILTEKCHBIE).
VYpaBueHue n-it crenenn

MA)=A"+a A" '+ .. 4+ apn 1 +a, =0 (2)

HA3BIBAETCS TAPAKMEPUCTIUYECKUM Ypasrenuem ypasaerns (1) wm ome-
paTopa L, a maorowiern M (\) — zapaxmepucmuseckum MHOZ0UAEHOM.
Bug o6mero pemenunsi ypasrenus (1) ompenensieTcs BUIOM KOPHeEH
XapaKTePUCTUYECKOTO YPaBHEHUs (XapaKTEPUCTUYECKUMU YUCJIAMH) U UX
KPaTHOCTHIO.
PaccMOTpPEM BO3MOYKHBIE CIydai.

1. Kaxnomy npocmomy KopHIO A (BEIIECTBEHHOMY WJIM KOMILIEKCHO-
My) OTBEYAET JaCTHOE PEIeHue

e)\z

ypasrernns (1).
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2. KaxaoMy KOpHIO A (BEIIECTBEHHOMY WJIM KOMILIEKCHOMY) KPAMHO-
cmu m > 1 0TBEYAIOT M YaCTHBIX PEIIeHU

eAz, Ie)\m’ . xmfle)\z

ypaBuenus (1).

3. Eciin koadpdunmentrr ypasaerns (1) sewecmsermvie, TO KOMILTEKC-
Hble KOpHM ypaBHeHHs (1) OyayT momapHO KOMILJIEKCHO-COIPSIYKEHHBIMM:
)\1’2 =ax ZB .

B sToMm ciaydae mape mpocmsir KOMILIEKCHBIX KOpHeEH « £ ¢ moryT
COOTBETCTBOBATH [IBA BEIECTBEHHBIX UYACTHBIX DEIICHUS

e*® cos Bz, €*"sinfz,

a KaxkJ0i nape KOMILIEKCHBIX KOPHel a + i kpamrocmu m MoryT cooT-
BETCTBOBAaTH 2M BEIECTBEHHBIX PEIIeHMIT

e cos Bz, xe®® cosfPx, ..., x™ e cos Bz,

m-lea® gin Ba.

e*sin Bz, ze*sinfz, ..., x

DyHIaMEHTANTBHYIO CHCTeMy pemenmit ypaprHenus (1) oOpasyoT
7 9aCTHBIX PEIeHWil, OTBEYAIOMNX BCEM KODHSAM XapaKTe€PHCTHIECKOTO
yPaBHEHUS C y9€TOM HX KPATHOCTH.

Takum 006pa3oM, JUHEHHBIE OTHOPOJHBIE yPABHEHUSA C IOCTOSHHBI-
Mu KO3 UNMUEHTAMI BCEr/Ia WHTEIPUPYIOTCS B JIEMEHTAPHBIX (DYHK-
muax, a mocTpoeHue (byHJIAMEHTAIBHON CUCTEMBI PEIIEHHH CBOIUTCS
K aJrebpamdecKuM onepanusM (peIeHnio aJrebpandeckoro XapaKTepu-
CTH9IECKOTO yPABHEHHS ).

2°. 3adauwa Kowu. Pemenne 3anagn Kommu ajig ypasaenus Ly = 0
yI0BJIETBOpsAET ypaBHeHWio Ly = 0 U HaYaJIbHBIM YCIOBUSAM

y(w) ‘z—x():O: Al; y’(w) ‘z—x():O: AQ; ceey y(nil) (l') |z—20=0: An

OTMeTHM OZHO HOJIE3HOE CBONCTBO pelleHus 3ama4du Komu 1yt oxHo-
POJIHOTO ypaBHEHHUs C MOCTOSHHBIMU KOhduimeHtaMu: peweHue 360a4u
Kowu das ypasnenua Ly = 0 ¢ navasvnomu yeaosuamyu (3) 6 mouke
x = xg umeem sud y(z,zg) = z(x — my), M. e. 3a8ucum Mmoavko om
PABHOCTNY, CEOUT APLYMEHMOB.

HeiicTBurensHo, nepexons B (1) u (3) Kk HOBBIM mepeMeHHBIM ¢ U 2(t)
mo dhopMyam

z—x9=t, y(t+z)=2(t) (zo— napamerp),

nosxyvaem s z(t) B cuty mocrostHCTBa K03ddummenTos oneparopa L To
ke camoe ypaBHeHnne Lz = ( ¢ HA9aJIbHBIME yCIOBUSAMUA

2(t) limo= A1,  2'(t) limo= Az, ..., 2"7D(E) |imo= An, (4)
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3aganHubiMu B Touke t = 0. Byzem HasbiBaTh Takyo 3aga4y 3adaveti Kowu
C YCAOBUAMU 68 HYAe.

Pemenne ncxonuoit 3amaun Komu gna ypaBaeruda Ly = 0 ¢ Haga b-
HBIMU ycnoBuaMu (3) mmeer Buz

y(x) = 2(t) = z(z — o).

Taxum 06pa3oM, I Oy IeHUs PeIIeHns 3a0a9n Komm 11 ypasHe-
Hus (1) ¢ mocrostHEBIME K03 dUIEHTAME 1 HAYaIbHBIMI yCIOBUAMH (3)
B TOYKE T = T MOXKHO CHadaja PEMmHUTh 3ajady Komm ¢ ycaoBHaME
B HyJe (4), 9T0 IPUBOIUT K G0JIee IPOCTHIM YPABHEHUSIM TSI OLPE IeIeHAS
kK03(hdUNueRToB B 00IIEM peIeHnw, a 3aTeM B HalIeHHOM pemennn z(t)
OOJIOXKUTh t = T — Xg.

3°. Hopmaavhas pyndamenmanvras cucmema peweruti. Ot-
MeTHM, 9TO W JJis NOCTPOEeHWsl HOPMAasbHOH (mpm x = zj) dyHmamen-
TaJIGHOW CUCTeMbI pereHnii ypaBuenusi Ly = (0 ymoOHO cHadaja pemIuTh
3amady Komu ¢ ycimoBusamu B Hyste g ypasHerus Lz = (0 ¢ Ha9aIbHBIMEI
ycaoBusiMu (4).

SareMm 11 mosaydeHus PYHKIUUA 21 (t) HA/I0 IIOJOXKUTHL B HaJIEHHOM
perreHun

A =1, Ay=0, A3=0, ..., A, =0.

s monyaernst byHKunm 25 (t) HAIO MONOKUTH B HAliIEHHOM DeNIeHNH
A =0, Ay=1, A3=0,..., Ay=0

n 1. 1. HawaneebiMu yemoBusivm, onpenensiiomumn GyHKIEO 2y, (1), GyxyT
Ay =0, A =0, A3=0,..., A, =1

Ha npaxruke ynoGHee, rpynnupys CjaraeMble, IPAAATH PEIICHAIO 3a-
maan Komm ¢ ycnosusamu B Hyie (4) Bug

2(t) = A121(t) + Aaza(t) + ... + Anzn(t), (5)

KOTODBI U omnpenenut Bun GyHKIMA 21 (t), 22(t),. . ., 2,(t), obpasyromux
HOpMasbHY (npu t = 0) dbyHIAMEHTANIBHYO CHCTEMY DelleHuil ypaBHe-
Husa Lz = 0.

Hopmaneryo (npm ¢ = z¢) GyHZAMEHTAIBHYIO CHCTEMY DerIeHui
ypasHenus Ly = 0 06pasyooT OyHKIII

yi(z) = 21(z — 20), y2(2) = 22( — @0), ---, Yn(T) = 2n(T — 20).

4°. Ypasnenue IJiaepa. JluweitHoe ypaBHEHUE BUIA

2"y ™ 4+ a " Yy 4t ay + any =0, (6)

rjae a; = const, i = 1,n, Ha3bIBaeTcd ypasHeruem daepa.
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YacrHoe pemeHue ypaBHeHusi Jitjiepa umercs B Buge y = x”. [locie
NOJCTAHOBKY 3TOH dbyHKImM B (6) MOMy9IaeTcs XapaKTEPACTAIECKOE yPaB-
HEHHe JJI OIpEIeICHHS 7.

Bun o6mero pemenusi ypasaenus (6) ompenensieTcs BUIOM KOPHeENH
XapaKTEPUCTUIECKOTO YPABHEHN (XAPAKTEPUCTUIECKUMHE IUCIAMHA) W UX
KPaTHOCTHIO.

Kazx1oMy npocmomy KOPHIO r OTBEYaeT JaCTHOE PEIIeHHe

‘,L,’l‘

ypasrerns (6).
Kazk1oMy KODHIO T Kpammocmu m OTBEYaroT 1M YaCTHBIX PelIeHHT

', z"lnz, ..., 2" (Inz)™!
ypasHeHnus (6).

Ecim xosdbdunnents ypasrenus (6) sewecmsenmbie, TO KOMIIEKC
HBle KODHW ypaBHeHHs (6) OyayT MONapHO KOMILIEKCHO-COTPSI?KEHHBIMMA:
r1,2 = a = 5. B aToM ciygae nape npocmair KOMILIEKCHBIX KOPHeR o % 13
MOT'YT COOTBETCTBOBATD [Ba BEIIECTBEHHBIX YACTHBIX PEINCHUS:

z%cos(Blnzx), zx%sin(Blnz),

a KaXKIoii mape KOMILIEKCHBIX KOPHeH « £ i kpamnocmu m MOTYT COOT-
BETCTBOBATH 2m BEIIIECTBEHHDBIX peHIeHI/II.;II

z%cos(BInz), x*Inzcos(Blnz), ..., z*(Inz)™ ' cos(BInz),

z*sin(fInz), z*Inzsin(flng), ..., z%(Inz)™ 'sin(BInz).

Takoit B 9YaCTHBIX PEIIEHW ypaBHEHWS Jijiepa CIeLyeT U3 TOro,
9TO 3aMeHa He3aBHCUMOIli nepemenHoit x = e (x > 0) cBoaur (6) K ypas-
HEHUIO C TIOCTOSHHBIMU K03 DUIIMEeHTaMu, MMEIOIIUMHI YaCTHBIE PEITEHUS

Buza e,

2. Ilpumepsl pemrenud 3aga4

1. CocraBurh GYyHIAMEHTAJBHYIO CHCTEMY PEIIeHUH HEKOTOPOTO
nuddepeHnaIbHON0 YPABHEHNS, €CJIH U3BECTHO, UTO €r0 XapaKTePUCTH-
9eCcKOoe ypaBHEHUE UMeeT KOPHHI

a) A1 = 3 kparHoctu m; = 1 u Ay = —3 KpaTHOCTH My = 2;
6) A2 = 2 £ 3i xkparmoctm m12 = 1 m A34 = 3 £ 4i KparHOCTH
mga = 3.

A a) Koprmo \; = 3 kpatHOCTH M; = 1 COOTBETCTBYET OJHO TACTHOE
pemrerme y;(z) = €3%, a KOpHIO Ay = —3 KPaTHOCTH 1My = 2 COOTBETCTBY-
IOT /IBa JTMHEHHO He3ABUCUMBIX YaCTHBIX permenns yz(z) = e 3% u y3(x) =
= ze 3%, Takum o6pa3oM, byHIAMEHTAIBHYIO CHCTEMY PEIIeHnil TAKOro
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nnddepeHnnaaIbHOr0 YypaBHEHUsT COCTABIAIOT (DyHKIIUN

— 3z _ -3z _ —3z
yi(z) =€, pa(z)=e ", ys(z) =ze .
6) Ilepswii sapuarm. Kopuam A; 2 = 2 %+ 3i xparHoct: myo = 1
COOTBETCTBYIOT KOMILJIEKCHBIE YACTHBIE PEIICHUS
_ _(24+3i)z _ _(2-3i)z
yl(m) - 6( ) ) yg(fﬁ) - 6( ) )
a KOPHAM A34 = 3 £ 47 KpaTHOCTH M34 = 3 COOTBETCTBYIOT IIECTh
KOMILIEKCHBIX JaCTHBIX PEIIeHmi
_ _(3+4d)z _ L (3+4i)z _ 2 (3+4i)z
ys(z) = eBH4e g (z) = 2B yo(z) = 22eBH)e,
3—4i)x 3—4i)x 2 _(3—4i)x
yo(z) = eC742 g (z) = 2B yo(z) = 22347,
Bmopoti sapuanm. Kopraam Ao = 2 £ —i kparHOCTH Mio = 1
COOTBETCTBYIOT 2 JIeHCTBUTE/IBHBIX YACTHBIX PEIICHIS
y1(x) = e** cos 3z, ya(x) = e** sin 3z,
a KOpPHAM A34 = 3 &£ 47 KpPaTHOCTH M34 = 3 COOTBETCTBYIOT IIECTh

JOefCTBUTEIbHBIX YaCTHBIX peIleHui

3 3 2.3

ys(z) = e’ cosdz, y4(z) = ze’* cosdz, ys(z) = z"e*® cosdx,

3 3

ye(x) = 3@ sindx, y;(x) = ze3®sindz, yg(z) = z2e> sin 4a.
B kax10M 13 BO3MOXKHBIX BapUaHTOB DYHIAMEHTAIBHYIO CUCTEMY pe-
meHnit 06pa3yIoT BOCEMb JTUHENHO HE3aBUCHMBIX JACTHBIX pemenwii. [

2. Haiitu ogropoanoe muddepennmanibHoe ypaBHeHEe U ero hyHIa-
MEHTAJIbHYI0 CHCTEMY PeIleHMNil, €CJIM H3BECTHO, YTO XapPAKTEPUCTUIECKOE
ypasaenue umeer Bug A* + 402 = 0.

A YaurbiBasg CTPYKTYPY XapaKTEPUCTUIECKOrO yPABHEHNS, B KOTOPOM
kaxgoe ciaraeMoe A* orsewaer mpomssommoit y(*), maxommm, uro maH-
HOE XapaKTEePUCTUYIECKOE YPABHEHWE COOTBETCTBYeT auddepeHnnasibHO-
My ypasrermio 34 + 4y(2) = 0.

Vpasrerne A* 4+ 42?2 = 0 nmeer koprn \; = 0 KpaTHOCTH M = 2
U KOMIIJIEKCHO-COIIPS>KEHHbIE KODHU Mg 3 = 27 KpaTHOCTeil map3 = 1.
Takum A COOTBETCTBYIOT YaCTHBIE peIleHUs, oOpasymoirue GyHIAMeH-
TAJIBHYI0 CHCTEMY

2ix —2ix

yi(z) =1, wy(z)=z, ys(z)=e"" w(z)=ce
WIH, B AeficTBUTEIbHOI hopme,

yi(z) =1, ya(z) =z, ys(x)=cos2z, ys(x)=sin2z. O
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3. Ilo mamnoit dyHIaAMEHTAIBHONE CHCTEME DEITeHMH

yi(z) =1, yo(z) =2, ys(x) =22, wya(z)=e"sinz, ys(x)=e"cosz

COCTAaBHUTh COOTBETCTBYIOIIEE ITOM CHCTEME OHOPOAHOE M depeHraIb-

HOE ypaBHEHUE.

A TlepsBbie Tpu DYHKINY ABIAIOTCS IaCTHBIMUA PEMICHUSMU, OTBEYAI0-
MAMHA KOPHIO XapaKTEPUCTHIECKOr0 ypaBHeHHA A1 = 0 KpaTHOCTH My =
= 3, a mocyrenHNe 1Be GYHKIMN OTBEYAIOT KOPHAM Ap 3 = 1+i KpaTHOCTeI
mg 3 = 1. XapakTepucTudecKoe ypaBHEHHE C TAKIMY KODHAMH HMeeT BUT,

NA-—Q+)]A=1=9)]=23A2=2X2+2) =A% —2X* + 223 =0,
a cooTBeTCTBYIOMMM eMy nuddepeHnaJIbHbIM ypaBHEHNEM Oy1eT

) — 2D 4 9y® — . O

4. Jna muddepenmuansaoro ypasaenns 3" — 3y’ + 2y = 0 Bemnucars
XapaKTepUCTUIeCKOe ypaBHEHHe, HAfTH KPATHOCTH €ro KOpHell W Halm-
caTh 0obIIlee perneHue.

A XapakTepucTudeckoe ypaBHEHUE /jist JAHHOTO nuddepeHuabHOrO
nMeeT BUJ,

Mo +2=2 - A-22+2=2M-1)-20-1)=
=A==\ +A=-2)=A-1)>*1+2),

orkyma Aj2 =1, mi2 =2, A3 = =2, mg = L.
TaKI/IM KOpHS{M C y‘{eTOM nux KpaTHOCTI/I COOTBeTCTByIOT YqaCTHbIE pe—
[IeHUS
x T —2x
yl(m):e ; y2(93):95€ ) y3(w):e .
Ob1mee perreHne UMeeT BH

y(x) = Cre® + Cyze® + Cze™ 22, O

5. Hna muddepenmuansaoro ypasaenns ¥4 + 253 +y = 0 Bor-
INCATh XapPaKTEePUCTHIECKOe yPaBHEHWE, HAaWTH KPATHOCTH €ro KOpHeN
U HamucaTh obIlee perneHue.

A XapaKTepuCTHU4ecKoe ypaBHEHHUE I JaHHOrO auddepeHnuaJIbHOro
mveer g At + 202 +1 = (A2 + 1)2 = 0, orkyna A\12 = +i, my o = 2.
B kommtekcHoM hopme TaKUM KPATHBIM KOPHSAM COOTBETCTBYIOT YaCTHBIE
perennsa
_ iz _ T _ —ix _ —ix
yl(m) =€, yZ(x) =ze , yS(m) =e€ ) y4($) = ze )
a obIee pereHne nMeeT BT

y(z) = Cre™ + Coxe™ + Cze™ " 4 Cyze™ ™.
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Tax kak manHOe auddepeHnuaILHOE YPABHEHNE WMEET BeIeCTBEH-
Hble K03 DUIMEHTH, TO KOMIJIEKCHbIE KODHU SIBJISTFOTCS KOMILJIEKCHO-
COMPSI?KEHHBIMU, OITOMY JTOIMYCTUMA CIEAYyIONas BemeCTBeHHAass (HhopMa
9aCTHBIX PEIIeHuil Buja

y1(z) = cosz, ya(x) =zcosz, ys(x)=sinz, ys(x)==xsinz.
OO6iiee pelieHre B 3TOM CJIydae UMeeT BUJ,

y(x) = Cycosz + Cazcosz + Cssinx + Cyz sinx. O

6. Pemwnts 3amaay Kommn
y" =9y =0, (7)
y(zo) = A1, ¢ (w0) = As. (8)
A Pemwurbh cravana 3amaay Komwm ¢ ycioBusmu B HyJie, IPUBOISIILY O
K 00J1ee MPOCTHIM yPaBHEHUSM It OTPeIeeHns KOIMMUIMEHTOB.

Bazmaua Komu ¢ ycnosusimu B Hyste, coorBercreytomas (7) u (8), nmeer
BUL

2" —92=0, (9)
Z(O) = Al, ZI(O) = AQ. (10)

[oxcrasnas obmee pemtenne (9) z(t) = Cre® + Cre ™! B HauamLHBIE
ycnosus (10), nomydaem cucremy s onpenenerus Cp u Cy:

Ci+ Cy = Ay,

3C1—-3C2 = As,

orkyna 6C; = 341 + As, 6Cy =341 — As u
2(t) = 1341 + Ap)e® + L(34) — Ay)e™®, (11)
Pemenne 3anaan Komu (7), (8) momygaem, nonaraa B (11) ¢ = 2 — zo:
y(z,0) = 2(z—20) = §(3BA1+A2)e® ™) 1 L(34; — Ay)e™3(70) (12)
O
7. Haiitn mopmassabie (npu t = 0 w npn = z¢) GyHIAMEHTATBHBIE

cucrembl pentennii ypasaenus y” — 9y = 0.

A Tlpusemem pemenne 3amaau Kommu ¢ ycroBusmu B Hyne (11) k Bu-

ay (5):
2(t) = Ay S(e¥ +e )+ Ay L™ —e ) = Ay ch3t+ Ay Lsh3t. (13)
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Muoxurenu npu A; u Ay Kak pas u ABiaAOTCa DYHKOUAMEA, 00pa3yro-
muvu HOpMasbHyo (npu ¢t = 0) dbyHIaAMEHTATbHYIO CHCTEMY DeIIeHui
ypasHeHns (9):

21(t) =ch3t, z(t) = %sh3t. (14)

Ionaras B (14) t = x — x¢, monyIaeM HOpManbHYIO (Ipm T = Zp)
dbyrzaMeHTAIbHYO CHCTEeMY pelleHuit ypasHeHus (7):

y1(z) =ch3(z — z9), ya2(z) = %sh(m —zg).

3ameuanue 1. IlynkTyanbHOe mpuBenenne pemeHuil 3amadun Komm
¢ obmuvn HagaabHBIME ycaosusamu A; n As x Buay (11) wm (12) 6610
HYKHO JIJIsI TIOCJIEIYIOIIETO OIIPE I/ IEHUs] HOPMAJIbHON (byHIaMEHTAIbHON
cucrems! pemernii n3 Buga (13). O

s permerns KOHKpeTHOH 3amaqn Koy HeT HeobX0uMOCTH pemarb
ee B 0ODOmIell MOCTAHOBKE, a 3aTE€M MNOACTABJSATH KOHKDETHBIE YHCJIOBBIE
3Ha4YCHUA HAYAJIbHBIX yCJIOBI/Ii/,I.

IIycts nmeem 3amaay Koru

y' =9y =0, y(xo) =1, ¥'(z0)=2. (15)
CoorsercrByfomias 3aga4a Komm ¢ ycaoBusMu B HyJle IMeeT BUJ
2" —92=0, 2(0)=1, 2'(0)=2.

st onpenenernns koabdunuentos C; u C B 00meM pemennn z(t) =
= C1e3t + Cre3t umeenm cucremy

Ci+ Cy= ]-7
3C, —3Cy =2,

orkyma Cp = %, Cy = % u

z(t) = <%>e3t + (%)e‘“. (16)

Pemenne 3amaan Komn (15) momyunm, monaras B (16) ¢ = z — g

y(z,20) = (%)eS(zfzo) + (%)ef?)(zfzo)‘ (17)
fcHo, uro (11) u (12) nepexonar coorsercrBerHo B (16) u (17) npu
A]_ =1lmu A2 = 2. O

8. Pemmrs 3amaay Komm y” — 2y’ + 3y = 0, y(zo) = A1, y¥'(z0) =
= A, u HaiiTn HOpMasbHEbIe (pu ¢ = 0 U Ipy = = To) GyHITAMEHTAIbHBIE
CHCTEMEI PelleHuil TAHHOrO0 ypaBHEeHN.



112 JIunetinve dupdepenyuarsvrovie YpasHeHUusm [T 3

A Pemmm onsars cHavasa 3ana4dy Ko ¢ yciaoBusimu B HyJie, 9TO IIPH-
BOIWT K 6oJiee TPOCTHIM aJre0pamdecKuM ypaBHEHHAM I ONpe/Ie/IeHus
IPOU3BONBHBIX TOCTOAHHBIX.

XapaKTepuCTHIeCcKoe ypaBHEeHHe, COOTBETCTBYIOIee JaHHOMY mudde-
peHImanbHOMY, EMeeT Bug A2 — 2\ +3 = 0, otkyza A2 = 1 +i+v/2 1 obmmee
pemenne ectb 2(t) = Cpel costy/2+ Cyel sinty/2. U3 HagambHBIX ycioBHit
B Hyne 2(0) = A, 2/(0) = Ay nomywaem cucremy, onpepensiroryo C;
n Cy:

Ci =41, C2V2=A,.

Taxum ob6pa3om, pemrenne 3aga4un Kommm ¢ yCIoBUIME B HyJI€ €CTh

2(t) = Aret costv2 + Ay - %et sin tv/2. (18)
Pemenne 3anaaun Komm ¢ TemMu ke ycaoBUAMHA B TOUKE T = To ABJIA-
erca pyHKUIUEl PA3HOCTH T — T U, CIELOBATEIHLHO, IMEET BHL,

y(z,z0) = 2z(z — z9) =

19
= A1 7% cos((z — 20)V2) + As - %em_“ sin((z — 20)V2). (19)

Pemmenne (18) samaun Komm ¢ ycioBusiMu B HyJle IPUBEJEHO K BHU-
oy (5), mosromy HopmasbHy (npu t = 0) byHIaMEHTAIBHYIO CHCTEMY
pemennii ypasaernusa y” — 2y’ + 3 = 0 obpasyor dyHKIUMA

21(t) = et costv2 u z(t) = (%)et sin tv/2. (20)

Amanormano, ncnonbsysa sug (19) pemenns sanaan Kormm ¢ ycnopuamm

B TOUKe T = w( mwm nonarad B (20) ¢ = x — zp, HAXOAUM HOPMAJIBHYIO
(npu = = z0) GyHIAMEHTAIBHYIO CUCTEMY DEIIEHHUil ypABHEHU

ni(a) = " cos((@-20)V2), 1a(e) = (3 )" sin((a—a0)V2). O

9. Haiitu obmiee pemrenne ypaBHEHUS
z?y" — 3zy’ 4+ 3y = 0. (21)

A JlarHOe ypaBHeHHWe SBJISETCS ypaBHEHHmEM Jiinrepa. Bynem mckarnb
pemenue ypapaenus (21) B Buzge y = z”. IloncraBisas uckombrii Bug B (21),
uMeeM

2"[r(r—1)—3r+3]=0.

Tak kak =" # (0, TO JJig ONPEIeICHNS T IOy IaeM XaPaKTEPUCTUIECKOe
ypasHenue 12 — 4r 4+ 3 = 0, UMeromee IPOCTbie KOPHE 7, = 1 u 75 = 3,
KOTOPBIM OTBEYAIOT YACTHBIE PElIeHHs Y, = T, Yo = T-.

O6mee pemenne (21) nmeer Bug

y = C1(z) + Coz. (22)
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3ameuanme 2. Hanomuaumm, 4T0 3aMeHa HE3aBUCUMON MEPEMEHHOM
x = e' mpuBomuT ypasHenue (21) K ypaBHEHHIO C MOCTOAHHBIME KO3(-
dunmenTaMu

i — 4943y = 0. (23)
O

O6mee pemrernmne (23) mmeer Bum y = Crel + Cqe3t) oTkyma, Bosspa-
asiCh K mepeMeHHoi = no ¢opmyste ¢ = In x, momyguaem obiree permreHne
ypasaerns (21)

y201€1nm+02631nw:Clm+02$3. 0

10. Haiitu pemenne 3amagn Komm

xy/// + 2y" =0, (24)

y(zo) =1, 9'(x0) =2, y"(z0)=3. (25)

A VYpasraenwe (24) craner ypaBHeHHmEM OJilliepa, €C/IU 3alUCATh Ero
B BHJIE
22y + 222" = 0. (26)

PaseickuBas pemmenne (26) B Buge y = ", IPUXOANM K XapaKTEPUCTU-
9EeCKOMY YPABHEHUIO

rir—1)(r—2)+2r(r—1)=0 wm r?>(r—1)=0,

uMeIeMy Kopeab 71 = () KpaTHOCTH M1 = 2 1 KOPEHb o = 1 KpaTHOCTH
mo = 1. KOpHIO 71 0TBeYaIoT JBa YacTHHIX pemeHng y; = 2° = 1l u yp =
= 2%lnz = Inz, KOpPHIO ry OTBeUaeT YACTHOE DENIeHNE Y3 = T. Takmm
obpasom, obiee pemenue (24) umeer BuUz

y=C1+ Colnz + Csx. (27)

IMoncrasmss obmee pemenne (27) B HadaJbHBIE ycioBus (25), momyda-
eMm cucremy mus onpenesenns Cp,Co u Cs:

C14+CsInzg+Csx0=1,

Cot +C3 =2,

0

—c, L =3,

zp
orkyga C1 = 1 — 2z + 3z2(Inzg — 1), Cy = =323, C3 =2+ 3zp u

y(z) =14 (24 3zo)(x — xo) meg(lnmflnmo). O

3ameuanue 3. OrmeruM, 9TO0 ypaBHEHHE Diljepa e€CThb ypaBHEHHE
C mepeMeHHbBIMEH KO3(hDHUIUEHTAME, TO3TOMY JJisi HETO HECIPABEIJIUBO
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YTBEPXKJIEHUE O 3aBUCUMOCTH pemeHus 3amaqaun Komm ot pasHocTm ap-
TYMEHTOB & — Zo. llocTaHoBKa 3amaun Komm ¢ ycioBusiMu B HyJsle IJid
ypaBHeHUs Jiljepa BOOOIIe He MMEET CMBICIA, TaK Kak & = (0 — ocobas
TOYKA ypaBHEHUs (B 9TOH TOYKE OHO MEHSET IOPSAIOK ). |

11. K oxHOMY KOHILy IPY2KHHBI IPUKPEILIEH I'PY3 MACCHL M, & BTOPOi
KOHEI[ IPY?KUHBI 3aKPeIyieH. B Touke ¢ KoOpauHATOH = (OTCIMTHIBAEMOM
OT TIOJIOKEHWsI PABHOBECHs TPy3a) HA I'PY3 IEHCTBYET CO CTOPOHBI NIPY-
KWHBI yIpyras cujia kT, HanpaB/eHHas K TOJ0XKeHni0 paBHoBecusi. Crita
COTIPOTHBJIEHNS CPeIbl paBHA bi.

HaiiTy 3aK0H 1BUXKEHUd I'Py3a, €C/IN €ro HadaJbHOE MOJIOXKEHHE B MO-
MEHT {y PaBHO T(, a HadaJIbHad CKOPOCTH PaBHA V.

A O6o3naunM gepes z(t) nomoxkenue rpysa B MomeHT t. CorjacHo BTO-
pomy 3akony Hetorona: mi = —kx —bz nyist Benmmaunst (t), MBI TOTy9aeM
cienyfomyto 3anady Komm st auHERHOrO OZHOPOISHOTO yPABHEHUS:

&+ pt+qr =0, (28)
z(to) =z, #(to) = vo, (29)

mep=2, ¢g=L (p>0,¢>0).
XapakTepuctuaeckoe ypasuerme M () = A2 + p\ + ¢ = 0 mmeer
KODHH A1 2 = %(fp + +/p? — 4q). Ilo Teopeme Buera mpu p > 0, ¢ > 0

BEIIECTBEHHBIE YACTH 000UX KOPHEH OTPUIATEIbHBIE WJIN PABHBI HYJIIO.
Bosmoxkus! crienyromniue ciaydan.

1°. A = p? —4q < 0. Torna
a)mpu p=0 A= =+i/q.
Pemenne 3amaun (28), (29) ¢ ycroBuamu B Hys1e UMeeT BHAL,

z(t) = C4 - cos /gt + Ca sin /gt

rae C1 u Cy onpenensiorca u3 ycnosmit 2(0) = C1 = zg, 2(0) = C2/q =
Vg
N

Takum o6pasom, pemenme 3amaau Komm (28), (29) B sTom ciayaae
nMeeT BUJ,

= wp, otkyga C1 = z9,Cy =

x(t) = @ cos/q(t — to) + % sin \/q(t — to),
T.e. TPY3 COBepIIaeT MepuoudecKue (rapMOHUYECKUe) KojebaHus ¢ da-
cToToit /g u mepuomom T = 2L = 27, /%;

Va
Py VAP

6) ectu p > 0, T0 A2 = —5 —— :—giiﬂ, e w =

=+/4q — p*.

Pemmenne 3amaun Kommn (28), (29) ¢ ycroBusiMu B HyJle IMeeT BHJ

P
2(t) = e~ 2(C) cos St + Casin §t),
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rae C; mu Cy onpenensitorcs u3 yeaosnit z(0) = Cy = zo, 2(0) = —§C1 +
+ C2% = v, otxyna C1 = 29, C2 = L(zop + 2v0).

Takum obpazoMm, pemenue 3azadu Komm (28), (29) B aTom ciyuae
AMeeT BUJ

_P_ .
z(t) = e~ 2(tt0) |:CU0 cos g (t —to) + %(wop + 2vp) sin § (t — to)],

T. €. TPY3 COBEPINAET 3aTyXAOIINe 10 IKCIOHEHIINAJIBHOMY 3aKOHY “Iepu-

onmyeckne” KojebaHus OKoyio Todkm © = (0 ¢ 9acToTOMl % U TEPUOIOM

T:4_ﬂ'_ 4

w [4q? — p2’
2°. A =p? —49g=0. Torma \; = —g, m; = 2 (KpaTHOCTB A1).
Pemenne 3amaqn Komu (28), (29) ¢ ycroBusiMu B HyJle IMeeT BHJL

p
2(t) = e 240y + Cat),
rae Cy u Cy onpenenstorcs u3 yCaoBuit

Z(O) = Cl = Zo,
Z(O) = —gC’l + Cy = vy,

otkyna C1 = xg, Cy = % ~+ vp.
Takum o6pazom, pemernne 3amadn Komm (28), (29) B sTom ciayuae
nMeeT BH,

z(t) = e*%(tfto) [SCO + (% + 1)0) (t— to)}

(nomy4saercsa u3 z(t) 3amenoii ¢t na t—t(), T. €. IPy3 COBEPIIALT 3aTYXAIOIIEE
K Touke = () aIepHOAMIeCcKOe [[BUKEHNE.

N/
3°.A:p2—4q>0.Tom;a)\172:—gi%:—giw

w = y/p? —4q < p. B arom cinyuae ob6a KOpHsI BeIECTBEHHBbI U OTPUIIA-
TEJIbHBL.
Pemenne 3amauan Kommn (28), (29) ¢ ycnoBuamu B Hyste mMeeT BUL,

1 1
2(t) = Cre 207 4 Cpe 2 @H)
rae Cy u Cy onpenenstorcs u3 yCaoBuit
Z(O) =C1 4 Cy = xo,

£(0) = —3(p —w)C1 — 3(p+w)Cs = v,

zo(p + w) + 2v0 C

__zo(p—w)+2v0
2w ’ ’

orkyna Cq = = 5
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Takum o6pasom, pemernne 3amaam Komm (28), (29) B sTom ciayaae
AMeeT BH]

2(t) = 2 +2w) +200 3 (p-w)(t—to) _ Zo(P —2w) + 200~ 5 () (t—to)
w w

T. €. TPY3 COBEPUIACT 3aTyXalomee K TOYKEe T — 0 aIepuoagunvIeCKoe JIBUKE-

HUE. O

3. 3amaum gy caMOCTOLTEILHOIO PeIIeHns

CocraButh (DyHIAMEHTAIBHYIO CUCTEMY peleHunii HekoToporo audde-
PEHIINAJIFHOTO yPABHEHUSsI, €CJIA M3BECTHBI KODHU A €r0 XapaKTepPUCTHU-
9eCKOr0 YPaBHEHUA U UX KPATHOCTHU M.

3.3.1. Al = ]., my = ]., Ag = 3, mo = 1.

3.3.2. )\1 = ]., my = ]., AQ = 3, meo = 3.

3.3.3. )\1 2 = :f:?)l mi2 = 1.

3.3.4. )\1 2 = :i:2l mi2 = 2.

3.3.5. )\12 —2:|:32 my2 = L.

3.3.6. )\1 =3+ 1, M1,2 = 2.

3.3.7. Al = 0, my = 2, Ag = 1, mo = 2, Ag = 72, ms = 1.

3.3.8. )\1 =14 i, mi2 = 1, )\2 = 0, mo = 3.

Haittu omaopomuoe muddepeHnnaabHoe ypaBHEHWE U e€ro dyHIA-
MEHTAJbHYI0 CUCTEMY DEIIEHUI, €CJIM U3BECTHO €r0 XapaKTEPUCTUIECKOE
ypaBHEHUE.

3.3.9. A2 +3X+2=0.

3.3.10. A\(A+1)(A—=2)=0.

3.31L AA2+A+1)=0.

3.3.12. (A2 4+4)2 =0.

Ilo mauHO#I yHIAMEHTAJIBLHON CHCTEME PEINeHuil COCTABUTH COOTBET-
CTBYIOIIlee 3TOi cucreMe omHOPonHOe auddepeHnuaIbHoe yPABHEHHE.

3.3.13. €27, 732,

3.3.14. 2%, ze?®, z2e2®.

3.3.15. cos 2z, sin 2z.

3.3.16. cos 2z, sin 2z, x cos 2z, x sin 2.

3.3.17. 1, cos x, sinx, e*.

3.3.18. 1, z, cosz, sinz, €, ze®.

3.3.19. 1, e* cos z, €* sinz, cosx, sin x.

3.3.20. 1, e* cosz, e* sinz, xe® cosx, xe” sin x.

Pemwurhs ypaBHeHusi (XapaKTepUCTUYECKHE YHC/IA BELIECTBEHHBIE
U TPOCTHIE).

3.3.21. ¢y’ — 5y’ + 6y = 0.

3.3.22. y" + 3y +2y=0.

3.3.23. ¢y — 2y — 2y = 0.

3.3.24. y'"" — 13y’ — 12y = 0.

3.3.25. ¢y — 2y =0.

3.3.26. ¢y + 33" +2¢' = 0.
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3.3.27. y® — 10y + 9y = 0.

3.3.28. y(®) — 59" 4 4y = 0.

Pemnth ypaBHeHHS (XApaKTEPUCTHYECKWE YHACIA BEIIECTBEHHBIE
U KpaTHbIE).

3.3.29. ¢y + 2y +y=0.

3.3.30. 4y + 4y +y = 0.

3.3.31. y©® — 6y 49y = 0.

3.3.32. ¢y —3y" +3y —1=0.

3.333. ¢y —y" —y +y=0.

3.3.34. y"" — 3y’ + 2y = 0.

Pemuts ypasHeHns (XapaKTePUCTHYIECKAE UCIA MHAMBIE U IPOCTHIE ).

3.3.35. " +y =0.

3.3.36. 3 + 9y = 0.

3.3.37. y + 59" + 4y = 0.

3.3.38. y™) + 10y" + 9y = 0.

Pemurs YpaBHEHUA (Xapa,KTepI/ICTI/I‘{eCKI/Ie 9HuCJIa MHUMBIC 1 KpaTHbIe).

3.3.39. y + 24" 4y = 0.

3.3.40. y™ + 8y" + 16y = 0.

3.3.41. y + 4y + 4y = 0.

3.3.42. 4y® + 4y +y = 0.

Pemnts ypaBueHUS (XapaKTepI/ICTI/I‘{eCKI/Ie YHCJIa KOMILIEKCHBIE U IIPO-
CTBIE).

3.3.43. ¢y — 4y’ + 5y = 0.

3.3.44. y" + 2y’ + 10y = 0.

3.3.45. ¢y —y' +y=0.

3.3.46. y™ +y = 0.

PeIIII/ITb YpaBHEHUA (Xa,paKTepI/ICTI/I‘{eCKI/Ie qnucjia KOMILJIEKCHBIE
1 KpaTHbIE).

3.3.47. yW 42y 43y + 2y +y =0 (xapaKTepHCTHIECKOe yPAaBHEHHE
IIPUBOJIUTCH K BULY ()\2 + A+ 1)2 =0).

3.3.48. y® — 29" +3y" — 2y +y = 0 (XapaKTePUCTHIECKOE YPABHEHIIE
npusogntcs K Buay (A2 — X+ 1)2 =0).

Pemuts ypaBaeHnss (KOMOMHAPOBAHHBIE CIYIal XAPAKTEPUCTHIECKHAX
quced).

3.3.49. y""" — 8y = 0.

3.3.50. ¢y — 2y" + 2y’ = 0.

3.3.51. y —y =0.
3.3.52. y + 4y + 3y = 0.
3.3.53.

3.3.95.

(4)
(4)
) 44y =0.
(5)
(5)

3.3.56. 3"

Y
Y
3.3.54. y
Y
Y
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Pemmnts 3anaan Konm (3amadm ¢ ycmoBusivm, 3aJaHHBIMA B TOYKAX,
OTJIMYHBIX OT HYJId, PEHINTh C HOMOIIBIO COOTBETCTBYIOIIUX 33184 C YCJIO-
BUSIMH B HyJI€).

3.3.57. y" — 5y’ +4y =0, y(0) = ¢'(0) = 1.

3.3.58. y" =5y +4y =0,y(2) =¢'(2) = 1.

3.3.59. y" — 4y’ + 3y = 0, y(3) = 6, y'(3) = 10.

3.3.60. y"" —3y" + 3y’ —y =0, y(0) = 1, y'(0) = 2, y"(0) = 3
3.3.61. 4" —3y" + 3y’ —y =0, y(1) = 1, y'(1) = 2, y"(1) = 3
3.3.62. y” 2y +3y=0,y(-1)=1,9'(-1)=3

3:3.63. 4" +y" =0, y(2) =1, ¢/(2) =0, y"(2) = 1.

3.3.64. y" + w?y = 0, y(to) = yo, ¥'(to) = vo.

Pemnts 3amaun Komu n Haiity HopMmasbHble (npu ¢ = 0 u mpu z =
= z¢) dyHAAMEHTAIbHbIE CHCTEMBI PeIlleHNn i yPaBHEHN!I, BXOAAIINX B 9TU
3aJa49n.

3.3.65. y" — 5y’ + 4y = 0, y(0) = yo, ¥'(0) = )

3.3.66. y" — 2y +y =0, y(1) = yo, ¥' (1) = 5.

3.3.67. y" + 4y’ +3y =0, y(z0) = vo, ¥'(z0) = ¥}

3.3.68. ¥ —3y" + 3y —y =0, y(0) = yo, ¥'(0) = y§, y"(0) = yg
3.3.69. v — 2y + 3y =0, y(0) = o, ¥/ (0) = .

3.3.70. v — ¢ =0, y(2) = yo, ¥'(2) = vp, ¥"(2) = v§.-

3.3.71. y"" + 4" =0, y(0) = yo, ¥'(0) = y5, ¥"(0) =y

3.3.72. ¥ + w?y = 0, y(xo) = yo, ¥' (o) = Yo-

Haiitn obmue perrenus ypasHeHmit Diiiepa u, I/l YKa3aHO, PEIINTDb
zagaay Komm.
3.3.73. 2%y" + xy —y = 0.
3.3.74. 2%y’ —dzy’ + 6y =0, y(1) = y/(1) = 1.
3.3.75. 2 "4 3xy +y=0.
3.3.76. a:y” +9y'=0,y(2) =0,y (2) =2.
3.3.77. 22y — 3zy” + 3y’ = 0.
33.78. 22" = 2/, y(-1) = 1,y (-1) = 0,5/"(-1) =0.
3.3.79. ny” + zy’ —|— y=0.
3.3.80. x —3zy’ + 5y = 0.
+2)y —3y=0.
y =0.

3.3.81. (a: +2)%y i + 3(
3.3.82. (z+ 1)%y" —

OTBetsnl

3.3.1. €%, €32, 3.3.2. €%, 3%, xe3®, 223, 3.3.3. €%, 73 ywum cos 3z,
sin3z. 3.3.4. €%, ze¥® %% ze~%® pmgm cos2x, sin2z, xcos2z,
zsin2z. 3.3.5. 21397 (=302 gy 2% co5 3z, €2 sin 3z. 3.3.6. (3197,
eB3=D7 ez o302 yny 3% cosz, €3 sinz, ze’ cosz, red” sinx.
3.3.7. 1, x, €%, ze®, e 2%, 3.3.8. etz (=02 1 2 42 yuy e” cosx,
e’sinz, 1, z, 2. 3.3.9. ¢y’ + 3y + 2y = 0; e, e %", 3.3.10. y'" —
—y" =2y =0; 1, e7®, €2*. 3.3.11. ¢y +y" +y = 0; 1, el%\/gz,
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e 2“/_3” w1, ™2 cos @:c, ™3 sin @m 3.3.12. y@ + 8y + 16 =
= 0; e 72 ge2® 2e72 ymp cos2z, sin2zx, zcos2z, sin2z.
3.3.13. y'+y' — 6y =0.3.3.14. """ —6y" + 12y — 8y = 0. 3.3.15. y" +
+4y = 0. 3.3.16. y® +8y” + 16y = 0. 3.3.17. y) — ¢ 44" —¢/ =0.
3.3.18. y(© — 2y 4 2y — 2y 4 o = 0. 3.3.19. y®) — 2y 4
+ 3y — 2y + 2y = 0. 3.3.20. y©®) — 4y 4 8y — 8y" + 4y’ = 0.
3.3.21. y = C1e%* + Che®®. 3.3.22. y = Cre™® + Cre ?®. 3.3.23. y =
= C1e=V3z 4 CLe1+V3z 3824, y = (e + Che®™ + Cye=3e.
3.3.25. y = C; +(C2e%®. 3.3.26. y = C1 + Cre ™ ®+Cse72%. 3.3.27. y =
= C1 + Cye® + C3e™ % + 046396 + 056_396 3.3.28. y = (7 + Cee® +
+ Cse™" —|— Ce’® + Cse™2%. 3.3.29. y = Cre % + Cyze™®. 3.3.30. y =
= Cie 2+02$€ 2 3.3.31. = Cy + Cyz + 03$2 + e”“'(Cl + ng)
3.3.32. y = (C1 + Coz + CgCL'z)@z. 3.3.33. y = (C1 + Chz)e® + Cze™ ™.
3.3.34. y = (Cy + Cax)e® + C3e 2%, 3.3.35. y = Cycosz + Coysinz =
= D1e*® 4+ Dye **. 3.3.36. y = C cos 3z + Cs sin 3z = D1€3*® + Dye 3%,
3.3.37. y = Cicosz+Cysinx+Cy cos 2z +Cy sin 2z = Dqe*® 4+ Doe @ +
+ D3e?® 4+ Dye?®, 3.3.38. y = Cicosxz + Cosinz + Cycos3z +
+Cysin 3z = D1€"® + Dye ® 4 D3e3® + Dye 3*, 3.3.39. y = Cycosz +
+ Cyzcosz+ Cysinz + Caxsinx = Dqe™® 4+ Dye ™ + Dyxe’® + Dyze ™.
3.3.40. y = Cicos2z + Cozcos 2z + Cysin 2z + Cuxsin2r = Dqe?® +
+Dye= 2% 4 Daze®® + Dyze=2. 3.3.41. y = C; cos xv/2+Cox cos zv/2+
+ Cssinzv2 + Cyzsinzyv/2 = Dle”\[ + Dy e—imV2 4 Dgzr;e”‘[ +

+ D4me’”‘/§. 3.3.%3. y = ?’1 cos\/_ + C’gaccos\/_ + Cs s1n\/E +
+ Cyz sin % = D1e' V2 + Dye V2 + D3ze' \/5 +Dyze \/5. 3.3.43. y =

= Cie*®cosz + Ce**sinz = Dle(Q"'i)'Jc + Dge@_i)“‘.. 3.3.44. y =
= O1e % cos 3z + Cye *sin 3z = Dye(~1139)7 4 D,ye(-1-31)z 3 3 45, y=
x T 1 \/5 1 \/§
= C(1e2 cos @m + (C%e2 sin @:c = D1e2t72)7 4 Doelz=i ),
V2 V2
3.3.46. y = e 2 (01 cos \/_a: + Cgsm V2 ) + e 2 I(CgCOS ?w +
+ Cysin @x) = Dje2 (1+z)z 1+ Dye’2 (172)93 + Dge 2 (1+i)z +

\/5 z
+ Dge 2 797 3 347, y = e 2 [(C’l + Csz) cos @x + (Cs3 +

1 \/g 1 \/g 1 \/g
+C4I) sin @l‘} = Dle(_§+"7)x +D26(—§—ZT)I +D31‘€(_§+ZT)Z 4
(—1 V3, z V3
+ Dyze'"27°27% 3.3.48. = 32[(01 + C’gm)cosTw + (Cs +
3+ ‘[ V3 1. .V3

1 .v3
+ Dyzel2772)7 3.3.49. y = C1e?® + e~*(Cycoszv/3 + Cssinzv/3).
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3.3.50. y = Cy + e"(Cacosz + Cssinz). 3.3.51. y = C1e” + Core™ ™ +
+ C3cosx + Cysinz. 3.3.52. y = Cicosz + Cosinz + Cscoszy/3 +
+Cysinzv/3.3.3.53. y = *(C} cos z+Cy sin x)+e~%(C3 cos z+Cy sinz).
3.3.54. y = C; + (Cy + Csz) cos2z + (C4 + Cszx)sin2z. 3.3.55. y =
= Cre "+ (Cy + Csz)cosx + (Cy + Csx) sin 2z. 3.8.56. y = C; + Coz +
+ C322% + Cyz3 + e 2(C4 + Csx + Coz?). 3.3.57. y = €. 3.3.58. y =
=e%72.3.3.59. y = 4e*34+2¢%(#73) 3.3.60. y = e*(1+z). 3.3.61. y =
=e* 1+ (z—1)]. 3.3.62. y = e*t[cos(z + 1)v2 + v/2sin(z + 1)v/2].
3.3.63. y = (z-2)+e (*2.3.3.64. y =y cosw(t—to)+ 12 sinw(t—to).
3:8.65. 3= K00 )e” 1) = -Flae e J(e"
—eh); g1 = $(4e” —€4), yp = — (" — €¥7); yy = L(4em 70 — edlomm0)),
Y2 = —%(e“”’zo —e4(e=20)) 3.3.66. y = ype” 1—|—(—y0 +yp)(z—1)e* L =
yo(e*™! = (z = 1)e* ™) + yp(z — 1)e* ™5 y1 = e — ze®, y» = ze”;
= € (o e g = (2 20)e” . 36Ty = (3o +

Je (@20 L (yotyp)e 3@ m0) = yo. L (BemT—e32) 4y L(emT ),
YL = %(36 T _ - w) Yo = i(e—w _6—339); Yy = 2(36 (z—w0) —e 3(.@—390))7
Yo = %(e’(z’zo) — e’?’(m’zo)). 3.3.68. y = yoe® + (—yo + yj)ze® + l(yo —
2
—2yb+yl)a2e® = yo(l—a+ % )e +yh(w—a2)e +yf - 3226 g1 = (1—a+
2 2 _ 2
+ ety = (o —a2)e”, us = Ge wl[kufmwﬁjﬁqﬂﬂa

Yo = |:(.’E — q;o) _ @}ezfzo ys = 1(1. - 1.0)26:5710‘ 3.3.69. y =

1 / 1 .
= ype® cosrV2— — —yg)eFsinz = ez<cosx 2— ——sinz 2>+
Yo V2 ﬁ(yo Y0) V2 =y 7 V2
+yh- %e’” sinzy/2; y; = e® (cos:v 2— % sinmﬁ), Yg = %ew sin z/2;

yp = e {cos(x — x9)V2 — % sin(z — a:o)\/?] Yo = %ez’mo sin(z —

— 20)V/2. 3.8.70. y = (yo — yf) + 3(Wh +u)e 2 — (v — yl)e > =
=yo + yosh(z —2) + yg[ch(z —2) —1; y1 = 1, yo = shaz, y3 =chz —1;
y1 = L,y2 = sh(z — 2¢), y3 = ch(z — z9) — 1. 3.3.7L. y = (y —yy) +
+Wotwy)r+ye " =yot+yr+y(-l+tazte )y =11y =
ys=—-1l4+z+e "y =1Lya=x—2,ys =-1+4+(z —mo) —f—e_(””_’”").
3.3.72. y = ypcosw(z — xg) + yo—smw(:c — Tg); Y1 = COSWZ, Yo =

= %Sinwm; y1 = cosw(z — ), Y2 = %smw(m —xg). 3.83.73. y=Ciz +

+ &2 8374, y = Cra? + Coa®, y = 202 — 2. 3.3.75. y = L0y +
+Caln|z|). 3.3.76. y=C1+Coln|z|,y = —4In2+41In|z|. 3.3.77. y =
= C1+C22%+Cy2*. 3.8.78. y = C1+Coz®+CsIn x|,y = 1. 3.3.79. y =
= Cycosln|z| + Cysinln |z|. 8.8.80. y = 2%(C; cosln|z| + Cysinln|z]).
3.3.81. y = C1(z — 2) + Ca(x — 2)73. 8.3.82. y = C1 + Ca(z + 1)° +
+C3(1‘+ ].)_2

+
<
o~
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§ 4. JIuHeliHbIe HEOTHOPOAHBIE yPABHEHUSI
C IMOCTOSTHHBIMY K03 DUIimeHTaMu

1. OcHOBHBIE MOHATHS U TeopeMbl

1°. Memod esapuauuu nocmoarnHwvir u memod Kowu. Jlu-
HEWHBIM HEOTHOPOIHBIM AupHepeHnnaTbHEIM YPABHEHIEM N-T0 MOPIIKA
C MOCTOSTHHBIMU KO3 (pUIHEHTAMI Ha3bIBAETCS YPABHEHUE BHJIA

Ly=y™ +aiy™ Y +.. .+ an1y +any = f(2), (1)

rae a;, 1 = 1,n, — mocrosHHBIE, f(Z) — HempepbIBHAA HA WHTEpBaie X
dyHKIWMS.

Tak kak (yHIAMEHTAJbHAs CUCTEMAa PEIIeHWil JIMHEHHOrO OXHOPOI-
Horo ypasuenus Ly = 0, coorsercrBytomero (1), Bcerma MoxeT 6bITH
nocrpoeHa (AJ1s 3TOro HaIO0 HANTH KOPHU XapaKTEPUCTHYECKOTO yDaBHE-
HUs), TO JJisd MHTErPUPOBaHUs ypaBHeHus (1) 1ocTaTouHO HAWTH YacTHOE
pemenne ypasHerus (1).

OfmuMy MeTofaMu NOCTPOEHHs YACTHOrO pemeHus ypasHeHus (1)
(KaK n B ClIy4dae JIMHEITHOT O YpaBHE€HUA C IEPEMEHHBIMU KOS¢)¢)HHH€HT&—
MU) ABJISIOTCA METOJ] BAPUALUY MOCTOAHHBIX (MeTox Jlarpanxka) u MeTox,
Komm (cm. § 2).

Ormerum omuO mosesHoe cpoiicTBo (ynkuuu Komu ypasaenus (1)
C MOCTOAHHBIMU KO PUIMEHTAMHE, TTO3BOJISIOIIEE CTPOUTH €€ MPOIIE, YEM
B 0bmeM ciaydae, Korga KoxhdUIueHTsl ypaBHeHsI IepeMeHHbIe: (DyHK-
st Komm yis ypasrenws (1) ¢ mocrosiEbIME K03bdunmenTaMn nveer
BUL

K(z,§) = K(z - ¢),

T. €. 3ABUCHUT TOJIBKO OT PA3HOCTH T — & CBOUX apryMeHTOB.
HeficTBuTeNibHO, cornacHo onpenesennto, dyrkuua K (z, ) npu kax-
oM 3HadeHmn mapamerpa ¢ € X yHoBJETBOpsieT 10 I[E€PEMEHHOW &

onHopoxuoMy ypasaeHuto L,K(z,£) = 0 u cuenmajnbHBIM HAJaIbHBIM
YCIIOBUAM:
K(z,§) |g—e=0= ... = K”_2(x,§) lo—e=0=0, K"_l(;c,f) lo—¢=0= 1.

Iepexona K HOBBIM mepeMeHHBIM ¢ U z(t) mo dbopmyaam
z—§=t K(t+&¢§) =20)

(¢ — mapamerp), momygaem mis 2(t) B CHILy TOCTOSHCTBA K03 DUIIERTOB
omeparopa L To e camoe ypaBHeHHe Lz = 0 ¢ Ha9a bHBIMH yCIOBHAMIE
B Touke t = 0.
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Takwum o6paszom, st noxyaerns Gyrxmun Komm ypasaerns (1) myx-
HO penmuTh 33ma9y Komm co cnenuagbHBIME YCIOBUAME B HYJIE

Lz(t) =0,
2(0) =0,
2'(0) =0,

(2)
22 (0) =0,
=) =1

U B NIOJy9eHHOM perteHnn z(t) momoxuts t =  — £:

K(z,8) = z(z — £).

B manprelimenM moresHo ncnonb3osaTh obosHaderne K (r — §).
Yacrroe pemenne ypasaernus (1), yZoBieTBopsifomee B TOUKe T = g
HyJIEBBIM HA9aJIbHBIM YCIOBHAM, HAXOAUTCA 10 HPOpMyJIe

B@) = | K(a—€)f(&)de. (3)

HamoMmeuM, 9T0O €ciu Hy?KHO HalTH MPOM3BOJBHOE YaCTHOE DEIIeHre
ypasrerus (1), mocrarouno B (opmysie (3) orpaHUYATHCS MOACTAHOBKOI
BEPXHETO TIPEeea.

CuMBOIMYIeCKH MOXKHO [IjI TAKOH 1e/u 3anucaTh (popmyiy (3) B Buge

x

i(e) = | K(z—€)1(€) de. (4)

b0 TPOCTO UCMOJIb30BATh 3HAK HEOMPEIEJeHHOr0 WHTErpaja Jjid 06o-
3HAYEHHUsS KaKOW-HUOYIb TepBOOOPa3HOI.

OTMeTnM, 9TO TONy9eHHOE TaKAM 00pa3oM YaCTHOE PpeIIeHhe Mo-
2KeT He YJOBJIETBOPSATH HyJI€BBIM HAYAJIBHBIM yCIOBUSAM, KAK MOy 9eHHOE
no dopmyie (3).

Ioxcranoeka B (3) HIzKHEro npegena £ = Ty AaeT HEKOTOPOE PEIlleHne
OIHOPOJHOTO ypaBHEHHH.

2°. Memod neonpedeaennvir kKodpduuuenmos. Jlns cnerumasn-
HOTO, HO BaKHOTO JJIsl TIPUJIOXKeHWH Buaa GyHKnuwm f(Z) UCnomb3yercs
TaKzKe TOA00p YACTHOTO pemeHus ypasHeHus (1) METOIOM HEOIpeeseH-
HBIX K03 dummenTos (Meron Ditrepa).

Paccmorpum BO3MOXKHBIE CITydan.

1. Ilycro:
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1) nmpaBast wacTh ypapHerus (1) nmeer crnenmaIbHBIN BUL

f(z) = Py(x)e’, (5)

rme o — mapaMerp, BooOIie roBOps, KOMILIEKCHEI; Py(2) — MHOrowien
crenenn ¢ (Takywo GyHKIUO f(2) HASBIBAIOT KBA3MMHOTOWIEHOM );

2) Mi,..., A\ — KOpHE xXapakTepucTudeckoro ypasaeHus M (\) = 0
KDATHOCTEH My, . ..,M; COOTBETCTBEHHO (M1 + ...+ m; = n).
Torma gacTHOe pemenne ypasrerus (1) ¢ mpapoit wacteo (5) mmercs
B BUJIE
27 — S o
Y(@) = 2° Ag(x)e’”,
rae:

a) s =0, ecmm A\ # A, (k = 1,1), T.e. napaMerp ¢ He COBIAJAET HA
C OmHWM M3 KOpHell xapakTepucTudeckoro ypasaenus M (A\) = 0;

6) s = myg, e 0 = A\, M — KPATHOCTh KOPHS Aj.

3mecy Ay(z) — mmoOrounen crenenu ¢ (Toit xe, uro u P,(z)), xon-
KDEeTHBIN BUJ KOTOPOTO HAXOMUTCS METOJOM HEOTPeeeHHBIX K03(hdhu-
muenToB. Vckomasi popma Mmuorounena A,(r) DO/DKHA COmEpXKATh BCE
crenern x ot 1 1o gq.

Bameyanue 1. Eciu npasas gacts (1) numeer Buz,

f(z) = Py(z) cos Bz + Qr(x) sin Bz, (6)

To o hopmysam Diinepa MoxkHO nepeiitn ot (6) k Bumy (5), comepKamemy
9KCIOHEHTHI ¢ KOMILIEKCHBIMHU TTOKA3aTeJIAMA.

2. Ilycrs:
1) xoadpdunmentsr a;, ¢ = 1,n, ypaprerns (1) BemecTBeHHBIE T

f(x) = e*®[Py(x) cos Bz + Q,(z) sin Bz], (5a)

roe o u 3 — BemecTBeHHbIe NOCTOsHHBIE; Py(z) u Qr(r) — MHOrOWIEHBI
CTemneHell ¢ U T COOTBETCTBEHHO (Takyto GyHKIUO f(Z) TakKe HA3BIBAIOT
KBa3NMHOTOIIEHOM );

2) A1,..., N — KOpHE xapakTepucTmdeckoro ypasuerus M(\) = 0
KDATHOCTEH My, . ..,M; COOTBETCTBEHHO (M1 + ...+ m; = n).

Torma gacTHOe pemenne ypasaerns (1) ¢ mpasoii sacTeio (5a) MOKHO
HCKaTh 6e3 Imepexoia K KOMILUIEKCHBIM (DYHKIUAM B BUIE

y(z) = z°e*® (Ap(x) cos Sz + Bp(x) sin fz), (7)
rae

a) s =0, ecmm o = a+if # A\, (k= 1,1), T e. KOMIIEKCHBIA TApaMeTD
0 = «a + i He coBOAJaeT HA C OJHAM U3 KOPHeH XapaKTepHCTHIECKOTO
ypasaernsa M (\) = 0;

6) s = mg, ecm 0 = o+ i3 = A\, My — KPATHOCTH KOPHS .

Bneco Ay(z) u Bp(x) — MHOro4wieHsl crenenn p = max{r, s}, KOHKpeT-
HBIi BUJI, KOTOPBIX HAXOAUTCA METOI0M HEOIPEIeNeHHBIX KO3 (DUIIEHTOB.
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Uckoman dopma muorounenos A,(z) m By(r) momxaa comepxarb BCe
crenenu x ot 1 7o p.

3ameuyanune 2. Vcnonb3ys NPUHIAI CYIEPIO3UINH, OBIBAET MOIE€3HO
JIJIsl PelleHnsl YPAaBHEHUH C BeIeCTBeHHbIMU KO duImeHTamu

Ly = Py(z)e** cos Bz, (8)
Ly = P,(x)e*” sin Bz 9)

PacCMOTPeTh ypaBHEHHE
Ly = P,(z)elet)e. (10)
BemecTrennas gacth pemennst ypasHerns (10) Gymer permmennem ypasHe-
Hus (8), a MEMMas 9acTh — pemeHneM ypasHeHus (9). |

3. OcraHoBuMCH elle HA OJHOM YAaCTHOM CJIyd9ae YUCTO DKCIIOHEHIIH-
anpHON mpasoil wacTn ypaprerus (1):

f(z) = Foe®®, Fp,0 = const. (11)

Yacrroe pemenne ypasaerus (1) ¢ mpasoit wactsio (11) mMoxker GBITH
Halimeno mo dpopmyiie
b Fox® ox
y($) = () e, (12)
M (o)
rue:

a) s =0, eciim 0 # A\, (k= 1,1), . e. napamerp o (BelmecTBEHHBIH UIn
KOMILIEKCHBI) HE COBIIAIAET HA C OJJHAM U3 KOPHEIl XapaKTEPUCTHIECKOTO
ypasaernsa M (\) = 0;

6) s = myg, ecm 0 = A\, My, — KPATHOCTH KOPHA \g, & M*(0) — s-21
NPOM3BOAHAS MO A XapaKTepuCTHIecKoro MHorowrtena M (M) npm A = o.
JokazarenbcTBO cM. B mpumepe 12.

4. Heogaopoauoe ypaBHenue Ditiepa

2"y +aya" YD Lt an gz +any = f(2),

rme a; = const, 1 = I,_n, TaKKe JIOMYCKAeT OTHICKAHWE JACTHOTO PEeIIeHUS
METOIOM HEOIPEAeIEHHBIX KO3(D(MUIMEHTOB NIPU CHENUAJIHFHOM BHJIE Mpa-
BOII 9aCTH.

Ecmu npaBas 9acTh ypaBHeHUS Diljiepa UMEET BU/T

fz) = a:)‘Pm(ln z),

TO MOCJIE 3aMEeHBI He3aBICUMOiT TlepeMeHHoit 1o opmyste = = €' dbynkuus
f(z) npuEEMaeT BHI KBa3MMHOTOWIEHA:

f(z) = 2*P,(Inz) = P, (t).

K ypaBHeHHIO ¢ Takoil mMpaBoil 9acTHIO MPUMEHUMBI PACCMOTPEHHBIE
panee crocobbl OTHICKAHUS YACTHOTO PEIIeHNsT METOIO0M HEOIIPE IeJIEHHBIX
K03 PunueHTos.
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2. Ilpumeps! penreHus 3329

1. l3BecTHBI XapaKTEPUCTUYECKHE YUCHA A\{ = Ao = 2w A3 = 0
HEOHOPOHOIO JIMHEHHOrO YPaBHEHNS C MOCTOSHHBIMA KoadduimenTaMu
u ero npasag dacth f(z) = (x + 3)e?®. Haiitn BuI wacTHOTrO permeHus
9TOrO ypaBHEHUSI.

A Tlpasas wacts f(x) mmeer Bma kBasmmHOrOwIeHa (5), KOTOpOMY
COOTBETCTBYET MapaMeTp ¢ = 2, COBHAJAIOMUi ¢ XapaKTepUCTHIeCKIM
wmciom kpataoctu 2. Crenens mHOrowIeHa B f(z) pasHa 1.

3HauNUT, YaCTHOE pelleHne HaJ0 UCKATh B BHUJIE

7 = 2%(Az + B)e®. O

2. OnpenenuThb, B KAKOM BHJE HAJA0 UCKATH METOJOM HEOIPEEsIeH-
HBIX KO3 (DUIMEHTOB YaCTHBIE PENIeHUs] HEOMHOPOIHBIX VPABHEHMIA:

a) y' +y=e";
6) y(4) =+ 2y/// + yll = ze®;
B) 3y’ + 6y’ + 13y = z%e 3% cos 2.

/A a) XapakTepuctmdeckoe ypapHerue A\ + 1 = 0 mmeeT KOpHI A2 =
= =+i. Iapamerp ¢ B dopmyne (5) mra mpapoit wacTm e® pasen 1,
OH HE COBIQJAET C XaPAKTEPUCTHYECKUMH YHCIAMHU, & HOITOMY YaCTHOE
pelienue Ha10 UCKaTh B Bume y = Ce”.

6) Xapakrepuctuaeckoe ypasaerme A\* + 2)\3 + A2 = 0 umeer kKopHE
A2 = 0,A3 = Ay = —1. ITapamerp o B dbopmysne (5) nig npaBoil yacTu
ze * paBeH —1 1 COBIAJAET C XapAKTEPUCTUIECKUM UHCIOM KPATHOCTH 2.
Crenenb m MHOroO4JIeHa B KBa3uMHOrodwieHe re® pasna 1.

BnaunT, gacTHOE penenue HaIo uckath B Buge § = x2(C + Cox)e™".

B) Xapakrepucrmaeckoe ypapaerne A\ + 6\ + 13 = 0 umeeT KopHH
)\%72 = —3 + 2. Ilapamerp 0 = a+ i B bopmyne (5a) musa mpasoit gacTn
x2e73% cos 2z paBen —3+24, OH COBIAJAET C XAPAKTEPHCTHIECKIM THCIOM
kparaoctn 1. CreneHs ¢ MHOrOdYIEHA B KBA3HMHOIOUIEHE T2e % COS X
paBHa 2.

ITosToMy 9acTHOE pemeHne HaI0 NCKATh B BHUJIE
7 = z[(Az* + Bz + C) cos 2z + (D2* + Ex + F)sin 2z]e” 3.

OrmernM, aTo z2e 3 cos 2z = Re x2e( 31297 [losromy BMecTO maH-
HOTO ypaBHEHHS MOXKHO PACCMOTDPETh ypaBHEHHe

yll + 6yl +13y = $2€(_3+2i)z,
HAWTU ero 4acTHoe penieHnue B BUIE

7 = z(Az® + B 4 C)el 3+ (13)
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a JJId TIOJIYYI€HUA PEIEHNd NCXOAHOTIO YPAaBHEHUA B3ATH ﬂeﬁCTBHTeJIbHyIO

gacts (13). O

3. Ucnonp3ys mpuHOUO CymEPIO3UNNN, ONPENEIUTH, B KAKOM BHJE
HAJI0 MCKATh METOJOM HEOIPEIEIEHHBIX KOI(DDUIMEHTOB YaCTHBIE PeTIie-
HUS HEOTHOPOIHBIX yPABHEHUH:

x

a)y’ —y—2y=e®+e 22
6) y" oy =1+ €%
B) ¥y — 2y 4 2y — 2y’ 4+ y = 2¢” sin” & + 2sin x cos 2z.

A a)Bcumny IPUHIUIA CYNePIOSHIME YaCTHOE PelleHye JAHHOTO yPaB-

HEHHWS UMeEeT BUI § = Yi + Y2, [1I€ Yy — PEllleHne ypaBHEHUsS C MIPABOMH

9aCTBIO €% Yo — PelleHre YPABHEHHUs C IPABOI JaCThio e 22,
XapaxTepucTudeckoe ypasHerne \2 — \ — 2 = 0 uMeeT KopHE \; = 2

n Ay = —1. [TapaMeTpsl ¢ KBa3HMHOTOWIEHOB e 1 e 2% paBHBI 1 1 —2.

W3 Hux A = 1 coBnamaeT ¢ XapaKTePUCTUIECKAM YUCIOM KPATHOCTH 1.
IlosTomy 4acTHOE pemieHme, oTBedaroImee €, ciaeayeT UCKATh B BUIE

y1 = C1ze®, a 9acTHOe peleHne, oTBedaommee e 2% — B puze ¥ = Caoe ™ 2%,
OKOanTeJIbHO JJId UCXOOHOT'O ypa,BHeHI/Iﬂ nMeemM

7= Cize® + Cre 22,

6) B cuity npuHIuIa CYIepHo3UIu JacTHOE PellleHne TaHHOTO ypaB-
HEHWs WMeeT BUJ §J = Y; + Y2, TJ€ Y3 — PEIleHne yPaBHEHWsS C IPaBOi
9acTbio, PaBHOM 1, a Yo — pellleHne ypaBHEHUs C MPABOI 4acThio e”.

Xapakrepucruueckoe ypasaerne > — A2 = 0 umeer KopHE \; = Ay =
= 0 u A3 = 1. ITapamerpsr ¢ kBazumHOrOUwIeHOB 1 m e® paBubr 0 m 1.
U3 vux o0 = 0 coBnazaer ¢ XapakKTE€PUCTUYECKUM YKUCIOM KPATHOCTH 2,
a ¢ =1 coBHmaJaeT ¢ XapaKTEePUCTUIECKUM UHUCJIOM KPATHOCTH 1.

IlosTomy wacTHOe pemenme, oTBedaromee 1, cjeayeT MCKATh B BHUIE
y1 = Cx?, a 9acTHOe peleHHe, oTBedaromee €%, — B BuUAE Yz = Coze”.

OKOHYATENBHO JJIs UCXOAHOTO YPABHEHUS UMEEM

7= Ciz% + Coze®.

B) IlpaBas 9acTh ypaBHEHHWs HOMyCKaeT NpPeo0pa3’OBaHWE K CyMMe
KBa3UMHOT'O4JIEHOB:

2¢®sin? z + 2sinz cos 2z = €* — e® cos 2z — sin z + sin 3z.

B cuny npuHmuna cynmepno3uiuu 9acTHOE pEIIeHWe TAaHHOTO ypaBHE-
HUA UMeeT BU Y = Y1+Y2+Y3+Y4, LI Y1, Y2, Y3, Y4 — DENICHNHA yPaBHEHUI
C IIpaBBIMH YaCTIMH, PABHBIMU KBa3uMHoOTo4aeHaM e”, —e® cos 2z, — sin z,
sin 3z cooTBETCTBEHHO.

XapakTepuctuaeckoe ypasaeane A2 —2\3+2\2 -2 +1 = (A — 1)3(\?+
+ 1) umeer xopHE A1 = A2 = 1, A34 = =£i. IlapaMeTpbl ¢ KBa3HMHOIO-
ayeHoB e”, —e” cos 2x, — sin x, sin 3z pasusbI 1, 1 4 24,4, 3¢ COOTBETCTBEHHO,
73 KOTOPBIX 1 COBOAIAeT C XapaKTEPUCTUIECKAM YUCIOM KPATHOCTH 2, a
1 — C XapaKTEPUCTUIECKUM UUCIOM KPATHOCTH 1.
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TlosTomy dacTHBIE pelreHUst CeAyeT NCKATh B BUJIE

y1 = C1x%e®, yo = (Cycos 2z + Cysin2z)e?,
ys = 2(Cycosz + Cssinz), ys = Cgcos3z + Crsin 3z.

OKOanTeJIBHO JJId NCXOAHOI'O YyPaBHEHUA MMEEM
7 = C1z%e® + (Cy cos 2z + Cy sin 2x)e®+
+ z(Cycosz+ Cssinz) + Cgcos 3z + Crsin3z. O

4. Pemurs ypasuenue y" — 3y’ + 2y = e3%.

A Xapakrepucrmaeckoe ypasaerne A\ —3\+2 = 0 umeer kopHE \; = 1
u Ay = 2. Obmiee pemreHne maHHOrO ypaBHeHusi mmeeT Buz y = Cie” +
+ Cpe®® + 7.

YacTHOE pemenne § HEOQHOPOJHOTO YPABHEHHs HANIEeM HECKOJIbKAMUA
crocobamu.

Cnoco6 1 (memod neonpedesennvr xosphuyuenmos). Ilpapas gacTh
nMeer BUJ KBazuMmHOrodieHna. [lapamerp o = 3, OH He COBIQIAET C Xa-
PaKTEPUCTUIECKUMHU YUCIaMU, TIO9TOMY YaCTHOE PeIleHre WINEM B BUIE
y = Ae®®. TlomcTapias MCKOMEIHl BHI, PelleHHs B HCXOJHOE ypaBHEHIHE,
HaxomuM A = % ny= %63”.

Cnoco6 2 (memod sapuayuu nocmosarhuz). 3Has QyHIAMEHTAIBHYIO
cucreMy perreHuil e® u €2 0IHOPOJHOrO YPABHEHH, HINEM § B BHIE J =
= C1(z)e® + Co(x)e*®. Ioa onpenenenns bynkmmit Cq(z) u Cy(z) mmeem
anrebpamyeckyto cucreMmy orHocurensHo Ci(x) n Ch(x)

Cle® 4+ Che*™ =0,
Cre” + 2C5e* = 37,

otkyma C] = —e?®, O} = e® u Cy(z) = —%ezw, Cy(x) = e*. IlongcraBnas

Ci(z) n C3(z) B BCKOMBIH B, PEIIeHNs, TOIyIaeM § = %631

Cnoco6 3 (memod Kowu). JacTHOE pemeHne HEOTHOPOIHOTO yPaBHE-
HUSI C TOCTOSTHHBIMU KO3 DuImieHTaMu MOXKeT ObITh HallIeHO To POpMy-
ne (4). Jas nocrpoerns dyrkunn Komm K (x — §) Hamo penmrh 3amady
Komm (2) s 0ZHOPOZHOTO yPaBHEHHS CO CIENUAIbHBIME YCIOBUSIMU
B HyJI€E:

2’ =32 +22=0,
z(0) =0,
20 =1,

U B NOIy9eHHOM pernennn z(t) momoxuts t = x — £.
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B pesynprare nmeem
z=Chrel + C’gezt,
2(0)=C1+ Cy =0,
2'(0) =C1+2Cy =1,

orkyna C; = —1, Cy = 1. Cnemoparensro, z(t) = e* — et
K(z—¢) = e2@78 _ gm=¢,
ITo dopmysne (4) momyaaem

x x

7 J(ez(zfs) e Jeﬁ e — e” J&ﬁ d¢

xTr
(HAmOMHUM, 9TO CHMBOJI J 03HAYAET IOJICTAHOBKY TOJIKO BEPXHETrO IIpe-
nmena £ = ).

Cnocob 4 (0asn sxcnonenyuasvhor npaswr wacmed). IlpaBasg 9acThb
€3 umeer uz (11), MOITOMY YaCTHOE DeEITeHHE § MOXKET ObITh HaiieHo
no dopmyne (12). XapakrepucTuieckuii MHOTOYIEH JAHHOIO yPABHEHUS
nmeer Bug M()\) = A2 — 3\ + 2, mapameTp o = 3 He coBmajaeT ¢ \; = 1
u Ay = 2, mosromy s = (. CieroBarenabHoO,

63:1: e391':

~ 3z
— = = . O
Y= M@ ~37-3.3+2 2°

N[

5. Pemuts ypasuenue y” + y = cos .

/A PemmM JaHHOE ypaBHEHHe TOJIBKO OJHHM CIOCOGOM 1O bopmy-
ne (12), samerms, ato cosz = Ree'. Haiing no dbopmyne (12) gacrroe
peinenne ypasaenns y' +y = €'* u BBIIEINB U3 HETO BEIIECTBEHHYIO YaCTh,
HOJIy9UM 9aCTHOE PelIeHre JAHHOTO yPaBHEHHS.

XapakTepuCTUIeCKUil MHOTOYIEH JAHHOTO YPABHEHWSI WMEET B
M(X) = A* + 1, napameTp 0 = i COBIAJAET C OJHUM H3 KOpHefi \j o = %
nepsoii xparuocTu, nodromy s = 1. CiemoBaresbHo, mjid ypaBHEHUS
y" +y = € mo dopmyne (12) umeem

~_ _ T _ _ . Y A ST
V=arme T u = ig(cosz +isinz) = §sinz — i3 cosz.

YacTHBIM peleHreM HCXOIHOTO ypaBHeHHs OyIeT § = % sin z. O
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B cnemyromux mpumepax mMbl He OyZ€M OCTAHABIMBATHCS HA METOIE
BapUalyK IOCTOSAHHBIX, 9YTO OTHIOAbL HE yMAaJ/sdeT ero BaXKHOCTH KakK 00-
IIETO CIIOCODA OTHICKAHUS IACTHOTO PEIIeHNs HEOIHOPOIHOTO YPABHEHUS.

Harmreit mresibio OyaeT wmocTpanus BaXKHOCTH METOA MOA00Pa, perie-
HUs B CJIy4ae CIENUAJIbHBIX MPABBIX YacTeill (KBA3MMHOIOYJIEHOB), & TaK-
Ke TMEHHOCTH MeToma Komm, mo3BOSONEero KpaTJdaillliuM I[yTeM CBECTH
3a/1a9y OTBICKAHUS §J K KBAJPATypPaM OT W3BECTHBIX (DyHKIHiT (KOTODHIE,
KOHEYHO, He BCErJa WHTErPUPYIOTC B JIEMEHTAPHBIX (DYHKIUAX ).

OTMeTnM, 9TO B TEOPETUYIECKOM CMBICIE MeTom Komm n meTon Bapu-
aIyy IIOCTOSHHBLIX COBEPIIEHHO SKBUBAJIEHTHBI.

6. Pemmurs zamaay Komm y” — 3y’ + 2y = €3¢, y(1) = yo, ¥’ (1) = v}.

A Cnoco6 1. Bosbmem obiiee perieHne HEOZHOPOIHOTO yPaBHEHUS,
HalileHHOe B mpuMepe 4, W Ompeme MM MPOU3BOJbHBIE MOCTOSHHBIE W3
HaYaJbHBIX YCIOBUH.
Ob1ee perieHre JAHHOIO ypaBHEHUs, HAlIEHHOE B mpuMepe 4, uMeer
BT
y = Cre” + Cae®” + %63’”. (14)

IMoncraiss obmee pemierve (14) B HadaJbHBIE YCIOBHUS, MOIYYaeM
JmHelHyI0 ajrebpandeckyro cucremy st onpenesnenus Cy u Co:

Cie+ Cye® + %63 = Yo,

(15)
2 3.3 _ 1
Cie+2Che” + 5€° = Yo,
OTKYyZIa
20 — yh + Le
Cl = g 2 )
—yo +yo — €
Co= 37—
e
u

y=(2y0 —vh + 2e)e” 1+ (—yo +yp — e}V + Lt (16)
Cnoco6 2. Haiinem pemenne 3anaun Komu B Buze
y = C1e® + Cre®® + 7,

I pelIeHre OTHOPOAHOTo ypasHeHns § = C1e” +Cre?” noqumnmM 3a,1aH-
HBIM HagasJbHBIM ycnoBusMm §(1) = yo, /(1) = yj, a 9acTHOe pemenne Y
HEOJHOPOJHOTO yPaBHEHUS HOTIMHAM HYJIEBHIM HAYAJIBLHBIM YCJIOBHSIM.

Paccmorpum cHadasta obmee pemenne z(t) = Cret + Cae?t ommopos-
HOT'O ypaBHEHHS C 3aJaHHLIMH yCJIOBHAMH B HyJI€:

2(0) = yo, 2'(0) = .

5 A.B. Bacuunwesa, I H. Mensenesn
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Hus Cy u Cy nonydaem cucremy
Ci+ Cy = yo,
C1+2Cy = y(l],

otkyna C1 = 2yo—yh, Co = —yo+yp 1 2(t) = (2yo —yh)e' + (—yo +yh)e?.
Pemenne §(z) 3amaum Komm ¢ Temm ke yciopusMum B TOUKe - = 1
aBagerca GyHknueil pasHocTH T — 1 U, cJleJOBaTEILHO, IMEET BH/

y_(l') = Z(SC — 1) = (2y0 — yé)ezfl + (7:[/0 + y6)62(z71).

YacTHOoE penieHne g HEOOJHOPOAHOI'O YPaBHEHUA, YIOBJIETBOPAIOIIECE
B Touke T = 1 HYJIEBBIM Ha4YaJIbHBIM YCJIOBUAM, UMEET BUI

i=| K@ —ge*d, (17)

rae K(xz —§) — dyskuns Komm, koTopast 1y1si ypaBHEHHH ¢ TOCTOTHHBIMA
K03 dunueHTaMu 3aBUCUT OT PA3HOCTU apPTYMEHTOB & — .
Oyuknsa Kommn

K(z—¢) = (@8 _gm=¢

IIJIsl PACCMATPUBAEMOTO ypaBHEHUs HalineHa B mpumepe 4 (cmocob 3).
ITo dopmyne (17) HaXOAMM 9aCTHOE DEIEHUE Y, yIOBIETBODSIOIIEE
060UM HyJTeBBIM HAYATLHBIM YCAOBHAM:

7= J(CQ(E_@ _ ez—g)esg d¢ = e*® J’ef e — e® J’e2§ d¢ =
1 1 !

OxkonuaresnbHo pentenune 3amaan Komm nomyvaem B Buge y = § + 4
y=(2y0 — vh)e” '+ (—yo + o)™V + Jem T2 — 2L e (18)

KOTOpO€e IPYIINPOBKOI ClaraeMblX MOXKeT ObITh mpuBeeHo K Buay (16).
IMonarno, uro wacrHoe pemenue (18) orimgaercs OT 9aCTHOrO pemre-
3z 3z
[

HHSl —5- U3 IpUMepa 4, TaK KaK Ui 67 He CTaBWJIACh 33Jada y/IOBJIE-

TBOPEHNA KaKHM-TO KOHKPETHBIM Ha49aJIbHBIM YCJIOBUAM. Pemmenne (18)
3z

OTJINYa€TCd OT 67 Ha HEKOTOPO€ 9aCTHOE€ penieHnue OJHOPOJAHOI'O YpaBHE-

HUS (%ez)ez + (—e)e?®.

Cnoco6 3. Jljia yIpoleHns BHIKJIQI0K CleJaeM B JAHHOM HEOTHOPOI-
HOM ypaBHEHWH 3aMeHy mepemeHHBIX ¢ = x — 1, 2(t) = y(t + 1), aTo6BI
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mostyunTh 3aga4y Komm ¢ yciaoBusimu B HyJIe

2" — 32 4 2z = 301,
2(0) = yo, 2'(0) = yo-

Jlajiee MOXKHO JefiCTBOBATh yKa3aHHBIMU BBIIIE CIOCOOAMMU.

Hanpuwmep, mo crrocoby 1 Hamo Haiitu 00imee perreHne JaHHOTO ypPaB-
HEHUA U IOACTAaBUTH €r0 B Ha49aJIbHBIE yCJIOBUAA.

Obuee pereHre OQHOPOAHOIO YPABHEHUsI UMEET BHJL

z = Clet + 0262t.

Yacrroe pemenne Z Haiinem no dopmyme (12)

o _3(t+1)
F= Gy = 3¢ (M) =N - 3x+2).

TloacraBiss HafimeHHOE 0O0IIIEe peIneHne JAHHOTO YPaBHEHUS
z = Chrel + Cre® + %63(t+1)

B Ha9aJbHBIE yCIOBHS, HAXOIIM
1.3
Ci + 02+§€ = Yo,

Ch+2C; + %63 = Yo»

OTKYJa
Cl = 2?/0 - y(’) + %63,

CQ = —Yo +y6 7635

z(t) = (2y0 —yo+ %g’*)et + (*yo + b — 63)6215 + %63(t+1)‘
Bozspamasck Kk UCX0IHOM TepeMeHHON x, MoaydaeM
y= (23/0 B y‘l) + %63>ez_1 + (—?Jo + 96 - 63)62(z_1) + l63””,

T. e. bopmymy (16).

Buppo, aro cucrema (19) nys onpenenenns koabdumnentos Cy u Co
nporme cucrembr (15), xorst m He HamHOTO. fICHO, 9TO BHITOZA OT “cABHTA
B HYJIb' HAYaJbHBIX yCJIOBUI CHJIbHEE CKaXKeTCs [jisi ypaBHeHuil Oosiee
BBICOKIX TOPSAIKOB 1 Gosee rpomo3akux cucrem (15) m (19).

Ilonesno Takrke “CABHHYTH B HyJIb' HAdYajIbHBIE YCJIOBHAS B CIIydae,
KOTJ]a 33/]a9a PeInaercs B o0meM BUJE B TOUKE T = X

yll _ 3yl + 2y — 63z,
/ / (20)
y(wo) =yo, ¥ (o) = Yo-
5*
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Cucrema (15) B 3TOM City9ae nmmMeeT BHL

Cre™ + Coe*™ + %63””“ = Yo,
(21)
Cre™ + 205%™ + %(23”0 = 5.

IIpoussona B (20) 3ameny ¢ = x — xo, 2(t) = y(t + z0), momygaem
sagady Komm ¢ ycnoBuamu B Hye:

2" — 32 + 2z = e3(tHe0)
2(0) = yo, #'(0) = o,

st Kotopoit cucrema gust C7p u Cz MMeeT MOYTH TOT »Ke BHJI, 4YTO
u cucrema (19):

Ci+ Cy+ 3™ =y,
(22)
C1+2Cy + %6310 = y6

B cucreme (22), xak m B cucreme (19), xosbdummenter C; n Co
“He OTATOIIEHB!” JOIOJIHUTEIBHBIME MHOXKATEIAMHE, KaK B cucreMe (21).
VcmokHEHNE Ke PaBOil 9acTh OT “CABUTa B HYJIb' HE3HAYUTEIBHO.

Pemmas (22), maxogum z(t):

2(t) = (2y —yy + %eB:co)et +(—yo+uh— €370)e2t 4 %63(15”0).
Bossparmasce K HCXOTHOMY MEPEMEHHOMY & = ¢ 4 &g, TIOydaeM permenie

samaam (20):

y = (2y0 - y6 + %e3mo)e$*$0 + (7y0 + y6 - 631‘0)62(E71‘0) + %631‘ O]

7. Pemmursb ypasHenue y”’ +y = % (z > 0).

A Xapakrepucrmaeckoe ypasserume A2 + 1 = (0 mmeer KOpHZ Al =
= +4. Obwee pemrenue 0QHOPOAHOIO ypaBHeHus umeer Bug y = C cos x +
+ Cysin .

HpaBaﬂ 9aCTh HE MMEET BUJa KBA3UMHOI'OYJIEHA, IIO3TOMY HaﬁﬂeM
9aCTHOE pemenue Y 1o merony Komm.

Pemrasa 3amaay Komum co crenmaabHBIMU yCIOBASIMEA B HYJIE

2 +2=0,
z(0) =0,
2'(0) =1,

HaxomuMm z(t) = sint m, momaras t = z — ¢, nomygaem dyrrmuo Komm

K(z — &) =sin(z — £).
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Yacrroe pemenne § Haxomum 1o dopmyae (3):

T

v= Jsin(:cfg)g =sinx J Cos£d§fcosac J %df:

3 3 3
:sinx[:[o C°§5d5++]; Cogfds] —Cosx[j: Si?dﬁj“fd&] _
:sinx[(— JIO 6025 d§>—(— :JOO co£s§ d{)} —cosw[I % dg—I Sigg dﬁ}:

=sinx-cix —cosx-six —cizg-sinx +sixy-cosz.

OcranoBumMcs moapobHEE HA CTPYKTyPe 1moLydennoit dhopmysibr. Ompe-
—+oo

o COs o
JEeJIEHHBbIU UHTETrpaJ — J 6 6 df, HE BBIYUC/IAIONINUCA B 3JIEMEHTAPHBIX

xr
bYHKIMSAX, HA3BIBAETCS HHTETPAJHBHBIM KOCHHYCOM W 0003HAYAETCS CiT.
xr

sin &

3

AmamornyHo, onpeIeeHHbIl MHTerpal J d€ Ha3BIBAETCS MHTErPAJIb-

0

HBIM CHHYCOM # 0003HA4aeTcd siz.

B omsimume ot mpenpiaymiero npuMepa MbI BBIPA3UIN Y WHTETPATIOM
B mpedesax OT Tg A0 & “W3 yBaxkeHus K “HebepymieMycs’ HHTErpaJLy
u OoJree CII0XKHOU MPUPOAE UHTErPAJIHHBIX MHOXKUTEJEN Ipu Sin & U COS T.

Kak ormedasoch Bble, MOICTAHOBKA IOCTOHHOTO MIPEJEa Ty B IEP-
BOOOPAa3HYIO (MyCTh M HEIEMEHTAPHYIO ) IPUBOIUT K IOABJIEHHUIO B COCTABE
7 HEKOTOPOT'O YaCTHOT'O PEIIEeHNs OJJHOPOJHOIO YPaBHEHUs, KOTOPOE 3aTeM
MO2KHO OTIPABUTH B 00Iee pelreHne OZHOPOIHOTO ypaBHeHusd. B Harmmem
[IpUMepe TaKOW 4YacThbi0 § ABIgeTCd — Cixg - sinx + sizg - cosx. Takum
00pa3oM, B KAIECTBE JYACTHOIO PEIIEHNs MOYXKHO OCTABUTH BHIPAKEHIE

y=sinz-cix —cosz-siz. O

8. Pemuts ypasuenue y"” — 2y’ 4+ 2y = e® cos z.

/A Xapakrepuctmieckoe ypasHeHHe A2 —2\+2 = ( nMeeT KOPHA A1 2 =
=14 ¢. Obmee pernenre JaHHOTO ypaBHEHUS

y=(Cicosz + Cysinz)e” + .
YacTHOE pelieHne § HEOTHOPOIHOTO ypaBHEHNs HailleM AByMs CIIOCO-
6aMu.

Cnoco6 1 (memod neonpedeaennmz xosphuyuenmos). IlpaBas dacTh
e” cosr mMmeeT BuJ KBasuMHOrowiena. I[lapamerp o = 1 + ¢ coBmazaer
¢ XapakTepucTudecKuM 9uciaoM KparHoctu 1. [Tosromy wacTHOe pemrenue
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nmem B Buge y§ = ze”(Acosz + Bsinz). IloxcraBnss mckombril B
pellieHnsl B UCXOJHOE ypaBHEHNE, HAXOIUM

2Be® cosx — 2Ae” sinxz = e” cos
orkyma A= 10, B = % uy=ge’sinz.

Cnoco6 2 (memod Koww). Ina nocrpoerns dyrkmun Komm K (z — &)
Ha/I0 pemmuTh 334249y KoImm co crenua bHBIME yCIOBUAME B HyJle

2" =22 +22=0,
z(0) =0,
2'(0)=1

U B IOJy4YeHHOM perreHun z(t) nomoxutsb t = xz — &.
B pesynpraTre nmeem

z = €' (Cycost + Cysint),
Z(U) = Cl == 0,
ZI(O) = Cl + 02 = ].,

orkyna C; = 0, Cy = 1, ciefosarensho, 2(t) = et sint u
K(x — &) = e* Ssin(z — €).

Beraucnss mo dopmyae (4) y, momyaaem
y= Jemfg sin(z — £)ef cos £ dE = e® Jsin(m —&)coséde =

= iez cosx + %ez sin .

Bumso, 9T0 XOTS MBI OTPAHUYUIUCH TPYU BBIYUCIEHUN ¥ TIOICTAHOBKOM
B 11€PBOOOPA3HYIO TOJIHLKO BEPXHErO Hpeiena & = T, MOy YUBIIeeCs perie-

HHUE COIEPKUT CIaraemMoe %ew COS T, KOTOPOe MOXKHO BKJIIOYUTH B 00IIee

pelIeHne OTHOPOAHOTO ypapHeHHda. OCTaBIdd B § TOJILKO BTOPOE Cjarae-
Moe, TIOJydaeM § = %ez sin z. O

9. Pemuts ypasuenue 3"’ — 4y” + 5y’ — 2y = ze®.

/A Xapakrepuctuaeckoe ypasaenue A3 —4\2+5\—2 = (A-1)3(A\-2) =
= 0 umeer kopau A;=Agy=1, A\3=2. OOuiee perieHne JAHHOIO ypPaBHEHUS
nMeeT BHJ,

y = C1e® + Coze® + C3e® + 7.
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YacTHOE perenne § HeOQHOPOJHOTO yPABHEHHUsST HAWIEM JBYyMS CIIOCO-
6amu.

Cnoco6 1 (memod neonpedeaennmz xosphuyuenmos). Ilpapas dacTh
xe® mMeeT BUI KBazuMHoOrouwiaeHa. Ilapamerp o = 1 coBmamaer ¢ Xapakx-
TE€PUCTUYICCKUM YHNCJIOM KPAaTHOCTU 2. CTeHeHb MHOI'O4YJ/IEHAQ B (i)yHKI_[I/II/I
re® papna 1. IlosToMy "9acTHOe pemernue numieM B Bume § = o2 (Az + B)e®.

HO,Z[CT&BHS{H MCKOMBIH BUJ PpenieHnd B NCXOJHOE YPDaBHEHUE, HAXOAUM

e’[-6Azx + (6A — 2B)] = ze”,

A=-LlB=_lug= T (z4+3)e
orkyra A= -5, B=—5ny=—-"F(z e’.

Cnoco6 2 (memod Kowu). Jua nocrpoenns dynkuun Komu K (z — &)
HaJ0 pemuTh 3aga4dy Komm co crnenuaibHbIMU yCIOBUSMU B HYyJIe

2" — 472" +52 —22=0,

z(0) =0,
2'(0) =0,
2'(0)=1

U B NOJy4YeHHOM pemrenuu z(t) nomoxursb t = x — &.
B pesynbrare mmeem

z = Cre' + Oate’ + Cze?,
2(0) =C4 + C3=0,
2'(0) = C1+ Co+2C3 =0,
2'(0) = C14+2C5+4C5 =1,
orkyna C; = —1,Cy = —1,C3 = 1, cienosaresbHo, 2(t) = —e! — tet +

+elty
Kz—§)=—"¢—(z—£)e* ¢+ 279,

Borancnss g no dbopmyste (4), nmeem
7= [l-et — (2 - em~ e eet de =

= —'%2(:1: +3)e” + [—xe® —e”].

Onarh B cocTaBe § B KBaJIPATHBIX CKOOKAX MBI BHIUM HEKOTOPOE
pellleHre ONHOPOJHOIO yPaBHEHHUs, KOTOPOe MOXKHO BKJIFOYHATH B 00IIee
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pelenue OHOPOJHOTO YPABHEHUs, a B i OCTABATH JIWINb MEPBOE CJIATae-

2
moe. [lomywaem § = — % (z + 3)e”. O

10. Pewmwnrs 3anaay Komu gjia ypaBHenus ditnepa

2y —zy' +2y =z, y(1)=y(1)=1.

/A Pemenne omaopoasoro ypasuenus x2y” —xy’ + 2y = 0 umem B Bue
Yy = 2" ¥ IPUXOAUM K XaPAKTEPUCTUIECKOMY YDPABHEHHIO

rir—1)—-r+2=0,
uMeroeMy KOpHHU 712 = 1 & 1.
Pemmenne onaopogHOro ypaBHeHHsI UMEET BUT
g =z(Cycoslnz 4+ Cysinlnz).

Yacrtaoe pemenue umeM B Buge § = z(Alnz + B). Iloacrasngasa sro
BBIDA’KEHME B JAHHOE yPABHEHWE W NPUPABHUBAA KOI(DDUIMEHTHI TpH T
u zlnz, maxomum, auro A = 1, B = (0. Takum obpasom, §y = zlnz, a
ob1ree perreHne OgHOPOIHOTO YPABHEHUS

y=9+y=z(Cicoslnz + Cysinlnz) + zlnz. (23)
Toxcraiusis obmiee pemenue (23) B HaYaJIbHBIE YCIOBHS
y()=Cr=1, y(1)=C+Cr=1,
mosyuaem Cp =1, Cy = 0.
Urak, pemenne 3agaun Ko nmeer Bup,

y==xcoslnx + xlnzx. O

11. Paccmorpum KomebaHUsi TpPy3a MacChl M HA TPYXKUHE C OTHUM
3aKperuTeHHbIM KOHIoM (cM. npumep 11 § 3) mox Bo3zmeiicTenem mepuomnu-
9eCKOIl BHEITHEH CHJIBI.

IlycTts onste kx — ynpyrasi cmia, bt — cmiia CONPOTHUBJIEHUS CPEIHI,
K TPy3y IPHJIOXKeHa IIephuogudecKas BHelHss cuna f(t) = Fysin(vt + @),
(¢ = const.

HaiiTn 3akoH nBukeHus rpysa mog geficrsueM cuibl f(t) mpu mpous-
BOJIBHBIX HAYAJIBHBIX YCIOBUAX.

A O6oznaumm wepes z(t) momoxkenne rpysa B MomeHT t. Ilo Bropomy
3akony HpioTona

mi = —kx — bi = Fysin(vt + @),

u s BeqmauHbl T (t) MOTyYaeTcsa CIeayroIee JIUHEHHOEe HEOTHOPOTHOE
YDPaBHEHHE:

&+ pi+qr = % sin(vt + o), (24)

rae p = %, q= %, p = const.
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Jpenxenne rpysa nox neficreuem cuner f(t) = Fy sin(vt + ¢) npm npo-
H3BOJIbHBIX HAYAJbHBIX YCIOBHAX OINMCHIBAETCH OOIUM DEIIeHHeM HeoJl-
HODPOJHOTO ypaBHeHus (24), UMeIUM BUIL y = § + J, [Je J — JacTHOe
pellleHne HeOJHOPOJHOTO yPABHEHH.

Bu, obimero perenus oJHOPOJHOTO YPaBHEHUS TPU PA3IUIHBIX 3HA-
YeHUSIX MapaMeTpoB p u ¢ obcyxkmanca B mpumepe 11 § 3. Haiinem gacraoe
pellleHne HeOJHOPOJHOTO ypaBHeHns (24).

Cnoco6 1 (memod Hvtomona nodbopa wacmmozo peweHus memodom
neonpedeaennvi Koappuyuenmos). KopHr XapaKTepuCTUIECKOrO ypaB-

HEHUsd CJIeJIyIoIue:
_ p VP44
A= YT

2 2

IIpaBasi gacTh
Fysin(vt + ) = (Fy cos p) sinvt + (Fysinp) cosvt, p = const,
nMeeT CHeI_[I/Ia,JIbH])IfI BU (53) npu GIEAYIOIMUX 3HAYCHUAX IIapaMeTPOB:
a=0, r=0, s=0, B=vr

Bup wacTrOrO pemenust ypasHeHust (24) ONpemessieTcst TeM, COBIAIAeT
JIZ mapaMeTp a+ i3 = iv ¢ KOpHEM XapaKTePHCTHICCKOrO YPABHEHUS HJIH
HET.

p? — 4q

1. Ilyctp Aip = ,g + — Z# iV, 9TO SKBHUBAJIEHTHO YCJIOBUIO

q — v? +ipr # 0 (Hepe3oHAHCHBII CIydaii).
YacTHOe pellleHue B 9TOM CIydae Halo uckarhk B Bume (7) npu o = 0,

B=v,m=0,s=0:
Z(t) = acos(vt + ¢) + bsin(vt + ). (25)
IMoncrasaas (25) B (24), monygaem

(—av?® + pbv + qa) cos(vt + @) + (—=bv* — pav + gb) sin(vt + @) =

= e sin(vt + ).

IIpupaprusas koadbummentsr npu cos(vt + ¢) u sin(vt + ¢) (B cary
nuHeliHON HezaBucHMocTH cos(vt + ¢) u sin(vt + ¢)), momydaeM cucTeMy
Jjis ompejiesiennsa KoaddunueHTos a u b:

(a=v*)a+prb=0,

—pra+ (¢ — b= %,
OTKy 2
o = —Fy -pv b= Fg(q—l/2)

m((q —v*)* + p*V?]’ m[(q —v*)* +p**]
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Takwum 06pa3oM, 9acTHOE PemeHne ypasHeHus (24) B HEPE3OHAHCHOM
Cllydae UMEeT BH

F(t) = Fol(qg — v?) sin(vt + @) — pr cos(vt + ¢)] _ K sin(vt + ¢ + )
m[(q — v*)* + p*1? my/(q — ?)? + 2>’

— pv
a = arctg —5— . (26)

U3 dopmyssr (26) cremyeT, 9T0 B HEPE3OHAHCHOM CIIydae CyIECTBY-
€T peXKWM YCTAHOBUBINWXCH KOJIEOaHWH HAa 9YACTOTe U BHEITHEH CHJIBI
Fysin(vt + ¢) (pexxuM BBIHYKIEHHBIX KOIeOaHMIA).

AwMiunTysa 3TUX BBIHYKJIEHHBIX KoJiebaHui

A(v) = Fo 27
V) = a7 27)

3aBUCAT OT 9acToThl V. I'padmk sasucmvoctm ammmmtygasr A(v) or
9aCTOTHI HA3BIBAIOT “DE30HAHCHON’ KPHUBOH, a YACTOTY Vyes, Ha KOTO-
poii AMILIUTY/Ja YCTAHOBUBIINXCS BBIHYKIEHHBIX KOjieDaHUil JocTHra-
€T MaKCMMyMa, Ha3bIBAIOT “pe30HAHCHOI”’ dwacroroit. OHa HaxomuTCs
U3 yCJIOBHS MHUHHMyMa 3HaMeHarens B (27), T.e. MuHuMyMa (GyHKIAM
g(v) = (¢ — v?)* + p*v2. Ycnosme ¢'(v) = ( BHIIOMHAECTCH TIPH Vpes =

MakcumaabHast aMIInTyna Kojaebauuit rpy3a m paBHA

— FO _ 2mFg
A(Vres) - p2 - b/ Ak — A
mp\/ - =

2

3ameuanue 3. OTMeTHM HAJOXKEHUE PA3IUIHBIX TEPMUHOIOIMIA.
Caydait HecoBmaieHus mapaMerpa « + i = iv, XapaKTepU3yIIero da-
CTOTY V BHEITHEH MEePUOANYECKON CUJIbI, C KODHEM XapaKTEPUCTUIECKOTO
yPaBHEHUS Mbl Ha3BaJ I HEPE30HAHCHBIM CJIy9IaeM, NMes B BUIY CYIIECTBO-
BaHUE YCTaHOBUBHIECTOCA PEXKHNMa KOJIe6aHPII>’I Ha 9aCTOTE BHENIHEN CHUJIBI.

Bwmecre ¢ TeMm, B paMKax 3TOro Ke CJIydas Mbl CO3HATEJIHLHO TOBOPUM
0 “pe3oHaHCHOI’ KPUBOW W “pE30HAHCHON’ YacTOTe, MCHOAL3ys hu3nde-
CKYI0 TEPMUHOJIOTHIO, CBA3AHHYIO C 3aBHCUMOCTBIO aMIUATY bl A (V) sTux
kosebanuit or ux wacrorsl. CjioBoM “pe3oHaHc”’ 31€Ch MOLYEPKUBAETCS
BO3MOZKHOCTH JOCTHU2KECHUA MaKCHAMaJIbHOI (HO BCE 2Ke OFpaHH‘-IeHHOI)’I!)
AMILUIATYbI BHIHYKIEHHBIX KOJIe0aHWl HA HEKOTOPOU 9acToTe.

Paccmorpennbre najiee pe30HAHCHBIE CIIyYan MMEIOT MECTO IIPHU COBIIA-
JIeHUU mapaMeTpa a1 = iV ¢ KOPHEM XapaKTEPUCTUIECKOTO YpaBHEHN I,
9TO NPUBOAUT K HEOTPAHUYECHHOMY POCTY aMIJINTYyJAbl 1 HEBO3MOXKHOCTU
CYIIIECTBOBAHUS PEXKMMA YCTAHOBUBIIUXCS KOJT€OAHMIA. (Il
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2. PaccMoTpuM Teneph ocTaBIInecs CIydan, KOTIa BHIIIOJHEHO YCIOBUE
(g—v?)+ipv = 0, paBrOCHIBHOE cucTeMe ¢ —v? = 0, pv = 0 (pe3oHAHCHBIE
cydan).

a)p=0,v#0, q=v? orkyaa A1,2 = v. Ilpn saTom mapamerp 3 = v
B IIPaBOil 9acTH COBIIAIaET C KOpHEM A = v KparHoctu m = 1. HacTtHoe
peIIenHne B 9TOM Ciiydae Hago uckarh B Buge (7) npu a =0, B =v, s =1,
T. €.

Z(t) = tlacos(vt + ) + bsin(vt + p)]. (28)
[oncrasmas (28) B ypasmenme i + vz = % sin(vt + ¢), nomxyqaro-

meecs u3 (24) mpu p = 0,q = v?, u npupasHuBasg K03bdOUIHEHTH TTPU
cos(vt + ) m sin(vt + @), HAXOMUM CECTEMY [JIsl ONPEIEIEHAS @ 1 b
2vb=0, —2va= %,

orkyma b=0,a = —221/.

YacTHOe pellleHre B 3TOM CIydae UMeeT BUT,

~ Fot

T(t) = —5 > cos(vt + ).

6) p#0,v =0,9g =0, orkyga \; = —p, Ay = 0. IIpu sToM mapamerp

[ = v = 0 B mpaBoii 9acTu coBnanaer ¢ KopaeMm Ay = 0 kparaoctu m = 1.

YacTHOe pemeHwe B 9TOM CiIydae Hano uckarb B Bume (7) mpm a = 0,
B=0,m=1,mre.

z(t) = at. (29)

TMoncrasnsis (29) B ypasHeHme & + pi = %sin ©, TIOTy9aloIIeecs
u3 (24) npu v = ¢ = 0, HaXOOUM ypaBHEHHe IJIsl OIpEJNENIeHus a: pa =
— Fo — fo
= Sin, OTKya a = 5 sing.

Taxum 06pa3oM, 9aCTHOE PEIIEHNE B ITOM CJ[y9ae UMEET BUJL

z(t) = % sinp, ¢ = const.

B)p=0,v=0,q =0, otkyna Ay = 0 — KOpeHb KPaTHOCTH M = 2.
YacTHOe perieHre B 5TOM CIydae HaJ0 UCKATH B BHJE

Z(t) = at?. (30)
IMoncrasassa (30) B ypaBHeHUWe & = % sin ¢, momygatomeecs u3 (24)
npu p = v = ¢ = 0, HAXOAUM yDABHEHHUE I ONpPENEJCHHus a: 2a =
Fy . .
= sing, oTkyna a = 5 sinp.

YacTHOE perieHne B 9TOM CIy9ae MMEET BUL

2
z(t) = I;(;i sinyp, ¢ = const.
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Cnoco6 2. YunTeBas, 9TO TpaBas 9acTh ypapHeHus: (24) mmeer
Buz (9), AIA OTHICKAHWS YACTHOTO DENIEHWs] MOXKHO BOCIIOIB30BATHCS
Buzom npasoit gactu (10) m dbopmymoit (5) gacTHOrO pernennsi.

Paccvorpum ypaBaenme

i+ py + qy = Doeiite), (31)

Torma dysknus T = Im g, rme ¥ — 9acTHOe pemenne ypasaerns (31),
OyJZieT 9aCTHBIM pemmenneM ypasHeHus (24).

VP 4
1. IIycte A1 2 = —5 :I: 761

5 = v, ciaenoBaTenbHO, B hopmyie (12)
s = 0 u JacTHOE pemeHHe ypasrenus (31) umeer Bz,

ﬂ(t) = L i(vt4@) M
mM (iv) © mllq— %) +ipr]’

a pemenueM (24) 6yner dyHKIUA

Foe't+e) (g — 12 —ipv)
ml(g —v*)* +p*v7]
npeobpasytommasics najiee K Bugy (26).

)

2. Tycte: a) M(iv) = q—v2+ipr =0,p=0,v # 0, ¢ = v2. B arom
cilydae XapaKTepHCTHIecKoe ypapHerme mveeT Bug M (N\) = A2 + v? = 0,
3HAYEHUE TAPAMETPA A = iV dABJIsAETCs ero KopaeM KpataocTu 1. [losromy
M(iv) =0, a M'(iv) = 2iv # 0. Torma B dopmyie (12) s = 1 u gacTHOE
pemenue ypaBrenus (31) umeer Buz,

~ Fotei(yt+¢) F()tei(”t+‘p)
Yy mM’(zy) - m-2iv

a pemennem (24) Gyner dbyHkIUSA

Z(t) =Imy = QFOZ cos(vt + ).

6) M(iv) =q—v2+ipv =0,p# 0,v = 0,q = 0. B 3rom ciryuae mapa-
MeTp v = () gaBjgeTcsa ondaTh KOPHEM KPATHOCTH 1 XapaKTePUCTUYIECKOTO
ypasrenus M()\) = A2 + pA = 0. Bnauur, M(0) = 0, a M'(0) = p # 0.
Torma B dopmyse (12) s = 1 m gacTHOe pemenne ypasaerus (31) mveer
BHL

~ F0t6i<p _ Fot@i(‘p
y - mMI(O) - mp

a pemenneM (24) 6yner dbyHKuusa

z(t) =Imy = 3 tsmcp, © = const .

B) M(iv) =q—-v+ipr =0,p=0,v =0, ¢ = 0. B arom ciyqae
mapameTp v = ( gBisgeTcd KOPHEM KPATHOCTH 2 XapaKTEPUCTHUIECKOTO
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ypasrenns M (\) = A2 = 0, smaunt, M (0) =0, M'(0) = 0, M"(0) = 2 #
# 0. Torma B dyskuuu (12) s = 2 u gacrHoe pernenue ypasHeHus (31)
nMeeT BULL

F0t2 ip F0t2 ip
e,

a pemenneM ypasHenus (24) Gyzer GyHKIAS

_ R’

Z(t) =Imy = 5~

siny, ¢ = const. U

12. Joxkasate dopmyny (12) mnas OTBICKAHWS YACTHOTO DEIIEHWs
ypaHenus Ly = f ¢ skcrnoHeHmmaabHON npaBoii yacteio f = Fpe?”.

A Ecmum 0 — KOpeHb KPATHOCTH S XapaKTEPUCTUYIECKOTO ypPaBHEHUS
M(\) = 0, To wacTHOe pemerne ypaBHeHus Ly = f Hamo UCKATh B BUZE
= az®e’®. OTMETHM CIIPABEIIUBOCTDH TOXKIECTBA

Y
L(ae") = aM(y)e”™ (a,y = const)

(B geM MOKHO y6emuThcs HenocpeacTsenHo quddepeHuupoBanneM HOyHK-
myn ae’”).

IIpoguddepernupyemM 3T0 TOXKIECTBO § pa3 MO MapaMeTpy <y, IpH-
MeHds K ero mpasoit gactu dopmyny Jleitbauna muddepernupoBanns
IPOM3BEIEHMS:

s T Se’® s_ T
d‘?ysL(ae7 )= aL(dd;s ) =aL(z°e") =

i yz) _ : kqr(s—k) k_kz
o (M) = S ormV)atet. (a2)

O6parum sanvanme Ha MuoxuTens M (5% (y) B kaxcaom craraemom

cymmbr. Tak Kak ¢ — KOpeHb KpaTHOCTH § ypasHeHmss M(\) = 0, To
MD(o) = 0mpu i = 0,1,...,s — 1, a M®)(g) # 0. [Tosromy, ecrm
nosnokuTh B (32) v = 0, TO OCTAHETCS OTAWYIHBIM OT HYJISI JIAMIH OIHO

cnaraemoe npu k = 0. ITomygaem

L(az®e®) = aM ¥ (o)e’”. (33)

ox

ToncraBnsis uckombiii Bug, pemenns y = ar®e’® B ypasueane Ly = f

u yuurbiBas (33), HaxoquMm
L(az®e’®) = aM® (0)e”® = Fpe®,

Fo

M@ (g)

OTKYyJa a = . CnenmoBaresnbho, cupasegyusa dhopmya (12). O
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3. 3amaum JyId CaMOCTOLTEILHOIO PEeIIeHUST

Haiitu, B KakoM Bujie HaJI0 UCKATh YaCTHOE PelleHre JUHEHHOTo Heol-
HOpomHOro auddepeHnnalbHOr0 ypaBHEHNs, €CJIU U3BECTHB KOPHH Ero
XapaKTEPUCTUIECKOrO YpaBHeHNUs U npasad 9acTh f(z) (KBasumoauHoM).

3.4.1.
3.4.2.
3.4.3.
3.4.4.
3.4.5.
3.4.6.
3.4.7.
3.4.8.
3.4.9.

3.4.10.

A =2, 2 =3; f(z) = ax® + bz + c.
)\1:—1,)\2:0,A3:2;f(m):am2—|—bx+c.
)\1—1 )\2—2 f(z )—acosx—i—bsinm.

A1,2 = %4, A3 = 2; f(z) = acosz + bsinz.

Ar=-1, =1, )\3 =2; f(z) = (az? + bz + c)e~ 2.

A2 =3 £2i, A3 = Ay = 0; f(z) = (cos 2z + isin 2z)e>

A2 =3+2i, A\3 =X =0; f(z) = az? + bz +c.

A1 = A2 =3—2i, \3 = \qy = 3+2i; f(x) = (cos 2z +isin 2x)e?

Haiitn 3sHaveHme mapameTpa o, COOTBETCTBYIOIMEe Npasoil dactu f(z)
ypasuenns Ly = f(z), rme f(z) — xBasmmHOrOWIEH.

3.4.12.
3.4.13.
3.4.14.
3.4.15.
3.4.16.
3.4.17.
3.4.18.
3.4.19.
3.4.20.

- f(z) = 1.
fz) =2 + 3.
f(z) =3z + 20+ 5.
fz) =e
f(z) = (222 + 2 + 1)e®
(z) = c¥i.
f(z) =cosz+ (x+1) sinm
f(z) = (cos 3z + isin 356)
f(x) = (cos 3z + sin 3z)e?®

f(z) = (cos 3z + xsin 31‘)

OnpenenuTh, B KAKOM BHJE HAJ0 HCKATH METOIOM HEOIPEIEEHHBIX
K03 PUIMIEHTOB YaCTHBHIE PEIIeHNs HEOTHOPOIHBIX YPAaBHEHNUIH.

3.4.21. y" + dy = 2.

3.4.22. 4" + 4y = 2.

3.4.23. y" + 3y’ = €”.

3.4.24. y" + 3y = e3%.

3.4.25. y' + 3y’ = 2xe=32,

3.4.26. y" + 25y = sin 5.

3.4.27. " + 4y’ + 8y = (cos 2z + sin 2x)e?
3.4.28. 3" — 4y’ + 8y = (sin 2z — cos 2x)e?
3.4.29. ¢/ — 9y’ = 4x + e 3% 4 2 cos 3z.
3.4.30. ¥ + 4y’ = 3 + €2 + e**sin 2z.

Vcnonp3ysa npuHIUN Cyneprno3unuu, OnpegenTb, B KAKOM BHUIE HAJIO
ACKATh METOJOM HEOIIPEIEIEHHBIX KOI(DMUIMEHTOB YACTHBIE PEIIEHUS
HEOJHOPOIHBIX YPaBHEHUII.

3.4.31.
3.4.32.
3.4.33.

yll + 4y/ =+ ef4z'
y'—y==x+sinz.
y" + 4y’ = €%* + sin 2z.
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3.4.34. ¢y + 4y’ = sinz - sin 2z.

3.4.35. y" — 4y’ = 2cos? 4x.

3.4.36. y" + 9y’ = 4z + e73% + x cos 3x.

3.4.37. ¢y — 4y’ = 3 + €2 + *® sin 22.

3.4.38. y" 4+ 5y" + 4y’ = x® + xe ™ + x%e~* 4 sin 2z.
3.4.39. y"" + 6y" + 10y’ = ze~ 3% cosx + z.

3.4.30. y™ — 5y"" + 6" = 2sin 2z + z2e3* + e~ 2% cos 3.

Permurh ypaBHEHHSI METOIOM HEOMIPEIEIEHHBIX KO3(MMUIIMEHTOB U Me-
TomoMm Kormmm.

3.4.41. y" — 2y’ — 3y = e**.

3.4.42. ¢y +y =4sinz.

3.4.43. y" + 3y’ = 3ze 32,

3.4.44. y" + 4y’ + 4y = 8e 22,

3.4.45. " + 2y +2y =1+ z.

3.4.46. y" + y = 4z cos .

3.4.47. y" — 2y’ + y = 6ze”.

3.4.48. y" + 2y’ = 4e”(sinz + cos z).
3.4.49. y) — 2y 4 29/ — 2 4y = €”.
3.4.50. y® — 2y + y = cosz.

Pemurs YpaBHEHUA METOAOM Bapualui IIOCTOAHHBIX W METOAOM Ko-

3451y +y= A
3452,y —y = 1
3.4.53. y" — 2y +y
3.4.54. ¢ +y=—L
3.4.55. y" — 2y +y = £
3.4.56. ¥ +y=—2
3.4.57. y" —y' = e** cose”.
3.4.58. y" +y" = ’“'T;l

v a1
3.4.59. y y——xﬁ .

2
+ 2z + 2
3.4.60. y" — 2y +y = %

PemuTh ypaBHEHHS C SKCIIOHEHIHAJILHON IPaBOil 9aCThIO, HOIL3yaCh
JIJIsl OTBICKAHUS 9aCTHOTO pemenus dopmyioit (12).

3.4.61. y" +2y +y=-2.

3.4.62. v +y" = 1.

3.4.63. ¢y’ — 4y’ + 4y = €®.

3.4.64. y" + 4y’ + 4y = 8e %2,

3.4.65. 3" + 4y’ + 3y = 932,

3.4.66. 3" + 4y’ — 2y = 8sin 2z (sin 2z = Im %),
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3.4.67. y' —y = e"sinz (e®sinz = Tme(19)7),
3.4.68. y"" + 2y’ + by = e~ * sin 2.

3.4.69. ¢y —y =sinz.

3.4.70. y® — 2y +y = cos .

PemuTs ypasHeHUS, HCIONB3Ysl TPUHIAI CYTEPIIO3UIAN JJIsi OTHICKA-
HUSI 9aCTHBIX PEIIEHUH HEOMHOPOSHOTO YPABHEHUS.

3.4.71. y' —y — 2y = 4z — 2€°.

3.4.72. y" — 2y +y=2+€e"sinz.

3.4.73. 2y" — 3y’ — 2y = 5e® - chx.

3.4.74. y(5) + 4y’” = e + 3sin 2z + 1.

3.4.75. ¢ + ¢ = 2? —e +e

3.4.76. y” +y = cos? 2z + sin %
3.4.77. y" — 2y’ + 2y = € sin” %
3.4.78. ¢y —2y" + ¢ = 2z + €*.

3.4.79. ¢y’ +y = 2sinx - sin 2z.
3.4.80. y©®) — y) = ze® — 1.

Pemurs 3anaan Komu.

3.4.81. y" — 5y’ + 4y = €%, y(0) = yo, ¥'(0) = v}
3.4.82. y" — 2y +y =sinz, y(1) = yo, y'(1) =y
l( 0

!
.
3.4.83. y" +4y' +3y = €”, y(wo) = yo, y'(w0) = yp-
3.4.84. y"" = 3y" + 3y’ —y =z, y(x0) = Yo, ¥'(x0) = yh, ¥" (x0) = v}
3.4.85. " —2y' +3y = 1, y(0) = 1o, ¥'(0) = vy
3.4.86. y" —y' =0, y(2) = y0, y'(2) =y, y"(2 -

0
3.4.87. y" + 4" =0, y(0) = yo, ¥'(0) = yh, ¥ (0) = v
3.4.88. y" + w?y = 0, y(xo) = yo, ¥'(z0) = yb-

3ameuanue 4 (k 3agayam 81-88). HemocpeacrBeHHol MPOBEPKO
MOZKHO y6eIUThLCS, 9TO B KazK/IOM OTBeTe I'PYyIIIa CJaraeMblIX, COAePIKaIluX
Yos Yo, Y4, TPEICTABISET COOON PeleHne OHOPOJHOTO yPABHEHNUS, YII0-
BJIETBOPSAIONIEE 3aJaHHBIM HadaJbHBIM ycropuaM. OQcTaJabHBIE ClaraeMble
06pa3yioT "acTHOEe pelleHne HeoJHOPOJHOTO ypaBHEeHMs, YIOBJIETBOPIO-
Iee HyJeBbIM Ha9aJbHBIM YCIOBHAM. O

Haiitu obiue pemeHI/m Heo,aHOpO;LHLIX ypaBHeHuUil Jiisiepa.
3.4.89. z2y" — xy’ + y = 823.

3.4.90. z3y" — 2zy = 61nz.

3.4.91. a:Qy" — 6y = 5z + 8z2.

3.4.92. z%y" — 2y =sinlnz.

3.4.93. z%y" + zy’ + 4y = 10z.

3.4.94. x 2 "+z2y' +y=2(6-Inz).

3.4.95. ny” zy — 3y = Glnw

3.4.96. 2%y" — 2zy’ + 2y = :1: - 2m +2.
3.4.97. 22y + 4y’ + 2y = 210’ = + 12z.
3.4.98. (:L' 2)%y" — 3(x — 2)y + 4y = =.
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OTBeTsnI

3.4.1. Az? + Bz + C. 3.4.2. z(Az® + Bzx + C). 3.4.3. ¢"(Az + B).
3.4.4. 2?(Ar + B)e®. 3.4.5. Acosz + Bsinz. 3.4.6. z(Acosz +
+ Bsinz). 3.4.7. z(Az? + Bx + C)e *. 3.4.8. z(Acos2z +
+ Bsin2z)e®*. 3.4.9. z%(Az? + Bz + C). 3.4.10. z*(Acos2z +
+ Bsin2z)e®®. 3.4.11. 0. 3.4.12. 0. 3.4.13. 0. 3.4.14. 1. 3.4.15. 1.
3.4.16. 2:. 3.4.17. ¢. 3.4.18. 2 + 3¢. 3.4.19. 2 + 3i. 3.4.20. 2 + 3:.
3.4.21. A. 3.4.22. Az. 3.4.23. Ae®. 3.4.24. Azxe 3", 3.4.25. z(Az +
+ B)e™3*. 3.4.26. z(Acosz + Bsinz). 3.4.27. (Acosz + Bsinz)e?®.
3.4.28. z(Acosz + Bsinx)e?®. 3.4.29. z(Azx + B) + Cze3* + (Dz +
+E)cos3z+(Fz+G) sin 3z. 8.4.30. Az+ Be?® +¢%2(C cos 2z + D sin 2z).
3.4.31. z(Az + B) + Bze **. 3.4.32. Az + B + Ccosz + Dsinz.
3.4.33. Ae?® + z(Bcos2z + Csin2z). 3.4.34. Acosz + Bsinz +
+ Ccos 3z + Dsin3x. 3.4.35. Az + Bcos8z + Dsin8z. 3.4.36. z(Ax +
+B)+Ce™3 + (Dz+ E) cos 3z + (Fr + G) sin 3z. 3.4.37. Az + Bze® +
+€%*(C cos 2z + Dsin 2z). 3.4.38. z(Az?> + Bz + C)+z(Dz + E)e ** +
+z(Fr?+Gx+I)e~*+K cos 2z+ L sin 2z. 3.4.39. ze 3%[(Az+B) cosz+
+(Cz+ D)sinz] + z(Exz+ F). 8.4.40. Acos 2z + Bsin 2z + ze3*(Cx? +
+ Dz + E) + e72*(F cos 3z + G'sin2x). 3.4.41. Cie™% + Cqe3® + %64””.

3.4.42. Cicosz + Cysinz — 2z cosz. 3.4.43. Cp + Che 3% — (%2 +

+ %)e‘“. 3.4.44. (C, + Caz)e™® + 4z%e72%. 3.4.45. (Cicosz +
+ Csysinz)e ™ + % 3.4.46. Cicosz + Cosinz + xzcosz + zsinz.
3.4.47. (C1+ Caoz + 23)e®. 3.4.48. C1 + Care 2% + %(6 sinz — 2cosz)e”.
3.4.49. (C1+Cszx)e*+C3cosx+Cysinz+ %262. 3.4.50. (C1+Cox)e”+
+(C3+ Cyz)e ™ + i cosz. 3.4.51. (C; —z)cosz+ (Cz2+In|sinz|)sinz.
3.4.52. Cie* + Cy + (¢ + 1)In(l + e ). 3.4.53. (Cy + Caz)e” +
+ze In|z|. 3.4.54. C) cosz + Cysinz — $952Z 3 4 55, (Cy + Coz)e® —

— elnvV1+a2 + ze® arctgx. 3.4.56. QCC'?Scf)sw + Cysinz + %.
3.4.57. C1e* +Cy —cose”. 3.4.58. C1 +Cox+Cse ™ +1—z+zlnlz|
3.4.59. Cie” + Coe ® — 4/7. 3.4.60. (C; + Coz)e” + 1. 3.4.61. (C1 +
+Cy)ze ®—2. 3.4.62. C’1+C'2x+Cge’w+m—22. 3.4.63. (C1+Caz)e™ +e”.
3.4.64. (C1 + Cr)e™?* + 4z%e72". 3.4.65. C1e™3" + Coe™® — %xe‘sz.

3.4.66. Cie—(V6+2)r | (0, o(V6-2)x _ 16cos2z +12sin2z g 4 a7 (0 4

25
+ Cae® — %(cosx + sinz)e®. 3.4.68. (Cicos2z + Cysin2z)e ® —
— %me"”cost. 3.4.69. Ci1e® + (Cgcosém + Cgsin§>e_§ +

+ %(cosx — sinz). 3.4.70. (C1 + Caz)e® + (Cy + Csz)e ™ + %cos x.
3.4.71. Cie™®+Che®® —2z+1+¢%. 3.4.72. (C, +Cyx)e® +2—e%sinz.
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3.4.73. C1e®® + Che 2 + 1(23:@% —5). 3.4.74. Oy + Coz + Caz® +
+C4cos2x+0551n23:+ + +M 3.4.75. C1+Cre ®+ze %+
+§e +?—x + 2. 3.4.76. Clcosx—i—C’gsmm—7cos4x—7s1nx—f—1.

3 4
3.4.77. (Cicosz + Cy smx)e + (— — Zsmx) e*. 3.4.78. Cy + (C2 +
+Csz)e” + 22 —|—4:c—|— .3.4.79. Cicosz+Caysinz+ 3 1 cosSm—i—% sin z.

3.4.80. Cl—i—ng—l—ng 4 Oua® + Cse? +24+( 4:c) €. 3.4.81. y =

§(4y0 — yh)et — 3(yo —yp)e*® + §<e + %e“) - %e%. 3.4.82. y =
= yoem*1+(—yo+y6)(x—1)6””71—% sin 1ez’1—%(cos l1—sinl)(z—1)e® 1+
+ % sinz. 3.4.83. y = %(Syo +yh)e~(@m2o) %(yo + yh)e3(@—z0) iewo :
ef(m’ZO)—I—%ezoe’?’(z*z(’)—{—gew. 3.4.84. y = ygew+(fy0—l—y6)xez—l—%(yof
—2yh +yb )x?e® + 3e* — 2we® + %er’” —x—3.3.4.85. y = ype® coszv/2 —

- %(yo —yp)e¥ sinzV/2 — %ez coszV2+ %ez sinzv2+ % 3.4.86. y =

= (o —y)+ 3 (o +v8)e™ = S (vh—v)em " 414 Jert — Fen ()
2
- 5. 8.4.87. y = (yo —yo) + (yo + yo)m +yje ™ + 2 — 3z — 2ze* +

+ ze®. 3.4.88. y = ypcosw(x — xg) + @ sinw(xz — xo) + ﬁ sin 2wxg X

2
3w 2
= 2(Cy + Cylnz|) + 223, 3.4.90. y = Cra® + L(Cy — lnm —In’z).
3.4.91. y = C123+ Cox™? + 23 In |z| — 222. 3.4.92. y = C’lxz +Coz~t +
+11—0 coslnz— % sinlnz. 3.4.93. y = Cy cos(2In|z|)+C2 sin(2In |z])+ 2.
3.4.94. y = Cicoslnz + Cysinlnz + (7 — Inz). 3.4.95. y = Crz* +
+Crz™ ' + %(lnx—}—ﬂn2 z). 3.4.96. y = Ciz+ Coz® + (2? +2z) In |z| + 1.
3.4.97. y = Ciz '+ Coz 2 +In’z —3Inz + 22 + 7. 3.4.98. y = (z —
—2)2[C1 + CoIn(z — 2)] + = — 3.

x cosw(x — o) + cos 2wz - sinw(x — zg) — 3— sin 2wz. 3.4.89. y =

§ 5. NurerpupoBanue auddepeHInaIbHbIX
YPaBHEHUI C TOMOIIbIO PsIIOB

1. OcHOBHBIE HOHATHS U TeopeMbl

BonbmuHaCTBO HEMMHEHHBIX, & TaKXKe JUHEHHBIX ypaBHEHWI C Iepe-
MeHHbIME K03 (DUIImeHTaMy He HHTETPUPYIOTCA B KBaapaTypax. K Takum
yPaBHEHHUAM IIPUHA/JIeKaT U MHOTHE YPaBHEHNA BTOPOI'O MOPAIKa C IIepe-
MeHHbIME K03 dHUIHEeHTaMU, BO3HUKAKOIINE B 3aa9aX MaTeMaTHIeCKON
dusuku.
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PacnpocTrpaneHHBIM METOHOM pEIIeHUsI TAKUX YPABHEHUU SIBJISETCS
OTBICKAHWE pellleHnd B BUIE PAaa.

1°. Heaumnetinoe ypasHenue n-20 nopadkae. Ilyctb 3amaHa 3a-
nada Komm gyisi ypaBHeHUs N-10 NOPSAKa, PA3PEIIEHHOIO OTHOCUTEIBHO
IIPOU3BOTHOU

y™ = fz,y,y, ..., g™, (1)

y(20) = o, ¥ (@0) = Ybs -+, ¥V (@o) = 3" V. (2)

Teopema 12. ITycmwv dynxyua f(z,y,y,...,y™"Y) pasaococuma
6 pad Tetiropa no ceoum apeymenmam 6 OKDPECMIHOCTIU MOUKU

-1
MO(anymy(l)a"'ay(()n ) .

Tozda pewenue 3adavwu Kowu (1), (2) umeem 6 oxpecmuocmu mowry
T = To NPouseodnvie 4106020 NOPAOKE U, CACIOBAMEALHO, DA3AOHCUMO
6 pad Tetiropa

(n—1) e
y(z) = yo+yo(z —wo) +...+ %(x —20)" 7 + ) ak(w —x0)¥, (3)
k=n
sde an — Y(x0) / (n-1) .
k=" Y0, Yor---> Yo UZBECTNHBL U3 HAMAALHULT YCAOSU,

npouseodnaa y™ (zg) naxodumcs nodcmanosroti x = xq 6 ypasnenue (1),
a nocaedyrousue KoIPPHUUUEHNbL Gy 1, Gnt2, - - - HATOOAMCA BBINUCAEHUEM

nocaedosamenvrvir npouzsodnmr yF) (zo) 6 cury ypasnenus (1).

Hanpuwmep,
Api1 = y" Y (o)
n+1 (n ¥ 1)| )
rae
(1) _ df(@y(@),y (2),...,y" " (2))
Yy (z0) = dzx
Tr=xq
af .
B mosmayT0o mpounsBoaayo G BOWIYT IIPH 2 = Ty y7Ke U3BECTHBIC 3HAYCHIS

v (o), - -, y™ (z0). Boobme

k—n ! (n—1)
y(k)(xo):d f(w7y7:li7_n7y )
dz

, k=n+1,...

Tr=xQ

3ameuanue 1. Eciu nano imHeliHOEe ypaBHEeHME

y™ 4+ p1(2)y™ 7 + .+ pa(2)y = f(2) (4)
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n ero ko3ddunuentsr p;(z) n npasas wactb f(r) PasnIOKNUMBI B DPAIBI
Teiutopa, cxongmuecss Ha BCell ocu, To paxn (3) mua ypasrerms (1) cxo-
IUTCA TaK>Ke Ha BCel OCH.

2°. Jlunelinoe ypasHenue 8mopozo nopadkra 6e3 ocobvir mo-
yex. Paccmorpnm moppobGHee BaXKHBIN 9acTHBIH caydail ypasrerns (1),
pPacCIpOCTpaHEHHBI B MaTeMAaTHIECKON (pu3uke, — JIMHEHHOE ypaBHEHME
BTOPOTO HOPSIKA

y" +p(x)y' + q(z) = 0. (5)
HamoMHNM, 9T0 HEOJHOPOIHOE ypaBHEHHE, cooTBeTCTBYyIoMmEe (5), HH-
TerpupyeTcsd B KBaJpaTypax, eClid U3BeCTHA (PyHIAMEHTAIbHAS CACTEMA

pemnenuii ypapaenus (5).
TTosoxkum Takske aJis mpocToThl Tg = 0.

Teopema 13. ITyemo gynruyuu p(z) u q(x) pasaoscumov. 6 pad Ted-
aopa 6 oxpecmnocmu |x| < R. Tozda scaxoe pewenue ypasnernus (5)

pazaoorcumo 6 pad Tetinopa, crodawutca npu |z| < R.

Bynem nckarth pemenne ypasreHus (5) B Buge

y(@) = 3 e, (6)
k=0

e ap — K03(MPUIUEHTHI, IOAJIEKAIIIE OIIPEIeICHNUIO.
Toncrasuss papy (6) u pager qoa p(x) u g(x) B ypasuerue (5), umeeM

i k(k — 1)aka:k72 + ipkxk i karz* '+ i qez® f: arz® = 0.
k=2 k=0 k=1 k=0 k=1

IIpupaBauBas K03 OUIUEHTH TPU OAUHAKOBBIX CTEMEHSX T, TOJIyYaeM
PEKYPPEHTHYIO CHCTEeMY aJrebpandecKux ypPaBHEHHIl IS ONpeIesIeHus
K03 PUIIEeHToB ay:

2-1-a2+poai + goap =0,
3-2- a3+ 2poaz + (p1 + qo)a1 + qrap = 0,

(k4+2)(k+ Dags2 + > [(7 + 1)pr—i@it1 + gr—ia;] = 0.
i=1

KosddunuenTsr ag m a; 0CTarOTCS MPOU3BOJIBHBIMU U UTI'PAIOT POJIb Ha-
JaJbHBIX ycaoBuil B 3aade Komu. Jlanee Kaxkaoe ypaBHEHHE OIIPEIesIsieT
odepenHoil koabdunueHT, HaunHasg ¢ az (IepBoe — a2, BTOpOE — dag
U T
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s mocTpOeHNsT HOPMAJIbHOM (DYyHIAMEHTAJIHLHON CHCTEMBI PermeHuit
ypasaerns (5) HyxkHO miug GyHKIUN Y, () B3ATh HAYAILHbBIE yCIOBUS

yl(o) =ap = ]-a yll((]) =a = 07
a st dynknun Yo () BEIOPATH
¥2(0) =ao =1, 75(0)=a1=1.

Takue dynkuun y;(z) u yo(z) OGyayT JUHEHHO HE3ABUCUMBIMU HA JIEOOOM
orpe3ske, conepxameM z = 0. Obiee permenne ypasHenus (5) 6yaer nMeTs
sum: Ayi(z) + Bys(x), tme A m B —Opou3BOIbHBIE TIOCTOSTHHBIE.

3°. JIunetlinvie ypasrHeHUus 8MOPo020 NOPAIKaA ¢ 0COObIMU MOY-
xamu. PaccMOTpuM CHOBa ypaBHEHHE

y" +p(x)y +q(x) = 0. (7)

ITycre Teneps koaddunmenter p(z) u g(z) mmeror nmpn z = 0 ocobyro
TOYKY.

B okpecrrHOCTH 0C000#1 TOUKHT MOYKET HE CYIIECTBOBATH PEITEHNUS, TIPE]I-
craBuMoro psiaom Teitmopa.

OrpasmamMcs cTydaeM TaK Ha3bIBAeMOH PeryJIapHOil 0coboit TouKn
x = 0, T. e. xorga ko3bdunmenTs! p() w ¢(T) EIMEOT CIEAYIOMYIO0 CTPYK-
TYpY:

pla) = 2@ ) = 1l@), (8)

rae pi(x) = 307, ara®, qi(x) = 307, brz™.

Wuate roBopsi, peryiaspHas ocobasi ToUKa sBisgeTcs 115 byHKuun p(z)
HOJIFOCOM He BBIIIE TIEPBOTO MOPSIKA, a J1ia GyHKIuA ¢(T) — MOI0COM He
BBIIIIE BTOPOT'O MOPSIIKA.

cuo, aro Touka x = 0 H6yzer 0coboit, ecan xoTsd 661 0aMH U3 KOIDDU-
IUEHTOB ag, by u by orTymaen ot Hyna. B mporuBHoM ciaydae © = 0 Oyzmer
YCTPaHUMOI 0CO00I TOUKOI, n OyIeT MMETh MECTO TPEIBIIYIIWA CIIydail.

3ameuanne 2. [loncrasngaa kosddunments (8) B ypasuenue (7)

U yMHOXad Ha T2, TOTydaeM JAPYTYyI0 YIOoTpeGHTembHyIo (hopMy ypas-

uernns (7)

2,11 / _
%y + zp1(z)y + 1 (x)y = 0. (9)
B rtakoit 3anucu ocobasi Touka ¥ = 0 mposiBasieT cebs Tem, 9TO B Hel
MEHSIeTCs OPAIOK YPABHEHUS. |

Teopema 14. IIycmw:

1) x = 0 — ocobas mouka ypasuernus (9) ¢ xoappuyuenmamu (8) (ao,
bo u by He pashvL HYAt0 00HOBPEMEHHO), PAOVL Oas Pynkyud p1(z) u g1 (x)
cxodames 8 obaacmu x| < R,
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2) A1 u Ay (ReA; = Re)y) — xopru ypasnenus

A+ (ag — 1)+ by = 0, (10)
2de ag = p1(0), bo = q1(0) (cm. (8)).
Tozda:
1) ecau Ay — Aa — He ueaoe wucao, mo ypashenue (9) umeem dsa

AUHETHO HE3ABUCUMDBLT PEWEHUA 8UIQ
oo oo _ _
A ~ k A A~ .k 5 A
Yy1==c 120km U Y2 == 2zck$ (Co,Co #0), (11)
k=0 k=0

2) ecau Ay — Ay — ueqoe wucao, mo ypasuerue (9) ¢ xoappuyuenma-
mu (8) umeem odno pewenue yxazannozo uda (11).

VYpasuenune (10) HA3BIBAIOT onpedeasrousum ypABHEHUEM.
Psanpr, Bxogammue B y; U Y2, cxonarcs B obaactn |z| < R, a pax

oY Crat,  Co#0, (12)
k=0

HA3BIBAIOT 0000ULEHHbIM CTNENEHHBIM DAJOM.

Hoxncrasnsas paz (12) B ypasaenue (9) u npupaBauBas K03(pGuuueHToI
[IpY OAMHAKOBBIX CTEIEHSX T, HOJIYy9IaeM PEKYPPEHTHYIO aaredpandecKyio
CHCTEMY YPaBHEHUH MJid ONpEIeeHUsT TTOKAa3aTeasd A U KO3 DUImeHToB
Co, C1, Cy, ...

IlepBBIM B 3TOI cucTeme OymeT ypaBHEHHE

[)\2 + (ao — 1))\ + bo]Co =0. (13)
U3 tpeboBanus Cy # 0 B (13) moaydaem onpefesnsioniee ypaBHeHNe
A4 (ag — DA+ by = 0. (14)

Kosddbumuenr Cjy mubo ocraeTcs MpOU3BOJBHBIM IPU IIOCTPOSHUH
ob1ero perrrenus, Jau00 OMPENEISIeTCs M3 HAYAJbHBIX YCIOBUU 33397
Kormm.

Ecmu Ay — A2 He paBHO menoMy 4uciry, TO B KadecTBe A gajiee bepem
nr060# 3 KopHeit A\ mom Ay ypasrerus (14).

VYpaBHeHUs IjIs OnpeaeaeHns Ko3P@UIMEHTOB UMEOT BH

Tk-Ckng(oo,cl,...,ck_l), k‘=1,2,...,

rae
o= k(k+)\1 7A2), ecan )\:>\1,
FT O k(k = A4 Ag), ecmm A= Ag,

gr — u3BecTHble pysrnuu Kodpdunmentos Cy, Cy, ..., Ci_1.
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Buano, aTo eciim A1 — A2 He PABHO [EJIOMY 9HCILY, TO B 00OUX CIIydasx
BBITIONTHAETCA yeioBue Ty, £ 0. CriemoBaTebHO, ecu A; — Ay — He Teioe
9HCII0, TO CHCTeMa ypaBHeHui fyia Cj, IO3BOJIgeT IOCTPOUTD IBa, TUHEHHO
He3aBUCUMBIX pemternd Buma (11).

Ecmm A\; — A2 — memoe 4mciio, TO yKa3aHHBIM CIIOCOOOM MOXKHO IIO-
CTPOUTH TOJBKO ONHO YacTHOe perrenne yi (x) suga (11). deitcrBurensHo,
nyctb A1 — A2 =n, n > 0. Torga npu A = A; Bemmonseso 7, = k(k+n) > 0
Vk > 1 u Bce Cy, oupenensiorcs. Ilpu A = A9 Beinonseno 1, = k(k—n) =0
nia k = n, cregosarenbHo, Cp, Cp41 U T. 1. He ONIPEIEIIAIOTCS, U PEIIeHIe
Buza (11) mns A = Ay He CymecTByer.

Bropoe nmreiino-HEe3aBICHMOE C Y1 (T) pemenne MoxKHO HafiTn mo dbop-
myse JInysuuis—OcCTporpaackoro

e~ [ p(z)dz

2@ dx. (16)

va(a) =y (a) |

Permmenne y2(x) MoxKeT nuMeTh B Touke & = () CTemeHHY0 W Jorapud-
MUYIECKYI0 OCODEHHOCTb.

4°. ITocmpoerue nepuoduueckuxr peweruti. 3BecTHO, 9TO BaXK-
HEWINM WHCTPYMEHTOM HCCIEJOBAHUS MMEPUOAUIECKAX (DYHKIWH SBJIS-
erca tpuronomerpudeckuii psg Pypwe. [losromy, roBops o perreHmsIX
JuHEHHBIX auddepeHInaJIbHbIX YPABHEHNH, BHIPAYKAIOIINXCS PIJaMH,
HEOOXOAMMO PACCMOTPETDH CIIydail MOCTPOEHUs MEPUOANIECKUX PEIIeHI
B Buze paga Pypsbe.

Hawnbosee xapakTepHBIM IPUMEPOM TAKOM 331a9H SBJISAETCA MIOCTPOE-
HUE IIEPUOIUIECKOr'O PemeHnd JIMHEITHOTO HEOAHOPOAHOT'O YPaBHEHUA BTO-
pOT0 TOPSIZIKa C TIOCTOTHHBIMU KO3 dUImeHTaMn.

IIycts B ypaBHEHUU

y' +p1y +p2y = f(2) (17)
p1,p2 = const, a f(z) — 2m-nepmommaeckas QyHKIWSA, MOIyCKAIOMAs
pasiozKeHne B PAaBHOMEPHO cxopsmuiics paj Pypbe

o
f(z) = % —i—Zak cos kx + by sin kz. (18)
k=1

Iepuonmveckoe perierue ypapHeHus (17) wimem Tak:ke B BHIE DAa
®ypbe
o0
y(z) = % + Z Ay, coskz + By sin k. (19)

k=1

IMoncrasnsg panet (18) u (19) B yparenne (17) u npupasauBas K03bdu-
[MEeHTHI IpU COS kX u sin kx, morydaeM 6ECKOHEIHYIO IOCIEI0BATETHHOCTD



152 JIunetinve dupdepenyuarsvrovie YpasHeHUusm [T 3

paBeHCTB 1y onpenenennsa Ag, Ay, Bi:

A0p2 = AO (20)
Ak[(p2 - k2)2 —I—p%kQ] = (p2 - k2)ak - plkbka k= ]-7 25 s (21)
By[(p2 — E*)? 4+ pik?] = (p2 — k*)by, + prkar, k=1,2,... (22)
Paccmorpum ypasrenna (20), (21), (22).

27
Ecmm ps # 0, To Ay = Z—g, e ag = % J f(z)dz. Ecom py = 0,

0
TO JUIA CyIeCTBOBaHWSA pemeHns ypabHeHus (20) HE0OGXOmMMO, 9TOGHI
BBITIOJHAJIOCH ycaoBue ap = 0 (mpaBas 9acTh He CONEPIKHUT HYJIEBON
rapMonuKH). Torma Ay — MpPOW3BOBbHASA IOCTOSTHHAS, BXOAAMAT B 00mIee
pemenne ypasuenus Y’ + p1y’ = f(z). Ecm xe po = 0, a a9 # 0, To

[EPUOIUIECKOTO PEIICHUS He CyNIeCTBYET.

Tepexomum x ypasrermsim (21), (22). Ecim p; # 0 (9to o3Hawaer
HaJIM4ne TPEHUs B CHCTEeMe, ONMICHIBaeMoil ypaBHeHneM (17)), To ypaBHe-
Hus (21) u (22) paspemnmMsr u

A — (p2 — IcQ)a;c — p1kby
(p2 — k*)* + prk® 7

B, — (p2 — k*)bx, + prkax
k (p2 — K*)* +pik® ~

Ecim p; = 0 (Tperus Her), To ypasHeHus (21)—(22) npuaAMAaiOT Brj

(23)

Ap(p2 — k*) = ax
’ 24
Bi(p2 — k*) = by (24)

VYpasuenus (24) paspemumsl oTHOCUTENBHO Ay, u By, B AByX ciydasx:
1) ecm py # k2 Vk. Toraa

Ay = ak — 1

R f(z) cos kz dz,

J
f (29
|

3=

br 1 1
B — - 1
N -k p—k T

f(z)sinkzdz, k=1,2,...
W CyIIeCTBYET NEPHUOANYIECKOe pemneHwe ypasHenmsi (17), onpenemnsiemoe
dopmyaoii (19);
2) ecnm T HEKOTOPOTO kg BBINOIHEHO Py = ki W IPH 9TOM 3HAYEHUH
ko ogaoumennbie ko3 dunuentor Pypbe ay, u by, PABHbBI HYJIO:
27 27
J f(z)coskordz =0 n by, = % J f(z)sinkoz dz = 0,
0 0

=

A, =
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MHAYe TOBOPs, B cocTaBe f(Z) OTCYTCTBYIOT PE30HMDYOIINE TapMOHUKH,
TO B 9TOM CJIydae ypapHeHus (24) IPUHAMAIOT BHI

AkO-UZU u BkO-OZO,

OTKyza ciaenyer, 9ro Ay, u By, 0CTal0TCS NIPOU3BOIBHBIMUA IOCTOSHHBIMH.
Jeticteurensro, npu p; = 0, po = k3 cymma Ay, coskoz + By, sin kox
opu 006X Ay, u By, BXOOZAT B COCTaB OOLIErO PEIIEHHS OTHOPOILHOTO
yDaBHEHHUS.

Ocranpubie kodbdunuentor Ay, By npu k # kg onpenensrorcs
no dopmymnam (24). ITepuoaudeckoe perrerne ypapHeHus (17) cymecTsyer.

Ecm ke p; = 0, po = k2, 5o xora 661 omun u3 kodbdUIIEHTOB
Qky, bk, OTIMIEH OT Hyssd, IEPHOAUYECKOrO permeHus ypasHeHus (17)
He cymecTByerT. [leficTBuTenbHO, mias ko-TAapMOHWKH WMEEM ypPaBHEHHUE
(pesonaHcHSBIH crydaii)

y" + k3y = ag, cos kox + by, sin koz,
B 0bIIee pelIeHne KOTOPOro BXOAUT HEIEePHOANIECKas (yHKIIS

2(Apg, cos kox + By, sin kox).

3ameuanne 3. Eciu dynkuua f(z) pasmokuma B pABHOMEDPHO CXO-
namuiics pan Pyprwe, To pag (19) s byskuun y(x) ¢ koabdunnentamu
Ay n By, onpenensiempivu dbopmymamvu (23) mwm (24), momyckaer mpy-
KpaTHOE MowIeHHOe qudhepeHnuPOBAHTE, OCTABASCH PABHOMEPHO CXO/Is-
MIAMCSI.

Heiticrurenbro, Ay = O(Z—’;), By = O(Z—’;) (cm. (24)) m  mocme
nmeykpatHOoro auddepennnposanns ko3ddurmenTsr paga aug y” (z) 6y-
YT OTINYAThCS OT ap U by B paBHOMepHO cxongmeMmcs psze (18) nHa
muOX)uTean nopsaka O(1). Suauwmr, pax qua y'' (z) Gyzaer, xax u psz (18),
paBHOMEPHO cxoxammmcd, u pax (19) momyckaeT qBYyKpaTHOE MOYIEHHOE
nuddepeHnupoBaHMe. Il

2. Ilpumepsr penrenud 3aga4
1. Pemuts ypaBHeHue
y" —zy=0. (26)

A JJaHHOe ypaBHeHHe OTHOCUTCS K BHAY (5) U He MMeeT 0COOBIX TOUeK.
ITosTomy pemenue (26) GymeM HCKaTb B BHIE

y= Zakmk. (27)
k=0
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Huddepennupys 3TOT psig u MOACTABIAS B JAHHOE YPABHEHHE, IOy IaeM

Zakk -1z —xZakx

IIpupaBauBas K03 OUIMEHTH TPU OJIMHAKOBBIX CTEMEHAX L, HAXOINM

az=0, 3-2a3—a9 =0, oTkyma a3z= %,
4-3a4—a; =0, orkyma a4 = 36!%,
5-4a5 —ay =0, oTKyma as= %,
Qfp—
k(k—1)ar —ar_3=0, orkyma aj= G i 13)k’

Uraxk,

asg =0 asr — g0
3k—1 = T8k T 9.3.5.6... (3k — 1)3k’

_ a —
Wil = 3 67 BkERFD) " D2

ap 1 a1 OCTAOTCA IPOU3BOJIBHBIMU KaK IB€E IIOCTOAHHBIC B 06IIIGM penreHnn
YpaBHEHHUA BTOPOT'O IIOPAIKA. OKOHYATEJIHLHO UMeeM

=ao[l+ g+ et t z* o]+
y=ao 2372356 """ "2.356...3k—1)3k "

+ [+£+”77+ + 22
M*PT32732-6-7" " 3.4.6-7...3k(3k+1)

+} (28)

Pan (27) mo Teopeme 14 cxomurcsa npu Jr00bIX x, 3HAYAT, DYHKIUA Y
Buza (28) mpw JI06BIX T €CTh 00IIee PereHne JAHHOTO yPABHEHNU. O

2. Haiitu nepsble deThIpe WaeHA Pa3/IOKEHUs B CTEIIEHHON psal pe-
mennd 3agadu Komn

y =sinzy, y(0)=1. (29)

A Bugso, yro dyskuus sinxy passaoxuma B psg Teisiopa mo nepe-
MeHHBIM U y B okpectHOCTH Toukn (0,0) m 3TOT psm cxomuTcss HA BCeH
wtockoctu (z,y).

Wem pemenne 3amaqn (29) B Buge paga (3):

y(@) =y(0) + L0 + L0024 (30)

Kosdpdununenr y(0) 3aman B 3amaze (29): y(0) = 1. U3 ypasrenuna (29)
uaxomuM ' (0) = sinzy|y—0 = 0
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Hudbdepernupys 310 ypaBHEHNE KaK TOXKJIECTBO OTHOCUTEIHHO UCKO-
Moro pemterns y(z) u monaras ¢ = 0, HaX0qUM

y"(0) = (y + zy') cos zy|a—0 = 1,
y"(0) = (2y' + zy") coszy — (y + zy’)’* sin zy|,—0 = 0.

IMoncrasnsa B pan (30) maiimennse snawenns y(0), y'(0), y”(0), y"(0),
HOJIy4aeM UCKOMOE DEIlleHUEe C YKA3aHHOM TOYHOCTBIO:

2

y(m):l+0+x2—!+0.... O

3. Pemmnts ypaBHeHHE

2?y" + 2y + (2 —1v*)y =0, v =const. (31)
A DTo ypaBHEHHE Ha3bIBaeTCd ypaBHEHHEM Beccesisd mopsaaka v.
OrpaHmanMca BHAYAJIE CIy9aeM, KOT/IA TApAMEeTp V He SBJISETCS Ie-
JIBIM 9HCJIOM.
DT0 ypaBHEHHE UMeeT PerysspHyio ocodyo Touky = 0. Koaddum-
erntol p(z) n ¢(z) w3 (7) Qs JAHHOTO ypABHEHWS MMEIOT BUJL

33‘2—1/2

p(x) = Q(m) = xz

Omupenensitomee ypasrerue (10), COOTBETCTBYIOMIEE STOH TOIKE, €CTH
A2 =0.

Ecmu v # 0, To onpepessiioniee ypaBHEHHE UMEET B KOPHA \; = V
u )\2 = —V.

Pemenne ypasuenus (31) Gymem uckars B Buae 0600MIEHHOrO CTEIEH-
HOTO PAIa

y=2a") Cpz*, Co#0. (32)
k=0

IMoncrasnaa nckometit Bux pemenns (32) B ypasrenue (31) m cokpa-

mas Ha T, mmeem

i [()\ +k)? — 1/2} Crz® + i Crz 2 = 0.

k=0 k=0

IIpupaBHuBas Hy110 KO3MOUINEHTHI IPU OJUHAKOBBIX CTENEHSX T, ITOJIY-
JaeM ypaBHeHUs, onpenestonme Kodbdunmentsr Cy:

(A2 = 12)Cy=0, k=0,
(A+1)2=12C, =0, k=1, (33)
A+ k)2 —C=0, k=2,3,...

Tak kak Cy # 0, To A2 = 12, orxyma A = +v.
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Tomoxnm A = v (v > 0), Cy ocraercs nponsBonbHBIM. U3 BTOpOTO
ypasaerns (33) npu A = v monygaem C; = 0. Iloncrasnas A = v Bo Bce
oCTaJbHBbIE ypaBHEeHHUd IpH k = 2, 3, ... molydaeM

Cr—2

k(2v + k)i + Oz =0, omyma Ok = =y =5

(34)
Tak xak Cq = 0, To u3 (34) cienyer, uTo Bce HedeTHBIE KOI(DDUIMEHTHI
pasubl Hyi0: Coppp1 =0V m=1,2,3,....

s geTHbIX K03DDUIUEHTOB norydaemM (HGopMyJIbl

_ Co
Gz = 22.1-(v+1)
Cy= Co

28 2w +1)(v+2)’

Takum 06pa3oM, ¢ TOYHOCTBHIO JO MPOU3BOILHOTO KoadpdumumenTta Cy
y1(z) nmeer B

Z Co p2kty (36)

k=0 22Ic k:'l/-l— )(V+2)...(1/+k)

TTo npusnaky JanamGepa psanx (36) paBHOMEPHO CXOmUTCS Ha JEOGOM
KOHEYHOM TIPOMEXKYTKE, CIIEJOBATENBHO, Y1 () €CTh peleHne ypaBHEHAS
Beccena mpu maobom Cy.

B kauectBe Cj IpuHATO BHIOUPATH YUCIIO

_ 1
Co = 2Tw+1)’

rae ['(p) — ramma-dbysknua iinepa. [pu p > 0

—+o00
T(p) = J P le % dx.
0

UsBectHo, uro I'(v + 1) = vI'(v), oTkyga

- oo ov n 2k+v
= Z(_l)kQV kT +1)-(v+1)w+2)...(v+ k) <§>

k=0
o 2k+v
=Y Vi)
> ET(w+k+1)\2
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QyuKIMA

o0

2k+v
Z k'F uik+1) (5) (37)

k=0

HasblBaercs pyHKImel Beccens v-mopsaaka.
IToBTOpsisl BBIKIQAKH IJIi Ay = —V H BTOPOLO YaCTHOLO DelIeHHs
ypaBHeHus Becces, muHeiiHO He3aBHCHMOTO C Y1 (),

oo
x)=z7" E Crz®,
k=0

norydaeM (QyHKITAIO

2k—v
D (3) (38)

[M]8

J () =

bl
Il

0
(BO BCeX MPeIbIIyIHAX PACCYKIEHAAX MOXKHO IPOCTO 3aMEHHUTh ¥ Ha —V,
1
BKJ09as BeI6op Cp = 7>
Pro= s+
Dyukuus (38) — bysxmua Beccena mopsaka —v.

TakuMm 06pa30M, €CJIM V He SBIISETCS LEJIbIM YHCIOM, 00Iee PeleHne
ypasHeHus: Beccens (31) umeer Buz

Yy = ClJy(CE) + CQJ_,,(CC),

C1 u ('3 — mpou3BOJIbHBIE TIOCTOSHHBIE.

Bameuyanune 4. Oyukuus J,(z) obpamaercs npu ¢ = 0 B Hynb (paf
HaumHaercd ¢ z¥), a dysrmusa J_, (x) obpamaercs npu x = 0 B 6ecko-
HEIHOCTH (s HAIMHAETCS ¢ T 7). O

3ameuanue 5. [Ipu uemom v = m dbyukuun J,, u J_,, OKa3bIBAIOTCH
JINHEAHO-3aBUCUMBIMH. [l

HeficTBrTenbHO, 1uist 9eTHBIX kK = 2m Mbl n3 (35) nMeem COOTHOIEHRE
mexty Cop 1 Copy 2

2m - 2(v + m)Cam + Copm—2 = 0. (39)

ITycts v = —my. Torpa u3 (39) npu m = my noxydaem, 9o Copm,—2 = 0.
ITpu m = mg — 1 B (39) umeem

2(m0 — 1) . 2(—m0 +m — 1) -0+ 02m0—4 =0.

otkyna Cap—a = 0. Ilpomoikas Bo3BpamaThest IO HOMEPAM 17, JOXOJIM
mo Cyp = 0. 3HaunT, B PasioKeHUH Y2(T) MEPBBIM OTJIMYHBIM OT HYJIS
2mo—mo — M
ko Punuentom 6ymer Cop,, mpu 0~ ™0 = g™Mo,
TOMY, HOJCTABJAS B = —mg, U3MeHAA B HHIEK
TlosTromy, moacra 37) v mg, U3MeE €KC
cyMMupoBanus, mojarag k = mg + k' u yanroiBag, uro k! = F(k 1),
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IIOJIy 9aeM

oo

1\ 2k’ +mo
T o () = (=1)™ m<%> = (=1)"Jm, (7)),
k’=0

T. €. J_mo(2) 1 I (x) nuneitnO-3aBUCAMEL.

Wrak, npu mesioMm ¥ = m HY>KHO WCKaTh BTOPOE PEIEHNE YPABHEHUS
Beccens, nuueiino HesaBucumoe ot Jp, ().

Opuum u3 Hamboslee pacIpOCTPAHEHHBIX pelleHuil ypaBHeHus Becce-
N5, JUHENHO He3aBHCUMBIX TpU JIOOBIX v ¢ J,(z) aBaserca dbyHKuus
Heiimana N, (z). [TosToMy npu mesbix v = m oblee peleHne ypaBHEHUs
Beccenss moxkeT ObITH 3anIMCaHO B BUIE

Yy = ClJm(x) + CQNm(:U).

IIpu m = 0 Jy(0) = 1, a dbyuruua Ny(z) umeer nupu x = 0 jgorapud-
mMuaecKyo ocoberroctb. [Ipm m > 1 dysxmusa J,(z) nmeer npu z = 0
HyJIb M-TO NOpsAKa, a GyHKIms N,,(z) nmeer nmpu x = 0 mosmoc m-ro
nopsgka (cm. [19]).

Pemenns ypaBuenus Beccesst Ha3pIBAIOTCS MUINHIPAIECKAME (DYHK-
OUSIMUA U UTPAIOT OOJBIIYI0 POJIb B MaTeMaTUIeCKON (hu3mKe. O

4. Haiitu nepuommrdeckoe perieHne ypaBHEHU

oo

Yy =Y Coz# (40)
k=3

A na ypasaenus (40) B o0mmx 0603HAYEHUAX UMEEM

1

p1:07 p2:4:225 a0:07 ak:kﬁa

s mpagoii wactn (06paTVM BHEMaHME HA TO, 9TO CYMMUDOBAHWE HAYH-
Haercd ¢ k = 3)

oo
oy = Y ke
k=3
BBITIONHEHO ycioBue py # k? (k = 3,4,...). Unave rosops, B TpaBoit

9aCTH OTCYTCTBYIOT PE30HAHCHBbIE TapMOHHKHU cos2r u sin 2z. Ilostomy
Vk = 3,4, ... xoscbbunuenrsr Ay u By cymecTByOT u HaX0QATCs 110 (POP-
Mmynam (24):

_71 = =
Ak_k2(4—k2)’ B,=0, k=34,...
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Takum 06pa3oM, MEePUOAMYECKOEe PelleHue HeOJHOPOIHOI0 ypaBHe-
Hus (40) mMeer Buz

a Bce mepnonmyeckne pemenns (40) comepxkarca B dopmyie

y_AZCOSQm+B281n2$+ZIc2(:257%

rae As u By — NPOU3BOJIbHBIE IOCTOSHHBIE. O

5. Haiitu mepuommyaeckoe perneHne ypaBHEHUs

oo

k
" + 4y — kz_% co;2 x (41)

A aa ypasaenus (41) B o6mux 0603HAYEHUAX UMEEM
=0, pp=4=2% ap=1, a,= k% (k=1,2,3,...),
be =0 (k=1,2,3,...).
Iz npasoit wactu (41) mmeeT mecto py = k2 mpu ko = 2. Ilpu sTom
g, = a3 =%, bg, =by =0,

T.e. paBas 4aCTh COAEPKUT PE30HAHCHYIO rapMoHuKy cos2z. Caenosa-
TeJIbHO, TIEPUOUYECKOT0 PellleHus ypaBHeHns (41) He cymiecTByer. O

6. Haiitu mepmommyaeckoe perneHne ypaBHEHUsT

"+ 4y = sin® z. (42)
/A TlpaBag 9acThb MOXKET OBITH IIPEICTaBJICHA B BUIE
in2p,— 1 _ 1
sin“z = 5 — 3 cos 2x.

CueoBaresibHO, mjig ypasHeHus (42) B 00mux 0003HAYEHUAX UMEEM
p1=0, pp=4=2" a =1, a1=0, ay=-4,

=0 (k=3,4,...), bpy=0 (k=1,2,...).

Ilna npasoit gwactu (42) mmeer mecTo py = ki mpu ko = 2. Ilpu 3mom

ap, = az = f%, by, = by = 0, T.e. mpaBad YacTb CONEPXKHUT PE30-
HAHCHYIO rapMoHUKY cos2z. CienoBareiabHO, NePUOINYECKOro PeIeHst

ypaBHeHns (42) He CymIIeCTBYeT. O
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3. 3amaum JyId CaMOCTOLTEILHOIO PEeIIeHUST

Haiitu Tpu mepBBIX dYjeHA PA3JI0KEHHUs B CTENEHHOW psiJi pelleHus
samaan Komn.

3.5.1. ¢y =1— =y, y(0) = 0.

3.5.2.y" + 2y =0,y(0)=0,y'(0) = 1.
353y—smxy—0y():0,y():l

3.5.4. zy” + ysinz =z, y(7) = y():

3.5.5. ¢y +xsiny =0, y(0) =T, y/(0) = y(O):O.

HaiiTu ¢ IOMOITBIO CTEMEHHBIX PAJOB PeIeHus 3aaa9 Komm.

3.5.6. ¥y —2zy =0, y(0) = 1.

35.7. ¢y —xy +y—1=0, y(0) =¢'(0) = 0.

PemmuThb ¢ TIOMOIIBIO CTENEHHBIX PAI0B yPABHEHUS.

3.5.8. ¢y +zy =0.

3.5.9. ¢y —xy —2y=0.

3.5.10. zy" — (z+ 1)y + y = 0.

3.5.11. z%y" + 2y’ + (2% — %)y =0.

3512,y + Ly + 4y =0.

Haiitn nepmoamaeckune perniennst ypaBHeHUH (€CIM OHM CYIIECTBYIOT).

3.5.13. ¢y + 4y = Z]:.;zl sir]zzkx.

3.5.14. ¥y’ —y = |sinz|.
3.5.15. y" +y = Y2, L,
3.5.16. y"" + y = cos z - cos 2z.

3.5.17. ¢+ =372, 5122’”.

3518 4" +3y=1+37, coskxk%nkw
3.5.19. y” —+ 4y = cos? z.
3.5.20. y" + 9y = sin® z.

OTBeTnI
3 5
85.1. y=z— % + 3=~ ... 3.5.2 y—1+2+ i .3.5.3. y =
_ z° 2z° _ (z W)z (55_77) _
_a:—|—3,+5,+...3.5.4.y—1+ 5 + g+ 3.5.5. y=
:5_7+ .3.5.6. y=1+2"+ 7 + +. e” . 3.5.7. y=
35ac M

oot . 3.5.8. y:01<1+

2k + 4)!
oo ( 1)k Sk oo (—1)k$3k+1
+ 2:: 2.3.5.6 (3k—1)-3k) + 02<m + k§13-4~5~7~~-3k(3k+1)>
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1:2
3.5.9. y = Chze 2 + 02( + 2%+ L -+- s + ) 3.5.10. y = C4(1 +

+ z) + Cee®. 3.5.11. y = C’lJl(as) + CoJ 1(z) = \/%(Cl sinz +
2 2
+ Cszcosz). 3.5.12. y = C1Jo(22) + CQYO(Q:U) 3. 5 13. y =

o0 .
— A D) B, sin 2 — sin kx . 3.5.14. _77 cos 2kx
2 €08 2z + B sin 2z k§:4k2(k2 D y + § 16k4—1
3.5.15. Ilepumonmuecknx pelieHnii HeT. 3.5.16. HepI/IOILI/I‘IeCKI/IX pe-

= coskz + sinkx
MIeHWil HEeT. 3.5.17. Yy = C — kglm. 3.5.18. Yy =

1
3
_ coskxz + sin kz
kzl K (k* - 3)
PUOOMYECKUX PEIIeHUil HeT.

. 3.5.19. Ilepuogmueckux pemennii HeT. 3.5.20. Ile-

§ 6. OnmeparMOHHBIN MeTOo pelTeH’s
and depeHIIaJIbHBIX YPaBHEHU ¢ TOMOIIIbIO
npeobpa3oBaHugd Jlammaaca

1. OcHOBHBIE MOHATHS U TeopeMbl

1°. Opuaunaav u udobpasicerus. B OCHOBE OIEPAIMOHHOTO METO-
na pernerns nudbepeHTAATBHBIX ypABHeHNH (ACIOMb3YOIMErocs KaK JjIs
pelieHns 06BIKHOBEHHBIX quddepeHnuaIbHbIX YPaBHEHHI, TaK U ypaBHe-
HUI B YaCTHBIX IPOM3BOJHBIX) JIEKUT MEPEXO OT UCXOTHOro quddepeH-
MUaJHHOTO ypaBHEHHs K 60Jiee TIPOCTOMY, TaK Ha3bIBA€MOMY OITE€PATOPHO-
My, ypaBHeHHIO (anarebpamdeckoMy 1uist OOBIKHOBEHHBIX nuddepennuars-
HBIX yPaBHEHUIl 1 OOBIKHOBEHHOMY — /Il YDABHEHUI B YaCTHBIX IIPO-
u3BOAHBIX). IIpH 9TOM yUUTHIBAIOTCS TAKIKE W MOMOJHATEIHHBIE YCIOBUS
3agagn Komm. 3arem obparHoe mpeobpa3oBaHue PelieHnsi OIepaTOPHOrO
YPaBHEHHUs IO3BOJISET BOCCTAHOBUTHL peEIeHHe HCXOMHOTo auddepeHIn-
aJbLHOTO ypaBHEHHS.

PaccMOTpEM TIpuMeHeHHe HHTErpaJbHOro mpeobpasoBaHuda Jlammaca
IIJIS TIOCTPOEHUSI PEIICHWI JINHEHHBIX ypaBHEHUH C MOCTOSHHBIMEA KO3(-
dbunmenramu [23].

Oynryueti-opu2uHaLOoM HA3BIBAETCS KOMILJIEKCHO3HAYHAs (QyHKIUs
f(z) meiicrBurensuoit mepemennoit x (f(z) = u(x) + iv(z)), ynosnerso-
pAIOmMAsA YCIOBUAM:

1) f(z) =0 gaa z <0,

2) f(z) qna x > 0 sBIAsETCS KYCOYHO-TIIQIKOMN Ha JIF000M KOHETHOM OT-
peske (T. e. Ha TakoM OTpe3Ke f () KyCOTHO-HENPEPHIBHA W NMEET KyCOTHO-
HENPEPHIBHYIO TIPOU3BOTHYIO),

3) f(z) mpm x — 400 mMeeT ozpaHUNEHHYIO CMENEHL POCMA, T.e.
cymecTByIoT Takue nocroguauabie M > 0 u a, 9ro gja Bcex & > 0

()] < Me™™.

6 A.B. Bacunsesa, I'. H. Mensenes
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Tounas HMKHAA TPaHb ag = inf @ Tex 3Ha49eHNU @, A9 KOTOPBIX UMEET
MeCTO HEPABEHCTBO, HA3bIBAETCA nokazamesem pocma gynwryuu f(x) npa
T — +00.

O6patnM BHEMaHMe Ha TO, UTO IIPH CaMOM ag HepaBeHCTBo |f(z)| <
< Me%*?® MOoXKeT U He BBINOJHATHCA. TaK, HEPABEHCTBO

|$n‘ < Me2®

BBINOJIHSIETC 1pu JitoboM 1 > 0 u ckosb yromuo majom a > 0. Caemo-
BaTEJIbHO, IIOKA3aTeNb POCTa CTereHHol (yHknuu ectb ag = 0. OpHako
HEepaBeHCTBO |z"| < M 04YeBHIHO HEBEPHO.

Jis KpaTKOCTU (DYHKINIO-OPUTHHAJ JaCTO HA3BIBAIOT IIPOCTO OPUTHU-
HasioM. IIpocrefimuM OpUTrMHAIOM SIBJISETCS TaK Ha3blBaeMmas GUHKUUSL
Xesucatida

1, >0,
o) =30 z<o0.

(1)

Bameuanune 1. Ecm f(z) — dbyskuns-opurnaasn ¢ mokasaresaem po-
cTa ag, To Qyakmms zf(z) Takxke Oymer GYHKIUEH-OPUTHHAIOM C TEM
Ke moKa3aTejeM pocTa ag. ClieoBaTeabHO, OCIe YMHOXKEHU (DyHKINH-
OpuUTrMHAJIA Ha JIIOOYIO CTEmeHb £ CHOBA MOIyJIaeTCsd PYHKIUI-OPUTHTHAI
C TeM JKe IOKa3aTejeM POCTa. O

W3 3ameuanus 1 ciaemyer, 9TO KBA3UMIOJIMHOMBI Ha TOXympsaMoi x > 0
YAOBJIETBOPAIOT TPeOOBAHUAM K (DYHKIMH-OPUTHHALY.

3ameuanue 2. Crporo roBops, Bce GyHKINA-OPUTHHAJBI IMEIOT BUT

{f(:c), z >0,

0, z < 0.

f(z)o(z) =

O

B manbmeiimem, ucnonb3ys obbranoe obosHadenue f(x), Mbl Oymem
peanoiaraTh, 9To misd ¢ < 0 MyHKIWsS TpoIo/KeHa HYJIEM.

Tonpko B 1. 9 u mpumepe 3 dyukus Xepucaiiga OyaeT UCIOIH30BATH-
cs i 3amaHus (PYHKIIUA-OPUTMHAJIOB PAa3HbIMUA (DOPMYJIAMH Ha PA3HBIX
OTpE3KaX.

3ameuanue 3. TpeboBanus K QYHKIMI-OPUTHHATIY MOTYT OBITH CHIE-
>keHbl. OyHKIMENR-OPUrIHAIOM MOXKeT ObITh byHKIUS f(2), I KOTOPOi
CXOIUTC MHTErpaJl
“+oo
| e f() da,
0
I7ie pg — HEKOTOPOe KOMIJIEKCHOE JHCI0. JTO 00CTOATENHCTBO IO3BOJISET

BKJIFOYNUTH B 9HUCJI0 DYHKIUH-OPUTUHAJIOB (DYHKIIVH, UMEOIINEe MHTErPH-
pyemyto ocobernnocts Tuma ¥, roe —1 < v < 0. d
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Hsobpasiceruem no Jlanaacy dymkyuu-opueunana f(x) HaspBaercs
dyskus F(p) KOMIIEKCHOTO EPEMEHHOr0 p, ompenenseMas GopMyoi

+oo
F(p)= | f(e)e?" da, (2)

0

roe Rep > ag (ycnosue, obecnedmBaromee cxoquMocTs nHTErpata (2)).
Cesa3p opurunana f(z) ¢ ero nzobpaxenuem F(p) cumsonmaeckn Gy-
JeM 3alluChblBaTh TaK:
f(z) = F(p).

CorjiacHO 3aMEYaHMI0 2 SKBUBAJEHTHON (opMoOii 3ammcu sBaseTCs
TaKZKe
f(z)o(z) = F(p).
2°. Hexomopuwie sastcHetiwue ceoticmeaa npeobpasosarus Jla-
naaca. Ilycts f(z) = F(p), 9(z) = G(p).
1. JIuneitHOE CBOICTBO.
af(z) + Bg(z) = aF (p) + BG(p),

rae o u [ — IpOU3BOJIbHBIE TIOCTOSTHHBIE.
2. Teopema momobus. s moboro o > 0

flazx) = éF(g)
3. Teopema cmemenus. s moboro komrmiekcaoro C
e f(z) = F(p— O).
W3 onpenerennst n300parkeHus u CBOUCTB 1-3 MOy 9aioTCs CIIe Ly FoIme

I/1306pa,}KeHI/IH OCHOBHBIX (byHKHHfI, BXOOAIIINX B KBASHUIIOJIMHOMBI:

Czx _. 1
et E o

HeficTBUTETHHO, HETTOCPEACTBEHHBIM BBIYUCIEHUEM Oy IaeM

—+oo

Cx _—pz _ 1
J e’ e P dr = PEYek
0
r 1
¥ = % (v > —1).
p
HeticTBuTebHO,
“+oo +oo
_ _ r 1
J z’e PP dr = iH J t'e tdt = 7(1/”11 )
0 b 0 b

(cm. 3ameganme 3).

6*
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B wacrrOCTH,
1=¢Tlom0 =35, o(2) =3

(cM. 3amevanue 2).

z" = pﬁla
iPr _ . — 1 — p+1iB
e cos Bx + isin Bz : g By
cos Bz = Ree'P* = —P__
p p+ B
sin m:Imei’BZ,:'L,
b p+ B
e(a+i,3)z _ 1 — (p_a)+iﬂ
T lp-a)-iB (p—a)+p8
% cos fz = ReeloTihz = P&
e eosfr = Re T = G a1 7
(a+if)e _ B

e'm SiHIBl' =Ime m

Ha ocuHoBaHWmm TeopeMbl CMEIIEHWSI W MOJIy9€HHOTO paHee n300pakKeHus

O ¥ HaxXoIum

eCrg? = Tw+1) (v>-1)

O (p _ C)u+1
(cM. 3amevanue 3).
B gactHOCTH,
eazﬁn## (OZER, n:0,1,2,...),

(a+iB)x ,n _- n! . [(p—a)+ i/B]n+1
i T om@ -t Mip—ap g (2P ER)

az ,.n a+if)x .n _- Rep*a+iﬁn+l
e*®z" cos fr = ReeloetiPzgn — pl [(p[(_ a)z)+5z]1l+1 )

Inf(p — ) + i8]

(at+if)z . n _: ! .
T —a) + BT

e*®z"sinBxr = Ime

Takum obpasom, HaiimeHbI M300paKeHUs )i BCeX (DYHKIW, BXOMI-
X B KBa3UMHOI'OYJIEHBI.
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4. Indbdepernuposanne opurnaama. Ilycts dyrknus f(x) n pas gud-
depennupyema. Toroa
f'(z) = pF(p) — £(0),
7(z) = PF (p) ~ pf(0) - £(0), .

rae f5)(0) =lim, oo f®(2), k=1,2,...,n— 1.

5. JTuddepeHmmpoBanne n300paskeHnus
F'(p) = —zf(x).

6. arerpupoBanmne opurnHaa

oo
7. Nnrerpuposanne m3obpaskenus. Fcan maTErpAT J.F (p) dp cxommnt-
s, TO »

ITpaBas gacTh HasbIBaeTcs cBepTKoil dbyukuuit f(z) u g(z). ToBopsr:
YMHO>KEHUE M300parKeHuii COOTBETCTBYET CBEPTHIBAHUIO OPUTHHAJIOB.

9. Teopema 3amazgpiBanus. s jaroboro € > 0

f(x—¢) = e *PF(p). (4)

DT0 CBOHCTBO y100HO NMPUMEHSITH JJjis OTHICKAHWs U300pakeHuil yHK-
nuit, 33JaHHBIX PA3HBIMU (POPMYJAMHI HA PA3HBIX YyIACTKAX.

Hycrs f(z) = fi(z) va unrepsane (z1,z2), IPUHAIIEIKAIIEM IIOJLY-
npsamoit ¢ > 0, u f(z) = 0 Bo Bcex oCTaJbHBIX TOYKAX ITOH MOTYTIPSIMON.
C nomompro dbyskmumn Xepncaiina o(z) Takyro dbyskomo f(z) MoxHO
3a1aTh B BUIE

f(x) = filz)[o(x — 1) — oz — x2)], (5

)
TaK KaK BbIPAYKEHUE B KBAJAPATHBIX CKOOKaxX paBHO 1 Ha uHTepBase (1, T2)
U DAaBHO HYJIO B OCTAJbHBIX TouKax. OyHKims o(r — x1) “BKirodaer”
dysxuuo f1(z) B Touke © = z1, a dyaxkmma o(x — x2) “BeIKIOUaeT”
ee B TOYKE T = ZIo.



166 JIunetinve dupdepenyuarsvrovie YpasHeHUusm [T 3

Ecaun x9 = 400, TO

f(@) = fi(x)o(z — z1). (6)

ITycts, HanpuMmep, f(z) = z Ha uaTepBaie (1,2) u f(x) =0 B ocTamb-
HBIX TOoYKax nojaynpamoii z > 0. Cornacuo dopmyse (5)

f(z) =zo(x — 1) — zo(z — 2).
Hamomamm, aTo

.1 .1

Yro6e1 npumenuts Gopmyity (4), mpeobpasyem f(z) K Buxy
f@)y=[(z—1)+1lo(z—1) - [(z —2) +2]o(z — 2).

Torna n3obpaxenne F(p) dynkmun f(z) ¢ yaerom (4) mmeer Bus

3ameuanue 4. /na mo6oi “kycouno” 3anannoii dynkuun f(z), pas-
HOl f;(x) ma wmmTepBane (z;,xiy1), 1 = L,n, Tpy1 = 00, 0600mEHEEM
dopmya (5) u (6) Gymer cyMMa BbIpazkKeHHil yKa3aHHOIO THIA, T. €.

fz) = i fi(@)lo(z = zi) —o(z — 2ip1)] + fu(2)o(z — 2n).  (7)
O

10. Nzo6paskenne nepnommaeckoit yrakmun. ITycrs f(z) — nepmomm-
qeckasa ¢ nepuogoMm 1. Torma

T

F(p) = ;—i5r [ ™ f(@)dz (Rep>0).

3°. Boccmarosaerue opu2urara no udobpasrcernuro. Ilocie pe-
[IEHWs OIIEPATOPHOrO ypaBHeHUs (aare6pamdeckoro, eciid UCXOIHOe ObLIO
OOBIKHOBEHHBIM AU dEPEHITNATLHBIM) OTHOCHTEILHO n306pazkenus F(p)
HeoOXoAMMO o HalifjeHHOMY n300parkeHuio F(p) BOCCTAHOBUTH ODPWIH-
Has f(x), aBngromuiica pereHreM UCXOAHON 3amaqu. Jljisa 5Toro ucnosb-
3YIOT CJIEIyIOIINE TPUEMBL.

1. ITycrs Haiimennoe nzobpazxkenue F(p) npencrasisger coboil mpaBuiib-
HYIO PAIMOHAILHYO0 APO0hL. DTy IpOOh pa3jararoT Ha CyMMy POCTENIIINX
apobeit, 1JIsi KayKJI0M M3 KOTOPBIX HAXOAST OPUTMHAJI 10 MPUBEIEHHBIM
BBIIIIE CBOMCTBAM mpeobpazoBanus Jlammaca. OCHOBHBIE ODUTHHAJIBI U UX
n300pazKeHnsi CBOAATCS B TAOJIUIIHI.
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2. B obmem ciydae ajis OTHICKAHWSI OPUTHMHAJIA 0 W300PAKEHUIO
ucnonb3yerca Popmyaa Measuna (unu dbopmysna obpammozo npeobpaso-
sanus Jlanaaca)

o+ico

[@)=q9 | @ F)dp, (8)

o—100

rJle WHTETPUPOBAHWE BEIETCHA II0 OPAMOIl, mapaJulelbHONM MHHMOHN ocm
ILUTOCKOCTH P, PACHOJIOXKEHHON MpaBee BCEX OCOOBIX TOYEK M300PaKEHUs.
Jis BeIguCcieHns: nHTErpasia B hopmysie (8) MOKHO HCIOIb30BATE JEMMY
ZKopnana u teopemy Bbraeros [23]. Ecim F(p) — 0 mpwm |p| — oo, TO

f(z) = iRes {esz(p),pk}, >0 (9)
k=1

(cymMmMmpOBaHWE BEZETCA MO BCEM TONIOCAM P, ..., DPm Gyakmua F(p)).
Haa z <0 f(z) = 0, Kak 1 JOIKHO GBITH 17151 DYHKIMH-OPUIHHAA.

Vcnonb3yst pOpMy Ty BBIYUCIEHAS BBIYETA B IMOJIOCE Dp MOPAIKA T,
npusoguM dbopmyiy (9) K caeayomemMy BULy

d”k*l

_ < 1 . Nk T
f(w)—;(nk_l),ggk = [Fo e ] o)

4°. IIpumenenue npeobpasosarus Jlanaaca dasn pewenus 3a-
davu Kowu 0as aunelinvir dugpdeperuuarvrovir ypasHeHul C
NOCMOAHHBIMU KOIPPUUUEHMAMU.

Ilycts 3amana 3amada Komu j1jisi HEOMHOPOIHOTO ypaBHEHUS

y(”) + aly(nil) + ...+ an_ly' + any = f(CC) (11)

C Ha9aJIbHBIMU YCJIOBUAMMN

y(0) =yo, ¥ (0)=h, ..., gV (O0) = 5" V. (12)

IIpeamonaraercs, aro GyHkmua () 1 KCKOMOE PEIIEHNE YI0BIETBOPSIIOT
YCIIOBHSIM CyIECTBOBaHUSA MpeobpasoBaHusd Jlammaca.

O6o3naanm [wepes Y (p) m3obparkenne HemsBecTHOH dbyHkunm (opurn-
Hasa) y(z), a uepes F(p) — uzobpaxenue npasoii sactu f(z), T. e.

y(z) =Y (p), f(z)=F(p).

Ilo mpaBuny auddepeHnnpoBanns OPUTHHAIA TTOJLY 9a€M

Y (z) = pl;(p) - Yo,
y"(z) = p°Y (p) — PYo — Yo»
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B cuay cBoiictBa nummeiinocTn mpeobpazosanus Jlammaca mocie ero
NpUMEHEHUsl K JIEBOH W TpaBoii gacTaM ypasHeHus (11) momywaem ome-
pPaTOPHOE ypaBHEHUE

M(p)Y (p) — N(p) = F(p),

rne M (p) — xapakrepucTmdecknii MHOTOWIeH ypasHeHus (11), N(p) —
MHOTO4JIeH, COIEPKAIMI HadaIbHbIE JaHHbIE 3a1a9u Komu (o6pamaercsa
B HyJIb IIPH HYJIEBBIX HaYaJbHBIX JaHHBIX), F'(p) — n3obpaxkenune dbyHK-
mnu f ().

Paspemag omepaTopHOe ypaBHEHUE, MOIydaeM n300parkenue Jlammaca
Y (p) nckomoro pemenns y(x) B Bume

Y(p) — F(p])w—tpj)\[(p) .

BoccranasnuBas opurumHan jig Y (p), HAXOAUM DeEIeHUE ypaBHEe-
Hus (11), yrnoBaerBopsitolee HadaJbHBIM ycaoBuaM (12).

3ameuanue 5. 3azauy Komwm, 3a1aHHyi0 B TOYKE T = Xy 3aMEHOIA
¢ = x—x( Bceria MOXKHO IIPUBECTH K 3a1a4e Ko ¢ yciaopuamu B Hydie. [

3ameuanne 6. OmepanuOHHBIM METOIOM MOXKET OBITh IOCTPOEHO
u obmee pemenune ypasHeHus (11). JIag Toro Hamo KOHKDETHBIE 3HA-

(n—1)

9eHud Yo, Yy, - - - » Yo HAYaJIbHBIX YCJIOBUN 3aMEHUTH HA MPOU3BOJIbHBIE
nocrosiaubie C,Co, ..., C,,. (I

5°. Uwmeepan Troameasn. Paccmorpmm ape 3amauam Komm s
ypaBrenusa Ly = f(z) ¢ nocroarabivMu kodddunmearamMu

Ly = f(),
Ly; =1,
y1(0) =91(0) =... = ygn_l)(o) =0. (14)

ITyctb y1 (z) — pemenne cnenmanbHoil 3ama4n (14) ¢ equHuneil B npa-
BOH 4acTH ypaBHEHHS.
Pemenue 3amaqan (13) umeer Torna sug,

y(@) = [ FE)vi(a—€)de, (15)

T.e. ABJISAETCS CBEPTKOH mpaBoit wactw f(r) W MPOW3BOMHON permeHus
crenuasbHoOl 3amaqan (14).
Dopmyy (15) maseBator unmezpasom droamens.
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3ameuanue 7. 3aMeHOIl HEM3BECTHON (DyHKIUU BCErga MOXKHO CBe-
CTH HeHyJIeBble HadaJIbHBbIE YCJIOBHA K HyJeBbIM. Hampummep, eciam IJis
YPaBHEHHsSI BTOPOT'O MOPSAAKA 33IaHbI yCIOBHUS

y(0) = yo, ¥'(0) = vy,
TO JIJIsT HOBOIl HEM3BECTHOM (DyHKITAN
2(z) = y(z) — yo — Yoz
Oy/IeM HMETH HYJIEBBIE YCJIOBUSL:
2(0) = y(0) — 5o =0,
2'(0) = y'(0) —yp = 0.
VYpasrerue mus z(x) npumer Buz

Lz = fi(z), fi(x)=f(z) - Llyo + yoxl-

O
2. Ilpumeps pemenns 3amad
1. Pemurs onepanuonabiM MeTOmOM 3aga4dy Kormu
y'+y=sinz, y(0)=0, ¥ (0)=1L (16)
A Tlomarag y(z) = Y(p) ¢ y9eroM Ha9aIbHBIX YCIOBHUil, HAXOIAM
n300parkeHus
y(z) =Y (p),
y"(z) = p°Y (p) = py(0) — y'(0) = p*Y (p) - 1,
sinz = — 1
p +1
OmneparopHoe ypaBHeHUe UMeeT BHI,
2 1
Y —-1+4Y =
PY () —1+Y ()= 5
OTKy/1a
Y(p) = 1+ 5 (17)

PP+ PP+

Jast orpickanms opurnaaiga 1uist Y (p) BOCTIOIB3yeMCsT T€M, 9TO

=sinz
PP+l ’
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U 10 TeopeMe YMHOXKeHWsl N300pakennii (Teopeme 0 CBEpTKe)

T

1 1 1 jsm sin(z — £)dé = sinz _ zcosz
PP+ PPl Pl §-sin(e — ) de = =5 2

Urak, opurmaanom miua Y (p), T.e. pemennem 3amaqau (16), seiaserca
—lgnz—12 inz = 3sinz — £
y(z) = 5sinz — cosz +sinz = 5sinz — 5 cosz. (18)

Ecmm nna oreickanma opurmHama Y (p) BOCHOMB30BATHC (HOPMY-
50t (9), To momyanM

ZRes[ 2,pk]+ZReS[ ,pk]

rae pi,2 = ¢ — HOJIOCEI BTOPOI'O U IIEPBOT0 MOPAAKa B IIEPBOH 1 BTODOMH
CyMMaX COOTBeTCTBEHHO.
Brraucnaa BeraeTsl, HaX0AUM

y(e) = lim L] o (o= )7+

p—1i dp p° + 1)
pT
R
+pi>nEz ( —I—].) (p+Z) + 2p p:i+ 2p p=—i
_ —4xe™ — 4ie™ | —dxeT™ 4 dieT™ e | jeT™
= 16 T 16 R R

—_z Sging—Z
= 2005x+ smas+sma:—251nx 5 cosz. (19)

O

2. Pemuts 3amauy npuMepa 1 ¢ moMmormnbio nHTerpaja loamess.

A Bsemem HOByH Hem3BeCTHYIO (DYHKIUIO z = Yy — &, JJIs KOTODPOH
HAYAJbHBIE YCJIOBUs CTaHYT HyJjeBbiMu. 3anada Komwm mua z(z) mMeer

BUJ
4+ z=sinz—=z, 2(0)=2(0)=0. (20)
Crennanpaag 3ama9a (14) B JaHHOM CIydae UMeeT BUI
GZi+z=1, 2(0)=2/(0) =0,
ee pemenne 2z; = 1 — Cos X, ero NpousBoAHALA 2] = sin z.
ITo dopmysne (15) maxomum pemenne 3amaan (20)

T

z(m):Jf(f)zi(x—f) dé= J(Slnf §) sin(x §)d§———COSm+ sinx—ax,

0

otkyna y(z) = %Sinm - %cos x, uaro coBnazaet ¢ (18) u (19). O
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3. Pemnts 333wy Kommu

j+y=1f(x), y0)=0, 3(0)=0, (21)

rae f(x) — UpSAMOYTONIBHBIN UMILYJIbC:

0, z<0, z>1,
f(w)_{l, 0<z<1.

A C nomompro dyrkmpn Xepucaiina (1) byskuus f(x) sanmcesaercs
B Buze (5):

f(@) =[o(z) —o(z - 1)].

Jns orbickanmsa m306pakenus f(Z) BOCIONb3yeMCsa T€M, 9TO

-1
o(z) = 7
n 1o Teopeme 3anasapBanns (4)
oz —1)= <.

Ionaras y(z) = Y (p), monygaem mig Y omepaTropHOoe ypaBHEHHE

1_ —-P
P’ + 1Y (p) = =5 —,
OTKyZa
— — -p
0~ - i - b7l [ -
W)= 7+ 2+ P T A1 P+

Vcnons3ys n3BecTHBIE M300paKEHNS U TEOPEMY 3aIa3AbIBAHMS, HAXO-
UM

%—o(w), pQI—)}-l =cosz - o(z),
22
- o=t (22)
N =o(z—1), e =cos(z — 1)o(z —1).

3ameuanne 8. Ormernm, uro B popmysiax (22) Mbl mpossiisgeM 60J1b-
nle BHAMAHUSA K TOMY (DakKTy, 9TO, CTPOTO TOBOPs, OPUTHHAJBI BCETIA
nvetor Bux f(z)o(z), T.e. o6pamarnTCs B HyJ b IS OTPHIATEHHBIX
apryMmeHTOB (DYHKIUM XeBUCANHIa. JTO BHUMAHUE JUKTYETCS TEM, 9TO,
B OTJIMYHME OT mpuMepa 1, B JaHHOM ciydae B dyHKmmo f(z) BXogAT
cjaraeMble, “BKJIIOYAIONINECS’ B PA3HBIE MOMEHTHI.

B npumepe 1 momobHas cTporocth mpuBesa ObI K YMHOXKEHUIO BCEX
OPHUTHWHAJIOB Ha 0(Z), 9€r0 0GBITHO HE JIeJIAOT.
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Urak, pemennem 3anaqan (21) aeaserca byHkuus
y(z) = [o(z) — o(x — 1)] — [coszo(z) — cos(z — 1)o(z — 1)]
W, B IPYyTOM BUZE,
y(z) =[1 —cosz]o(z) — [1 — cos(z — 1)]o(z — 1) =

_{lcosx, 0<z<l1,

—[cosz —cos(z —1)], z=>1. (23)

O

4. Pemwuts 3amagy Komwm w3 mpumepa 3 ¢ momompo0 wWHTErpaJa
Hroamens.

A Cnenmanbrag 3ana4a (14) B 1aHHOM CIydae mMeeT BHT
yi +y1 =1, 31(0) =y1(0) =0,

ee perienne y; = 1 — €OS T, €ro MpOW3BOAHALA y; = Sin .
ITo dopmye (15) Haxonum pemenue 3amadn (21)

y(@) = [ F(E)yi(a - &) de =

1-sin(z —§)d€ =1 — cosz, 0<z<1,

1-sin(x — §)d€ = cos(x — 1) —cosz, x> 1,

|
S o—

4T0 coBmagaer c (23). O

3. 3amaum And caMOCTOLTENHLHOTO peIleHns

Pemuts cimenyromue 3amaqn Komm.
3.6.1.y" +y' =1,9(0) =0, y'(0) = 1.
3.6.2. y" +3y' =€, y(0) =0, ¥'(0) = —1.
3.6.3. y" — 2y = €™, y(0) = ¢/(0) = 0.
3.6.4. 4" +y' =1, y(0) =y'(0) = y"(0) = 0.
y =

=Y
3.6.5. ¥ + 2y +y=sinz, y(0) =0, y'(0) = -1
3.6.6. ¥y’ +y' =cosz, y(0) =2, y'(0) =0.
3.6.7.y" +y=cosz, y(0) = -1,y (0) =1

3.6.8. 4" + 9" =z, y(0) = -3, y'(0) = 1, y"'(0) = 0.
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3.6.9. ¥ + 4y = 2cosx cos 3, y(0) = 3'(0) = 0.
3.6.10. " + w?y = alo(z) — o(z — b)], y(0) = y'(0) = 0.
Pemmurh ciieyiolye 3a1a4u ¢ IOMONILI0 uHTerpaJa Jljoamess
2z

3.6.11. 3" —y=—€"_ 4(0) = 4y'(0) = 0.

v~y (Hz)z y(0) =4'(0)
3.6.12. ¢ + 2y +y = 1+z’ y(0) = ¢'(0) = 0.

1! A € — —

3.6.13. ¢y — ¢y = 51 Y 0) =4'(0) =0.

" r_ 1 ) —
3.6.15. y" —y' = 1_’_em,y(O)—y(O)—O.
OTrBeTnl

3.6.1. y=12.3.6.2. y = 1€+ e 3 —2.8.6.3. y = F(1—€> +2te?).
3.6.4. u =z —sinz. 365 y—%(’ —zre * —cosz). 3.6.6. y =2+
—i—%(e —cosw—i—smw) 3.6.7. y =3 :c51n$—cosac+51nm 3.6.8. y =
:%w3 244" 3.6.9. y = Tsin2z + 55 (cosQw—cos4x).

z—b
3.6.10. y = 2—“ sin? %U(m)—sm2 %a(x—b)}. 3.6.11. y = %(ew—

~1)-In 1+€ .8.6.12. y = e *[(x+1)In(z+1)—z]. 3.6.13. y = (e +
+2)ln%—e +1. 3.6.14. y—smw(m—iarctg7>+coswln(2+

V3
+cosz)—In3cosz. 3.6.15. y = e*—1—(z+In2)(e*+1)+(e*+1) In(e*+1).

§ 7. OneparopHsblit MeTo/1 XeBucaii/ia perieHnus
anddepeHnaIbHBIX ypPaBHEHU

1. OcuHoBHbIe HOHSTHS U (DOPMYJIBI

1°. Onepamophnuviti MHO20uAEH U €20 ceoticmaa. [na mocrpoe-
HUS 9aCTHBIX PEIIEHUN ypaBHEHUN C MOCTOSHHBIME KO3 pumenramMu 1jis
HEKOTOPBIX BUJOB IPABBIX 9acTell (B OCHOBHOM IS KBA3MMHOTOWIEHOB )
ObiBaeT yzo0eH Tak Ha3bIBaeMbIl onepartopHbiii Meton (Xesuncaiina) [22].

CyTh OmEpPaTOPHOTO METOJa COCTOUT B TOM, YTO €ro MPUMEHEHWe
MO3BOJISIET CBECTU OTHICKAHWE YACTHOTO PEIIeHUs K ajiredpandecKuM Ore-
pamysaM ¥ UHTEIPUPOBAHUIO U3BECTHBIX (DYHKITHIA.
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Ilycts D = % — omepaTop muddepennuposanng. Torma D? =
= l<i> - & DF = d" — OIepaTopPbl BBIYUCIEHUS IPOU3-
4o \ 4z preXRRLE Rl

BOZIHBIX BBICIIHX MOPSAAKOB. YpasHerne Ly = f(z) B 9THX 0603HAUEHASIX
IpUMET BUJ

Ly = M(D)y = f(=),

rae M(D) = D"+a; D" ' +...+a,_1D+a, — onepaTopHbIii MHOTOYJICH.

HenocpecTBeEHO MPOBEPAIOTCA CIeIYIONIAe TOXKIeCTBa

1) M(D)e* = e* M (),

2) M(D?)sinaz = sinaz - M(—a?),

3) M(D?)cosax = cosax - M(—a?),

4) M(D)e*v(zx) = erM M(D + M)v(z).

Cymma My (D)+ My (D) n nponssenerne M (D)-Ms(D) oneparopabrx
MHOT'04JICHOB [IOJYMHAIOTCH IpaBUIaM AeHCTBUil ¢ OOLIYHLIME, He Ollepa-
TOPHBLIME, MHOTOYJIEHAMI.

Crupasemusbl (DOPMYJIBI

[M1(D) + Ma(D)]f(x) = My(D) f(z) + Ma(D) f(x),
M, (D)My(D) = My(D)M, (D)
(CBOHCTBO KOMMYTATUBHOCTHU MPOU3BEIEHNS OEPATOPOB),
M(D)[M1(D) + M2(D)] = M(D)M:(D) + M(D)M>(D)

(mrcTpubyTHBHOE CBONCTEO).

2°. Obpamnviti onepamop u e20 ceoticmea. ObparHbIil onepaTop

M~Y(D) um m JlaeT pelleHre ONepaTOPHOrO YPABHEHUs, T. €. eClid
dynkmms y(x) ecTh pernerne ypaBHEHUs
M(D)y = f(z), (1)
TO
1 _
v= 3ripy f@) = M (D) (@), ©)

Toncrasuss (2) B (1), moxydaem TOXIECTBO
M(D)| 375/ @)] = F(@): (3)

fcHo, uto dopmyna (2) ompezesnsieT HEKOTOPOe DeIlleHHe ypaBHE-
Hus (1) ¢ TOYHOCTBIO J0 MH06OTO CIAraeMOro § — PEIIeHus] OJHOPOTHOTO

ypasaerns M (D)g = 0, Tak Kak cymMma ﬁ f(z) + ¢ Takxke yaoBieTBO-
pser ToxzmecTsy (3).
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Bepro u paBencTBO

Tak Kak f(x) — permieHne ypaBHeHWs
M(D)y = M(D)f(x).

OneparopoM, 0OpaTHBIM K OIIEPaTO nddepeHnupoBanug, 0ygeT
b) b
OIepaTopP BHIYNC/IEHUS MEPBOOOPA3HOI, O3 TOMY

e f(z) = j...jf(m)(d;c)m. (4)

CupaBeyiuBbl TaK¥Ke CIEAYIONMe CBORCTBa 0OPATHOrO OIeparopa:

M%D) kf(z) = kmf (z), (5)
M§D) [f1(z) + f2(2)] = ﬁfl(m) + ﬁD)fz(wL (6)
rpye = Ajm ecn M()\) # 0, (7)
1o Sinas = % ecmm M(—a?) # 0, (8)
i (11:)2) cosax = A;(ES_MQ), ecmm M(—a?) # 0, (9)
M%D)ew(x) = eva(x), (10)
mﬂm) = m : mf(m)- (11)

IIpu neiicteum obparHoro omeparopa M ~!(D) Ha KBasEMHOrOWIeH
BO3HHKAET HEOOXOAUMOCTh BBIYUCICHHUA PE3yJIbTaTa JefCTBUS 3TOTO OIle-
paropa Ha 00br4HBLA MHOrOWIEH (cM. (hopmyay (10)).

Ilycts Hamo HaiiTh

1 D p—1 —_1
M (D) (Cox? + CrzP™ 4+ ...+ Cp) = M(D)Pp(as)
— pesyibTatr geficreus oneparopa M (D) ma muorowrten P,(z) creme-
HH P.

IIpencraBum omepaTop ﬁ B BHJE

57 = (D) + 15 (12

rae Qp(D) — MHOrOWIEH CTEIEeHH p.
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Hast sToro gesmm dbopmanbio 1 (eamHAIY) IO NIPABUITY IEJIEHAST MHO-
rodjeHa Ha MHOTOWIEH

M(D) = an+an—1D+---+a1Dn_1 + D" (an + 0)’

PACIIOJIOXKEHHBIH 0 BO3PACTAOMNM CTemeHsiM [, OKa B 9aCTHOM HE TIO-
ayanrcst MHOro4IeH @, (D) crenenu p. CooTBeTCTBYIOmMMUIL OCTATOK OyeT
umeThb Bug Muorodwiena R(D), conepxamero creneru D ot p+1 10 p+n
BKJIIOYUTEJIBHO.
IIycTs onmepatop

1 +1D2 neiicreyer Ha MHOTOWIeH P3(2). Ilpencrasuss
sToT omeparop B Buze (12), Haxomum

1 =(1— D2 + D4
1+ D? ( )+ + D%

DTOT HpUMEp MOKA3BIBAET BO3MOXKHOCTH OTCYTCTBHS HEKOTODBIX CJIATrae-

Mbix B MHorowreHax Qp(D) u R(D). B nauHOoM ciydae paBeH HyJIiO

kosbdunment npu D3 B Q3(D), a Takxke kosbdumuent npu D° 8 R(D).
IMepenmmenm Toxxmectso (12) B BHge

M(D)@,(D) + R(D) =1 (13)

U IIOZIefiCTBYeM €ro JIeBoii 1 mpaBoii yactamu Ha MHorodwieH Py (z). Nmeem
[M(D)Qy(D) + R(D)]Fy(x) = Pp(z)

M(D)[Qp(D)Fp(2)] = Bp(z), (14)

tak Kak R(D)P,(z) = 0 B cuty Toro, aro omeparop R(D) comepxut cre-
nenu D (mopaaku muddepennuposanus) ot p+1 10 p+n (upesbimaromue
crenenb MHOro4dsnena Pp(z)).

Pagsencrso (14) osmagaer, uro muorowier @, (D)P,(z) aBuserca pe-
menwneM ypasrerus M (D)y = P,(z).

Urak, pesymbrat jeficTus ob6paTHOTO omeparopa M (D) ma MHOTO-
wiel Pp(z) = Coa? + ... + Cph_1z + C,, uMeeT BUT,

15y Fr(®) = @p(D)Py(2), (15)

rpe Qp(D) — HenonHOe YAaCTHOE CTENEHH P OT A€jeHUs 1 HA MHOIOWIEH
M (D) no npasuiy neseHuss MHOro4daeHoB (MHOrowier M (D) pacmonara-
eTCd IO BO3PACTAIOmMUM CcTemeHaM D).

Bameuyanue 1. IIpu nesmennn 1 Ha MHOrowrer M (D) cyuiecTBeHHO
HCIOJIB30BAJIIOCH yCIIOBUE Gy, # 0 B MuOrounene M (D).

Ecim muorouner M (D) mveer Bugn

M(D) = ap,D* + aj,_D**' + ...+ a,D"' + D",
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o M ~1(D) mMoxHO npejicTaBUThL B BUJIE MPOM3BEJIEHNs JBYX OMEePATOPOB

1 _ 1, 1 1.1
M(D) D* (ar+ar-1D+...+a D" """+ D"F)

DF &(D)’

B omeparope @L BBINIOJIHEHO YCIIOBHE af 7 0, CIIe0BaTebHO, 3TOT

(D)
omeparop JeficTByeT Ha MHOrowIeH P,(x) mo mpempimymeil cxeme. 3a-
TEM TIOJ[y9eHHBIN Pe3yJIbTaT MOABEPraeTcs k-KPATHOMY WHTEIPUPOBAHUIO

(;Lef/iCTBmo oneparopa #)

O6paTI/IM Tenepb BHUMaHUE Ha TO, 9TO OHepaTOpHBIﬁ MHOT'OYJIEH
M(D)=D"+a; D" ' +... 4+ an_1D +a, (16)

B ypaBHenun M (D)y = f(z) coBmamaer mo CTPYKType C XapaKTepu-
cruaecknm MuEOrowteHOM M (A). I109TOMY OJHOBDEMEHHO C OTBHICKAHHEM
KOpHeil xapakrepucrnaeckoro ypasaernss M (\) = 0 pemaercst mpobiaema
pasioxkeHns MHOTOWIeHa (16) Ha HEMPUBOAMMBIE MHOXKUTEIN (JIMHEHHBIE
WA KBaIPATHIHBIE ), HAIPAMED,

M(D)y = (D? + D + 2)(D? + 4)(D + 3)%(D — 2)Dy = f(z).

CJIe,HOBaTe.HbHO, 3aJa49a OTBICKaHUA 9aCTHOI'O PEHI€HUA B BUIE

—_1 - 1

CBOIUTCS K IIOCIEI0BATEIbHOMY IEeHCTBHUIO Ha (DYHKIHUIO MPOCTEHINIX
OIIepaTOPOB BUIA

N 1
D D-2 " D’iDi2
g omepaTopa BHOA
1 1 2
- —_ —4 0
D—x, D?>+pD+g (p ¢<0),

peficrByromux wa P, muorournen @Q,(D) B dopmyne (12) ymobuo maxo-
[IATb, MIOIb3YACh OMHOMHATBHLIM PA3JI0KeHIEM BHIA

l+a)t=1l-a+a®—-a®+... (17)
Hampuwmep,

—
Il
N[
—
=
+
)
-
+
3
~—
|
|

D?>+2D+2
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TIpm 3TOM, ecim omepaTop mecTByeT Ha TP, TO JJI TMOJYyYEeHUsS MHO-
rowrena @Q,(D) HyKHO B 9TUX Da3/IOKEHHAX yAeP:KaTb WieHbl g0 DP
BKJTIOYHNTE/IHHO.

Pesynbrar geiicteug Ha xP cremeneit DPT!, DP*2 | omeparopa mud-
depennuposanua D paBeH HyIIO.

2. Ilpumepsl penrenns 3a1a4

Iudpsr, crosmnime B cKOOKax Hall 3HAKAMU PABEHCTB, OyIyT 0003HA-

9aTh HOMEPA UCIOJIb3YEeMBIX CBONCTB omeparopa ﬁ, PaCCMOTPEHHBIX
BBIIIIE. )
Hamomuum, dro melicTBue omepaTopa M (D) Ha JIIO0YI0 (DYHKIIIO

OIIPE/IEJISIETCA C TOYHOCTHIO JI0 CIAraeMbIX, SBJISIOIINXCS PEIIEHUsIMHU CO-
OTBETCTBYOIIETO OTHOPOJHOTO yPABHEHUS (MIO3TOMY B KB IPATYPAX MOXK-
HO HE IIOJICTABJIATH IOCTOSHHBIA HIZKHUN IIpeed).

1. Haiitn gyacTHOe pemenne ypasHeHus y' = f(z). Ero onmepaTopHsIit
sux Dy = f(z).

A OTbICKaHNE YACTHOrO PEIIeHHs STOrO OIEPATOPHOrO ypaBHEHHUS CO-
cTouT B mpuMeHeHHnHu GopMynsl (2) M yKasaHHBIX IUdpPaMu B CKOOKax
HY2KHBIX CBOUCTB OOPATHOTO OTEPaTopa:

2. Haiitn wactrHOe pemenne ypasuenus y' — 2y = f(z). Ero onepa-
ropubiit Bug, (D — 2)y = f(x).

A OTbICKaHME YACTHOrO PEIIEHHs] YTOrO ONEPATOPHOrO YPaBHEHUS CO-
crouT B mpmMeHeHNH (GOpMyIBl (2) W yKasaHHBIX mudpPaMu B CKOOKax

HYKHBIX CBOMCTB OOPATHOrO OMEpPaTopa:

1

V=) =y (@) B e e 0 -

x

= e ke 2 (@) @ e [e % f(¢)de = [ 29 f(a) de.

IlocnemoBaTerbHOE TpUMeHEHNE PE3YATATOB MPUMEPOB 2 u 1 mo3BO-
JISIET CBECTH K KB3JIpaTypaM OThICKaHWe (DYHKIIUU ¥, Y/I0BJIETBOPSIONIEH
YPaBHEHHUIO

Y= B = @
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€M M3BECTHBI KODHW A\, XapakTepucTmdeckoro ypaprerust M(A) = 0.
Buano, uro gy oneparopa ﬁ (Ax — OIMH W3 XapaKTePUCTUIECKAX
nokazaresneit) bysKmmo f(r) Hy»KHO YMHOXKHTbH W PA3fIeIUTh Ha e+,
9TO6BI OCTe npuMeHeRns (hopmybl (14) momyummics omepaTop WHTErpu-
poBaHus %

OKOH‘-Ia,TeJIbeIfI BU pe3yJ/bTaTa IIpuMepa 2

T

y= [0 95 de

BBIPAKAET 110 M3BECTHOM (POPMyJIE 9ACTHOE PEIIEHUE YEPE3 MPABYIO0 9aCTh
f(z) m dbysxmmo Komm

K(z,8) = e**9),

Taxum 06pa3oM, TOCTeI0BaTeIbHOE TTPUMeHeHne onepaTopos (D — A\ )™t
¥ BBIYUCJIEHWE MPOMEXKYTOYHBIX KBAJPATYP MOXKET OBITh HCIIOIH30BAHO
" s mocTpoeHus (pyHKuu Kormm mcciie1yeMoro ypaBHEHUS. O

Has dbyskumii f(z) cmenmanbHOTO BHIA, BXONAIIAX B COCTAB KBa-
3UMHOTOYJIEHOB, PE3YJIHTAT OJIyIaeTCsl OBICTpee C MPUMEHEHHeM APYTUX

CBOHCTB ollepaTopa ) (tam, rme 3TO BO3MOKHO!).

M (D
3. Haitru uacTHOe pemenne ypasHerns y' — 3y = e2*. Ero omepaTop-
uetit un (D — 3)y = €2,

A OTbICKaHWE YACTHOTO PEIIEeHUs STOTO ONEPATOPHOIO YPABHEHUS CO-
crouT B mnpuMeneHnu dhopmynsl (2) m ykasaHHBIX mudpaMu B CKOOKax
HY2KHBIX CBOWCTB 0OPaTHOrO OIepaTopa:

Yy=p—3¢ —3—3¢ =€

1 eZz ) 1 2z 21‘ n

4. Haiitn gacTHOe pemenme ypasrenns y'" + 5y” — 3y’ + Ty = e%2.

Ero oneparopusrit sux (D + 5D? — 3D + 7)y = e?2.

A OTbiCKaHWE YaCTHOTO PEIIeHUs TOTO ONEPATOPHOTO YPABHEHUS CO-
crouT B mpuMeHeHHH (OpMyJbl (2) W yKasaHHBIX nudpaMu B CKOOKAX
HYKHBIX CBOWCTB 0OPATHOrO OMepaTopa:

1 2z (_) 1 2z 62z

T D*+5D?_3D+7° -

4 2 15.22 3.247 29°

Cornacuao npasmiy (7) meiicrBue omeparopa Ha JKCIOHEHTY

_1
M(D)
B “mepesoHaHcHOM’ ciydae, korga M(\) # 0 (B mamHOM ciygae A = 2),

OPUBOAUT K MOABJIEHUIO JIMIIB YUCJIOBOT'O MHOXKUTEJIA KOTOprI./JI7

M)’
KOHEYHO, MOXKET ObITh HaiimeH 6e3 pasmoxkenms muorowiena M (D) ma
MHOZKHUTEJIH.
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5. Haiitu wactHoe penrenue ypasnenus 3 — 2y = e22. Ero oneparop-
ueiit By (D — 2)y = 2.

A OTbiCKaHWE YaCTHOTO PEIIeHUs ITOTO ONEPATOPHOTO YPABHEHUS CO-
cront B mpuMeneHnu dbopmynsl (2) m ykasaHHBIX mmudpaMu B CKOOKax
HY2KHBIX CBOUCTB OOPATHOTO OTEPaTopa:

1 2z (2) 2z 1 1= e?z

= . LY .
Y= p22° (D+2)—2 pl=¢ =z

B mannoMm “pesonancuom” ciaygae M (N)|y=2 = 0, dopmyna (7) menpu-
MeHWMa W HyKHO BOCTIOJIb30BaThCa dopmydioit (10), mpueoasmeit k ome-

paTopy MHTEIPUPOBAHHIA % O
6. Haiitu uacraoe pemenme ypasmemus y" — 5y + 6 = e?*. Ero

omeparopwstit ux (D — 2)(D — 3)y = €.

A OTbICKaHWE YACTHOTO PEIIEeHUs STOTO OEPATOPHOIO YPaBHEHUS CO-
crouT B mpuMeneHnu dopmynsl (2) m ykasaHHBIX mudpaMu B CKOOKax
HYKHBIX CBOWCTB 0OPATHOrO OmepaTopa:

_ 1 2o 1 1 2@ 1 1
Y= —2(D-3) D-2 D-3

(2) _62w

1 22 ()1 1 2209 1 2

B — e 7] = — - o l].:
(D-3)(D -2) D—-3 D-2 D -3 D
_ 1 2z . 1 3x(, —= _
= p—3€¢ T=p_3€ (e %z) =
(E)) 3x 1 —x,, __ 3zl x (4)
= ¢ Drg o3¢ T=epe v =

x
=3 Je‘% d¢ = €% [—e‘zm - e_””} = —e*x + ™.

O6paruM BHEMaHHE HA TO, 9TO W3MEHEHWE MOPsIKa AefCTBUS Omepa-
TOPOB NPUBOJUT K BHEITHE PA3JIMYHBIM pe3yabraTaM. lIpmHnunmamssHOTO
pa3INumg B HOX HET, TaK KaK OHH OTJIMYAIOTCA CIATaeMBIM €27, gaBIIsio-
IMAMCS PEIeHneM OTHOPOJTHOTO YpaBHEHUS.

Bugno, aTo ObICTpee MPUBOAUT K OTBETY MEPBHIH BAPUAHT IMOPSIKA
OIIEPATOPOB, KOIIa IIEPBBIM JeiicTByeT Ha €2 “Hepe30HAHCHLIN OmepaTop

(D — 3)~', mpuBoaAmmit K MOABIEHAUIO TACTOBOTO MHOKHTEIS.
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Bo BTOpOM ciydae aBaXKabl BO3HUKAET OIEPATOP WHTETPUPOBAHUS
D!, ycroxKHAIOmmi TPOMeXKYTOUHBIH Pe3y/IbTaT, TPeOYOmuil, B 3aKII0-
YeHNe, THTeIPUPOBAHUS IO YACTAM U IPUBOASAMINI K IOSBJIEHUIO JTUITHETO
I HEeCYIIECTBEHHOTO CJIaraeMoro e2?, U

7. Haiitn wactrOe pemenne ypasrerus: ¥y’ — 2y’ = f(z). Ero omepa-
ropuslit Bux D(D — 2)y = f(z).

A OTbICKaHME YACTHOIO PEIIEHHs] YTOrO ONEPATOPHOrO YPABHEHUS CO-
cTouT B mpuMeHeHHNH (GopMynsl (2) W yKasaHHBIX IUdpPaMu B CKOOKax
HYKHBIX CBOMCTB 0OPATHOIrO OMEpaTopa:

y= 4D(D1_ 2)]‘(90) © %6217(17 +12) —e M f(z) =

z &
= %ezx%efhf(w) @ Je% d¢ J e 2Tf(r)dr =

xz

e?® j e 2 f(r)dr —

|
DN~
DO

[ #(e)de -

x

= L2 —1) f(e) de.

Ongarb noMeHsieM TOPSIIOK JEHCTBHS OMePaTOPOB:

Tigpl @ = pig [ 1O & e e [ 1(6) de =

x z g
= e [ 1€ de D @ [ de [ f(r)ar =

x

— e (<4)e [ e+ Ao [ 5 de -

_ T (20 — 1) £(e) de.

B zaBucumocTH oT mopsiixa feficteus onepatropos D~ i (D—2)71 mbr
MPUXOIAUM K PA3JIMYHBIM IO BHEITHEMY BHUIY MPOMEXKYTOUYHBIM Pe3yJIbTa-
TaM, uMeIuM (GOopMy MOBTOPHBIX MHTerpasioB. Ilocie nHTErpHpoBaHUsS
[0 9acTgM B 0DOUX CIydYasdX MOJydaeTCs OOBIYHBINA BHJ[ 9aCTHOT'O pelle-
HHs, BBIpaXKarommerocs depe3 Gyuknuto Komm.
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IIpeamoururenpbHee mEPBHII BapuaHT, KOTHa AeHCTBUE ONEepaTopa WH-
Terpuposarna D! 3aBepmaer Berumcienud. B 060mx clIydasx MOJIe3HO
0003HAYATh M€PEMEHHBbIE WHTETPUPOBAHUSA IPYTHMHU OyKBAMH II0 CPaB-
HEHWIO C BEPXHUM IIPEJIEJIOM WHTErPAJIOB, YTOOBI M30€KaTh CIIydaifHOTO
COKDAIIeHNs TToKa3aTeseil SKCIIOHEHTHI. O

8. HaiiTu gacTHOE pemenue ypasaennd y' —2y = x. Ero omepaTopHbIit
Buz (D — 2)y = z.

A OTbICKaHWE YACTHOTO PEIIeHUs STOTO ONEPATOPHOIO YPABHEHUS CO-
crouT B mpuMeneHnu dhopmynsl (2) m ykasaHHBIX mudpaMu B CKOOKax
HY2KHBIX CBOUCTB OOPATHOTO OIEPaTopa:

-1
_ 1 ___1(1_D _
Y=o 2%~ 2( 2) r=

_ 1 D , D? _ 1 DY._ z 1
=11+ 240+ Jo=-3(1+)s=-5-1.

Crenenp MuOrowreHa (), (D) B 9TOM mpuMepe paBHa 1, Tak Kak OIle-
patop (D — 2)~! neitctyer ma z'. ITostomy B pasmoxennn (D — 2)~!
mo cremenam D /2 Hy»KHO yaep:kaTh 9ieHs 10 D! BrIoumTebHO.

PesymbraT neifcTBus Ha ' Goslee BHICOKUX CTeTleHeil omepaTopa mud-
depennupoBanus D paBeH HYJIIO. O

9. Haiitu gacrHoe pemenue ypasuenus y’ + 6y’ + 9y = e 3%, Ero
oneparopusrit By (D + 3)% = e732.

A OTbICKaHWE YACTHOTO PEIIEeHUs STOTO ONEPATOPHOIO YPABHEHUS CO-
cront B mpuMeneHnu dbopmynsl (2) m ykasaHHBIX mmdpaMu B CKOOKax
HY?KHBIX CBOMCTB 0OPATHOrO OMEpaTopa:

—~
g

1 —3z (2) —3z 1 —3z

y= 3 s-1l=e -1:ef3w-ﬁ.
(D +3) (D —3)+3] 2

1
D2
O

10. Haiitu wactaoe pemenne ypasuenus 3 + 6y’ + 9y = 2%e%*. Ero
omeparoprsrit Bux (D + 3)%y = z2e%*.

A OTbICKaHWE YACTHOTO PEIIeHUs STOTO ONEPATOPHOIO YPABHEHUS CO-
crouT B mpuMeneHnu dopmynbl (2) m ykasaHHBIX mudpaMu B CKOOKax
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HY2KHBIX CBOUCTB OOPATHOTO OIIEPaTOpa:

1 2 24 (10) op 1 2 2z 1 2
= ———ze" = e — T mr' =" ———zr" =
Y= D43y [(D+2)+ 3] (D+5)’
2z —-142 2z 2 2
O R B WRY

2z

_ e 2D , D®> | 2 2\, 2_ e 2 2 3

Crenenp MuHOrowIeHa (), (D) B 9TOM mpuMepe paBHa 2, TaK KaK OIle-
patop (D + 5)~2 meitcreyer ma z2. Ilostomy B pasmoxenmu (D + 5)~2
mo cremenam D /5 HY»KHO yaep:KaTh 9ieHb 10 D? BKIIOYHTETHHO. O

11. Haiitm gacTHOe pemeHne ypasHeHud iy — 2y = sin2z. Ero ome-
patopHsrii Bug (D — 2)y = sin 2z.

A OTbICKaHWE YACTHOTO PEIIEHUs STOTO OEPATOPHOIO YPaBHEHUS CO-
crour B npuMeHeHUH (HOpMyJbl (2) U yKasaHHBIX nudpaMu B CKOOKAX
HY2KHBIX CBOUCTB OOPATHOTO OIIEPaTopa:

_ 1 _ 1 2z () e?e
y—D_2s1n2:c—Imme —Im%_z_
2 psin 2x)(—2¢ — 2 .
— I (€0 m—H;H; ;2)( iz2) _ —i(cos 2z + sin 2z).
O
12. Haiitu 4vacTHOe permienme ypapHenus y"' + 4y = sin3z. Ero

onepatopasiit Buz (D? + 4)y = sin 3x.

A OTbICKaHME YACTHOIO PEIIEHHs] YTOrO ONEPATOPHOrO YPABHEHUS CO-
crouT B mpuMeneHnu dhopmynsl (2) m ykasaHHBIX mudpaMu B CKOOKax
HYKHBIX CBOWCTB 0OPATHOrO OMepaTopa:

_ 1 (8) sin3z _ _sin3z 0
y—D2+4sm3x— EEe B
13. Haiitu wacTHOe pemenue ypasmerus y” + 4y = sin2z. Ero

omeparopubrit Bug (D? + 4)y = sin 2.

A OTbiCKaHWE YaCTHOTO PEIIeHUs ITOTO ONEPATOPHOTO YPABHEHUS CO-
crouT B mpuMeneHnu dhopmynsl (2) m ykasaHHBIX mudpaMu B CKOOKax
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HY2KHBIX CBOUCTB 0OPATHOTO OIEPaTopa:

1 (11) 11 2z (D 1 _e¥ (109
y=progsin2e = Imp=o - pome™ =Im g ooia e =
2ix 2ix 2ix
_ e 1 1 — e 1 (_) e ! A
—Im i LT o Im e =
—3 2 , Sin 2
~ Im i(cos2z + isin m)m:_mcos2x‘

4

3aJaHne: caMOCTOATENHHO PACCMOTPETD CIIydail IPYTOro MOPAIKa Ieii-
creug omepatopos (D — 2i)~! u (D + 2i)~!. Cpasrurh pesyabTaThl, Kax
B mpumepe 6. O

14. Haiitu yactHoe pemenne ypasrenus y' + 4y = z2cos2z. Ero
oneparopustit Bux (D? + 4)y = 22 cos 2z.

A OTbICKaHME YACTHOrO PEIIEHHs] YTOrO ONEPATOPHOrO yYPABHEHUS CO-
crouT B mpuMeneHnu dopmynbl (2) m ykasaHHBIX mudpaMu B CKOOKax
HYKHBIX CBOWCTB 0OPATHOrO OmepaTopa:

1 2

. 10
D2—+4$ cos 2 = Re —1—e2i% 32 (19

y= D214

— R 2ix 1 2 — R Zlmll: 1 2:|. ].8
e ot —Rep ot (18

Borancium oTmesnpHO pe3yabTaT AefCTBUS OMEPATOpPa B KBAAPATHBIX
CKOOKax:

-1 2
1 21 D 2_1(1_D D\ _ 2
D+ &’ _4i<1+4i) "” —4i<1 i+<4i> )w =

Crenenp muorowrena @, (D) B 9TOM mpuMepe paBHa 2, TAK KAK OIE-
patop (D + 4i)~1 neitctyer Ha 2. Tlo9TOMY B PA3JIOKEHHUH TIO CTETIEHAM
% HY?KHO OIPAHHYUTHCS wieHaMHu 10 D? BKIounTenHO.

Toncrasassa (19) B (18), npumMensist Kk pesynbrary (19) omeparop mH-
rerpupoBanusg D! u BbLIead JeHCTBATEILHYIO 9aCTh, HMEeM:

2ix 3 2 2 . 3
e xz° _x° _x\ _ x°cos2x | sin2zx(z° =z
Re %5 (3 4 8)_ 16 1 4 (3 8)' =
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15. Haiitu wactaoe pemrenue ypasuenus y” + y' + 2y = z. Ero
onepatopusiit Buz (D2 + D + 2)y = x3.

A OTbICKaHWE YACTHOTO PEIIeHUs STOTO ONEPATOPHOIO YPABHEHUS CO-
crour B npuMeHeHUH (HOpMyJbl (2) U yKasaHHBIX nudpaMu B CKOOKAX
HYKHBIX CBOWCTB 0OPATHOrO OMepaTopa:

_ 1 3_1 D+D*17! 3
Y=o rp+2” _5{1+T] =
2 2\ 2
:Hl_DJ;D +(DgD) _ }xsz
(15) D+D*  D?  2D%\. 3 _
D - B2 ) =

_1(3 32> 6z 6)_1(.3 3z 3z
—2(56 2 4+2)—2(5” 2 2+3>'

B sroMm mpumepe 3HaMEHATEIb ONEpATOpA HE PA3JIOKUM HA MHOXKU-
TeIU C BEmeCTBEHHBIME KO3 UIMeHTaMM, MOITOMY B OMHOMHUAIHLHOM
pasinoxkennu Tuma (17) MBI mMeem neno y¥ke ¢ 6onee TpOMO3IKONH KOH-
crpykuueii B ponu «. Crenes muorowiena @, (D) Teneps pasaa 3, cnemo-

D+ D?
B&TGJIBHO, B paS.HO}KeHI/II/I IO CTEenneHAM +T Hy}KHO yﬂep)Ka,Tb YJICHbI

10 D3 BKJIIOYHTEIBHO.

HeiicTBre ormepaTopa, OTBEYAIONIEr0 KPATHBIM KOMILIEKCHBIM XapaK-
TEPUCTUIECKUM MTOKA3ATEISIM, PACCMATPUBAETCS AHAJIOTHIHO TTpuMepaMm 7
miam 11. O

3ameuyanue 2. l3ydyeHne B mpeabIaymux MpUMepax JIEHCTBHUS OIe-

parTopa TOJABKO Ha P He yMeHbIIaeT OOIIHOCTH IO CPaBHEHUIO

1
M(D)
C IIPOU3BOIbHBIM MHOIOYWIEHOM CTElleHH P, TaK KaK B orepaTopa Qp(D)
ompejesdeTcsd IMEHHO CTapiieil CTeneHbl0 MHOIO4YJIEHA.

3. 3amaum gy CaMOCTOLTEILHOIO PEeIICHUS

HaiiT omepaTOpHBIM METOIOM HYaCTHBIE PEIICHHS CIECLYIOIIAX HEeOM-
HOPOJHBIX ypaBHEHHIA.

3.7.1. y" + 3y’ + 2y = €°*.

3.7.2. y" — 10y’ + 25y = z%e’”.

3.7.3. ¢y —y =e€".

3.7.4. y' + 4y = cos 2.

3.75. yW —y =2° — 3z + 2.
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3.76.y" =2 +y=e"".
3.7.7.y" +y +y=sinz.

3.7.8. y + 2y + y = cos .
3.7.9. y' + 2y + 2y = %",
3.7.10. (D — 1)%(D + 1)y = €®.

OrBerst
5z :
3.7.1. y=55.8.7.2. y = f”e 3 7.4, y = LS02T
3.7.5. y= —2°+32%2 120z 2. 3.7.6. y=¢€" f _f e % ~%(dz)? (B ameven-
TapHBIX QYHKIUAX He mATErpHpyercs). 3.7.7. y = —cosz. 3.7.8. y = —

2 6 _zx
—%. 3.7.9. y=e*(z2-2). 3.7.10. y = ;5—66'



I'maBsa 4

CHUCTEMBI JINHEMHBIX
JINOPEPEHIINAJIBHBIX YPABHEHUI

§ 1. JIunHeiinble OTHOpPOAHBIE CHCTEMBI

1. OcHOBHBIE IOHATHSI M TEOPEMBI

1°. Obwue ceoticmsa. Cucmemoti aunetinoir 00Hopodnvix nudde-
PEHIUANbHBIX yPABHEHUIl HA3BIBAETCA CHCTEMA BUIA

y; = Zaik (t)yka i=1,n, (1)

k=1

rae GbyHKINM a;k(t) HenpepsiBEBI Ha uHTepBase T (T Moxker GHITH Kak
KOHEYHBIM, TaK U OECKOHEUHBIM).

JIuHelHBIE CHCTEMBI JOILyCKAIOT 60JIee MPOCTYI0 W KOPOTKYIO (bopMy
3allMCHA B BEKTOPHO-MaTPUYHBIX 0003HAYEHUAX.

Yuopspouerayo coBokynHOCTh nuddepermupyembrx byakmmit y; (t),

., Yn(t) ymobHO paccMaTpuBaTh KaK KOODAMHATHI BEKTOPa-CTOIONA (TO-

BOPSAT U O MaTpHIE-CTOIOIE) B N-MepHOM JIMHEHHOM NPOCTPaHCTBe. BBe-
neM 0003HAYEHMS:

y1(t) ann(t) ... an(t)
y(t) = : , At) = ( ................... ) .

yn(t)

Bynem naswviBarh y(t) BekTOop-byHKIMEHl (MHOTIA — BEKTOPOM, WHO-
raa — dbyHKImeit).
Torma cucremy (1) MOXKHO 3amuCaTH B BUAE 6€KMOPHO20 yPABHEHAS

y' = A@)y. (2)

Sameuanune 1. I HyMepanuum Da3nIHBIX CTONONOB (HATIPHMED,
NMHEAHO-He3aBUCUMBIX permernii cucrembt (1)) GyeM nCmonb30BaTh HIK-
HUI UHIEKC, a B 0003HAYEHUSIX KOOPJAUHAT CTOJIOIOB, KAK OOBIYHO, BTOPOM
HMHIEKC OyIeT HOMEPOM CTOJIOIA. [l

Pewenuem cucmemos (2) HaspiBaeTcsa HenmpepblBHO muddepeHnupye-
Mmas BeKTOp-pyHKIHs y(t), KOTOpas NpHU IOJCTAHOBKE B CHCTEMY 0Opa-
maeT BCe yPaBHEHUA B TOXK/IECTBA.
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Ecmm BekTop-byskunm yq(t),...,ym(t)— pemenns cucremsr (2), To
o m
mobas nuHeitHas KoMOunamusa » ., Ciy;(t), tme Ci,...,Cp — npoms-
BOJIbHBIE TIOCTOSIHHBIE, CHOBA €CTh DEIICHHe CUCTEMBI (2).

2°. Badanwa Kowwu. Ecmm tpebyercs HaiiTu pelieHne cucTeMsl (2),
YIOBIIETBODSIOIIEe YCIOBHIO Y (tg) = Yo, TO TOBOPST, YTO JJIsi CACTEMBI (2)
HOCTaBJIeHA HAYAAbHAA 3a0aya WA 3adavwa Koww ¥ 3aIuCHIBAIOT ee
B BHJE!

y = A(t)y,

(3)
y(to) = Yo
Teopema 15. Ecau dynxyuu a(t) (saemenmu mampuuyos A(t))
nenpepuienv Ha unmepsaae 1, mo pewenue nauarvrol 3adawu (3) cy-
wecmeyem u edurcmeenno 6crody Ha 1.

3°. Onpedeaumenv Bponckoeo. Bexrop-byuruuu yq(t),...,yn(t)
HA3BIBAIOTCSA JIUHEHHO-HE3aBUCUMBIMU Ha, MHTepBase 1, eCIu TOXKIECTBO

Ciy1(t) + ... + Cryn(t) = 0 BBmONHSAETCA TONBKO TOTAA, KOTAA BCE
ko3ddunumentsr C; paBHBI HYJIIO.
Iycrs BekTOp-dbyHKIUM 1 (t), ..., Pn(t) HEOpEepHIBHBI Ha UHTEpBa-
ge T. OyHKIMOHAILHBIH ONPEeIeINTENb
Soll(t) .. Pin (t)
A[cpl,...,gon} | , (4)
on1(t) . Onn(t)

rae pik(t) — KoopmmHATHI BeKTOpa @k (t), HasbBaeTcs onpedeaumenem
Bponckoeo (8ponckuarom) BeKTop-pyHKImi 01(t),. .., @n(t).

Teopema 16. Onpedeaumeav Bpomckozo pewenutd yi(t),...,¥yn(t)
cucmemvs (2):

aubo mooicdecmeenno pasen Hyato wa unmepsase T u mozda smu
pewenus aunetino sasucumo. na T

Aubo He pasen HYAt0 HUu 6 00noli mouke unmepsasa T u mozda smu
pewenus aunetino-nesasucumov, Ha T

3ameuanue 2. B teopeme 16 roBopurcs 0 CBOMCTBAX OIPEIEIATES
Bponrckoro mist pemennii cucremsr (2). Ecm ¢4 (t), ..., @, (t) — npons-
BOJIbHBIE BEKTOPHI, TO U3 PABEHCTBA HYJIIO WX ONpeneanTes BpoHCKOTO,
BOOOIIE TOBOPS, HE CJIEyeT WX JIMHEHHas 3aBUCUMOCTb. PaccMoTpuMm 1Ba

o o= (g): e0= (). %)
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Onn smHeiiHO-He3aBUCHMBI, HanpuMep, Ha orpe3ke [—1;1], Tak Kak
yeaosue Cyp1(t) + Capa(t) =0 maer C; =0 u Cy = 0.

Hecmorps Ha 3T0, onpenenurens Bporckoro Bekropos (5) umeer Hy-
JIEBYIO CTPOKY U MO3TOMY TOYK/IECTBEHHO PaBeH HyJio. [IpeiionoKuB, 9To
9THU BEKTOPHI ABJIAIOTCS PEMeHUSMI KaKOH-TO CHCTEMBI BTOPOTO MOPSIIKA,
MBI IIPAXOIUM K IPOTHBOPEYHUIO C PE3yJIbTaTOM TeopeMbl 16. O

Yacro ObIBaeT mMOj€3€H APYTroi KpUTEpWil JUHEHHON HE3aBUCUMOCTH
MIPOW3BOJILHBIX BEKTOPOB.

st TOro, 9TOOBI TPOU3BOJIbHBIE BEKTOPHI OBLIIN JIMHEHHO-HE3ABIUCUMBL
Ha [a,b], HEOOXOMMMO W MOCTATOYHO, ITOOBI onpedeaumens I'pama dTmx
BEKTOPOB 6bIJI OTJINYE€H OT HYJIA, T. €. ‘-ITO6I)I BBIIIO/THAJIOCH yC/IOBUE

(p1,01) (P1,02) - (P1,n)
F[(pl,...,(pn]: ................................... 7&0,
(Pn,P1)  (Pn,p2) oo (Pn,Pn)
rae
(i i) = [(pilt),0s(®) dt, 0,5 =Tm.

a

4°. dyndamenmaavras mampuua. Dyndamenmarvhol cucme-
Mot pewenut y1(t),...,yn(t) cucremsr (2) HazbIBarOTCS THO0BIE N JIHHEH-
HO HE3aBUCHUMBIX perreHuii cucreMsl (2).

Marpuna W (t), cronbmamu KOTOPOil ABJIAOTCA KOODIMHATHI BEKTO-
poB, obpasyomux (QyHIAMEHTATLHYIO CHCTEMY PpeIleHui, Ha3hIBaeTCs
Pyndamenmanvroti mampuued; cucremsr (2). Ee ompemennrens — 310
OIpeeATe b BPOHCKOrO CHCTeMBI 71 JIMHEHHO-He3aBUCHMBIX peIleHut
cucremsr (2). Ilo Teopeme 16 oH He paBeH HymO, 3HAIAT, Marpuma W (t)
mveer obpaTHyIo MaTpuy W 1(t).

ITycre kaxkngas w3 BekTop-pyHKImi yi(t),...,y¥n(t) ects permenme
cucremst (1) mm, 9TO TOXKE caMoe, PereHne BEKTOPHOTO ypaBHeHus (2).
9Ty COBOKYIHOCTDL N BEKTOPHBIX ypPaBHEHHIT KPATKO 3aMUCHLIBAIOT B BUIE

W'(t) = AW (1), (6)

rae croibnaMu MaTpunbl W ABJIAIOTCA KOODIWHATHI BEKTOPOB yi(t),. ..
.., ¥n(t). PaBeHcTBo (6) moHEMAaeTcs Tak, YTO KaXKIbIi crosber mat-
punpt W' (t) paBrserca npoussenenuio marpunst A(t) HA OXHOMMEHHBIR
cronben marpunpt W (t). Ypasaenne (6) Ha3BIBAETCA MAMPUUHBLM yDAB-
HEHUeM, COMIOCTABJIEHHBIM BEKTODHOMY ypaBHEHHIO (2).
OueBnnno, 90 dyHnamentanpbaag Marpuna W (t) ecTb pemenne MaT-
puanOro ypasaenus (6).

Teopema 17. Jlunetinas odHopodHas cucmema scezda umeem Gyh-
damenmanvhyto cucmemy pewenuti, a 3wauwum, u EYHOGMEHMANDHYIO
MAMPUYY.
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O6parHo, 1o 3aJaHHON cUcCTeMe T JIMHEeHHO-He3aBUCUMbIX BEKTODOB
vi(t),...,¥n(t) MoxXHO HaliTh emMHCTBEHHYIO cucTeMy (2), ISl KOTOPOi
STH BEKTOPHI 00pa3yioT (yHJaMEHTAJbHYI CHCTeMy pemeHmii. IlycTb
marpuma W (t), cronbnamMm KOTOPOii SIBISIOTCS KOOPAUHATHL 3THX BEKTO-
poB, yaosrersopgeT cucreme (6). Marpumy A(t) Tpebyercsa maiitn. YMHO-
skas ToxaecTso (6) crpasa Ha obpaTnyto Marpumy W —1(t), momyaem

W/ ()W (t) = AW ()W H(t) = A1),

rae A(t) — MAaTPHIIA UCKOMOI CHUCTEMBI ypaBHEHUM.

MuoxkecTBO pereHnit JIMHEHHOW OTHOPOAHOM CHUCTEMBI 0Opa3yeT Jin-
HeliHOe MPOCTPAHCTBO. JIbasi dyHIaMeHTaIbHAs CHCTEMa, PEIIEHUA STB-
snsiercsa 6a3mcom dtoro mpocrpancrBa. CymecTByeT GECKOHEYHO MHOTO
dyHIAMEHTAIBLHBIX CUCTEM PEIIeHN 0JHOPOTHON CUCTEMBbI, TEPEXOISAIIAX
OJIHA B APYILYIO C MOMOIIBIO HEBBIPOXKIEHHOIO JHHEHHOro mpeobpas3oBa-
HUA.

Ecmu Bexrop u(t) +iv(¢) (rme u(t) u v(¢) — BemecTBeHHBIE BEKTOPEI)
€CTh pellleHne CUCTeMBI (2) ¢ BelleCTBeHHBIMU K03 dUImeHTaMu, TO BeK-
Topsl U(t) u v(t) TakKe SBJIAIOTCS PEIICHASME CHCTEMBI (2).

Ecau Bextop u(t) +iv(t) (rze u(t) u v(t) — BeleCcTBEHHBIE BEKTODHI)
€CThb PelIeHne CUCTeMBI (2) ¢ BEMECTBEHHBIME KO3 dUIMERTaMH, TO BEK-
Top u(t) — iv(t) TakKe ABAAETCSA PENIEHUEM CHCTEMBI (2).

Ecmm BekTOpBI

wi =uy(t) +ivi(t), ..., Wp = un(t) +iv,(t),

(7)

Wi = ul(t) - ivl(t)a ciey Wp = un(t) - ivn(t)

(rme u;(t) u v;(t) — BemecTBeHHBIE BEKTOPHI) JIMHEAHO-HE3aBUCUMBI Ha T,
TO BEKTOPEI

u;(t) = Rew;, v;(t)=Imw;, i=1,n, (8)

TaKKe JIMHEHHO He3aBuCuMbI Ha 1.

Takum o6pa3om, eciu ypasHeHue (2) IMeeT BemecTBeHHbIe Ko3bdunn-
€HTHI, TO 0T (DYHIAMEHTAIBHON CHCTEMBI KOMIUIEKCHBIX Pemenuit Buaa (7)
MOXKHO TIepeliTh K BelecTBeHHOH dyHIaMenTanbHOl cucreme (8).

Obmee pemenne JUHERHON OZHOPOIHON cucTeMbl (2) MMeeT BUL

y =W()C, (9)

rae W(t) — dbysnamentaspHas Marpuna, a C — NPOU3BOIBHBIN IOCTO-
sHABI BeKTOp. [IpaByio gacth (9) ya06HO TPEICTABIATh KAK CKAJISAPHOE

npoussenerne ctpoku (yi(t),...,yn(t)) BeKTOPOB, cTONOIBI KOOpAUHAT
KOTOpBIX 06pasytor marpuiyy W (t), ma cronbern C:
C1
y:(YI(t)a'--ayn(t)) 201Y1(t)+---+0n}’n(t)-

Ch
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Tlomyaaercs nuHelHas KOMOMHAIINS BEKTOPOB (DYyHIAMEHTAJIHLHON CHCTe-
MBI, K0adduIeHTaM KOTOPOii CIIyKaT KoopauHaThl BekTopa C (morHas
aHAJIOrns C ODIIMM pPEIIeHreM JIMHEHHOrO0 OJHOPOMHOIO YDAaBHEHUS 71-TO
HOPSAZIKA).

5°. Mampuuarm, mampuua Kowu. Ecoun dysnamentanmpHas
marpuna W(t) ynosmerBopsier ycnosmoo W(ty) = E (E — enuHndHas
MaTpPHUIR), T. €. €CJH BeKTOP-dyHKINHA DYHIAMEHTATBHON CHCTEMBI IMEIOT
€IMHUYIHYI0 MATPHUILy HA9aJIbHBIX 3HAYEeHN, TO PyHIAMEHTAIbHAS MATPHU-
na W(t) masbBaerca mampuyarnmom cucremsr (2) (ananor HOpMaIbHON
dyHIaMEHTATIFHON CUCTEMBI PEIIeHuil JIMHEHHOTO OHOPOIHOIO ypaBHEe-
HUSL N-TO TOPSIKA).

Iycrs W(t) — upoussonbHas QyHZaAMeHTAIbHAd MaTpuua. Torma
MaTpHuIa

K(t,to) = W ()W (to), (10)

3aBHCALIAs OT ABYX apryMeHTOB t U tg, BJIAETCS MATPUIAHTOM CHCTE-
Mol (10). B camom gmeste, marpuna (10) yaosierBopsier cucreme (2), Tak
KaK

K (t,t0) = (W)W 1)) = W (O)W " (t9) =

= A()W ()W~ (to) = A(t)K(t, to),

a mpu t = {ty; BBINOJHSAETCS HAYAJHHOE YCJIOBHUE [JII MATPHUIAHTA:
K{(tg,to) = E.
Jpyroe Ha3BaHWe MaTpHIBI, onpeaenseMoii dopmyoit (10), — mam-

puya Kowu cucremsr (2).

Sameuyanne 3. Marpuma Komm ompenensercs mo dopmymne (10)
eIMHCTBEHHBIM 00Pa30M, HECMOTPST Ha TO, uTo Marpuma W (t) — mobas
dyHIaMeHTaIbHAS MATPHAIIA. DTO CIeIyeT U3 TOTO, 9T0 MaTPUIHOE YPaB-
HeHue (2) ¢ eqUHUYHON MaTpULeli HAYAIbHBIX 3HAYEHUI NMeeT € JUHCTBEH-
HOE peIlleHHeE. Il

Ecin usBecrna marpuna Komu, To pemenne 3amaan Komu (3) mveer
BT,

Dopmyny (11) 6bBaer ymo6HO MPENCTABIATH KAK CKAJISAPHOE MPOW3-
BeJleHne CTPOKU BEKTOPOB, CTOJIOIBI KOOPAMHAT KOTOPHIX 00Pa3y0T MaT-
puny Komm, Ha cronben HavampHBIX ycnosmii (arasor dopmynsr (10) n3
§ 1 . III, BeIpazkaromieit pemenne 3amga4un Kommm 1jis JIMHERHOTO OIHO-
POJIHOTO YpaBHEHUs N-TO MOPSIKA Yepe3 HOPMAJIBHYIO (DyHIAMEHTAIHHYTO
CHCTEMY PelleHuit).

ObparHo, ecau [jisi MPOU3BOJBHOIO BEKTODA HAYAJIbHBIX 3HAYEHUN
yo pemennto 3amaan Komm (3) moxer 6prTh mpmmana dopma (11), To
BXOJsIIIasi B Hee MaTpuna ectb marpuna Kormrm.
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2. Ilpumeps! penieHus 3aKa9

JlaHbl nBe BEKTOP-MYHKIMN

0= (5) = vw-(): (12)

Paccvorpum s bysxmmit (12) crnemyronyro cepmio 3amad.

1. Tlposepmm smHeiiHy0 HesaBncmmocTh dyrkmumit (12). Onpenenn-
resib Bporckoro (4) dysxumit (12)
el e

—t
0 et

=140,

cieoBaTenbHo, GyHKIyN (12) IMHEHHO-HE3aBUCHMBI Ha BCell IPSMOI ¢.

2. Tak kak ¢yskumm (12) IWHEHHO-HE3ABHCHMBI, OHH OOPa3ylOT
dyHIaAMEHTAIBHYIO CUCTEMY PEIIeHn HEKOTOPOH JImHEeNHOM OZHOPOIHOM
cucrembl quddepeHnnaIbHBIX yPaBHEHT ¢ JByMs HEM3BECTHBIMHU.

Haiimem sty cucremy ypasrennit. O6pasyem marpury W (t) — bynana-
MEHTAJIbHYI0 MATPHUILy UCKOMOM CHCTEMBI, CTOIOIMAMI KOTOPOH SIBISIOTCS
nmauHble DyHKIMH (12):

W(t) = <°g §_§> . (13)
Martpuma (13) ects pemenne MaTpudHoro ypasHenus (6)

W'(t) = At)W (2), (14)
rae A(t) — MaTpuIa UCKOMOH CHCTEeMBI ypaBHEHMIT

y' = A(t)y.

W3 pasencrsa (14) cremyer, aro mus onpenenenns marpunbt A(t) mocra-
Touno ymuEOX)uUTE (14) cpasa ma matpumy W ~1(t), koTopas cymecTsyer,
Tak Kak QyHmaMeHTasbHas maTpuna W (t) — HeBBIPDOXK AE€HHASL.

NrTaxk,
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cI1Ie10BaTENHHO, BeKTOPHI (12) 06pasyoT dyHIaMeHTATIBHYO CHCTEMY De-
IIeHN OJHOPOLHOI CHUCTEMBl ypaBHEHU

=z — 2y,
(15)
y =y
(B (15) 2(t) n y(t) — xoopomHATHL BEeKTOP-DyHKIMA Y ).

3. OG6mee pemenwme (15) cormacuo (9) mmeer Bun y = W(t)C, rme
C — npousBONBHBIA TOCTOAHHBIA BeKTOp. g cucremsr (15) umeem

= ()=6 =) (@)

B et e "\  [Ciet + Che?
_ ol<0> e <6_t> _ < e ) (16)

um B KoopauHaTax BekTopa y: T = Crel + Coe™t, y = Che .

4. Haiinem gacTHOe pemenne cucremsl (15) — pemenne 3agaan Komm

r_ _
acl =z — 2y, z(tg) = , (17)

Yy =y, y(to) =

TloxacraBiisisi oOmMi BH, (16) pellleHnd B HaJaJIbHbIE YCJIOBHUHA, IIOJydaeM
ajrebpanyeckyo cucremy mis oupenesenus Cqp u Cy

Cleto + Czeito =2,

Cge_to = 3,

otkyma C; = —e~to, Cy = 3elo.
CanenoparenpHo, pemenne 3amaan Komm (17) mveer Bug,

x = —et7t 4 3e(tt0)

y = 36*(t*t0)’

WA B BEKTOPHOM dopme

t —t _pt—to —(t—to)
(T (e o [ € (e +3e
7= (0) = (o) v ()= (i) o

7 A.B. Bacuunwesa, I H. Mensenesn
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5. Haiinem marpuny Komn nim marpumanT cucremst (15). Cormacuo
dopmyie (10), marpuna Komu umeer Buz

K(t to) = W)W (to) =
et e—t e—to _e—to et—to _et—to +€—(t—to)
—\0 et 0 eto ] =\ 0 e—(t—to) -
et=t  _2sh(t—t
= ( 0 e—(g—m 0)> - (19)
Bunmo, aro K (tg,t0) = F (eqmananas maTpuna).

6. Haiinem permernne samaam Komm (17) ¢ momompo marpumsr Ko-
u (19). Cornacao (11) pemenue 3anaun (19) umeer Buz,

et—to _2 Sh(t _ tO) 2 _e(t—to) + 36_(t_t0)
y = K(t,to)yo = < 0 e—(i=to) 3) 36— (t—t0) )

9T0 coBmagaer ¢ Bumom (18).

3. 3amaum Ayd caMOCTOLTENHHOTO pelleHns

Jlns yKa3aHHBIX Map BEKTOP-MDYHKOWIA PEMINTD 331a9n:

a) I0KA3aTh JIMHEHHYI0 HE3aBUCUMOCTH (DYHKIUA Y1 U Yo;

6) HaliTH OMHOPONHYIO CHCTEMY yPAaBHEHHUI, It KOTOPOH 311 byHKINM
006pa3yoT GyHIAMEHTAJIbHYIO CUCTEMY DEIIeHMUIA;

B) IUIs HalileHHON cucTeMBbl ypasHeHHl mocrponTh dyHKImo Komm
K (ta tO);

r) Juis HalileHHON CECTeMBbl ypaBHEHWH pemmTh 3amady Komm ¢ yka-
3aHHBIM HAYaJIBHBIM ycioBueM Yy (to).

4.1.1.

4.1.2.

4.1.3. e <
). -
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OTBeTsnI

4.1.1. 6) 2’ =2z +y; v = 3z + 4y.
1 gelt—to) 1 B(t—to) _gt—to 4 5(t—to) )
B) K(t,t0) = 1 < _3et—to 4 3¢5(t—to) et~to 4 3¢5(t—to) |
r) pemenneM 3anaan Komm siBisiercst epBbiii cronben marpunst Komm.
4.1.2. 6) 2’ = -2+ 8y, y =z +y;

1 263(t7t0) + 4673(t7t0) 863(t7t0) o 8673(t7t0)
B) K(t,t0) = § < 3t0) _ o3(t—to)  4o8(t—t0) 4 9e—3(t—to) |3

r) pemenneM 3agaun Kommu aBiserca Bropoii cronben matpunst Komm.
4.1.3.6) 2 =y, ¢y = —x;

5) K(t,to):< cos(t — to) sin(t—t0)>;

—sin(t — tg) cos(t — tg)
r) pemeHueM 3ama4dn Komu siBisiercst nepsblii cronbern marpurs! Komrm.

§ 2. JIunHeiinble HEOHOPOAHBIE CUCTEMBI

1. OcHOBHBIEC MOHATHS U TeopeMbl

1°. Obwue ceoticmsa. Cucmemoli suHetiHbIT HEOOHOPOOHLIT TUdD-
depeHnraabHBIX YPABHEHUI HA3BIBAETCHA CUCTEMA BHUIA

k=1

rae dyskmn a;(t) u f;(t) HenpepriBHbI Ha uHTepBaie T (T MoXKeT OBITH
KaK KOHEYHBIM, TaK W OECKOHETHBIM).

JIuneiiaple CUCTEMBI IOMYyCKAIOT DOJIEe TPOCTYI0 M KOPOTKYIO opmy
3alluCu B BEKTOPHO-MAaTPUYHBIX 0603HaquI/IﬂX.

Yuopsipouerayo coBokynHOCTh nuddepermupyembrx dbyakmmit y; (t),
..+, Yn(t) ymoGHO paccMaTPUBATEH KAK KOODAWHATHI BEKTOP-CTOA6IA (TOBO-
PAT W O MATPHUIE-CTOJIONE) B I-MEPHOM JIMHEHHOM TPOCTPAHCTEE. AHAJIO-
TUYHO 337]aeTCs BEKTOP-CTONMGeN MpaBbix dacreil ypasaenns (1). Beemem
0003HaYEHUS:

yi(t) aii(t) ... aw(t) f(t)
(o )

viy=1{ : |, apy=(.............00.0

Yn(t) fn(?)

Bynem naswesath y(t) u f(t) BekTop-byHKIMSME (MHOTIA — BEKTOPA-
MU, THOTIA — (DYHKIWAMA).
Torma cucremy (1) MOXKHO 3amuCaTH B BUAE 6eKMOPHO20 yPABHEHAS

y = A(t)y +f. (2)

7*
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Bameuanue 1. [Ins HyMepanum Da3iIMYHBIX CTONONOB (HAIpUMED,
JMHEeAHO He3aBUCUMBIX peleHnil cucTeMsl (1)) GyaeM nCmonb30BaTh HIK-
HUU WHIEKC, 3 B 0003HAYEHUIX KOOPAUHAT CTOJOIOB, KAK OOBIIHO, BTOPOit
WHJEKC OyIeT HOMEpPOM CTOJIOIA. Il

Pewenuem cucmemnv: (2) HasbBaeTcs HenmpepwslBHO auddepeHmupye-
Mmast BeKTOp-pyHKIms y(t), KOTOpasi NpHW TOJCTAHOBKE B CHCTEMY 00Opa-
[AeT BCe YPABHEHUS B TOXKIECTBA.

Teopema 18 (npuniun cynepriosunmu). IITycmo 6 cucmeme (2)
npasas wacmo £(t) asasemea aunetnot Komburayuet eexmop-Pynryud
f;(t), i = 1,m, m.e. £(t) = Y1, aifi(t), 2de a; — nocmoannwie wucaa,
u nycmo y;(t), i = 1,m, A64410McA PEWEHUAMYU CUCTIEM

yi=A@)y: +f, i=1m. (3)

Tozda aunetinas xombunayus eexmop-Pynruut y;(t) ¢ memu orce Ko-
afuyuenmamu a;, m.e. sexmop-Pynryua y(t) = > i a;yi(t) 6ydem
pewenuem cucmemovs (2).

Ciaencreue 1. Pasznocts aByx perienuii HEOQHOPOIHONW CUCTEMBI Y0-
BJIETBOPAET OTHOPOJHOI CHCTEME.

Caencrsue 2. Ilycrs u(t) u v(t) ynosnersopsitor cucremaM (3) (i =
= 1,2) ¢ BemecTBenabiMu Kodddummentamu a;(t), i,k = 1,n, m Be-
mecTBeHHbIMA npaBbiMu dactamu f1(t) m f3(¢) coorsercrBenno. Torma
BekTOp-pyHKINT W(t) = u(t) + iv(t) ymoBreTBopsieT cucreMe

y' = A(t)y + fi(t) + if2(t).

O6patro: mycTs BekTOp-byakmua w(t) = u(t) + iv(t) ymosrersopser
cucreme (2) ¢ BemecTseHHbIMT Kodbdummentamu a; (t), i, k = 1, n, m npa-
Boit wacteio f(t) = £1(¢t) +if2(t) (u(t), v(¢), fi(t), f2(t)— BemecrBennsre).
Torma u(t) u v(t) yZOBIETBOPAIOT COOTBETCTBEHHO cucreMaM (3) (i =
= 1,2).

Ecmm yq(t),...,yn(t) — dbynmamenTampras cucrema pemeHWit OFHO-
pomuoit cucrembr y' = A(t)y, a ¥(t) — HekoTOpOE WaCTHOe perreHne
HeOIHOPOIHOM cucTeMsl (2), To obIee pereHne cUCTeMBI (2) UMeeT BHUL,

y(t) = Ciya(t) + ... + Coyn(t) + ¥(1),

rae Cy, . ..,C, — NpOU3BOJIbHBIE TIOCTOSHHBIE.

Wuadge: obimee pernrenre HEOAHOPOAHONW CHUCTEMBI €CTh CyMMa 0ODIIero
peleHns OJHOPOJAHON CUCTEMBI U JIFDOOr0 YACTHOIO PEIEeHUsi HEQMHOPOI-
HOIl CHCTEMBI.

2°. Badawa Kowwu. Ecmm tpebyercsa Haiitn pemenme cucremsbr (2),
YIOBJIETBOPSOIIEe yCIOBHI Y (tg) = Yo, TO TOBOPSAT, 9TO JJIsi CACTEMBI (2)
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MMOCTABJIECHA HAYAAbHAA 3adana nm 3adaya Kowu n 3anuchiBaioT ee B BHUIE

"= A(t)y +f,
y y @

y(to) = yo-

Teopema 19. Ecau dynryuu air(t), i,k = 1,n, u eexmop-pynrxyus
f(t) nenpepmenv na unmepsaae T, mo pewenue nauasvhot 3adauu (4)
cywecmeyem u eduncmeenno 6ctody na T

ITycrs K (t,tg) — marpumasT (Marpuna Komm) ogHOpomHO# crucTeMsl,
coorercreytomeit (2). Torma pemenme 3amaan Komm (4) moxer GuITh
OPEeICTABICHO B BHJIE

y(t) = K(t,to)yo + ¥y(t),

rae y(t) — gacTHOe perneHne ypapHeHUs (2), yIOBIETBOPSIONIEE HyJIEBHIM
HavaJbHBIM ycaoBusM (aHasor ¢gopmyist (5) § 2 rur. III).

Ecnu n3Bectna dyHmamenTaabHas MaTPUIA OJHOPOIHON CHCTEMBI, TO
HOCTPOEHHE YACTHOTO PEIIeHNs HEOTHOPOIHOH CHCTEMBI CBOIUTCA K KBa/I-
paTypaM, T.e. K HHTeTPHPOBAHIIO M3BECTHBIX (DYHKITHIA.

O6muMu MeTomaMu MOCTPOeHWs perneHns cucteMbl (2) Ha 6ase yH-
JaMEeHTAJIbHON MaTPHUIILI ABJIAIOTCS METO, BAPHAINH IIOCTOSHHBIX T METOT
Kommu (mostHas aHAJIOTUA C JIUHEHHBIM HEOJHOPOTHBIM YDABHEHHEM 71-T'O
HOPAKA).

3°. Memod sapuauuu nocmostuwr (memod Jlazpanoica).
ITycts m3BectHa yHmamenTambaas Marpuna W (t) omHOpOmHON cHCTEMBI
y' = A(t)y, a sHauur, u obmiee pemeHne OTHOPOIHOI CUCTEMBI B BUIIE

y = W(t)C,

rae C — noCTosiHHBII BEKTOD.
Pemenue HeoqHOpOAHON cucTeMbl (2) WIIeM B BHIE

y(t) = W)C(?), (5)

rae C(t) — BekTOp-dyHKIUSA IEPEMERHON ¢, MOJJIEXKAINAS OMPEIETICHUIO.
IMoncrasisas uckoMsblit Buz, (5) pemeHus B cucreMy (2), moaydaeM s
dysxupn C(t) ypasaenne

W (t)C'(t) = £(¢).

Pemas 3Ty anreGpandeckyio OTHOocHTenbHO KoopaumHar BekTopa C'(t)
CUCTEMY W MHTErpPHUpPYs NOJIy9IeHHbIe BhIparkeHusi, Haxoaum BekTop C(t).

IMoncrasisas C(t) B uckoMsblit Buz pemenus (5), ModydaeM HEKOTOPOe
9JaCTHOEe pellleHne HEeOTHOPOTHON CHCTeMBI (2).
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4°. Memod Kowu. B BextopHOM Buze pesynbrar orbickanus C(t)
npu uaTerpuposarun C'(t) ot ty mo t Gymer ciemyrormmm:

cuy:JWF%ﬂﬂﬂdT+c,

rne C — Ipon3BOIGHBINA MOCTOSHHBIA BEKTOD.
Toncranoeka C(t) B (5) maer obmee pemenne cucremst (2):

t
y=WHC+ [ WeW (r)i(r) dr. (6)
to
Beibupast B (6) C = 0, nomydaem 9acTHOe DemIeHWe CHCTEMBI (2),
obparmarorieecs B HyJIb npu t = to:
t
y= | wow ) dr.
to
Urak, ecsm m3BectHa mobas dyHmamenTanbHas marpuna W(t) om-

HODOZHOI CHCTEMBI, TO YACTHOE DPeIleHne HEOTHOPONHOW cucreMbl (2)
HaxoauTcd 1o opMyJie, Ha3blBaeMo gopmyaoti Kowu:

y:JK@ﬂﬂﬂm, (7)
rae

K(t,7) = W(t)W(r)
— maTtpuria Korrm.

YacTo a1 BBIYUCIEHUN OKa3bIBAeTCs Oojiee ya0OHBIM BapHAHT IIpe-
JBLAYIIEe (POPMYJIB:

B KOoTOpOoM Martpuna W (t), He 3aBuCAmAs OT MEPEMEHHON MHTErPHPOBa-
HHU T, He BHOCUTCS 110, 3HAK HHTETpaJa.

3ameuanne 2. B mocienneM BbIpaXKeHHHW SCHO BHIHO, UTO ITOJCTa-
HOBKA B WHTErpaJ HUKHEro Tipeesia ty JAeT HEKOTOPBIN MOCTOSHHBIN
BEKTOpP, HAa KOTOPBIA yMHOXKaeTcd (pyHIaMeHTajabHasg Marpuma. VHade
TOBOP4, TOJICTAHOBKA HUIKHETO TIpeIesia JIaeT HEKOTOPOe pelIeHme OTHO-
POHOM CHCTEMBIL. Il

TlosTromy, ecnum Hy>KHO HallTH KaKOe-HHOY/b YACTHOE PEIIEHHE HEO-
HOpPOAHOI cucTeMmbl (2), He 06GS3aTETBHO YAOBIETBOPSAIOIIEE HYJIEBOMY
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HAYAJIBHOMY YCJIOBHIO, TOCTATOYHO B (hopmyste (7) OrpaHMIUTHCS MOACTA-
HOBKO}1 BepxHero mpezena t (cp. 3amedanue 2 Ha cTp. 96 § 2 . IIT).
Marpuna Komu K (¢, 7) npu KaxKI0M 3HAUEHUU IapaMeTpa T YAOBJIET-
BOp4eT 10 IepeMeHHOU { MAaTPUIHOMY YPaBHEHUIO
dK(t
BT _ K (t,7)
dt
u HadanbHOMYy ycaosuio K (7,7) = E (E — equHUYHAs MaTPUIA).
Marpuny Kommu HasbBaiOT Tak:Ke HMILYJIbCHONW MaTpuueil (aHajor
dysxnun Kommn g nuaeiiHOrO ypaBHEHUS N-TO MOPsAKa). Paccmorpmm

HEOJHOPOIHYIO CHCTEMY C “COCPEeJOTOYeHHON” MpaBoil 4acThio 1)

£(t) = (f1,-- fn)"

rie
ot —t1), i=F,
fz (t) - {0’ 7 7& k
(6(t — t1) — dyurums Jupaka) ¢ HyJIeBHIMH HA9aJbHBIMU YCIOBUSIMU.

Pemmenne cucremsr (2) mo ¢dopmyse (7) umeer Bug,

t
y(t, t1) = J K(t,T)f(r)dr = Kip(t,t1), to <t <t

to

rae Ky (t,t1) — k-ii cronben marpuusr Kommn.

CrenoBaTtenbHo, Kaxapiit cromber Ky (t,t1), k = 1,n, marpumsr Ko-
M UMEET CMBICJ BEKTOP-(DYHKIMU, ONMUCHIBAIOIMIEH BIUAHUE HA TOYKY ¢
MTHOBEHHOI'O €IMHUYHOTO BO3AEWCTBUsI, MTPOUCIIEIIIEr0 B TOYKe t1 U 3a-
TPOHYBIIIETO TOJBKO k-10 KOOpauHATY BekTopa f(t).

Baugnue Ha TOYKY t BO3HEWCTBUIA, paclpeIeIeHHBIX MO0 WHTEPBAJY
(to,t) ¢ mnorrocrsio f(t), naercs uarerpamom (7).

Meron Bapuanyu MOCTOSHHBIX B MeTo, Komm aBagioTces obmuMu Me-
TOJAMU IIOCTPOEHUS JACTHOTO PEIICHWs] HEOTHOPOJHON CHCTEMBI Ha Hase
dyHIaMEHTAIFHON MATPUIBI COOTBETCTBYIOIIEN OMHOPOIHON CHCTEMBI.

OTMeTI/IM, q9T0 .HI/IHef/‘IHbIe CUCTEMBI ABJJIAIOTCA YaCTHBIM CJIy‘-Ia,eM cu-
cTeM B HOpMaJibHOM opme. [1oaToMy K JIMHEHHBIM CHCTEMaM IPUMEHUMbI
W TaKuWe CHOCOOBI PEIIeHWs, KAK NPUBEIEHUE K OJHOMY YDPABHEHHIO 71-
ro nopaaka (MM HEeCKOJBKUM yDABHEHHUAM MOPSIKA MEHBIIEro, 9eM 1),
M METOJ, MHTErpupyeMbIx KoMmOmHamuii. [[oHATHO, 9TO B 9THX Ciaydasx
B OosbIeil Mepe MPOSIBIAIOTCS CIeNuPUIecKre CBOWCTBA KOHKPETHOTO
YPaBHEHHUS.

B psme 4acTHBIX CIly9aeB, HApUMeEpP, B JIMHEHHBIX CHCTEMAaX C TIO-
CTOAHHBIME KO3(MD(MDUIUEHTAMA U CIIEIUAIBHBIMEA IIPABBIMA IACTAMU IIIHU-
POKO TIPUMEHSIETCA TAK¥Ke MOAOOP YACTHOTO PEIIeHHs] CHCTEMBI METOIO0M
HEOIIPEIEIEHHBIX KOI(MDPUIINEHTOB.

1 T .
)( )¥ — smak TpaHCIOHWpOBAaHWMS BEKTOD-CTPOKW il ymOGHOW 3amucu
BeKkTOp-cTo1oma f.
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2. Ilpumeps! penieHus 3aKa9

1. Pemurs cucremy

Z—f =z —2y+e,
" ®)
at = —y—I— 1
iRz
y' = Ay +f,
re

() () a6

A Haiinem perreHue 5Toi CHCTEMBI PA3JIUNIHBIMUA CIIOCOHAMHU.

Cnocob 1. Meron Bapuarmu noCTOSHHBIX. DyHIAMEHTAIBHYIO CHCTEMY
peleHnii ONHOPOIHOM CHCTEMBI, COOTBETCTBYIOIEH (8), 00pasyroT, Hapu-
Mep, BEKTOP-PYHKITUN

et et
Y1 = <0>a Y2 = <€_t>
(cm. mpumep 2 §1).

DynnavenrtanbHasg marpuna W (t) nmeer Bu

Cornacro (5) ofmee pererne HEOHOPOTHON CcHCTEMBI (8) WImeM B BHe

=) -weco- (5 =) () o
rme C(t) = <gl Eg) — HEW3BeCTHAs BEKTOP-(PYHKIWSA, MOJJIEXKAIIAL
OIIpEeIeJICHUIO. HOQ,Z[CTaB.HS{SI nckombiit Buz (9) B cucremy (8), momyaaem

W'C(t) + WC'(t) = AWC(t) + £(t). (10)
Tak kax marpuna W (t) ecTh peleEne MaTPAIHOTO yPABHEHU
W' = AW,
ro B (10)
(W' — AW)C(t) = 0.

n u3 (10) mbl HaxonuM ypasrerue juisa C(t)

WC'(t) =£(t),



§ 2] JIunetinvie HeodHopooHble cucmemot 201

(v &) (eg) - (1)

orkyna Ci(t) =1—e *, Cy(t) =e' n

4 (t) t+et 4+ C4
C(t) = = 11
0= (o) = (") (1)
roe C1 m Cy — Npou3BOIBHBIE TOCTOAHHBIE.

IMoncrasusas (11) B uckoMblii Buy pemenns (9), monydaem obiuee pe-
IIeHNe HEOJHOPOJHON cucTeMsl (8) B Bue

(i) =) ("™ e()-(7)

T.€. B BUJE CyMMBbI ODIIEr0O PEIIeHusl OJHOPOIHON CHCTEMBI W TaCTHOTO
pelieHnd HeOJHOPOTHOM.
Tlomaras Cy = Cy = 0, HaXOAWMM YaCTHOE PEIIeHNe HEeOTHOPOTHOMN

CUCTEMBI B BeKTOpHOM BI/I,Z[e
~ [te' +2
Y=\ 1

WM B KOODJMHATaX BEKTOpa y:

r=te! +2, y=1 (12)

T. €. CUCTEMY

Cnoco6 2. Merox, Komu. Ecin ussectna dyHmameHTa bHas MATPUIA
OIHOPOJHON CHCTEMBI, TO JaCTHOE DEIIeHHne HEeOMHOPOAHOi cucreMbl (8)
HaxomuTcs 1o dopmyie (7), toe K(t, 7) — marpua Komm.

Hna cucremsr (8)

ren=wow =5 ) (50 76 )=(% IR,

YacTHOE peleHne CUCTEMBI (8), yIOBIETBOPSIONIEE HYJIEBBIM yCJIOBH-
sim ipm ¢ = tp, cormmacHo dopmyse (7) nmeer Bug
t

~ et=™  —2sh(t—7)\ [e” (et — 2sh(t — 1)
J( 0 e=(t=7) ><1>dT: J( e (t=7) )dT:
to to

B <et(t—t0)+2—et_t°—e_(t_t°)> B <et(t—t0)+2—2 ch(t—t0)>

1 — e (t—to) 1 — e—(t—to)

_ <et(t —lto) + 2> N (—2Zh((ri—tot)o)>_ (13)

<
I
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Pemenue (13) cocromr m3 nByx cuaraemerx. Ilepsoe craraemoe 06-
pamaerca mpu t = tp B BEKTOp € KOOpAWHaTamMu r = 2, y = 1, Kak
u pemenwe (12) mpu ¢ = 0. Bropoe ciaraemoe (13) ectb gacTHOe perenne
OJTHOPOJHOMN CHCTeMBI, J0OaBIeHNe KOTOPOTO MO3BOJISET MTOIYIUBIIEMYCS
DeIeHni0 HeOJTHOPOTHON CHCTEMBI Y/IOBJIETBOPUTE HYJIEBBHIM HAYaJIbHBIM
YCIIOBUSIM.

Cnoco6 3. Tlpueemem cucremy (8) K ypPaBHEHHIO BTOPOTO MOPSIIKA.
ITpomuddeperumpyem nepsoe n3 ypasHernii (8):

" =z -2y + €. (14)

Bripaxkass 2’ n y' B npasoii wactu (14) B cuny (8), nomyvaem ypasre-
Hue, onpeensomee x(t):

! —x=2e" 2, (15)
HOCJIe 9ero U3 IIEPBOTO ypaBHeHHd (8) HaXOIUM
y= %(—m'—i—m—i—et). (16)

YacTHBIM pemeHneM HeoqHOPOmHON cuctembl (8) B cmty (15) m (16)
Oy/ieT, HAIPUMED,
et + 2,

)

r=t
y=1
gTo coBnagaer ¢ (12).

Cnocob6 4. Ucnonb3ys KOHKPETHBIE CBONCTBA JAHHON CHCTEMbBI, MOXKHO
HaliTh y W3 BTOPOrO ypasHeHns (8), HANpPUMED, B BAIE

y=1.

Toncrapnsa HafieHHBI BUN Yy B mepBoe ypaBHeHHe (8), momydaem
ypaBHEHHE JJid OIPeIeeHAd T

!
=x+e -2,
YaCTHBIM PeIIeHnEM KOTOPOro MOXKHO B3SITh
ot
r=te +2

JJIs COBLaJeHus pesyibrara ¢ (12). O

Hamomamm, 9To 9acTHOE perneHe HeOTHOPOSHON CUCTEMBI OIIPEIeJIsi-
€TCsl C TOYHOCTBIO 10 TPOU3BOJILHOTO CJIATAEMOTO, SIBJISIOIIErOCH YaCTHBIM
peIleHneM OHOPOTHON CHCTEMBI.

B 3akiroueHne oTMeTuM, YTO MOCIEIHUE JIBA CIOCO0A, YINTHIBAIOIIUE
KOHKDETHBIE CBOHCTBA CHCTEMBI (8), €CTECTBEHHO, GBICTPee NPHBOIWIA
K pe3ysbTary, 94em obrmmue “nmpobusBHbE” ciocobbr 1 m 2.
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3. 3amaum JyId cCaMOCTOLITEILHOIO PEeIIeHUS

B cremyroomux HEOMHOPOIHBIX CUCTEMaX U3BECTHBI (DYHIaMEHTAIbHBIE
CHUCTEMBI Y1 M y2 pemeHnii omHOpOmHBIX cucreM (cM. 3amaqm 1-3 §1).
Haiitr sacTHBIE pereHnss HEOTHOPOIHBIX CUCTEM:
a) MeTOZOM BapHAIMA MOCTOAHHBIX,
6) MeTOZOM CBeeHWs K YPABHEHUIO BTOPOIO IIOPSIKA.
421. 2 =2z +y+e
y =3z + 4y.
OyHIAMEHTAIBHYIO CHCTEMY DEIIeHUN OJHOPOIHON CHUCTEMBI 0O6pa3y-
0T BeKTOp-dyHKImn 3amaqdn 1 § 1.
422. 2 = —z 4 8y,
Yy =z+y+2.
OyHIAMEHTAJIbHYI0 CUCTEMY PEIIEHUI OJHOPOIHON CHCTEMBI 00pasy-
0T BeKTOp-pyHKImn 3agaqan 2 § 1.
4.2.3. ' = y +sint,
y = -z
OyHIAMEHTAJIBHYIO CUCTEMY DEINIeHUN OIHOPOIHON CHCTEMBI 00pa3y-
0T BeKTOp-byHKImu 3amaum 3 § 1.

OTBeTsnI

_16 t

5 —t . 1
—=e 5 sint—= cost
4.2.1. y:< 12 > 4.2.2. y:< g) 4.2.3. y:( 4 >

1 _—+¢ 1.
1 _z 14 _Lg
a e 9 9 cost 4 sin t
HaHOMHI/IM, 9TO 9aCTHOE pemeHne HEOJHOPOOHOU CUCTEMBI OIIpeae/IdeTCda

C TOYHOCTBIO IO HEKOTOPOTO PEIIeHNsT OTHOPOIHON CHCTEMBI.

N

§ 3. JIuHeiinble OJTHOPO/IHbIE CUCTEMBI
C MOCTOSTHHBIMU KO3 dUiimeHTaMmu

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

1°. ITocmpoenue obuezo pewerusn. Cucremoil TUHEHHBIX OIHO-
ponubIX nuddepeHuaIbHbIX YPAaBHEHUN C MOCTOSHHBIMU K03 dunmeH-
TaMH1 Ha3bIBAETCA CUCTEMaA

n
’ .
Y, = E AikYk, 1= ].,TL, (]-)
k=1
U B BEKTOPDHOM BHUE

Y =4y, y=@,..,yn)" (2)
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rae a;, i,k = 1,n, — nocrosiHAble (BOOOIIE TOBOPSI, KOMILJIEKCHBIE ).
YpasHenue n-it crenenu

ail — A a2 e A1n
a1 ago — Ao agn -0 (3)
— Y
anl An2 Qpn — A

mm det(A — AE) = 0, Ha3BIBAETCH TAPAKMEPUCTIUYECKUM YPAGHEHUEM.
HamomawmM, 9TO €ro KOpHH (XapaKTEPHCTHYECKHE UHCIa) HA3BIBAIOTCH
TaKIKe COOCTNEEHHBIMU SHAUEHUAMY MATPHAIELT A.

Bug, o6mero pemenunst cucremst (1) onpemesnsieTcss KOIMIECTBOM KOD-
Hell XapaKTEePUCTHUYIECKOTO0 YPABHEHUs, WX KPATHOCTHIO, & TAKXKE TEM,
KaKoe KOJIMYeCTBO COOCTBEHHLIX BEKTOPOB MaTpumbl A cooTBeTcTByeT
KDATHBIM KOPHAM ypaBHeHHd (3).

PaCCMOTpI/IM BO3MOXKHBIE CJIyY9aH.

1. Kaxnomy npocmomy KopHIO A (BEIIECTBEHHOMY WJIM KOMILIEKCHO-
My) ypaBHeHHd (3) OTBEYAET YACTHOE PeIIeHNe

ae,
re a = (a,..., an)T — YHUCJI0BON BEKTOP-CTOJIOEL], SIBISIOMIUHACST COb-
CTBEHHBIM BEKTOPOM MaTpullbl A, 0TBeYarnmm npocTomy COOCTBEHHOMY
3HAYEHUIO \.
Taxum obpa3om, Haliag IPOCTOE COOCTBEHHOE 3HAYEHHE A, HAJIO 3aTEM
PeIuTh OHOPOAHYIO aare0pandecKyio CUCTEMY

(A~ \E)a = 0. (4)

Ee ompenemurens det(A — AE) = 0 paBeH HyJ0, MOTOMY CYyLIECTBYET
HEHyJIeBOE pelneHne cucreMbl (4) — coGCTBEHHBIH BEKTOD (.

Bameuyanue 1. Ecm xosddunnents: a;; cucremsr (1) BemecTBeH-
HBIE, TO KOMILJIEKCHO-COIPSAXKEHHBIM COOCTBEHHBIM 3HAYEHUAM A U A OTBE-
Yal0T KOMILIEKCHO-COIPS?KEHHbBIE COOCTBEHHBIE BEKTOPHI & U &. [ToaToMmy,
HaliIs KOMILIEKCHBI COOCTBEHHBIN BEKTOP (¢, OTBEYAIOIINH KOMIIJIEKCHO-
My KODHIO )\, MOXKHO Cpa3y MOJ[yYUTh Mapy BEIIECTBEHHBIX COOCTBEHHBIX
BEKTODPOB MaTpuibl A B Buze

a; =Rea, oay=Ima,

TaK KaK

a;=s(a+a), a;= %(a—&).

N[

O

IlepefimeM K cIydaio KpaTHOTO KOPHS XapaKTePUCTUYECKOTO ypaBHE-
Hus (3).

2. ITycrs:

1) A\ — kopenb xpamuocmu m > 1 ypasaerns (3);
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2) 3TOMY KOPHIO COOTBETCTBYIOT POSHO 1M COGCTBEHHBIX BEKTOPOB MaT-
punbl A.
Torga KOPHIO A\ OTBEYAIOT M 9aCTHBIX penieHnii cucremsl (2) Buga

ale)‘t, age)‘t, ey ame)‘t.

3ameuanue 2. B obmem ciiyuae KOIMIeCTBO COOCTBEHHBIX BEKTOPOB
MaTpunpbl A, OTBEHAOMUX A, PABHO N — T, TJ€ N — NOPAI0K MaTPUIbL A,
a r — panr marpunsl A — \E.

3. ITycrs:

1) A — xopensb kpamuocmu m > 1 ypaBuenus (3);

2) 3TOMy KODHIO COOTBETCTBYIOT [ < m (m.e. menvwe Kpamuocmuy
KOpHA) COOCTBEHHBIX BEKTOPOB MaTPHIBL A (CM. IpeplIyIiee 3aMevIaHue).

Torma yacTHOe pemeHue cucreMbl (2), OTBeYAOIIEE A, MOXKHO HCKAThH
B BHIE BEKTOP-CTONOIA ¥ = (Y1, --,Yn)T, T

1= (a+bt+...+ct™m e,

............................. (5)

Yn=(p+qt+...+ stm e

WM B BEKTOPHOM BHie y = P™~!(¢)e .

KoopauraTsr BekTopa P™~! — Mmorounensr cremenn m — [ ¢ Heompe-
nmeneHAbMA Kodbdunuentamu. Beero (m — [ 4+ 1) X n HeonpemesreHHBIX
K03 PUIIEHTOB.

3ameuanme 3. OOparuM BHUMaHWE HA TO, YTO BEPXHUM WHIEKCOM
OTMeYaeTCsI CTeleHb MHOroWwIeHa. HWKHUII WHIEKC HCIOIb3yeTCd I
HyMepalnyuyl BEeKTOPOB WJIN UX KOODJUHAT. |

Yro6sI HANTH BCe KOOPAUHATHI BeKTopa P™ ! Hano moxcraBuTh HCKO-
MBIt Bug pemenns (5) B cucremy (2). IlpupasauBas KoadduipenTs npu
OIMHAKOBBIX CTENEeHAX t, MOJydaeM CHCTeMY JUHEHHBIX aarebpamdecKux
ypaBHeHuil 1ia K03(hDUIneHToB KOOPIUHAT BEKTOPA Y-

IIpu 3TOM OCTAeTCA POBHO M HE3ABUCUMBIX KO3(DhUIMERTOB (Kommde-
CTBO, paBHOE KpaTHOCTH KODH$). OcTrasbabie kK03bdUIneHTH 9epe3 HIX
JINHEITHO BBIPAzKAIOTC.

O6o3nauasi He3aBUCHMble KO3(D@MUIMEHTHI B KOOPAMHATAX BEKTOPA
P! uepes C4,...,C,, U TPyImupysd claraeMble B IPABEIX JacTaX op-
My (5), momy9aeM BEZ 9ACTHOTO PEIIEHHs CHCTEMBI (2):

y = (Clpl(t) o+ Cmpm(t))eM, (6)

rae p;i(t), 1 = 1,m, — cTonbupl, y KOTOPHIX KayKAas KOODAWHATA yIKe
KOHKDEeTHBIHt MHOTOuJIeH cTeneHn < m—1, a Cj, i = 1, m, — Ipon3BoIbHbBIE
HOCTOFHHLIE.
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Bekropsr pi(t),..., Pm(t) auneitno HezaBucmvbl. Taknm o6pazom, n
B 9TOM CJIydae KOPHIO A KPATHOCTH 11 OTBEYAIOT 1M JIMHEHHO He3aBUCHMBIX
pelieHnii

p1(t)er, pa(t)er, ..., pm(t)e.

3ameuyanue 4. B KOHKpeTHBIX 33/1a9aX MOKHO HE UCCIEJOBATH PAHT
marpunbl A — A\E, OrpaHUYMBIINACH PACCYXKIAEHUEM, YTO COOCTBEHHOMY
3HAYEHUIO A COOTBETCTBYET, 110 KpaiiHeil Mepe, OIUH COOCTBEHHBIH BEKTOPD
marpunsl A. Torma B dopmynax (5) mamo momoxuts [ = 1, T. €. paccmoT-
PeThb MaKCUMaJIbHO BO3MOXKHYIO CTE€IEHb 11 — 1 MHOT'O4JIEHOB-KOOpAUHAT
BekTOpa P71 (Il

Wrak, xapakTepucrmieckoe ypaBHeHWE n-ii cremenum mmeer | < n
Pa3IMYHBIX KOPHEH Ay KpaTHOCTEH mj COOTBETCTBeHHO. Kaxk1oMy KOpHIO
Ak COOTBETCTBYIOT POBHO My JUHEHAHO HE3ABUCHMBIX YACTHBIX DPEIICHHN
cucremsr (2). Beero stmx pemenmnit my + mg + ...+ m; = n u ux co-
BOKYTIHOCTH 00pa3yeT (byHIaMeHTAIbHYI0 CHCTEMY PEIIeHH OIHOPOIHOM
cucrems! (2).

JIunelinas KOMOMHAINSA BCEX THX JACTHBIX PEIICHWI C IPOM3BOIbHBI-
mu ko3 dunnenTamm naer obmee pemenne cucremsl (2).

2°. ITpucoedunernwvie sexmopwv.. Koucrpykuus (6) (uam sxBuBa-
JIEHTHAs eif) pereHnss CUCTeMbl (2), OTBEYAMOMEro KPATHOMY KODHIO \,
MOKeT OBITH TIOIy9eHa U U3 APYTUX COOOPaKeHwmil.

W3 nuneitHolM anrebpbl M3BECTHO, YTO B CIIydae, KOTA KOPHIO A KpaT-
HOCTH 1 OTBEYAIOT | < m COGCTBEHHBIX BEKTOPOB MaTpumbl A, TO HEmO-
CTamommue 1M — l BEKTOPOB MOT'yT 6I)ITI) IIOCTPOEHbI KaK TaK HAa3bIBa€MbI€
NPUCOEOUHEHHBIE BEKMOPDL.

Ilycth @@ — omuH B3 COGCTBEHHBIX BEKTOPOB MATPHIBI A, OTBeYaomumit
COOCTBEHHOMY 3HAYEHHIO .

Ecnm (!) cucrema anrebpamaecknx ypaBHEHHH

(A= AE)B =« (7)

“MeeT peIeHre, TO BEKTOP (31 Ha3bIBAETCS MPUCOEINHEHHBIM BEKTOPOM
MaTpuilbl A, TOPOXKIEHHBIM COGCTBEHHBIM BEKTOPOM (X.

Crenyromue npucoeIHEHHBIE BEKTOPBI, TOPOXKIEHHBIE BEKTOPOM (X,
CTPOATCA KaK PEIIeHus CUCTEM

(A= AE)Bis1 =Bi, i=1,2,...

Bribpannbiii COOCTBEHHBIN BEKTOP (¢ MOXKET HE MMETH MPUCOEINHEH-
HBIX BEKTOPOB WJIM UMETh UX KOHEYHOE KOJIMYeCTBO. B COBOKYIHOCTH Ke
ob1rree KOInIeCTBO COOCTBEHHBIX W MPUCOEIMHEHHBIX BEKTOPOB, OTBEYAT0-
mux COOCTBEHHOMY 3HAYEHUIO A\, PABHO €r0 KPATHOCTH 171.

Eciu cobcrBeHHBINT BEKTOD (rf WMeeT MPUCOEIWHEHHBIE BEKTODBI
B1,82,...,8¢, TO WM OTBEYAlOT JHHEHHO HE3ABHCHMBIE pPeNICHH
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cucTeMbl (2) CIIeIyomero Buaa;

y1 = (181 + ta)e)‘ta
2
y2 = (,32 +1B81 + %Oé)@)‘t,

Yq = (IBq + tIBq—l +...+ ﬁﬂ1 + ﬁ.a)e)\t‘

JIuHeliHas KOMOMHAIUS BCexX pelleHnit Buma (8) u Bcex pelneHmii BUIa
aeM, oTBewaromux COOGCTBEHHBIM BEKTOpaM, 06pasyeT obImee peleHme
cucremsl (2).

2°. 3adaua Kowu. Pemenne 3amaam Komm mast cucremst (2) ymo-
BJIeTBOpsieT cucreme y' = Ay u HadaJbHOMY YCIOBHIO

¥ ()lt—to=0 = yo- 9)

OTMeTnM OTHO TIOJIE3HOE CBOMCTBO pellleHms 3aJadu Komm mis of-
HOPOJHOW CHCTEMBI C MOCTOSHHBIMEA K03 (DUIIEeHTaMA: PeIleHne 3a,1a9H
Komm misa cucremsl (2) ¢ HadaabHBIM ycioBueM (9) B Touke t = g
nmeer Bux y(t, tp) = z(t — tp), T. e. 3aBUCAT TONBKO OT PA3HOCTU CBOUX
apryMeHTOB.

HeiicTBurensHo, mepexos B (2) u (9) K HOBBIM IepeMeHHBIM T U 2(T)
mo dhopMyIam

t—to=71, y(r+t) =2(r) (to —mapamerp),

nosiydaeM Jyid z(T) B CHLy MOCTOSHCTBA KOI(DMOUIUEHTOB a;) Ty YK€ CAMyI0
cucremy z' = AZ ¢ HA9AJIBHBIM YCJIOBHEM

z(7)|r=0 = Yo, (10)

saganubM B Touke T = 0. Bynem HaswBaTh Takyo samagy sadavet; Kowu
¢ ycaosuem 6 nyae.

Pemenne ncxonuoii 3anaun Komn misa cucrembr y' = Ay ¢ HagaIbHBIM
ycnosuem (9) mmeer Buz,

y(t) = 2(7) = 2(t — to).

Taxum obpazom, Ay MOTydeHus pelreHus 33aa9u Komm jjist cucre-
mbl (2) ¢ mocrostHEBIME KO03hdHUIEeRTAaMI W HAYaJbHBIM ycaosreM (9)
B TO4Ke t = {(; MOXHO CHadajia pemuTsh 33734y Kommu ¢ ycioBuem B Hy-
ne (10), aTo npmBomuT K 6GOJIEe TPOCTBIM yPABHEHWSIM JJIsl ONPEIEICHNUST
k03ddunuenTos B 00MmEM peneHnn, a 3aTeM B HaiileHHOM perneHun z(T)
OOJOKNTh T =t — .
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3°. Mampuua Kowwu. Marpuna Komm K (t,ty) nns cucremsr (2)
C HOCTOSHHBLIME K03(pPUIIeHTAMHI TaK¥Ke IMeeT BHI

K(t,tg) = K(t — to),

T. €. 3aBUCUT TOJIBKO OT PA3HOCTH CBOUX apryMeHTOB.
Heiicterrensro, marpuna Komm must cucremsr (2) ymoeseTBopsier
MaTPUYHOMY YPaBHEHUIO

B 1) _ AR (2, 1) (11)
¥ HAYAJIBHOMY YCJIOBHIO
K(to,to) = E. (12)

3uauwr, 3amava (11), (12) skeuBasenTHa N 330a4aM Komu 11t cTon610B
vi(t, to) marpumer K:

0

yi(t) = Ay;(t), yi(to) = 1| i-s CTpOKa. (13)

0
Hna pemenus y;(t, to) Kaxkmoi u3 3amad (13) corsacHo ckazaHHOMY

BBIIIlE, COpaBemnBo y;(t,to) = z;(t — to), rae z;(T) — pelneHne 3amadn
Kommu ¢ ycinosuem B HyIe:

0
z;(1) = Az;(1), 2;(0)= [ 1] i-a crpoxa.

0
Takum o6pasom, mjst moayderns MaTpunpl Komm cucremsr (2) ¢ mocTo-
aHHEBIME KO3 dunuentamu ynobuee cHagana Haditu marpuny Ko(7) —
pellleHre MaTPUYIHOM 3a/1a9u C YCIOBUEM B HYJIE
dK() T
WEoT) _ ARy (r), Ko(0) = B, (14)
9T0 OOBIYHO MPOIIE, & 3aTeM 3aMEHUTDh T Ha t — tg.
Marpuna Komn — pemenne cucremst (11) ¢ HagansHbIM yeaoueM (12)
Gyner nmets Bug K (t,t9) = Ko(t — to).
Ecom mssectHa kakag-nmbo dbyrnamentanbHag matpuna W (t) cucre-
MBI (2), To Marpura Komm Moxer GBITH HafifeHa 1o dopmyste

K(t,to) = W)W (to) (15)
(cm. dopmyay (10) §1).
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Hast cucremsr (2) ¢ mocrossHEBIME Ko3dbduumenTamm ymoOHee, 3HAS
marpuny W (t), momyunts cHagana pemenne 3amaqan (14) B Bume

Ko(r) = W(r)W}(0),

KoTopeIii mpome, wem (15), a 3arem, 3ameHwB T Ha t — t(), HOJYINTH
maTpuity Korn

K(t,to) = Ko(t — to) = W (t — to)W(0).

4°. Onepauuornwvili memod. K nuHeHHBIM OJHOPOIHBIM CHCTEMAM
¢ mocTosiHHBIME Kodbdunuentamu (1) OpuMeHHM TakKiKe ONEPAI[HOHHBIH
meron Jlamnaca (cm. §5 rir. 3)

Hanpuwmep, mis pemenns 3amgadn Komu

y' =4y, y(0)=yo

npeobpazoBanuem Jlanmaca mepexonsaT oT (pyHKINHN Y K ee n300parKeHu o
Y, nonydas anrebpandeckyro CUCTEMY ypaBHEHUI

(pE — A)Y (p) = yo, (16)

FE — enmuanmanasa maTpuia.
Pemas (16), mHaxonum u3o6pakenue

Y(p) = (pE — A)" "y,

nocse 4dero no gopmyiaam MesinHa uiu TabIUIAM COOTBETCTBUS OPHIH-
HAJIOB U n300parkeHNil BOCCTAHABINBAEM OpHUrUHAI Yy (t).

2. Ilpumepsl penienns 33124

1. Pemuts cucremy

o =z+y,
, (an)

y = 2y.

A Cnocob 1. XapakTepucTudeckoe ypaBHeHHe cucTeMbl (17) nmeer Bug

-A+1 1

@uAAEyz‘ ) _A+4:(AUQ2%:&

KOpHH ero (cobCTBeHHBIE YnCia MATpunbl A) pasmmarsr: A\ = 1, Ay = 2.
CobOCTBEHHBIN BEKTOP, OTBEYAIOIIHit A1 = 1, yIOBIETBOPSET CUCTEME

oo ()= 1) )=
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oTkyaa, B yactaoctu, ¢ = C, b = 0. [Tosarasi, nanpumep, C = 1, umeem

1
Y1 = <0) e'.

CobCTBEHHBIN BEKTOP, OTBEYAIONHil Ao = 2, yIOBJIETBOPSET CUCTEME

(2= (o 5 ()= ()

orkyma a — b = 0. Ilosmarag, vanpumep, a = 1, momygaem b =1 u

1
Y2 = <1> e’

BekTopsl y; B y2 00pa3yior dbyHIAMEHTAJbHYIO CHCTEMY DeIIeHMi
cucremsl (17). O6mee pemmenne cucremst (17) numeer Buz

y= C) =C <[1)) e+ Cy G)e?t. (18)

Chnoco6 2. Ionbrraemcsa csectu cucremy (17) K ypaBHEHHIO BTOPOTO
TIOPSIKA.

Junddepenupys nepsoe u3 ypasaenuii (17) u 3ameHsis obpasyromne-
cs1 mpon3BozHble B cmity (17), momywaem cucremy

o' =z +y,
(19)
=2 +y =(x+y)+2y=12z+3y.

Uckmowas y w3 mepsoro ypasHerus (19), mpusommm cumcremy (17)
K BHLY
2’ =3z +2x =0,

, (20)
y=xr — o,
OTKyIa
z=Cret + Cqe*,
(21)
Yy = Clet + 2C2€2t — Clet — Cgezt = Cg€2t.
Dopmyast (21) B BekTOpHOI dopme coBmamator ¢ (18). O

2. Pemuts 3amaay Komm

' =x+y, z(tg) = 2,
y =2y, y(to) = 3.

A Pemum cravasa 3anaay Komwu ¢ 3aaHHbIMU HAYAIBHBIMUA yCJIOBU-
aMmu B Touke t = 0.
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TMoncrapnsis obmee perieHne CUCTEMBI, TOTyYeHHOe B pumMepe 1 (cMm.
dopmymy (18)), B HagaIbHBIE YCIOBUA

z(0) =2, y(0) =3,

mostygaeM cucreMy mist onpenesenus Cy u Cs:

Ci+ 0y =2,
Cy =3,
orkyma C; = —1, Cy = 3. Bekrop-dbyskmusa z(r) = (w(t),y(t))T —

perienune 3a1a49u Kommu ¢ ycinoBudMU B HYJI€ — UMEET BUL

a0- ()=

TMomaras T = t — tp, HaxoguM yHKIWO y(t) — pelleHne UCXOTHON
3a1a90:
1 1
y(t) = Z(t - to) = — <0> et_to + 3 <1> 62(t_t0). O

3. Haiitu marpuny Komm aia cucrembr

o =z +y,
(22)

!

y = 2y.

A OynmaMeHTaJbHAs CHCTEMA pelleHuii cucTeMbl (22) HalizeHa B Ipu-
Mepe 1. Ona cocTouT U3 COOCTBEHHBIX BEKTOPOB

1 1
y1 = <0> et m y2 = <1> €2t7

obpazytomux (pyHIaMEHTAIbHYI0 MATPHUILY
t 2t
e e
W(t) = (0 62t> .

Dynkmus Komm K,(7) — pemenne 3amaan (14) ¢ ycnosusavu B Hyste
MMeeT BT

x=wew o= (5 %) (6 7)) = (5 ).

Tlomarast 7 = t — o, Haxogum marpuiry Korm

(t—to) _ t—tg 2(t—tg)
e e +e
K(t,to) = Ko(t — to) = < 0 (2(t—to) > .
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4. Pemwmth cucremy

a' =y,
(23)
y = —x.

A Cnoco6 1. XapaKTepucTHIeCKOe ypaBHEHUE CUCTEMBI (23):

A 1

det(A — \E) = ‘:1 Y

‘:/\2+1:0,

€ro KOpHU A1 = 1, Ay = —1i.
CobOCTBEHHBIN BEKTOP, OTBEYAIONINI A1 = ¢, YIOBJIETBOPSIET CUCTEME

wesmafl)- (1))~ )

orkyma —ai + b = 0. ITomaras, Hanpumep, a = 1, monyyaem b = ¢ u

1\ 4 cost +isint cost .(sint
Yi=\|.J|e = . . = . +1 .
) —sint +¢cost —sint cost

Co6CTBEHHBINM BEKTOP, OTBEYAIONINNA Ay = —1, YIOBJIETBOPIET CUCTEME
a i 1 a 0
orkyna at + b = 0. Ilonarasg, sanpumep, a = 1, nonydaem b = —i u

1Y\ _u cost [ sint
y2 = .|]€e = . —1 .
—1 —sint cost

DyHIAMEHTAJIbHYIO CUCTEMY pelieHuii cucreMsl (23) 06pa3yioT BEKTO-
PBIL Y1, Y2 WIN UX JUHEHHbIE KOMOMHAIIAN

~ _yity: cost ~ _yi—y2 (sint 94
i 2 <—sint>’ y2 2 <cost - (24

Ucnonwsyst, manpumep, (24), monyaaem obmee pemenne (23) B Buzge

T cost sint
y= <y> =G <— sin t) +C (cos t>' (25)

Haiina BekTop y, MOXHO OBLIO CPa3y B3ATb €r0 AeHCTBATEHHYIO U MHU-
MYIO 9aCTH B KA9eCTBE Iapbl COOCTBEHHBIX BEKTODPOB, mafomux (25).

Cnoco6 2. Inddbepermmnpys nepsoe n3 ypapreruii (23) n nckirogas y,
HOJIy9aeM CHCTEMY ypPABHEHHUil, SKBUBAJIECHTHYHO (23):

2"+ =0,
(26)

y=x,
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pelreHreM KOTOPOit OymeT

x= Cicost+ Csysint, (27)
y = —Cysint + Cy cost,
9TO B BEKTOPHOI1 (hopme paBHOCUIBHO (25). O
5. Pemwnts cucremy
/
T =,
) (28)
y =y

A Xapakrepuctuieckoe ypasHeHue Juia (28) mmMeer BHL

—A+1 0

det(A—)\E):‘ 0 a4

‘=(A—1)2=0,

oTKyzma A = 1, KpaTHOCTH M = 2.
CobcTBeHHBIE BEKTOPBI, OTBEYAOe A = 1, y/IOBIETBOPSIOT CUCTEME

e ()= (09 ()= ()

Bugno, aTo cobcTBeHHBIE BEKTOPHI 00Pa3yIOT ABYMEDHOE MPOCTPAH-
crBo: a = Cq, b = Cs. Ilomoxus, Hanpumep, a; = 1, by = 0 mw ay = 0,
be = 1, monyunm hyHIaMEHTAJIBHYIO CHCTEMY PEIIeHui

1 0
Y1 = <0> etv y2 = (1> e’

u oflee pemeHne cucTeMs! (28):

1 0
Yy = Cl<0>€t+02<1>€t.

OTmeTnM, 9TO K yPaBHEHWIO BTOPOrO MOpsiaka cucrema (28) He CBO-
IOATCA. O

6. Pemuth cucremy

z' =z -y,
vy =z 4+ 3y, (29)
Z =2z

A Xapakrepucrmieckoe ypasHerue mid (29) mmeeT Bz

A+l -1 0
det(A—AE)=| 1  -A+3 0 |=(1-27>=0,
0 0 —A+2

OTKyma A = 2, m = 3.
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Cnoco6 1. CobcTBEHHBIE BEKTOPBI, OTBEYAIONINE A\ = 2, YI0BJIETBOPSIIOT

cucreme
-1 -1 0\ /a 0

(A_mH):( L 0) <b>:<0>,
0 0 0/ \c 0

orkyma a + b = 0. Ilonaras, manpumep, a3 = 0, b1 =0, ¢c; =1 umay =1,
bs = —1, ¢ = 0, HAxXOIUM

0 1
y1= (2) e, ya= (—é) e (30)

3Ha4NUT, B JAHHOM CJIy4Yae KOJUYEeCTBO COOCTBEHHBIX BEKTOPOB, OTBEYAIO-
mux A = 2, ectb [ = 2.
Cormacao dopmyie (5) npu m = 3, | = 2 pemenne, oTBevaommee \ =

= 2, uIemM B BUE
x ay + blt
y| = (a2 +bat | e (31)
z a3z + bst

Honcrasmas (31) B (29) u cokpamas Ha e2t
OIpeIeIeHus a1, A2, a3, b1, by, b3:
b1 +2(a1 + bit) = (a1 — az) + (b1 — b2)t,

b2 + 2(&2 + bzt) = ((11 + 3(12) + (b1 + 3b2)t, (32)

, IOJIyd9aeM CHCTeMy g

b3 + 2((13 + b3t) = 2((13 + b3t)

Pemas (32) “cHusy BBepx”, HaXOIUM

by = 0, a3= C3 (upousBosbHAsS IOCTOAHHASA),
a;+az = b, b1 + by = 0,
a1+a2:—b1, b1+b2:0.

Tonaras by = C3, a1 = C1 (C1 u Cy — TIPOU3BOIBHBIE TIOCTOSTHHBIE),
nomygaem by = —Cy, ag = Co — C n obmee pererne cucremsb (32)

Cy — Cqt 1 —t 0
y=|-Ci+Co+Cot|eX=|Ci|-1)|+Co|(14+t)+C5[0]]|e*
0 0 1
(33)

Cs
(mpu C1 u C3 BuguM coberBenHble BeKTOPHL (30)).

Cnoco6 2. llomyunB mjss A = 2 jumb gBa COOCTBEHHBIX BEKTODPA
MaTpuinbl A, HaliIeM OIUH NPUCOEIUHEHHBIH BEKTOD.
Bribepem cobcTBEHHBIIT BEKTOD

()
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ITpucoenmuennsiit BexTop By HaxomuTcs n3 ypasHeHust (7)

-1 -1 0\ /a 1 0
(A= AB[r=2)B2 — 0z = ( 11 0) (b) - (-1) = (0) :
0 0 0/ \c 0 0

orkyma —a — b = 1, ¢ — npousBosbHo. [Tomarast a = —1, ¢ = 0, Haxonum
b = 0. Takum 0Opa30M, IPUCOEIMHEHHBIN BEKTOD (32 M OTBEYAIOIIEE €MY
pelleHne y3 UMeIOT BUT,

-1 -1 1 —14t
,82:< 0), y3=(B2+tas)e? = K 0>+t<1)1 e%:( —t >€2t.
0 0 0 0

ITonesno y6eauThCst, 9TO BTOPOil COBCTBEHHBIH BEKTOP HE UMEET MpH-
COETMHEHHBIX BEKTOPOB.

Jluneiinas komOunanus pemenuii y1, y2 (cm. (30)) u y3 maer obmee
permrenne cucreMsl (29):

1 —1+t 0
a(a)re( ) e fo)]e
0 0 1

Sameuanne 5. Bux pemenus (33) ornuaaerca or (34). DTo ceasano
C TeM, YTO YaCTHOE PelieHNe y3, CBA3aHHOE C NPUCOeMHEHHBIM BEKTOPOM
(B2, BO-TIepBbIX, ONPeEIseTcs C TOYHOCTHIO JI0 TOCTOSTHHOTO MHOYKHUTEJIs,
a BO-BTODPBIX, K HEMy MOXHO NPuUOAaBUTh COOTBETCTBYIONIUH eMmy cob-
CTBEHHBIII BEKTOP Qy TaKKe C IPOU3BOJILHBIM MHOXKUTEJIeM. lloaTomy
st copnanenns pemennit (33) n (34) mocrarowno yGemmThes, 9TO mpH
HEKOTOPOM BbIOOpe KOdbdurmentoB By n By cripaBemjnBO PaBEHCTBO

—t 1 1+t
(1+t>:31 (—1>+Bg< —t ) (35)
0 0 0

U3 (35) maxomum

y:

—t= B1—Bs + Bst,

1+t=—B, - Bst,
OTKyJa ClIeflyeT, 9To Jjis coBuaneHus pemennii (33) u (34) mocrarodso
BeIOpaTh By = —1, B; = —1 u nonoxurs B (34)

Cl :C_l_c_Qa

Cy= —Cy,
nose gero (34) nepexomut B (33). O

Cnocob6 3. Ecinu nocie onpenenenus A = 2 u ero KpaTrHOCTH M = 3 He
HCCIIE0BATH BOIPOC O KOJIUYIECTBE COOCTBEHHBIX BEKTOPOB, OTBEYAOIIIX
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A = 2, TO COOTBETCTBYIOIEE TOMY COOCTBEHHOMY 3HAYEHUIO DPEIECHUE
HAJI0 NCKATh B MaKCMMaJbHO oOmem Buze (6), momaras B dbopmymnax (5)
=1
ay + blt + Clt2
y = | ag + bot + cot? | €%, (36)
as + bgt + 63t2

YuraTemo pekoMeHayeTcst moacTasuth (36) B cucremy (29), nomyanTs
anre6pamIecKyo CUCTEMY, AaHAJIOTHYHYIO (32), DEITh ee 1 HANTH Pe3yiIh-
TaT pereHus cuocobom 1.

Cnoco6 4. 3amerum, 9TO TEPBBIE IBa yPaBHEHUsI HE COLEPXKAT Z, U
MOTIBITAEMCSI CBECTH UX K YPABHEHUIO BTOPOTO nopsaka. Jluddepenmupys
nepBoe ypasHenme (29) m 3aMeHsAs TPOM3BONHBIE B CIIy yDABHEHWH CH-
creMbl (29), norydaeM CIEIYIONIYI0 CACTEMY

g =z—y,
(37)
W = o~y = (2 9) - (o + 35) = 4y
Uckmowas y w3 BTOpOro ypasHenusd, npusomuMm (37) K BUIy
"’ — 4z’ +4 =0,
(38)

y=z—2x.
O6mee pemenwe (38) ectp
z = Cre® + Cate™,
y = C1e* + Oyte® — 2C1€* — Oy(1 + 2t)e* = (—Cy — Cq — Oyt)e™.
Tperbe ypaBHEHHE HHTEIPUPYETCS HE3ABUCHMO OT JBYX IIePBBIX:
z = C3et.

Takum o6pasom, obiiee pemenue cucreMsl (29) umeer By

x C+ Cst
y = Yy = —Cl—Cg—Cgt €2t:
z 03

1 t 0
Cl (—1) + 02 <—1 — t) + 03 (0)] 62t. (39)
0 0 1

Bupn pemenns (39) ommmaaercs ot (33) u (34). Urob6wl npusectu (39)
k Buxy (33), nocrarouno B3aTb Co € MPOTHBOMOIOKHBIM 3HAKOM (00rmme
PacCyKIeHus CM. B 3aMEYaHUA K CIocoby 2). ([l
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7. Pemurs cucremy

o =z -y,
Yy =y-— 2z, (40)
2 =z,

A Cnocob6 1. YpaBHeHus Jjis OnpeAesieHns A 1 COOCTBEHHOI'O BEKTOPA
Q. IMEOT BUJ,

det(A — AE) =

a 0 -1 0 a 0 1
(A — AE|x=1) <b> = <0 0 —1> (b) = (0) , OTKyJa o = (0) .
c 0 0 0 c 0 0

Jpyrux cobCcTBEHHBIX BEKTOPOB HeT. Haiimem mo3aTomy JBa MpHCOEIn-
HEHHBIX BEKTOPAa U3 ypPaBHEHUN

(A — )\E|)\:1)ﬂ1 = Q, (41)
(A — AE|x=1)B2 = B1. (42)

Pemas (41) u (42), HaxonuM, HapuMep,

(Y o)

Bekropam o, B1, B2 COOTBETCTBYIOT JMHEHHO-HE3ABUCHAMBIE PEIICHUS
cucremst (40)

1
yi=ae' = (0] ¢,
0
0 1
Y2 = [ﬂl + ta]et = —1]1+¢10
1 0
0 0 o, /1 £
O)+t(-1)+5(0)]e=] _7F]¢,
1 0 0 1
MO3BOJISAONIAE TOCTPOUTH ODIIee permenne

1 t % ; Ci + Cot + %tQ .
y=|C1|{0)+Co | -1|+Cs| _F || = —Cy — Cst e'.
1

0 0 Cs

2
V3= [ﬂ2 + 61 + %a]et =
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YuraTeno PpPEKOMEHIYeTCd TOJLyYUTh PEMIeHnue IPYTUM  CIIoco6oM
no dopmynam (5).

Cnoco6 2. B otimane ot cucreMsl (29) 31ech “3arieruieHsl” Bce ypaBHe-
Hus. ITosTomy monsitaemcs cBectu cucreMy (40) K ypaBHEHHIO TPETHETO
nopsazaka. Juddepenuupys nsaxapl nepsoe u3 ypasaenuii (40) u 3amensis
npousBozsbie B cuity (40), umeem

o =z -y,
=2y =(—y)—(y—2)=2—2y+ 2, (45)
1-’”:;1;’—2:1/—}-,2/:(m—y)—2(y—z)+zz$—3y+3z.
Paccmorpum neperie nBa ypasHeHus (45)
' =z-y,
(46)
=z —2y+ =z

Pemas cucremy (46) OTHOCHTENBHO Y M 2z W TOJCTABJSAS PE3yJIBTATHI
B TpeThe n3 ypasHeHHH (45), IPIBOIMM NCXOTHYIO CUCTEMY K BHIY

2" = 32" + 32 —x =0,
y=xz—2a, (47)
z=2z" -2z + .
Pemas (47), nHaxonum
z = Cre! + Cytet + Cst?el,
Yy = (—CQ — 2C3t)€t,
z=2C9 +2Cs
WA B BEKTOPHOM dopme
Cy + Cat + Cst? 1 t £
y = —Cy — 2C5t et = Ci|0)+Cy | —1) +2Cs —t et.
2C3 0 0 1

(48)
Bunno, aro (48) ornmaaerca ot (44) BeiGopom Cls. O

8. HpI/IMeHHH OII€PAOHHOE NCYNC/IICHNE, DEIMUTH 3a1a9y Kommnm

/!

T :—.’E+y, .’17(0):3, 4
y= xz—y, y(0)=1. (49)

A O6osuaamm gepes X (p) u Y (p) msobpaxenna z(t) u y(t). Ilo mpa-
Bty auddepeHIpoBaHUsa OPUTUHAJIOB, YIUThIBasd HA4aJlbHbIE YCIOBU,
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HaXOIUM
' =pX(p) — z(0) = pX — 3,
y' =pY(p) —y(0) =pY — 1.

IMoncrasuss (50) B cuctemy (49), nomydaeMm anreGpandecKyro CHCTEMY
IJIsl OIpeiesIeHnsT N300pasKeHuii:

pX —3=-X+Y, (p+1)X Y =3,
njain
pY—1= X-Y, X—(p+1)Y =—1,

pemiag KOTOPYIO, HaXOIUM

(50)

_ 3p+4 _ 2 1
X =y~ ptrre

_pt4 2 1
(p)_p(p+2)_1’ p+2

Ilepexons k opurnHaaM, MOIYyIaEM UCKOMOE DEIIEHUE

z(t)=2+e %, yt)=2-e . O

9. Paccmorpum cucremy m3 AByX OPYKHH U JBYX I'Dy30B. Bepxunmii
KOHeI[ IePBOil Py KuHbI 3aKpereH. K HiKHeMy KOHILY epBOil TPy KUHBI
MoJBEIeH TrPpy3 Macchl mi. K rpy3y Macchl m; NPHUKPEIJIEHa BTOPAas
[pPYy?KUHA, HA HUXKHEM KOHIE KOTOPOI IIOJBENIeH IPy3 Macchl Mmq. Haii-
TH COGCTBEHHBIE KOTEGAHUSA TPY30B (IJIsi KPATKOCTH OYyIEM CAMH TDYy3bI
0003HAYATD Yepe3 mi | My).

A Tlycts ¢ W y — CMeIIeHUs TPY30B M1 U M2, OTCIATHIBAEMBIE OT
MTOJIOZKEHUS PABHOBECHSI KaXKJIOTO W3 IPY30B, k1 U ke — K03 dUIHEHTHI
YOPYTOCTH BepxXHel n HuxKHell npyX)uH. Ha rpy3 my meiicTByer ynpyras
cuna Fy = kyz, Ha rpy3 me — yupyras cuna Fy = ko(y — z) (pacrsrkenne
HIDKHEH MDY KUHBI PABHO PA3HOCTH CMEIIEHUH e KOHIIOB ).

IIpu x > 0 ma rpy3 m; geiictByer cuita —F}, HampaBJIeHHAsT BBEPX, U
npu y > x — cuya Fh, HanmpaBeHHAsS BHUA3.

IIpu y > = Ha rpy3 my xelictByer cuna —F,, HanmpaBiIeHHAA BBEDX.

VpaBHeHus ABUXKEHHUS IPYy30B [0 BTOPOMY 3aKOHY HbpiOTOHA mMMeEIOT
BILI

mii = —Fy + Fy, moj = —F»

WM ¢ ydueToM Buga cui Fy m Fh
miZ =—kiz + ka(y — ),
maefj = — ko(y — ).
O6o3Hauas

k1+k2:a _ﬁzﬁ ky k2:5
mi ’ 9

1 ) Tme =T ma
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HOJIy9aeM OHOPOIHYIO CHCTEeMY ypaBHeHwmit
Z+ar+Py=0, §+~yr+dy=0. (51)

Huddepennupysa aBaxkabl BTOpOe W3 ITHX yPaBHEHHN W HCKJIOYas T,
HaXO0JUM ypaBHEHUe KojiebaHuii rpy3a ma:

y® 4 (a+ 8)ij + (ad — By)y = 0.
XapakTepuCcTUIeCKoe ypaBHEHUE
My (a+ 8N+ (ad—By)=0
nMeerT HOJIO)KI/ITGJIbeIﬁ ,[[I/ICKpI/IMI/IHaHT
D = (a+pB)> —4(ab — Bv) = (a — 8)* + 487 > 0,

a TaKXKe

a+6d>0, ad—pfy= ﬁifrz > 0,
oTKyma o Teopeme Bueta A2 < 0 m A2 < 0.

Ob6osrauas A} = —w? u A} = —w?, maxomum UmMCTO MHWMbIE KOPHI
XapaKTePICTUIECKOTO YPAaBHEHNS A2 = Fiw; 1 34 = Fiws. Yncma wy
7 we — COOCTBEHHBIE YACTOTHI M3YIAEMON CHCTEMBI.

Takum 06pa3om, obIriee perneHne ypaBHEHNS KOJIEOAHUN HUKHETO IPY-
3a Mgy UMEEeT BUJ

y(t) = Ay sin(wit + 01) + Ag sin(wat + 6s), (52)

rae Ay, As (ammmaTyzpr), 01, 02 (Hagambable Da3bl) ABIAIOTCHA IPOU3-
BOJIbHBIMHE TIOCTOSTHHBIMH.
U3 Broporo ypasrenuns (51) nmeem

_ 1 .
T = vy ((5?} + y)a
OTKYyda, YIUThbIBad (52), IOoJIy9aeM 3aKOH OBU2KCHUA I'PDy3a My:

2 2
a(t) = M sin(wit + 61) + M

Konkpernsiit Bug kKonebaHuil OmpeiesisieTcss MOCae OMPEIeeHUs 0~
crosHHbIX A1, Ag, 61 n O3 u3 yeTbipex HaYAJIbHBIX yCJI0BHil 3ana49u Komm
(HAIOMHMM, UTO B CHCTEMY BXOSAT JBa YPABHEHHS BTOPOTO MOPSIKA).

Uz dopmyn (52) u (53) ciremyer, 9T0 IBUKEHUS KaXKIOrO IPy3a CO-
CTOSIT U3 JBYX FApMOHUYECKUX KOJIEOAHUIA C 9aCTOTAMU Wy U Wa, IPAIEM
KoJIeOaHMA ONMHAKOBOI 9aCTOTHI UMEIOT OOHY U Ty 2Ke a3y st oboux
I‘pySOB. OTHOIHeHI/Ie aMHJII/ITy,Z[ OOVMHAKOBBIX TaDMOHUK B KOJIe6a,HI/I§IX o~
HOI'O 1 ,Z[pyFOI‘O prSa €CTh IIOCTOAHHAAd BEJINYUHA.

Takum 06pa3oM, KomebaHMsa KaxXKIOrO Ipy3a, BOODOIIE TOBOps, OyIyT
HErapMOHMYECKMMHU. FCIu 9acToThl wi U wo GAU3KHM APYr K APYry, TO
KOJIeDAHNS HOCAT XapakTep OmeHuil. ITO 3HAYUT, YTO KOJEOAHMS TOXOKH
HA TAPMOHUYECKUE, Y KOTOPBIX aMILIATY/Ia W3MEHSEeTCs HEePUOAUIECKH,
KOJIEOaHNS TO HAPACTAIOT, TO 3aTYXAOT.

sin(th + 92) (53)
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3. 3amaum JyId cCaMOCTOLITEILHOIO PEeIIeHUS

Sagaun 1 u 2 pemmTh AByMsi CIOCOOaMU aHAJIOTMYHO Crocody 1 u
crrocoby 2 nmpumepos 1 u 2.

431.2' = z—vy,
y = —dz +y.

4.3.2. 2' =z — 2y,
y=z—y

Sagady 3 pemuTh AByMsi CHOCO0aMM aHAJIOIMYHO crocoby 1 u croco-
0y 2 mpumepa 4.
433. 2 =22 —y— 2z,
y =2 —y— 2z,
Z=2z—z4+ y.
Pemnts cucrembl ypasHeHHit (I CHCTEM C TpeMs HEH3BECTHBIME
NPUBEEHB KODHN XaPaKTEPUCTUIECKOTO YDABHEHNST ).

434. 2"+ — 8y =0,

y—z— y=0.
43.5. 2 =z + v,
y =3y — 2.
4.3.6. ;vl' +x+5y =0,
y —x— y=0.
4.3.7. 2 =2z +y,
Yy =4y —=z
4.3.8. 2' =3z —y,
y =dx —y.
439.w::2y—3m,
Yy = y— 2.
43.10.2' = z4+y— 2,
y': .7:+y—z, ()\1:1,)\2:2,>\3=—1).
2 =2z vy,
4311. 2' =2 — 2y — 2,
y::y—w—i—z, (A1 =0, A2 =2, \3 = —1).
=z 2,
43.12. 2" =2z —y + 2,
Y =2zx+2y—2, (A1=1 A =2,)A3=3).
2= x—y+ 2z,
43.13. 2' =3z —y + 2,
y’: r+y+z, ()\121,)\2:2,)\3:5).
2 =d4x — y+ 4z,
4.3.14. 2’ =2z + 2z — 9,
vy =z4+ 22 (M =1, Ay 3 = £1).
2 =y—2z— 2z

43.15. ' =4z —y — 2,
Y=z4+2y—2z (M =2 =2 =23).
2=z —y+2z
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4.3.16. ' =2z —y — 2,
y:3m—2y 3z (M =0,d=X3=1).
Z=22—z—y,

4.3.17. 2’ =y — 2z — 2z,
Y=z-2y+22 (A =3, A=X3=-1).
2z =3z — 3y + 52,

4.3.18. 2’ =2z + y,
y,:2y+42 ()\1—)\2:0,>\3: )
=z 2,

4.3.19. 2 =z —y,
Yy =32—2—-2y (AM=-1,2=0 X =1)
Z=2z—z—y,

4.3.20. 2' =y + 2,
Y =2y+z—a (M=0,d=X=1)
ZI:_y_'_xa

OTBeTnI

4.3.1. x = Cre~t + Cye®, y = 2C et — 2C2e3. 4.3.2. & = 2C; cost +
+2Cysint, y = (C1 — Cy) cost + (Cy + Cy) sint. 4.3.3. = = (C1 + Cst)el,
Yy = (C2+203t)€t, z = (01—02—03—C3t)6t. 4.34. z = 20163"'—402673"',
y = C1e3t + Cre 3t 4.3.5. z = e*(C)cost + Cysint), y = e2[(Cy +
+C5) cost+(Cy—Cq)sint]. 4.3.6. = = (2C2—C1) cos 2t—(2C1+C5) sin 2t,
y = Cy cos2t+Cysin2t. 4.3.7. x = (C1+Cyt)e3t, y = (C1+ Co+ Cot)e3t.
4.3.8. ¢ = (Cl + Cgt)et, Yy = (201 - 02 + 202t)6t. 4.3.9. ¢ = (Cl +
+ QCgt)eft, Yy = (Cl +Cy + QCgt)eft. 4.3.10. =z = Clet + 0262t + Cgeit,
y = Cre! —3C3e7t, 2 = Cret + Cre? —5C3e7t. 4.3.11. x = C} + 3Ce?,
y = —20Ce% 4+ Cset, 2 = C1 + Cae® — 2C3e7t. 4.3.12. = = Cqe? +
+ Cse3t, y = Cret + Che®t, z = Cret + Cqe?t + Cse’t. 4.3.13. z = Ciet +
+Cg€2t +C365t, Yy = Clet — 20262t +Cg€5t, z = 701675 — 302€2t + 30365t.
4.3.14. * = Csycost + (Cy + 2C3)sint, y = 2C1e + Cycost + (Cz +
+2C3)sint, z = Cret + C3cost — (Cy + C3)sint. 4.3.15. z = C1e* +
+ (Co + C3)e3t, y = Cre? + Cae®, 2 = C1e® + Cze’. 4.3.16. = =
=Cy + 02€t, y = 3Cy + C3€t, z = —-C; + (Cz — Cg)et. 4.3.17. x =
= C1e3 + Coe™, y = —C1e® + (Cy + 2C3)e~t, z = —3C1€3 + Cze?.
4.3.18. x = Oy + Cot +4Cse%, y = Cy — 20, — 205t + 4C3e, 2z = O —

T 0 1 1
- 02 + Cgt + Cgeat. 4.3.19. (y) = Cl (1) et + 02 (1) + 03 <2> eft.
z 1 1 1
T 1 0 1
4.3.20. (y) = ( 1) +Cy < 1) et + O (1) et.
z -1 -1 0
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§ 4. JIuneiinble HEOHOPOAHBIE CUCTEMBI
C MOCTOSTHHBIMU KO3 dUimeHTaMmu

1. OcHOBHBIE MOHATHS U TeopeMbl

1°. Memod sapuauyuu nocmosnnvir u memod Kowu. Cucre-
MOM JIMHEWHBIX HEOTHOPOIHBIX MU depeHITnaJIbHBIX YPABHEHNH C ITOCTO-
AHHBIME KO3 PUIUEHTAMI HA3bIBAETCA CACTEMA

n
y; = Zaikyk + fi(t)a i= L_na (]-)
k=1
I B BEKTOPHOM BHJIE
y = Ay +f, (2)
y:(yla"'ayn)Ta f:(fla---afn)Ta
rae a;, i,k = 1,n, — mocrosuuble, f — HempepbIBHAdA Ha HHTepBaJse 1

dyHKIHSA.
Tak kak dyHIaAMEHTAJbHAS CHCTEMA PEMIEHUN JIMHEHHON OIHOPOIHON

cucrembr y' = Ay, coorBeTcTByomei (2), Bcerma MoxkeT GbITh MOCTPOEHA
(my1st 9TOrO HAZO HAMTH KOPHU XapaKTEPUCTUIECKOTO YPABHEHNUS), TO JJIs
WHTETPUPOBAHUS CHCTEMBI (2) TOCTATOYHO HANWTHU €€ JaCTHOE DEeIleHue.

O6mmMy MeTOAMA TIOCTPOEHNST YACTHOTO PemmenHnst cucreMsl (2) (Kak
U B CJIydae JIMHEHHOM CHCTEMBI ¢ TlepeMeHHBIME K03 bUIMEHTaMI) SBIIs-
FOTCA METOJI BAPWAIU MOCTOAHHBIX (Meron Jlarpamxka) m merom Komm
(cm. §2).

Hanomuum (cM. §3) ogHo mosesHoe cBoifictBo Mmarpunpl Komm cu-
cremsl (2) ¢ mocTossHEBIME K03(bdUIERTAME, TO3BOMSIONIEE CTPOUTH €€
mpolne, 9eM B o0ImeM ciiydae, Korjga KoddumueaTsl CUCTeMbI TIepeMeH-
meie: MmaTpuna Komm nyis cucremsr (2) ¢ nocrogaabvMu koadgdumueatamu
nMeeT BUJ,

K(taT):K(th)a

T. €. 3ABUCHT TOJBKO OT PA3HOCTH ¢ — T CBOUX apryMeHTOB.
Yacrroe pemreHne cucremsl (2), ymOBIeTBOpsiiOmee B TOUKe ¢ = t
HyJIeBOMY Ha49aJbHOMY YCJIOBHUIO, HAXOIUTCA 110 (POpMyJIe

F(t) = j K(t —7)f(r)dr. (3)

Hamomanm, 9To, eciim HyKHO HAaWTH MPOU3BOJIBHOE YACTHOE PEIeHIe
cucrembl (2), mocrarouno B opmysie (3) OrpaHUIUTHCSA MOACTAHOBKOI
BEPXHETO IpejIena.
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CuMBOIMIECKT MOXKHO JJIsT TaKOi mesn 3anucarhb dbopmyay (3) B Buge:

y(t) = [ K(t - r)f(r)dr (4)

Jau60 IPOCTO HCMOJIb30BATh 3HAK HEOMPEeIeJeHHOT0 MHTerpaja s 060-
3HAYEHUs KAKOH-HUOYIb IIepPBOOOPA3HOIL.

OTMeTHM, 9TO MOJIy4eHHOE TaKUM OOpPa3oM 9YaCTHOE PEHIeHHE MO-
2KeT He YJIOBJIETBOPSATH HYJEBOMY HAYaJbHOMY YCJIOBHIO, KAK IIOJIy Y€HHOE
no dopmye (3).

IToncranoBka B (3) HEKHEro npenena T = ty JaeT HEKOTOPOE PEIeHne
OZTHOPOJTHOU CHUCTEMBI.

Tak kak marpuna Komm mo mo6oit dbyranamenTamsroit marpune W (t)
omHOpOAHOH cucTeMbl y' = Ay omnpemensercs eIMHCTBEHHBIM 00pa3oM
B BUJIE

K(t,m) =W(HW™H(r),

TO gacTHOe pemrenume y(t) cmcTemsbl (2) MOXKET OBITH TaKKe HAUIEHO 1O
dbopmye t
(O = W) [W () dr,

to

rae marpuna W (t), He 3aBHCAasg OT NEPEMEHHON MHTErPUPOBAHUSA T,
BBIHECEHA 3a 3HAK MHTerpaJa.

2°. Memod neonpedeaernvix Kodgpduuuenmos. s cnenuaib-
HOTO, HO BasKHOTO IJIsl puioxeHuii, Buaa dbysxkmun f(t) ncnomnssyercs
TaKzKe HOI00D YaCTHOTO PelleHns cucTeMbI (1) MeTomoM Heonpe e leHHBIX
k03 dunuentos (Meroxm Ditnepa).

PaccMOTpuM BO3ZMOXKHBIE CIIydan.

1. Ilycro:

1) mpassie wactw cuctemsbr (1) IMEOT CenUaNBHBIN BAJ

— p4i ot y —
fi(t) = P (t)e’, i=1,n, (5)

7

Ije 0 — HmapaMeTp, BooOIe ToBOps, KOMIUIeKCHBIH; P (t) — MHOrowIen

crenenu ¢; (Takyo dyHkumio f;(t) HA3BIBAIOT KBA3UMHOTOYJIEHOM);

2) A1,..., A — KOpHHE xapakTepuctaaeckoro ypasaenus det(A—A\FE) =
= 0 xpaTHOCTEH M7, ...,M; COOTBETCTBEHHO (M1 + ...+ m; = n).

Torma wacTHOe pemternue ¥ = (Y1,...,Yn)"
gactamu (5) mmerca B BuIe

yi(t) = Af+s(t)e”t, i=1,n,

cucrembl (1) ¢ mpaBbIME

rae:

a) s =0, eciu 0 # A\, (k = 1,1), T.e. mapamMerp o He COBIAJACT HH
C OmHWM U3 KOpPHell xapakTepucTudeckoro ypasHenus det(A — AE) = 0;
6) s = mg, ecm 0 = Ag, My — KPATHOCTH KOPHS \g.
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Buecs AYT*(t) — muorousens crenenu ¢ 4 s (¢ = max; g;), KOHKpeT-
HEBIH BIJ, KOTOPBIX HAXOIUTCA METOI0M HEOIPeAeIeHHBIX K09 (DHITIEeHTOB.
Uckomas dopma muorounenos AYT®(t) nomkna conepxars Bee crenenn t
or 1 o q + s.

Bameuanne 1. Ecim npasbie gacru (1) nmeror Bug
fi(t) = P (t) cos Bt + Q7 () sin t, (6)

To o hopmysam Ditnepa MoxkHO nepeiitn ot (6) k Bumy (5), comepKamemy
SKCIOHEHTHI C KOMILJIEKCHBIME ITOKA3ATE IAM.

2. ITycrs:
1) xoadbdunuenTst a;, i,k = 1,n, cucremst (1) BemecTBeHHBIE U

i) = et [P‘h( ) cos Bt + QUi (t) sin Bt/ (7)

rme o u (3 — BemecTBeHHbIe nocTostHEBIE; Pl (t) m Q) (t) — MHOro<wIeHBI
cTereHell g; U r; COOTBETCTBEHHO (Takyo GYHKIWIO f;(t) TaK>Ke HA3BIBAIOT
KBa3MMHOTOYIEHOM );

2) A1,..., A\, — KOpHE xapakTepucTuaeckoro ypasaerns det(A—AE) =
= 0 xpaTHOCTEH My, ..., M COOTBETCTBEHHO (M + ...+ m; = n).

Torma gactHOe perrerne cuctemsbr (1) ¢ npaseivm gacTsavu (7) MOKHO
HCKaTh 6e3 Imepexosa K KOMILIEKCHBIM (DYHKIUAM B BUE

yi(t) = et [ AP (t) cos Bt + BPT(£) sin ,Bt} , 8)

rie:

a) s =0, ecmn 0 = a+if # A (k= 1,1), . e. KOMILTEKCHbII TTADAMETD
0 = a + i He COBHNAJAET HU C OJHUM W3 KODHEH XapaKTepUCTUIECKOTO
ypasHeHns det(A — AE) = 0;

6) s = my, ecm 0 = o + i = A\, My — KPATHOCTb KOPHS Ak .

Buecs APY(t) m BPYS(t) — wmmorounemer crememu p + 5, p =
= max;{q;,r;}, KOHKPETHBIi BHJI KOTOPHIX HAXOJUTCI METOIOM He-
onpezenenabix koddunmentos. Vckomaa dopma muorownenos A? +S( t)

u BY +S( t) mOMXKHA COmepKaTh BCe cTemeHH t or 1 1o p + s.

3°.Onepavyuonnnili memod. K IuHEHHBIM HEOJHOPOIHBIM CUCTE-
MaM € OCTOSHHBIME KodbdunuenTamu (1) IpIMEHNM TaKzKe OmepaIuoH-
ue1i Meton Jlammaca (cm. §5 . 3).

Hanpumep, ais pemenns 3agaan Kormum

y' = Ay +£(t), y(0)=yo

npeobpazosanuem Jlamiaca nepexonar or dpyukuuit y u f Kk ux uzobpa-
sxernsaM Y (p) u F(p) coorBeTcTBEHHO, TONyYas anrebpandecKyro CHCTEMY
YPaBHEHHUN

(pE — A)Y (p) = yo + F(p), (9)
FE — emuanmanasa maTpuiia.

8 A.B. Bacunsesa, I'. H. Mensenes
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Pemas (9), maxomum u3obpazxenue

Y(p) = (0E = A7 (yo + F(0))
nocsie gero o dopmysne Mesummaa wian mo TabanaM COOTBETCTBUS OPH-

CUHAJIOB U n300parkeHnil BOCCTAHABJIMBAEM OPHUTHHA Y.

2. Ilpumepsl penienns 3324

1. Haiitu obiee pereHne HEOTHOPOIHON CUCTEMBI

' =y,
(10)
[ _1
y =-—x+ sint’
A XapakTepucTudeckoe ypaBHEHUE
-2 1
det(A— \E) = ‘_1 _)\‘ =0

HMeeT KOPHH A1 o = £i. OblIuee pemeHne OqHOPOIHOM CHCTEMBI, COOTBET-
crBytomeii (10), nmeer BuL

T cost sint
= = 11
Y <y> G <— sin t> + O <cos t> (11)

(cm. mpumep 2 § 3).

YacTHOe pemieHne y HeOAHOPOAHOI cucrembl (10) Halizem aByMs CIo-
cobaMHl — MeTOJOM BapHAIlUH IMOCTOAHHBIX U MeTogoM Komm. OTmernm,
470 npaBble dacTu (10) He UMEOT BUIa KBA3UMHOTOUJIEHA, UTO UCKIII0YAeT
moAbOp YaCTHOTO PEIeHnsl METOA0M HeOolpeaeeHHbIX KoadduumuenTos.

Cnoco6 1 (MeTor Bapuanyu IOCTOSHHBIX). 3Has obmee pemterue (11)
OIHOPOIHO cucTeMbl, coorBeTcTByomEl (10), umem y B Buze

T cost sint
5= (%) =) © Colt . 12
Y (y) i )<—s1nt> + )<cost> (12)
Toncrasnsia (12) B ncxomuyro cucremy (10), momygaem anrebpanmde-

ckyto cucremy mas C(t) m C4(¢)
C1(t)cost + Cy(t)sint = 0,

—C1(t)sint + Cy(t) cost = ——

sint’

orkyma C}(t) = —1, Ch(t) = <8¢

sint

Cl(t) = —t+Cl, C2(t) :1n|sint| +02 (].3)
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IMoncrasnsa (13) B (12), maxogum obmee pemernne (10):
cost sint —tcost +sint-In|sint|
=C C . 14
Y 1<sint> + 2<cost> + ( tsint + cost - In|sint| (14)
Tperbe craraemoe B (14) ects HEKOTOPOE YacTHOE pemenue cucremst (10).

Cnoco6 2 (meron Komm). YacTHOe permienme HEOTHOPOMHON cuCTe-
Mol (10) MoxkeT GbITH HaiieHo o dhopmyite (3). [y HOCTPOEHNST MATPHII
Komm K (t — 7) HamO pemmTh MATPUIHYIO 3amady Kommu ¢ ycromsmm
B HyJIe

dK(t) _

—g = AK(1),

K(0) = E,
T. €. JIBe BEKTODHBIE 3a1a49u i Bektopa y = (z,y)T

;vl': y, z(0)=1, . :1:/': y, z(0)=0,
y =-z, y(0)=0 Yy =-z y0)=1

U B IOJIy9€HHBIX DEIEHNsX Y1 U Yo 3aMeHnTh ¢t Ha t —7. BekToper y; (t—17)
u y2(t — 7) obpasyror crosbusl Marpunst K (t — 7).
B pmammoit 3amatue MOXKHO, IPaB/Ia, 3aMETUTh, IYTO (DyHIAMEHTATbHAS

MaTpHUIa
cost sint
Wi(t) = <sint cost> ’ (15)
obpasoBaHHaga pemenusaMu, sxogamuma B (11), yike o6mamaer HyKHBIM
cBoiictBoM Marpunbsl Komm, T.e. mpu ¢ = 0 mepexoguT B eIUHUYIHYIO

marpuiy. Ilosromy, 3amenss B (15) ¢t ma t — 7, nomrygaem marpuny Komm

K(t_T):< cos(t — 7) sin(t—r)>_

—sin(t —7) cos(t — 1)
Yacrroe pemenune y cucremst (10) nveer Bug;
sin(t — 1)

- [ (D D) () -] (i) @

to s T

0 sin T

t t

SintJC9STdT—COStJ dr ) T
s sintln|sinT|| — (¢t —tp)cost
_ to to to
= i ‘ _ | : |
COSthdT+sintJ dr COStln‘SlnTW +(t—t0)s1nt
sinT to
to to

(16)

8%
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Pemenne (16) ymoBseTBOpsieT HyJIeBBIM HAIAIBHBIM YCIAOBHSM TIPH t =
= ty, MO3TOMY HE COBIIAJAET C TPETHUM ciaraeMbiM B (14).

J1j1g BEIYHMC/IEHNs HHTErPaJja MOXKeT 0OKa3aThCs y100Hee BUJ MATPHUIIbI
Kommu, 3amaBaeMblit bopMyIoi

Kt—7)=W(@HW™(r).

Has cucremsr (10) umeem

cost sint cosT —sinT
K(t-7)= (sint cost) <sin7' cos 7')

u
t ¢ sing) ¢ . 0
~ cost sin cosT —sinT
y= J K(t—7)f(r)dr = <— sint cos t) I <sin7’ cos T> <L) dr.
to to sin T
B TakoM Bue HOOLIHTerpajbHOE BHIpaKeHNE He COIEPIKHUT IepeMeH-
HOI1 t. O

2. Pemurs 3amaay Komm

o=z — 4y +3e%, z(1) = o,

17
Yy =-z+y, y(1) = yo. (17)

A Cnoco6 1. Haiimem obmee pemenne cucrembr (17) m mOICTAHOBKOM
B Ha4YaJIbHBIE YCJIOBUS OINPEIEIUM IIPOU3BOJIbHBIE IIOCTOSHHBIE,

XapakTepucTudeckne mokasaTean cucreMbl (17) Ay = —1, Ay = 3.
OO6iiee pelreHne COOTBETCTBYIOIIEN OXHOPOSHON CUCTEMBI

2 —2
y=0C <1>et + Cg( 1>eat.

[pasbie gactu (17) mvetor B kBasumuOorowtena P(t)e, tme P(t) —
MHOT'OIEH HYJIEBOH CTelleHW, a A\ = 2 He COBIAIAET C XapaKTepPHCTHIe-
CKHMMU IIOKa3aTEJIAMMU. HOSTOMy YaCTHOE€ penieHnue MOXKHO MCKaThb B BHUJIE

¥ = (Z) 2, (18)

Ioncrasuss (18) B (17), monydaem cucremy
2a = a—4b+ 3,
2b = —a + b,

orkymaa=—1,b=1mn
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Takwum o6pa3om, obmee pemenne cucremsr (17) ectsb

o S o ) S

TMoncrasnsa (19) B HAYaIbHBIE YCIOBUS, TTOITYYaeM CHCTEMY
207e ! —205e3 — e = To,

Cie ™l + Cqe® + €% =y,

pemmad KOTOPY0, HaXOAuM
Cl = %(.’L‘O + 2y0 — 62),

-3

CQ = *eT(CEO — 2y0 + 362).

Pemenne 3amaam (17) nmeer Bz
Y = *(zo+2y0—€?) 2 e~ =D _ Lz 92y, 4362) - Sty -1 e?.
4 1 4 1 1

Cnoco6 2. Haiinem permenne 3anaan Komm (17) B BEOe cymMmbr pe-
MIeHUs OTJHOPOJHOI CHCTEMBI, YIOBJIETBOPAIONIETO 33/ JTaHHBIM HadaJIbHBIM
YCJIOBUSIM, W YACTHOTO PEMIeHns HEeOTHOPOIHOI CHUCTEeMBI C HYJEBBIMU
Ha4YaJIbHBIMUT yCJIOBI/IS{MI/I.

Bocmonbsyemcsi TeM 00CTOSITENILCTBOM, 9TO perleHne 3amadun Komm
IJid OJHOPOJHOU CHCTEMBbI C HAYaJbHBIMHU YCIOBHAMHU B TOYKe t = i
ABJIsteTcsd PYHKIMENR PA3HOCTH CBOUX apryMeHTOB t — fj.

IlosToMy nyist OTBICKAHUS PEIIeHNsT OTHOPOIHON CHCTEMBI, YIOBJIETBO-
p4roIeil 33/ JaHHBIM HAYaJIbHBIM YCJIOBUSM B TO4YKe ¢ = 1, pemmM cHadasa

3agaqy Komm s ogHOPOIHON CHCTEMBI C YCIOBASIMEU B HYJIE
' = z-dy, z(0)= o,

22
v =-z+y, y(0)=yo. (22)

IMoncrasmss obmee pemenne (19) B HagaIbHBIE YCIOBUSA B HYJIE, TOIY-
qaem cucremy qis Cy u Co
2C7 — 2C5 = xg,
C1+ Ca =y,
o + 2y0), 022—%(560—2%)- L,

Cucrema (23) mpomie cucrems! (20), Tak Kak He COIEPKUT € -, e”.
Pemenne z(7) samaan Komm (22) ¢ ycrosusivu B HyJste mMeeT B

2(7) = L(ao + 200) @w — L(zo — 240) (‘f) e,

(23)

orkyna Cq = i
2
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OTKyJa, 3aMeHsdss T Ha t — 1, HAXOAUM pelleHne OJHOPOIHOIN CUCTEMBI
C 33JaHHBIMU HAYAJbHBIMHU YCJIOBUsMHU B TOo4ke t = 1:

2 -2
y = i(l‘o + 2y0) <1> e (1) i(mo - 2y0)< ) )es(tl), (24)

YTO COOTBETCTBYET YacTH pelnerns (21), comepxameit zg 1 yo.
Suasg (YHIAMEHTAJbHYI0 MATPUILy OJHOPOIHOW CHUCTEMBI, COOTBET-

creyromeii (17),
2 —t _92 3t
W(t) = ( e—t 63t> )

e e
Haiinem marpuiyy Komu K (¢ — 7) no ¢dopmyse

K(t—7)=W(H)W (1),

1 (2t —2e3 e’ 2e”
1 eft e3t _6—37' 26—37- -

Pemenue y naxomum no ¢opmyae (3):

koropas mis (17) maer

K(t—-r1)=

Il
=
—
N
—
S
L
—_
2
=
2
U
3
Il

¥ = JK(t — 1)(r) dr

t
e’ 2e” 327
< e3t> J <e3‘r 2€3T) < 0 > dr =
1
_1 (2 _
AN 3€_t 36_1 n
46275 1 26—t+3 3t—1
< 462t> - Z< —t+3 +3e3t 1) -
2 -2 -1
_ _% <1> e—(t=1) _ %( 1) 3=1) 4 < 1) 2t (25)

Cknanpreas pemenns (24) n (25), momygaeM B peNIeHns], COBNAIAIONTAN

c (21).

Crenyromas cepusl 33734 WIITIOCTPEPYET METOJ IOAGOpa YacTHOTO
penieHuda B ClIy4dae, KOrJa IpaBble 9aCTU CHUCTEMbI C ITOCTOAHHBIMU KO-
sbunmenTamu uveror B KBasumuorowiena P(t)eM. O
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3. Haiitu yacTHOE perieHne CUCTEMBI
o = x4y + 3e*,
'=-z+y, (26)

<
Il

z = 3z.

A Haitnem mpexkie BCEro XapaKTepUCTHYIeCKHe MOKA3aTeNN COOTBET-
crBytomeit (26) omHOPOMHON crCTeMBI. XapaKTePUCTHIECKOEe yPABHEHHE

1-x -4 0
det(A—XE)=| -1 1-X 0 |=(A2-2Xx-3)3-)\) =0
0 0 3—-A
uMeeT KOpHU A\; = —1 KparHoctu m; = 1 (mpocToii KOpeHb) U Ay = 3

KPATHOCTH Mg = 2 (KpaTHBI).

ITpaBble 9acTH CHCTEMBI UMEIOT BHJ KBasuMHorowieHa P(t)e™*, rme
crenenp MHOrOwIeHa P(t) paBHa Hyso, a napamerp o = 2. 3HaveHme A =
= 2 He COBIIQJIAET HU C OJHAM W3 XaPAKTEPUCTHIECKUX. SHAYUT, TACTHOE
pereHne cucTeMsl (26) HatO UCKATH B BUIE

¥ = <Z> e, (27)

IMoncrasuss (27) B (26), monygaem a+4b = 3, a+b = 0, ¢ = 0, oTkyzna
a = —1, b =1 u 9acTHOE perneHne TMeeT BUI

-1
y=1| 1]e% O
0

4. HaiiTn JacTHOE pellleHne CUCTEMbI

At
’

!

= z—4y+ €* +6sint,
Y = —z+y+te”, (28)

2z =3z + 10cost.

A OpgHOopommas cucrema, COOTBETCTBYIomasd (28), Ta ¥Ke, 9TO U B Ipe-
JBIAYIIEM TPUMeEPe, U UMEeT XapaKTePUCTUIeCKne moKa3arean \; = —1,
m1:].I/I )\2:3,m2:2.
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ITpapbie wacTn (28) UMEIOT BUJ CyMMBI AByX KBA3WMHOTOUJIEHOB (MMe-
€M B BHJy KOODAWHATHI BEKTOPHBIX (DyHKImI)

1 0 6
f=fi+6H=|(t]+ 0 Jcost+ [0 ]sint
0 10 0

= Py (t)e* + [Pa(t) cost + Qa(t) sint],
rJie KOOpANHATHL BeKTopa P1(t) — MHOTOYIeHBI TIepBOii CTeNeHH, a KOOp-
muHATH BeKTOPOoB Po(t) m Q2(t) — MHOTrOUIEHHI HyseBoll crenenn (cre-
[IEHb BEKTOPHOIO MHOTOYJIEHA ONMPENEJISETCS 110 CTapIIeil CTEIeHN BCEX
KOODJIMHAT).

CornacHO MPUHIAILY CyNEepHO3UIuU OyJeM UCKATH PEIIeHNe Y B BHIE
CyMMBI ABYX PemIeHuil yj + y2, OTBEYAIOIIUX COOTBETCTBEHHO MPaBHIM
qactam f; u fs.

Pemenne y; Oymer permenneM CucTembl

= z—4y+ e,
y' = —z+y+te”, (29)
2 =3z

Tak xax Ko dunuenTs! mpu > He BbILIe IEPBOI CTEIIEHH, 3 SHAICHHE

o = 2 (nokasarTesib SKCIOHEHTHI) HE COBHNAJAET C XAPAKTEPUCTUIECKUMHI,
pelleHne y; UIIEeM B BHIE

ay + blt
y1 = | ag + bot | €%, (30)
asz + bst
Toncrasaaa (30) B (29), momygaem cucremy
b1+a1+b1t: a1+b1t74a274b2t+1,
b2+a2+b2t: —aq 7b1t+a2+b2t+t,
bz + ag + bst = 3asz + 3bst,

OTKY/1a, IPUPABHUBAs KOO MUIMEHTHI DU OAWHAKOBBIX CTEMeHsX f, Ha-
XOAUM

b3:0,(13:0,(12:0,bQZO,(Il:O,blzl,

CIIeJIOBATEIBHO, YaCTHOE pelleHne cucTeMbl (29) umeeT BHT

t
Y1 = 0 €2t.
0
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Pemtenne yo Oymer permeHuneM CuCTEMBbI

' = x — 4y + 6sint,
Yy =—x+vy, (31)
2 =32+ 10cost.

ITpasere gacru (31) OTBEYAIOT KBA3UMHOIOWIEHY CO 3HAYEHHEM IApPa-
MeTpa 0 = i, He COBIAJAIONMUM C XapaKTePUCTHICCKUMHE, U K03 duImen-
TaMu HyJseBoii crenenn ¢. [IosToMy JacTHOE pelleHHe HAIO UCKATH B BUIE

ai as
y2=| b1 | sint+ | b2 | cost. (32)
C1 C2

Hoxncrasnaa (32) B (31) u mpupasruBas ko3bdunuenTsl opu sint
u cos t, HaxoauM

al:71,1)1:0,61:1,a2:75,b2:71,03:73,

-1 5
Yo = 0|sint— [1]cost,
1 3

a 9aCTHOE PelIeHne UCXOAHOI cucreMsl (28) nmeer Buz

t -1 5
Yy=yi+y2={0)e*+ 0)sint— [1]cost. O
0 1 3

5. Haiit; yacTHOE perreHre CUCTEMBI

CIIeJ0OBATEJIBHO,

!

= z—4y,

!

Y = —xz+y+det, (33)
2 =3z + €%
A XapakrepucTudecKue okasaTeau cucreMbl (33) HaiifieHb B OpUMe-

pe3: Alzfl,mlzl,)\2:3,m2:2.
IIpaBbie yacTu (33) UMEIOT BUJ, CyMMBbI BYX KBa3UMHOI'OYJIEHOB:

0 0
F=f +f= (4) e+ (0) 3 =Py (t)e™! + Py(t)e?,
0 1

rae Pq(t) u P2(t) — MHOrou4sIeHBI HyJIeBoii cTeneHu (MMeeM B BUIY KOOD-
JIMHATHI BEKTOPOB ).
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CorylacHO NPUHIWILY CYNEPHO3UIUKA OyZEeM WCKATh PEIIeHUe CUCTe-
MBI (33) B BUAE CyMMBI JBYX DEIIEHWH Y] W Y2, OTBEYIAMOIINX MPABBIM
gactam f; u 5.

Pemenne y; OymeT pereHneM CHCTEMBI

=z — 4y,
Y = —z+y+de, (34)
2! =3z.

Tak xak KOS(b(bI/IIH/IeHTbI mpn e_t — MHOT'O4YJIEHBI HyJ'IeBOfI CTEIICHU,

a mapamerp o = —1 B mpapoit wacTn (B moKa3aTesie SKCIOHEHTHI) COBIA-
JTaeT ¢ XapaKTEPUCTUIECKUM ITOKa3aTeaeM A; = —1 KparHocTH my = 1,
pellleHne Y1 UIEM B BUIE

a; + blt
yi = |as+bat | et (35)
as + bst

Toncrasnsg (35) B cucremy (34) m npupasauBasg K03huUIUERATH TPH
OJMHAKOBBIX CTEIeHAX t, HAXOMUIM

(13:0, ngO, b1:4, b2:2, 04172042:2,

oTkyma, ecim az = C, o a3 = 2C + 2, T.e. 9aCTHOe pEIIEHNE Y1
OIIPENIENSETCS C TOYHOCTHIO JI0 OJIHOTO MIPOU3BOJIBHOTO TIAPAMETPA B BUIE
2C + 2+ 4t 2 244t
y1 = C+2t et=C(1)et+ | 2t |e (36)
0 0 0

Herpyzaso mposepurh, uTo mepBoe ciaraeMoe B (36) ecTh permeHne
OJHOPOMHON CUCTEMBI, Halas COOCTBEHHBIN BEKTOP MaTpumbl A, oTBedaro-

muit Ay = —1. Takum obpa3omM, B KadeCTBE YaCTHOIO PEINEHUs CHUCTE-
MBI (34) mocTaToYHO B3ATH BTOpoe ciaraemoe B (36)
244t
Y1 = 2t e_t.
0
Pemtenne y, Gymer permeHneM CuCTEMBI
= x4y,
y =-z+y, (37)

2 =3z 4%
Tak kax Kosdunuents: mpu e — MHOTOWIEHB! HyJNeBOiHl CTemeHH,
a mapamerp o = 3 (B moOKa3aTese SKCIIOHEHTHI) COBIAIAET C XaPaKTEPU-
CTUYeCKHAM IIOKA3aTeIeM Ay = 3 KPATHOCTH My = 2, PElIeHue Yo UIIEM
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B BUJIE

ay + blt + Clt2
y2 = | as + bot + cot?® | €%, (38)
as + bgt + Cgt2

Toncrasnsa (38) B cucremy (37) w npupasauBasg K03hHUITUEHTH TPH
ONMHAKOBBIX CTemeHsdX t, HaxoauM, ITo by = 1, a ocTambHbIe KO3ddum-
€HTBI COJIEPXKAT IIPOM3BOJIbHBIE TOCTOSTHHBIE, KOTOPBIE MOYKHO ITOJIOKHUTh
paBHBIME HyJI0. Takum o6pazom,

0
yo= (0] e
t

To 06CTOATETHLCTBO, ITO BEKTOp TpH e>! He comepxuT t2, CBA3AHO
C HE3aBHCHMOCTBIO IIOCJIEJHEr0 HEOLHOPOJHOrO yPAaBHEHHS OT IPYTUX
nepemenHbIx. PaKTUYECKU MTApaMeTp o = 3 KBa3UMHOro4/IeHa 3! coBmast
C XapaKTePUCTUIECKUM HOKa3aTeleM KPATHOCTH 1 Il MOCIIEJHETO ypaB-
HeHus. Vckombril Bug (38) B TaHHOM CiIydae OKa3aJics Iepecdyp OOIIIM.

I/ITaK, YaCTHOE peEIIeHUre HCXO,ILHOfI CHUCTEMBI (33) nMeeT BU]
2+ 4t 0
y =Y + Y2 = 2t €7t + 0 egt. O
0 t

6. IIpumenss omepamuoOHHOE UCYUCIEHUE, PEIUTh 3aaady Komm

3t

¥ =-x+y+e, x(0)=3,
(39)
y= z-y+e, y0)=1

A O6osuaamm 1gepe3 X (p) u Y (p) msobpaxenna z(t) u y(t). Ilo mpa-
Bty auddepeHIpoBaHus OPUTUHAJOB, YIUThIBasd HAYaJbHbIE YCIOBU,
HAXO[IM

z’ = pX(p) — 2(0) = pX -3,
(40)
Y =pY(p) —y(0) =pY — 1.

[Moacrasngas (40) B cucremy (39) u yanTbiBag, ato e’ = p%l’ oIy~

JaeM aJarebpamdecKyo CHCTEMY MJis OIpeIeIeHnsT H300parKeHuil:

PX 3= -X+Y+ 1,

— 1
pY,l_ X*Y‘Fm,
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peliasi KOTOPYIO, HaXOIUM

_ 3 +2w-2 _ 1, 1
X0 = prnp-n - » T prz "

1
p—1

2
_ p+4p-2 1 1 , 1
YO = o720 D P Pz TrT

Tlepexons K opurmHaIaM, MOJyIaeM UCKOMOE PEIIeHIe

zt)=1+e 2+, yt)=1-e 2 +¢. O

7. Paccmorpnm KosreGaHWs AByX IPY30B HA MPyKUHAX (CM. 3amady 9
§ 3) Moz BO3mEHCTBIEM BHEITHEN MEPUOANIECKON CHJIBI.

Ilycts onsaTh rpy3 M1 mOJBeNIEH K HUXKHEMY KOHILY II€PBOM IPYKIHbI,
BEpPXHHiII KOHEI[, KOTOPO# 3akperieH. K rpy3y m; HpuKpeIieHa BTOpas
Npy’KWHA, HA HAXKHEM KOHIIE KOTOPOi IOJBEIIEH TPYy3 MAacChl My (Kak
u B 3amade 9 §3, duepes m; m mo obO3HAYAEM KAK CAMH TIDPY3bI, TaK
U ux Macchl), k1 u ko — xo3ddUIMEHTH yIPYrocTn BepxHEH n HUXKHEl
NIPY2KWH.

K rpy3sy m; mpuioxkeHa mepuomwyecKasl BHelmHss cuia [(t) =
= Fysin vt.

Haiitu 3akoH qBuzKeHUs rpy3a my 0o AedCTBUEM CUbL f (t) Ipu Opo-
M3BOJIBHBIX HAYAJBHBIX yCaoBusx. VccaenoBaTh BO3MOXKHOCTH MOAOOPA
HIDKHEN TPYXKWHBI W TPy3a Mo [Jid TalleHus KojebaHwil rpy3a mi Ha
9aCTOTE I BHEIIHEH CHJIBL.

A B3amadge 9 § 3 6bm nOTyYeHBI ypaBHEHUST, ONUCHIBAIOIINE COOCTBEH-
HbIe KOJIeOAHUS TPYy30B M1 U My B OTCYyTCTBHE BHeImHuX cmi. Jlobasiiss
BHEmHIOI0 cuity f(t) B ypaBHeHUE IBUXKEHUd Ipy3a my (C aMILIATyHOl ),
uMeeM

miZ=f(t) —Fi+F,, mej=—F
i, ¢ yaerom Buga cun Fy, Fo u f
mi1E = —kyz + ko (y — z) + Fosin vt,
mai = —ka(y — z).
Ob6o3Hauas, Kak u B 3agade 9,

ki+k k k k
! 2:a7_m_21267_m_22: 2:57

mi 7 Mo

NOJy9aeM Ha 3TOT Pa3 HEOTHOPOAHYHO CUCTEMY yDaBHEHMIT
&+ ax+ Py = Fysinvt, ¢+ vyx+dy=0. (41)

Oudbdepermupys naxael Bropoe ypasrerme (41) m mckimowasa x,
HAXOAUM ypaBHEHHE KojieGaHuit Tpy3a My

y(4) + (a+68)j+ (ad — By)y = —yFysinvt. (42)
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B pemennn 3anaun 9 § 3 OblIn HalIEHBI KOPHU XapaKTEPUCTHIECKOTO
ypaBHeHHS A3 = Fiw;, A34 = Fiwy W TOIydYeH peXXUM CBOOOTHBIX
kosiebanmit rpy3a mo:

Yo (t) = A1 sin(wlt + 91) + .A2 Sil’l(UJQt + 92) (43)

Bynem nckath gacTaOe pemenne y(t) HeomHOPOAHOTO ypaBHeHus (42),
moJiarasi, YT0 JYaCTOTA BHEINHEH CUJIbI OTJINYHA OT COOCTBEHHBIX YACTOT:
v # wy, V # ws. [Ipn sToM npeamonoxkernn qactHoe pemenne (42) Hy>KHO
uckatb B Buge Asinvt + Bcosvt. dcuo, uro B = 0, Tak Kak ypaBHe-
e (42) comepwT Jmmb YeTHbIE mpom3BomHbE U sinvt. IloncraBuss

y(t) = Asinvt B ypaBuenue (42), nonydaem
A= —’7F0E7

rae
E=[*—(a+0)v*+ (ad—py)*

y(t) = —yFyEsinvt. (44)

IMoncrasnsiss obmee pemenwne y = Yo + y ypasHenns (42), nalinerHoe
no dopmynam (43) u (44) B ypaBHeHue

_ 1 .
(BTOpO€ U3 ypasHeHwuii (41)), moaydaeM 3aKOH IBUXKEHUS TPY3a Mo:
z(t) = (§ — v*)FyEsinvt+

Al (w% - 5)
v

Az (w% — 5)

+ gl

sin(wlt + 91) + sin(wgt + 92) (45)

Konebannss rpy3a m; Ha 9acTOTe V BHENIHEH CUJIBI ONPEIeNIsTeTCs
nepebiM cinaraeMbiM B (45). Buamo, 9T0 aMmiamTyna 3THX BBIHYKIEH-
HEIX KojlebaHmit ofpamaeTca B Hy/Ib, ecid v2 = §. DTO ycaoBHe MOKHO
obecrreanTh BBIOOPOM KO3(dduImeHTa yupyroctu ko HIKHENH TPYKUHBI
U MACCHI 1My HU2KHErO Ipy3a:

= Vi= B

k .
Bemnunna 4/ m—22 — 9TO YacToTa COOCTBEHHBIX KOJIEOAHWU Tpy3a Ha
OT/IeJIbHOM, 3aKPETJIEHHONW Ha BepXHeM KOHIlE, TPYXKuHe ¢ Kodhdumen-
ToMm yupyroctu ko. Eciau 3Ta 9acTrora coBmasaeT ¢ 94acTOTO U BHEITHEH
cuisl f(t), TO B IBUKEHUH IPy3a M1 OTCYTCTBYIOT KoJebaHUs Ha 9aCcTOTe
BHEITHEN CHJIBI. O
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3. 3amaum JyId CaMOCTOLTEILHOIO PEeIIeHUST

Samaun 4.4.1-4.4.3 pemmrs nByMsi criocobamus:
a) METOIOM BaPWAIMH TOCTOSTHHBIX;

6) meromom Komm.

44.1. ' =y,
Y __m+cost
4.42. 2 +2z —y=—e?
Yy +3:v—2y—662t

4.43. ¢ =y +tg?t—1,
y =tgt—mx.

4.4.4. 2’ =y — 5cost,

y =2z +y.

4.4.5. &' = 3z + 2y + 4,
y=x+2

4.4.6. 2’ =4z +y —e*,
y =y—2x

44.7. 2 =2y —z +1,
y =3y — 2z

4484U:5x—3y+2§t
y =z +y+5e "

4.4.9. 2’ =2z — y,
y =y —2x+ 18t

4.4.10. 2’ = 2z + 4y — 8,

y' = 3z + 6y.
4.4.11. ' =2z — y,
y = x4 26"

4.4.12. 2’ = 2z + y + 2¢¢,

4.4.13. 2’ =z —y + 8,
y =5z —y.

4.4.14.;1: =2r4+y—224+2-1t,
y :—;1:+1

4.4.15. 2’ +x + 2y = 27",
y+y+z=1,
Z4+z2=1,

z(0) = y(0) = 2(0) = L.
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OTBeTsnI

4.4.1. z = Cycost+ Cysint+cost-In|cost|+tsint, y = —Cysint +
+ Cycost — sint - In|cost| + tcost. 4.4.2. x = %e% + 2C€et + Cre™t,
y = %e% + 3C1et + Coe™t. 4.4.83. = Cicost + Cysint + tgt, y =
= —C;sint + Cycost + 2. 4.4.4. z = Cie? + Cret — 2sint — cost,
y = 2C1e% — Cye~ " +sint + 3cost. 4.4.5. © = Crel +20e* +3€%, y =
= —Cre' +Cre +°. 4.4.6. = Cre? +C2e® +(t+1)e?, y = —2C % —
— Cz€3t —2te?. 4.4.7. x = (Cl +202t)€t -3,y= (Cl +Cy +202t)€t —2.
4.4.8. = Cie? +3Che* — et —4e3, y = Cre?t + Coe*t — 2e7t — 263,
4.4.9. ¢ = C1e® + 32 + 2t + Cy, y = —C1e3 + 6t — 2t + 2C, — 2.
4.4.10. £ = 2018 —2C, — 6t + 1, y = 3C1e3 + Cy + 3t. 4.4.11. z =
= (O1 +Cat —t?)et, y = [C1 — Ca + (C2 + 2)t — t?]et. 4.4.12. x = Cre’ +
+ Cae® +tet — et y = —Cret + Che® — (¢ + 1)et — 2e*. 4.4.13. z =
= C} cos2t—Cysin 2t+2t+2, y = (C1+2C5) cos 2t+(2Cy —Cy) sin 2t+10¢.
4.4.14. £ = Ciet + Cysint + Cycost, y = —Cret + Cycost — Cysint + ¢,
z = Cosint+ Csycost+ 1. 4.4.15. s =et,y=e7t, z2=1.



I'maBsa 5

KPAEBAS 3AJIAYA J1JIS JIMHEITHOTO
VPABHEHUS BTOPOT'O ITOPSIIKA

KpaeBoit 3amadeit Ha3pIBaeTCd TaKas 3a7ada, B KOTOPOH Tpebyercs
HaliTh pemenne auddePEeHITNATFHOTO YPABHEHNA, yA0BIECTBOPAIOIIEE JI0-
MIOTHUTEIbHBIM YCJIOBUAM, 33/JaHHBIM HA PA3HBIX KOHIIAX WHTEPBAJIA WH-
TEerpUPOBAHUAA.

§ 1. HeonHopoaHasi KpaeBas 3ajia4da

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

Paccmorpum cnemyromyo KpaeByro 3a1ady:

pou” +prv’ +ppu=f, a<z<b, (1)
a1t/ (a) + Bru(a) = Ay,  asu!(b) + Bau(b) = As.

3meck po, p1, P2, [ — HempephiBHbIE DYHKIUM TepeMeHHON z; u(r) —
HCKOMO€ peleHue; o 2, $1,2, A12 — 3aJaHHbIE HAPAMETPHI, HEKOTOPbIE
U3 KOTOPBIX MOTYT OBITH PaBHBI HY/TIO, HO a2 + 3% # 0 u a3+ 32 # 0. Ecin
a1 = az = 0, TO rpaHUYHBIE YCIOBUS HA3bIBAIOTCA ycaoBusMu | porma.
Ecmu 1 = B2 = 0, To — ycnosuamu Il pona. Ecmu a2 # 0 u 1,2 # 0,
TO — rpaHnYHBIMEU ycioBusmu 111 poxa.

Ecmn A; = A = 0, To rpaHuYHBIE YCIOBUS HA3BIBAIOTCS OJHOPOIHBI-
MU; B UHOM CJIy9ae — HEOJHOPOJHBIMHU. 3aMETUM, YTO 3aMEHON MCKOMOI
dYHKIMKM IPAHUYHBIE YCJIOBUSI BCETIA MOXKHO IPHUBECTU K OJIHOPOIHBIM.
A nmenno, 6ymem uckarh u(x) B Buze u(z) = y(z)+g(z), roe g(z) — nmobas
JBaXKIbl HEMPEPHIBHO auddepeHtupyemast QYHKIUsI, Y/I0BJIETBOPSONIAS
rpaHudHBIM yeaoBuaM 3agaqu (1). Hanpuwmep,

o) = (4=2) (1m0 () A (1 ),

Torpa mus bysxmun y(x) morygaeM 3329y ¢ OJHOPOTHBIMA ITPAHUIHBIMA
YCJIOBUAMU

{poy” +p1y +p2y =F, @)
a1y’ (a) + Bry(a) =0, a2y (b) + B2y(b) =0,
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rne F = f — pog” — p1g’ — pog — HOBBIN CBOGOAHBIN WieH ypaBHEHHS.
Takum obpa3om, HE yMmajss OOITHOCTH, MOXKHO WCCJIEI0BATH KPAEBYIO
3a/1a9y C OJHOPOJHBIMH T'DAHUIHBIMA yCIOBHSIMU.

Paccmorpum Bompoc emmucTBeHHOCTH pemnenms 3amadm (1). Ilycrs
cymecTByIoT nBa pemenus ui(z) u ug(z). Torpa nna dysrnun z(z) =
= uy(z) — uz(z) u3 (1) monygaem:

{pOZ” + plz, +p22 =0, (3)
a12'(a) + P1z(a) =0, agz'(b) + B22(b) = 0.

B saBucumocTH oT BBI6ODA p;(T) N BEMYMHBI HHTEPBAJIA HHTErPUPOBAHIS
3amaga (3) MOXKeT WMeTh WM HE HMETh HEeTPUBHAJbHOE pemrenue. Ec-
am (3) mMeeT JMIIL TPEBMAJBHOE pemenne, To pemenne (1) exnHCTBEHHO.
Ecim (3) mmeer merpmBmanpHOe pemenue, To pemenwe (1) (ecam omO
CYIIECTBYET) ABIAETCA HEeTUHCTBEHHBIM.

1°. Paccmorpum ciy9aif, korma 3amaga (3) IMeeT TOIBKO TPUBUAJIb-
HOE DeIleHHe.

Teopema 20. ITycmwv pynxyuu p;(z) (i =0,1,2) u F(z) nenpepuieno
npu a < z < b, po(z) # 0. Tozda cywecmsyem pynxyus G(z,§), naswvea-
emasn pynkyuet I'puna, ydosisemeoparou,as caedyrouum mpebosaHUAM:

1. G(z,€) xax ¢pynryus x, npu arwbom £ € [a,b] ydosaemeopaem
00nopodromy ypasreruto (2) npu x # &.

2. G(z,§) xax Pynruyusa nepemennoti T, YyooBAEMEOPAEM 2PAHUYHBIM
yeaosuam 3adawy (2).

3. G(z,&) nenpepoisna npu © = .

4. Ilepsas npouszsodnasn G(x, &) umeem npu = £ paspus ¢ 6eAUNUHOT
CKAYKQ NPEIesdHBT 3HaveHul

z=§+0_ 1

08|\ g

Pewenue kpaesoti 3adauu (2) npedcmasumo 6 sude

b

y(@) = [ Gl OF(§) de. (4)

a

Dynryusa I'puna 6 a6Hom sude onpedessemcs BvParceHuem

G(.’L’,é) _ pO((é.)w é-) ’ (5)
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ede v1(T) — MPOU3BOALHOE HEMPUBUAALHOE pewenue 00HOPOOH020 YPas-
nenus sadavu (2), ydosaemsoparowee ycaosuro avi(a) + Pfrvi(a) =
= 0; va(x) — pewerue mozo dice YpasHEHUA, YOOBAETNEOPAIOUEE YCAOBUIO
agvh(b) + Bava(b) = 0; w(z) — onpedesumens Bpomckozo smux dsyz
peweHud.

Bameuanune 1. @ynkuma I'pura G(z, &) sBasiercs 0600MEHHBIM De-
menneM [4] 3amaun

{poy” +p1y’ +p2 = 6(z — &),
a1y’ (a) + Bry(a) = 0, asy’(b) + B2y(b) =0,

rae 6 — penabra-pyHKnug Jupaxa. (Il

3ameuanue 2. Ousmueckuit cmbica ¢yHKuuu ['puHa Caemyrommii.
Ecmm 3amaga (2) onmceBaer “mosenenme” y(x) HEKOTOPOH (dusmIecKoi
cucTeMbl Ipu Bo3zelicTeun BHemHel cuibl F(2), To G(z, €) ectb “oTkank”
CUCTEMbBI B TOYKE T HA €JMHWYHOE I10 MOIIHOCTU BO3IeHCTBHE, COCPEI0-
rogennoe B Touke £. Cmbrcan dopmymnsr (4) mpm 9TOM COCTOMT B TOM,
970 B (DU3NIECKOUH CHCTEME, ONMMCHIBAEMON JTMHEHHBIM yPAaBHEHUEM, JIJIsT
HOJIydeHnsl pelleHus y(x) B TOUKe & HY’KHO IPOCYMMUPOBATh “OTKJINKA”
B 9TOH TOUKe Ha BO3meiicTBud F', oKa3bIBaeMble HA CHCTEMY B PA3IMYHBIX
TouKax &. Il

Bameuanune 3. Ecm B 3amave (1) dyskums f(z) 3amana sBHBIM
aHAJINTHYECKAM BBIPAYKEHUEM, TO 9aCTO OBIBAET TPOIIE He CTPOUTD (DyHK-
muio ['puHa, a HailiTh o0Iee pereHne HEONHOPOIHOTO YPaBHEHW, TOCTe
9ero MCKATh 3HAYEHUS HEOMPEeIeJeHHBIX KO3 MUIMEHTOB B 3TOM 00IeM
PEIIeHAN U3 TPAHUYHBIX YCJIOBHI.

B To0 ke Bpems mpencrasienne pemenns B popme (4) BaxKHO TpH BC-
ClleIOBaHUH OOIIUX CBONCTB PENICHHs KPaeBOoil 3aJa4u, Koraa Bu. (pyHK-
nun F(z) me korkpermsuposan. Kpome Toro, npencrasnenne (4) apasgercs
KOHCprKTI/IBHbIM METOJAOM DpPEIIEeHud 3aJa49U B C.quae CJIO2KHOI'O BHUIa
dbynknmn F(z).

Ecmu dysxmms po(z) muddepernupyema, To ypasaenne (1), mocie

yMHOXKeHus Ha GyHKumio y(zr) = exp{f j Z%g)@ d¢ } OPUBOIUTCS

k suny (p(x)y') —q(x)y = F, tme p = poy, F = fr, ¢ = p27. ad

Teopema 21. Qyuryus I'puna xpaesoti 3adavu
{(py’)’ —qy=F, (©)
a1y'(a) + fry(a) = 0, a2y’ (b) + B2y(b) =0

cummempuuna, m. e. G(z,&) = G(&,z) dan ecex T u &, npunadiescawur
[a, b].
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Bbime MBI npeanonoxkuim, uro pemenne (1) eamHCTBEHHO. YKarkeMm
HEKOTOPHBIE JOCTATOYHbIE YCIOBHs €IMHCTBEHHOCTH pereHns 3aaadn (1).

Teopema 22. IIycmov q(z) u F(x) nenpepwenvie, a p(x) — nenpe-
pwuero Judpepenyupyeman dynxyuu; p(z) > 0, g(z) > 0. Tozda pewenue
3adavwu (6) eduncmsenno.

2°. Obparumcs Temepb K CIydYar, KOrjla CYIIECTBYET HETPUBUAJIb-
Hoe pemenwne 3ana9n (3). Takux HETPUBHAIHHBIX JHHEHHO HE3ABUCHMBIX
permeHuii MoKeT GBITH He Gosee ABYX, MOCKOJIBKY ypaBHeHHE 3amaqn (3)
BTOPOT'O HOPAJIKA.

Teopema 23. Heobxodumvim ycaosuem paspewumocmu 3adaqu (2)
ABAAEMMCA OPMO20HAADHOCMS PYHKUUY F HEMPUusuasvrom peuleruim
3adawu (3).

U3 pe3y/bTaToB HaCTOAMIEro maparpada cleayer albTepHATHBA: 100
HEONHOPOJHAA 33739 (2) IMeeT eAUHCTBEHHOE DEIIeHne, JIN00 OJHOPO-
Has 3a7a9a (2) IMeeT HeTPUBHAIBHOE DENIeHNE.

2. Ilpumepsl penrenud 3aga4

1. Pemurs kpaeByro 3amady:

{y"+y’ =f(z), 0<z<1,
y(0) =0, y(1) =1

A TlpuBomuM rpaHUYHBIE YCIOBHS K OJHOPOTHBEIM. [l 3TOro mimem
pemerne y(z) B Bume y(z) = z(z) + g(x), rme g(z) — npomssonbHAs
dyHKIEA, yIOBIETBOPAIONIAT HEOJHOPOAHBIM IPAHUIHBIM YCIOBUAM PAC-
cMmarpuBaeMoii 3anaun. Beibepem g(z) = z. Torma y = z2(x) + . Hua
bYyHKIUH z mosIydaeM

{Z”+Z’=f($) = f(z) -1,
z(0) =0, z(1)=0.

IMoctponm dyuknmio I'pura nnua mocnemueit 3amaun. OOIee pereHne
onHopomHoro ypapHenusi b6ymer z = Chie”* + (3. Orcrooma pernenuneM,
YZIOBJIETBOPSAIONIAM OTHOPOAHOMY TpanmaHOMYy yciosmio z(0) = 0 Gyner
z1(z) = e — 1; rparmanomy ycmosmio z(1) = 0 — dymkunusa zo(z) =
= e ! — e ?. Onpenenuress BPOHCKOTO STHX peIIeHmit

Z1 Z et—1 e l—g®
W(z) = -

—T

A —e
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Cornacro (6), bysxmma I'pura nmeer Bug

(e™® —1)(e”t —e79)

8_5 el _ pun T < 57
=1 L
675(671 _ 1) opu x 2 5
Pemenne z(z) onpenensierca dopmysoit (4):
1 T
(o) = [Gla )R (€) de = [ e L (f(e) — 1 det
0 0

== GRS

O6paruM BHEMaHWe, 9TO [OJ HHTerpajoM or 0 IO Z CTOMT Ta YacThb
BBIpaxKeHus Jyida QyHKmnu ['prHa, KOTOpas COOTBETCTBYET CIydaio & > &
(Bropas crpouka B (4)). COOTBETCTBEHHO MOJ MHTErpajioM OT = 1o 1 —
4JacTh BbIpaxkeHns (4), coorBercTByromas r < . Pemenwe mcxomHoi
3amaun Oyner y = z(z) + . O

2. Pemuts KpaeByio 3agady

{(;c+ )2y —2(z+1)y +2y=1, 0<z<2,
y'(0)=1, y(2) =4

A B 370l 3ama49e cTpouTh pelenue ¢ moMmompio dynkuun [puna —
CIIUIIIKOM CJIOXKHBIA myTh. lIpomie wHaliTu oOmmee pereHne ypaBHEHUS
n onpenaesmTb KOHCTAHTHI U3 TI'PAHUYHBIX yCJIOBHﬁ. He3aBI/ICHMI)IMI/I pe-
MIEHASIMEA OJHOPOMHOTO ypaBHeHWs ABAATCA Y1 (z) = = + 1 m yo(z) =
= (z + 1)%. YacTHOe peleHWe HEOTHOPOTHOTO YDABHEHUS Y = f%. Ilo-
3TOMy OOIee pellleHne HeomHopoxHoro ypaererus y(z) = Ci(z + 1) +
+Cy(z+1)2 - % Surauenusa C; u Cy onpenensaeM, IOICTABIIAS PEIICHIE

B HalifleHHOM Buze B rpannubie yciaosus. Umeem y' (0) = Cp +2C5 — % =
=1,y(2)=Cy-3+C39—1=4. Orcroma Cy = %, Cy = % U pelreHue
3aJa4n

y@)=L@+1)+ Hz+1)? - % = F(2* +62+38). =

3. Ilycts Ha CTpyHY, 3aKpeIIEHHYIO Ha KOHIIAX, JEeHCTBYeT B IIO-
nepedHoM HampabieHnn cmna P(z)sinwt. Tpebyercs Haiitn npoduns
YCTAHOBUBIIIUXCS MAJIbIX HOIEPEYHBIX KOIeOaHMi CTPYHBI 1O, JAefiCTBIEM
9TO# CUJIBI, CYUTasd, YTO BO3AeHiCTBHUE CUJIbL HEe ABJIAE€TCHA Pe30HAHCHBIM.
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A Magpie onepednbie KomeGaHUsT CTPYyHBI onmchBatoTcs [19] coorHo-
IICHUAMU:

o* o* :

8—151; = A2a—m12‘ + f(z) sinwt,
u(0,t) =0, wu(l,t) =0,

rae t — BpeMsd, T — NPOJOJIbHAA KOOPANHATA, U (T, t) — IONepevHoe CMeTTe-
HEe TOo9YKHU CTPyHBI, f(z) = ®(x)/po, po — TWHENHAA TIOTHOCTDH CTPYHBI,
0 u | — KoOpAMHATHI TPAHUYIHBIX TOYEK CTPYHBL MIeM yCTaHOBHBIIMECS
konebarns B Buge u(x,t) = v(z)sinwt. IoxcraBnssa Taxoil Bu permeHnst
B ypaBHEHHe U IDaHUYHBIE YCJIOBHS, COKpaIas BCe claraeMble Ha sin wt,
nosrygaemM

—wiv = A%y +f, (7)
v(0) =0, o(l)=0.
Obmee pemenme omaopomHoro ypasmerma A2v” + w?v = 0 Gyzer
v = (Cysin %x + Cs cos %x OTO pelleHue yI0BIETBOPAET IPAHTIHBIM

YCIOBUAM, €CIu

U(O) = =0, U(l) = (Cysin %x + Cq cos %x =0.

Pemrenme Gymer HeTpuBHaIbHbIM, e C7 + C2 # 0, 9T0 BO3MOXKHO JIHITH
Opy yCIOBHU Sin %l =0.

Taxmm 06pazom, omHOpOAHAA Kpaesad 3amaga A%v” +w?v = 0, v(0) =

= v(l) = 0 WMeeT HETPHBHAJILHOE DEIEHUE U = Sin %a: B Clydae w =
= # (n = 1,2,...). Yactoret w = % ABJIAIOTCS COOCTBEHHbI-

MU 9acTOTaMHu KojebaHuil cTpyHBI. [lpm 3THX 9acToTax, KaK BHIHO U3
BBIINIENPUBEIEHHBIX COOTHOIIEHUH, CyIeCTByeT HeTPUBUAJILHOE PelleHue
u(z,t) = Csin 71'an sinwt npu orcyTcTBun BHemHel cuibl f = 0.

Paccmorpnm cirydait, Korna BHeNTHee BO3/IeHCTBIE NMeeT HEPE30HAHC-

HBI XapakTep, T.e. CIydail w £ TAN - OfozramM % = k. Iocrpoum

dyskmmo Tpuna 3amaun (7). Pemenne omHopogHOro ypaBHeHHs 3TOM
3a/1a9u, YIOBJIETBOPSIONIEE JIEBOMY TPDAHUYHOMY YCIOBHIO, Oymer y;(z) =
= sin kz; npaBomy rpannaHOMY yeaoBuio — yo(x) = sin k(I — z). Onpene-
surenb Bporckoro Oymer paBeH

_ | sinkz sink(l —z)| _ .
W) = |k coskz  —F cos kE(l—z)| — ~ksin k.
@Dyuxnusa ['puna, cormacuo (5), umeer Buz,
sinkz sink(l — &)
_ 7 <z <
Gla,€) = Ahsinkl 0 0STSE
’  sink€sink(l — ) e<a<l.

Aksinkl
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VYcranoBuBImecs KojiebaHUs CTPYHBI Oy Iy T OMUCHIBATHCS yPABHEHAEM

u(z,t) =
z !
A2 sin g R — @) | sin kg £(§) dE +sinka | sin k(I —£)- f(£) € ;-
0 T
B pesonancrom ciyuae w = % YCTAHOBHMBIINECS KOJIEOAHWST MOTYT

CymIieCTBOBATH JINOIb IIPpU CIIEITUAJIBHOM BI)I60pe BHeTITHE CHJIBbI, & UMEHHO,
l

[IPY BBIOJIHEHUHN YCIOBUS J f(z) sin Wl—"m dx = 0. O
0

4. PemmTh 33721y

{mZy” +zy —y=f(z), 1<z<o0,
y(1) =2, y'(c0) = 0.

A 3amaya mocraBieHa Ha MOIyOecKoHedHOM ydacTke. OT 9TOro myTh
pellieHUA He MeHseTcd. BHadasle TPUBOAMM TPAHIYHBIC YCIOBHA K OIHO-
pomabiM. [Is sToro mimeM pemernne B Buge y(z) = 2 + z(z).

Hna dyskuun z(z) nomyanm

222" + 2 — 2 = f(z) - 2,
2(1) =0, 2'(oc0)=0.
Obmiee pemrenue ogrOpoAHOro ypasuenusi 6yger 2z = Cix + Coz™'. Boi-

OmpaeM peIleHusi, YIOBJIETBOPSIOIINE JEBOMY TDAHUYHOMY YCJIOBHUIO —

z1(x) = = — 3 W TpaBOMy I'DaHMYHOMY yCJIOBHIO — 23(T) = % Ompe-

JenTe b BPOHCKOTO 9THUX pereHuii 6ymer
1 1
r—z z 1
x2 x2

Oyukuusa ['pura nmeer BuL,

1\ 1
e G0
5 1_(6"'1)52, <z <L¢,
§(1+£)
G(z,&) = ( 1)1
_ glx_1_2£7 §<.€C<OO
62(1+g) 28
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Pemenne 3agaunm 6ymer

y(w):2+érl'§_2£(f(§)2)d§+(;m)jféz(g_’_l)

1

f(é-) -2 df

Pemenue 3amaqu cymecrByer He mnpu j06oil dyakuun F(z), a aumb mjia
TaKoOll, IpU KOTOPOIl MOCTIEeIHUI UHTEIrPaJ B OTBETE CXOAUTCA.

5.1.1. a) y(z) = (v — 1) [€£()d + [(€ — 1) f(¢)de. 6) y =
0

+ sinchos& - f(€)d€ + cosz
0

3. 3amaum Ad caMOCTOLTEIHLHOTO pelleHns

5.1.1. Pemnrs 3ana4umn:
a) y" = f(z) (0 <z <1),y(0)=0,y(1)=0.

6) v +y=f() 0<z <5,y 0)=0y(5)=1
) af;y”—{—y’:ml}w (I<z<e),

v =0, §(e -0
v {y” -y =f(z) (0<z<o0),

y'(0) = —1, y orpanuveHo mpu z — oo.
5.1.2. II
a)

octpouth byrknum ['puHa AJIa CIeAyONEX 3a1a4:
{y” —y =sinz (0<z<1),
y'(0)=0, y(1)=0.
{2” a:y—3y—61na: (0<z <1,
y(0) (1) =0.
{(m—i—lz” 2y—f(:v) (0<z<1),
y(0) (1) = 0.

y" + 4y +3y—f(fv) (0 <z < o0),
y(0) = 0,y(z) = O(e=%*) mpm = — oo.

OTBeTsnI

1

T

8 ol

rfy=e *+e” Jshﬁ -f(§)dé+she J. e~Cf(€)d¢. 5.1.2. a)

0
]. — 6176, 0 T < X ‘5, _ eﬁ—zK(m7€)
{eﬂ”—f —el7¢, < <L 6) G(=,&) = 462(1 + 3¢*)’

—cosx +

sin€ - f(§)dé. B) y = Inz(lnlnz — 1).
G(wvf) =

K(z,8) =
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_ {(1+e4f)(3e4<15>—1), 0ST<E g = _ K(z,€)

(e —1)(Bet +€*), (<z<L. E+ 1%z +1)
A= (z+1)*)(A6+(E+1)), 0<a<¢, _
K8 = {<1—<5+1>3)<16+<x+1>3>, e<z<1 B G@E =
ﬁa 0<$< ’
B - £ <z <oo.

§ 2. KpaeBag 3aga4ya Ha coOCTBEHHbIE 3HAYUEHUSI
(3agaga IItypma—JInyBuiiis)

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

Has dyskunm u(z) Ha yaactke a < = < b paccMoTpuM 3amady:

{Lu + Mo(z)u =0, 1)
ot/ (a) + fru(a) =0,  axu'(b) + Bau(b) = 0.

3mecs A — mapamerp, Lu = % (p(;c)%) —q(z)u, a a u  — 3amanHbIE

KOHCTAHTHI (HEKOTODBIE U3 HAX MOTYT GBITH PaBHBI HYJIO, HO a3 + 32 # ()
u a3 + B2 # 0). Oyuxuus p(r) npeanonaraeTcs HenpepbiBHO g deper-
nupyemoii Ha [a, b], byakunu q(z), p(x) — HenpepsiBEBIMU. Kpome Toro,
6ynmem cautath p(x) > 0, p(z) > 0.

Ompesenenne. 3HadeHNs mapamMeTpa A, IPU KOTOPBIX CYIIECTBYET
HeTPHWBHAJIbHOE pemeHne 331249 (1), Ha3bIBAIOTCA COOCTBEHHBIMY 3HAYE-
Husavu 33ga4u lIrypma-JluyBunns, a camMu HeTPUBHAJIBHBIE DEIIEHUS
HA3BIBAIOTCH COOCTBeHHBIMU dyHKIuAMET 3aa4u [typma—JInysuis.

Teopema 24. 3adaua IImypma—/Tuysusra (1) umeem beckonewnoe
(cuemmoe) wucao cobemeennur 3Hauerud.

Teopema 25. Kaoswcdomy cobecmsennomy snauenuto 3adawu (1) co-
omeememeyem eduncmeennasn (onpedesernas ¢ MowHOCMbI0 00 NPOUS-
60ADHO20 MHOdCUMENR) cobcmeennasn Pywkyua. Hnomy caosamu, pane
Kaotco20 cobemeentozo anavenua 3adawy (1) pasen 1.

Teopema 26. Cobcmsennvie gymuxyuu 3adawyu Imypma—JTuysuans
(1), omsenarousue passusHvLM COGCMBEHHBIM ZHANEHUAM, OPMO2OHANDHDL
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¢ secom p(x), m.e.
b
Jul(x)uj(w)p(x) dr =0, ecau \; # ;.

Cobemeennvie dynkyuu u; () moeym bvims Hopmuposars, ¢ secom p(x),
m. e. 0as Hux 6ydem 6unoAHeHO

Teopema 27. B cayuae o131 < 0, asfs > 0 u
cobemeennvie 3navenus 3adawu (1) neompuyamenvno:

B cayuae eparuunnix yeaosuti suda u(a) = u(b) = 0
noaodcuUMentHvl: Ay > 0.

Teopema 28 (CrekisoBa). [Tycmov f(x) — dsaowcdvs nenpepvisHo
duppepernyupyema, npuuem f(a) = f(b) = 0. Toeda f(z) moorcem 6vimo
DPABA0AHCENRA 8 ABCONOTNHO U PABHOMEPHO cTodAWUlicA Ha [a,b] pad no cob-
cmeennbim Pynkyuam dadawu IImypma—/Tuysuaas (1):

f(z) = Z fnun(z),
20e

b
fo = | f@)un(@)p(z) da.

2. Ilpumepsr penrenud 3aga4

1. Onpegenurb COOCTBEHHBIE 3HAYEHUS U COOCTBEHHBIE (DYHKIMY 3a-
aqan:

Yy +Ay=0, y(0)=0, y{)=0.

A CornacHO U3JI0XKEHHBIM BBINIE CBOWCTBaM perrenuit 3agaau [ITyp-
Ma—JInyBuIs COOCTBEHHBIE 3HAUEHUS A MTOJOKUTETHHBL. IIpoBepuM 3TO
Herocpencreenno. Jomycrum, aro A = —p? < 0. Torga obmmee perrenie
ypaBueHus Oyzet y(z) = Aet® + Be H*. [loacTaBisd 5TO PEIIeHNE B TPa-
amaHbe yenosus, nonydaem y(0) = A+ B =0, y(I) = Aet! + Be # = 0.
U3 nepsoro yciosuss B = —A, npu 3tom u3 sroporo yciosus A(et! —
—e #) = 0. Orcroma A = 0, TOCKOTBKY BHIpayKeHNe B CKOGKAX OT/TITIHO OT
mynda. [lomygaem, aro mpu A < 0 umeeTcs TOIBKO TPUBHAJIBHOE PEIIEHHE.
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B caygae A = 0 obuiee pemenue ypapHenusi umeer Bug y = A +
+ Bx. U3 rpanngsbIx ycaoBuit cienyet, uro A = B = 0. Takum o6pasom,
CYIIEeCTBY€T JIUIIb TPUBUAJIBHOE PEIIeHne 33/ 1a9M.

Paccmorpum ciaygait A > 0. B arom ciiygae obiee perenne ypaBHeHUs

mveer Buz y(z) = Asinyv/Az + Bcos v/ x. Ucnons3ys rpaHmdHbe yCIo-
sus, nveem y(0) = B = 0, y(I) = Asinv/Al + BcosvVAl = 0. Orciona
B = 0 u sinv\l = 0. Hocrenmee paBeHCTBO BO3MOXKHO, ecan VAl =
=mn,tme n = 1,2,3,... IIpu n = 0 dbyskuus y(xz) = 0 u He ABIgETCH
CcOOCTBEHHOM (DyHKITHEIA.

Taxum 06pa3oM, MOTydaeM OTBET:

2
)\n:<%>, Yn(x) = Asin T2z, tme n=1,2,3,...

A — npousBoJIbHAS KOHCTAHTA. O

2. Haiitu cobcTBeHHBIE (DYHKIIMA U COOCTBEHHBIE 3HATYEHUS 3aa4H:

{y” + Ay =0,
y'(0) =0, ')+ By(l) =0,

A CorjacHO M3JI0KEHHOMY B TEOPETUYECKON YACTU HACTOSAIIEH TIIaBbI
CcOOCTBEHHBIE 3HAYEHNS PACCMATPUBAEMON 33]a90 HEOTPUIATENBHBL: A >

> 0. IIpu sToM obmiee pemenme ypasrenms Gyzer y(z) = Asinvz +

(8> 0).

+ BcosvVAz. Vcnonp3ys rpaHddHbIe yCIOBHS B TOUKe = = 0, mMeeM
tgv/ X1 Q
B
l
|
|
! I
I | |
| | |
5 5 !
/ Vi / «72/ Vi A
Puc. 29.

y(0) = B = 0. Orcioma y = Asinv/Az u A = 0 He sBIgETCE COOCTBEHHBIM
3HAYEHMEM, OCKOJIbKY npu 3ToM y = 0. ['panudnble yciosus npu T = |
JIAroT

y' (1) + By(l) = A(VA cos VAL + Bsin VA1) = 0.
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OTCIOJI& JId  OIIpene/ieHnd II0JIydaeM TPaHCIHEHAECHTHOE YPaBHEHUE

Vg

MTOCJTETHETO COOTHOIEHUS KakK (YHKIUU apryMEHTa VA. Buzso, uro
cymiecTByeT OECKOHEYHOEe CYETHOE ¢UNCJIO KOPHEH TPaHCIEHIEHTHOIO
YPaBHEHHUS.

OrBer: cobcTBeHHBIE 3HAUeHUs paccMmarpuBaemoii 3anaqdn [lTypma—

Vn

J-[I/IyBI/IJ'IJ'ISI ABJIAIOTCA IIOJO2KUTEJIbHBIMU KOPDHSAMU YPaBHEHUA T =

= tgVvAl. Ha puc. 29 msobparkeHa mpaBas M JeBasi FacTH

= tg v\, l. CooTBercTBytOmUE COOCTBEHHBIE (DYHKIINU UMEIOT BUL, Y =

= Asin/\, z. O

3. Paccmorpum 3amady 0 MaJIbIX TPOJOIBHBIX KOJTEOAHUSX CTEPIKHSI.
Ilycts y crepxkHS AjwHBI [ OAMH KOHEI[ 3aKPEILIeH, a JAPYyroil cBoOOIeH.
IIycts mnoTHOCTH CTEpXKHSA paBHA pg, a Kodddumuent ynpyrocru —Kkg.
Bynem omuceiBath komebamms ¢ momompro byakmmn u(z,t), Tme t —
BpeMs, £ — MPOAOJbHAS KOOPAWHATA MATEPUAIHLHON TOYKU HA CTEPIKHE
B COCTOsSIHMM paBHOBecus. Bynem cuanrars x = () HA 3aKPEIJIEHHOM KOHIIE,
a x = | — ma cBobomuom. Torma mns dyskuun u(z,t) Bemmonmeso [19]:

Pu _ 20%u 2k
ot oz*’ po’ (2)
u(0,t) =0, L(1,t)=0.

ITpouecc konebanuii 3aBucur oT HadajbHOro (mpum t = 0) cMmerneHus
U Ha4aJIbHOM CKOPOCTH YaCTHII CTepKHs. PaccMoTpuM ciaydail creLyromux
Ha4aJIbHBIX yCIOBHIA:
u(z,0) = sin g, @(w, 0) =sin Zx. (3)
21 ot 21
Coorromenns (2) m (3) 06pasylOT TMOMHYI MaTEMATHIECKYHO 33/ady,
OIMCBIBAIONIY IO IPONECcC Koebanuit crepxusa. Pemmm 3anagy (2), (3).

A Vimewm pemeHne 331291 METOJOM Da3ZIeJIeHHs IMepeMeHHbIX (o dhu-
3MYEeCKOMY CMBICIY — B BUJE CYMMBI CTOSIHX BOMH): u(x,t) = Y uy(x,t),
rae up(z,t) = X, (2)T,(t). orpebyem, 9TOOH BCe U, MO OTAEIBHOCTH
YAOBIETBODAIN ycaoBusaM (2).

TMoncrasasiem u,, B nuckomom Buge B (2). Iomywaem

Xu(2)Ty () = a* X7/ (2) T (),
IMockombky Hac maTepecyeT Ty, Z 0, TO U3 TPAHUIHBIX YCIOBUH MOIydaeM
X, (0) = X,0) = 0.
B ypaBHenun, pasiesst nepeMeHHbIe, MOIydaeM
i) _  Xi(2)
PT) ~  Xn@)
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JleBast m mpaBasi 9aCTU TOCJIEIHETO PABEHCTBA 3aBUCAT OT PA3HBIX ap-
ryMeHTOB. PaBeHCTBO MOXKeT COXPAHATHCS NPU JIOOBIX & W t TOJIBKO
B CJIydae, KOrJa KaK/JIad U3 JacTell MOCTOdHHA, T. €.

TII XII
a’®T, T X

= —An, (4)

rae A, — HeM3BeCTHas MOKa KOHCTaHTa (3HaK “—”
JaJbHENmeR 3anucn).

Takum obpazom, gyisa dyHKIun X, MOIydaeM 331a9y:

X!+ A X, =0, %)
X,(0)=0, X.(I)=0.

BBIOpaH Ijisi y100CTBa

970 3amada lllrypma—JIluyBuiana Ha cobcTBeHHbIe (DYHKINUNA U COOCTBEH-
vpie 3HadeHus. Pemaem ee. U3 coiicts 3agaunm Illtypma—Jluysuiiis
nMeeM Bce cOOCTBeHHBIE 3HadeHUs A, > 0. Ilpm sTom obiee permrenue
ypaBHeHUs OyzeT

X, (z) = Apsiny/ A,z + By cos v/ A\, 2.

Ucnonksyst rpaamassle ycnoemss npm x = 0, nmeem X,(0) = 0
= B,. locme storo rparmanoe ycmosue mpu ¢ = [ maer X, (1) = 0

= AnvAn cos VA, l. Orcioma v/ Ap 1 = %—I—ﬂ'n (n=0,1,2,...). Honygaem

CcOOCTBEHHBIE 3HAYEHNSA W COOCTBEHHBIE (DYHKITUN

An = [%(% +n)]2’ X (z) = sin%(% —I—ﬂ'n)w.

(CobcTBennbie (byHKIME ONpENEIEHbl ¢ TOTHOCTBIO 10 MHOXKHUTENs. Jliist
npOCTOTH K03 MUIMERT Nepes] CHHYCOM BBIOPaH PaBHBIM 1.)

Bosspammaemcs K (4). 3HaueHns A, y»Ke HaiineHbsl mpu pemeHun (5).
Hna T, nomyaaem ypasuenne T + a’), T, = 0. Orcroma

Tn(z) = Cpsinay/ At + Dy, cosar/ Ay, t.

WTak, HAIAB ITONCK PEIIEHNs METO/IOM pa3JeseHns TepeMEeHHBIX, MbI IIPH-
XOAUM K COOTHOIIEHUIO

u(z,t) = Z un(z,t) = Z sin \/An (Cy sin v/ Ap t+ Dy, cos /Ay t). (6)
n=0 n=0

HUcnonssyem yenoens (3) m dopmy permernns (6). Vimeem

oo
sin 32—7;1' = u(x,0) = ZDn sin%(% + n)m,
n=0

. 8u($ 0) . 1
1 ) E 1 T
Ssin _lm - " 7 Cn7<_+n>sln7<_+n)$_

n=0
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IIpupaBHUBas B 9TUX COOTHOIIEHUX CIIPABA U CJI€BA KOIDDUIMEHTHI TpU
CUHyCaX OIMHAKOBOTO apryMmenTa, umeem Dy = 1, D, = 0 mpu n # 1;
CO%ZI, C, =0 opu n # 0.

Orcroma morydaeM OTBET:

21

u(z,t) = = sin 3ma

2l:1: sin —t + sin 2—l:v cos 2—lt

B mponecce pemenuns 3amadu (2), (3) mMpl npmmum K HE0GX0ZUMOCTH
ompeaeieHnsi COOCTBEHHBIX (DYHKIINI W COOCTBEHHBIX 3HAYEHWM 33397
IMrypma—JInyeumnsa (5). 9To TUNNYHAS CATYalys HPU UCIONb30BAHIN
MeTOHa pa3lesieHnsl TePEMEHHBIX, MMIPOKO MPUMEHSIEMOTO JJIsi PEMIeHUs
33029 MaTeMaTUIeCKON (PU3UKU. O

3. 3amaum JyId cCaMOCTOLITEILHOIO PEeIIeHUS

5.2.1. Onpenenurh cobcTBeHHbIE (DYyHKIUU U COOCTBEHHBIE 3HAYEHUS.
a) ¥ + Ay =0,4(0)=0,y'() =0,
6) "+ Ay =0,y'(0) =0, y(1) =0,
B) (zy') + A% =0,y(1) =0, y'(2) =0,

r) (zy') + 2L =0,y(1) =0, y(2) = 0.

5.2.2. PemmTh MeTOOOM pa3aesieHUs MePEMEHHBIX.

2
u — 207U gcgp<q, t>0,

a) ot oz?’
%(O,t) =0, %(W,t) =0, u(z,0)=1+ cos3z.
ou _ 20%u
6) ot — @ gt O<z<l, t>0,
w(0,t) =0, wu(l,t) =0, wu(z,0)=4sin 2 laf;
OTrBeTsl
2
5.2.1. a))\n:<7r7n>, n=Ccos Tz, n=0,1,2,...6) A\, = ( —l—)

(1+2n)72

N
Yo = CcosT ( +n) no=012..8) A = [ o }
= Csin(vA,Inz), n =0,1,2,... 1) \, = <%>2, v — Csm(ﬂnlnx)

n=1,23,...5.2.2. a) u = l+cos3z-e 0t 6)u—4sm2Txe (4
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TEOPUS YCTONYUBOCTU
§ 1. YcroituuBocTh 1o JldamyHoBy

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

Paccmorpum cucremy ypasuenuit (y = {yi1,...,Yn} — BEKTOp-
dbynxIms)
d
& =1(ty), t=0, (1)

" ee pelreHue, OnpeacjieHHoe nIpun t=20 ycinoBuemM

Y =Yo- (2)

Onpenenenne 1. Pemenme y(t,yo) 3amaam (1), (2) maseBaercs
yemotuusom no JIanynwosy, ecnu g moboro € > 0 3(e) Takoe, 4ro
npu |Ayo|| < §(¢) mna Becex t > 0 cupaBenIMBO HEPABEHCTBO

lly(t,yo + Ayo) — y(t, y0)|| <e.

Bueew |lyll = Vyi+...4+y2, tne y; (i = 1,...,n) — KoOpAMHATHI
BEKTOp-PYHKINA Y.

CMBICH IOHATHAS YCTOWIMBOCTH pemmenns y (t,yo) 3aKII09aeTCsa B TOM,
qaro npu Bcex t > 0 Bce mHATErpabHbIE KPUBbIE PABHOMEDHO OJIM3KM K WH-
TerpajbHON KpuBoil L, oTBevaromeii pemenuio y(t,yo), eCiu ux HAYAIb-
HBbI€ TOYKHU HAXOOAATCA Ha AOCTATOYHO MaJIOM PAaCCTOAHUU OT HA4aJIbHOI
ToukM KpuBoi L. VIHBIMU cjoBaMu, pelleHNe HEMPEPHIBHO 3aBUCUT OT
HA4YaJIbHOTO 3HAYEHUd y( PABHOMEPHO OTHOCHTEIHHO t > 0.

B § 5 riraBer 1 ObL1a ipuBeieHa TeopeMa 4 0 HEMIPEPBIBHOM 3aBUCUMOCTH
pellleHnsT OT HapaMeTpa, B 9aCTHOCTH, OT HAYAJHHOIO 3HAYEHWS, PABHO-
MepHOIT OTHOCUTEJbHO { Ha HEKOTOPOM KOHEYHOM OTPe3Ke M3MEeHEHUsd i:
|t —to] < H (cm. 3ameuanue 2 k Teopeme 4). Teopema 6bu1a chopmyaupo-
BaHA JJIs OJHOTO YPAaBHEHUs, HO AHAJIOTUIHOE YTBEPXKIEHIE NMEET MECTO
U JIJIS CUCTEMBI YPaBHEHUN.

Tam ke, B § 5, npuBOAUINCH TpUMEPHI (pa3me 2), HOKA3BIBAOIIAE, ITO
ecm t W3MeHsIeTCs He Ha KOHEIHOM OTpe3Ke, a Ha momyocn t > 0 (tg =
= 0), TO B OAHUX CIy4asdX TEOPEMa OCTAETCs CIPABEIJIUBOI, & B APYTUX
CIydasX TepsieT CHILY.
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BBenennoe nousiTHE yCTOWYMBOCTH PEIIEHUST BBIAEISIET TOT KJIACC Pe-
[IeHUH, /119 KOTOPBIX UMEET MEeCTO HENIPEPhIBHAS 3aBUCUMOCTD OT HaYaJIb-
HBIX JJAHHBIX, PABHOMEDHAas OTHOCUTEJIbHO ¢ Ha Bceil nosyocu t > 0.

Onpenenenne 2. Pemenwe y(t,yo) 3amaun (1), (2) nmasbiBaerca
ACUMNIMOMUMECKU YCTNOTHUGHLM, €CJIU OHO YCTOWYMBO W €C/IM Haljercs
TaKoe JOCTATOYHO MaJsioe §, aro mpH ||Ayo|| < § mmeer mecTo npeneapHbIH
nepexon y(t,yo + Ayo) — y(¢,y0) = 0 mpm t — oo.

CMBICT onpefeneHns 3aKaI09aeTCsa B TOM, 9TO KPHUBbIE, OJIM3KHe mpn
t = 0 x kpuBoit L, HE TOJBKO OCTAIOTCS OJM3KUMU K HEH, HO DECKOHEYHO
cOnmkaroTCcsa ¢ Helt mpu t — 00.

Uccnemosanne Ha yCTOWIMBOCTD pemenns y (¢, yo) MOXKHO CBECTH K HC-
CJIEIOBAHUIO HA YCTONYUBOCTD TPUBHAIBHOTO pemenus. JloctaToano B (1),
(2) cmenarp 3ameny x = y — y(¢,yo) #m TOrga MBI OPUXOIWM K HOBOM
cucTeMe

dx — B(t,x), Xl =0, (3)

rae F(¢,0) = 0. Onpeznenenne ycTofUNBOCTH IPUHUMAET BHL:

Oupepnenenne 3. TpusmanbHoe pelneHne 3agadu (3) Ha3BIBAETCH
yemotiwusvim no Jlanynosy, eciu g Ve > 0 30(e) Takoe, 1o npH ||x¢|| <
< §(e) mng Bcex t > 0 cupaBeqIuBO HepaBeHCTBO ||x(t,Xo)|| < €.

TpuBHaIbHOE pellleHne Ha3BIBAETCH ACUMNIMOMUMECKY YCTNOTHUssLM,
€CJIM OHO yCTOIYMBO M eC/IM HAWZETCs TAKOe JOCTATOIHO MAJIoe §, 9TO Ipu
Ixo]| < & mveer mecTo npemenbHBIT epexon x(t, Xg) — 0 mpm ¢ — 0.

3ameuanue 1. Cymecryer u gpyras popMa 3allCh TOTO Ke OIpe-
JeneHns, 6e3 yKa3aHHS 3aBHCUMOCTH X OT X(: TPUBHAJILHOE DELICHHe
HA3BIBAETCA yCTOHIMBEIM, ecin myia Ve > 0 30(g) Takoe, aro npu ||x(0)| <
< 0 mas Beex t > 0 cupaBezmuBo HepaBeHCTBO ||x(t)|| < €. Acummro-
THYECKas yCTONIMBOCTD 3AKJIOYAETCA B 9TON 3alHMCH B JONOIHATEIHLHOM
rpeGoBanuu x(t) — 0 npu t — oo. O

Pemmenne, we obiagaromiee CBOWCTBOM
YCTOWYHMBOCTH, HA3BIBAETCI HEYCMOUYU- X2
BbLM.

YCTOoWYnBOCTh TPUBHAJIBHOIO —PpeIrre-

HHAS JOMYCKAaeT TeOMETPUIECKYI0 WHTEp-

MpEeTayi0 B TaK Ha3bIBAEMOM (Ha3080M

npocmparcmee, T.e. MPOCTPAHCTBE Tepe- Y w
MEHHBIX &1,...,T,. | PUBHAJIBHOE PpeIlle-
HHE B 3TOM IPOCTPAHCTBE M300parkaer-
Ccd TOYKOIT — HaYaJoM KOODAWHAT, a BCH-
kKoe pemenme thnma X = x(t) #Z 0 —
HEKOTOPOH KpWBOH, KOTOpasdg HA3BIBAET-
ca  Pa3o6oti mpaexmopueti WM IIPOCTO
TpaekTopueil. g ciygaa n = 2 ¢pasoBoe

X1

Puc. 30.
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NPOCTPAHCTBO CTAHOBUTCH (Ha3060Ti NAOCKOCTbIO, i WHTEPIIPETAINS HOCHT
BIIOJIHE HaIJIAAHBLIA XapaKTep: TPUBHAIbHOE pellleHHe yCTOHIMBO, €CIH
m00as TPaeKTOPHs, HAYAHAIOMAAC B §-OKPECTHOCTH HAYaJIa KOOPIHHAT
(3amMeTHM, 9TO §-OKPECTHOCTH €CTh KPYT Ws Paauyca ), He BBIXOJUT MPH
t > 0 U3 £-0KPEeCTHOCTH Havajga KoopamHAT (T.e. KPyra ws Pajmyca €)
(pmc. 30).

2. Ilpumeps! penieHus 3a5a9

1. MoxKHO /i ONpeEIeHre yCTONIMBOCTH, SKBUBAJIEHTHOE OIPE,Ie-
nenuio 1, chopmyuposaTh Tak: pemenne y = y(t,y°) samaum (1), (2)
Ha3bIBAETCS YCTONUMBBIM O JIAmMyHOBY, ecin mis sroboro € > 0 3d(e)
takoe, uro npu |Ay?| < § (i = 1,2,...,n) mns Beex t > 0 cupasemmBo
nepasercTso |y;(t, y* + Ay?) — vi(t,y°)| < €?

A Mozxmno. IlycTb pemenne ycToiiauso B cMbicie onpenenenns 1. [TycTs
3amano € > 0. Boibepem d1(g) = <y myern |Ay?| < 81 (i =1,...,n).

/n
Torma ||Ay°|| < § m, ciemosarensuo, |ly(t,y° + Ay®) — y(t,y°)| < e.
A orcroma cnexyer, uro |y;(t,y° + Ay°) — i (t,y%)| < e (i = 1,...,n).
Uraxk, |y;(t,y° + Ay®) — y;i(t,y°)| < € mpu |Ay?| < §1(¢), T e. pemenne
YCTOWYHMBO B CMBIC/IE OTPeIesIeHns, chOpMYINPOBAHHOTO B 3a1a4e.
IIpeaylaraeTcss CaMOCTOATETHHO YOEIATHCA B 0OPATHOM, T. €. 9TO €CIIH
pellleHre yCTOHYMBO B CMBICJIE OMpPeJeeHAs, JaHHOTO B 3aJa4e, TO OHO
YCTONYINBO B CMBICJIE onpeneseHns 1. U

2. CdopmyanpoBaTh B MOJIOXKUTEILHOM CMBICTIE, T. €. 63 ynorpebJie-
HUs OTPUIAHUSA “HE”, ONpee/ieHne HEYCTOMINBOTO PEIIEHS.

A Pemenue y = y(t,y") sagaun (1), (2) HasbIBaeTCA HEYCTONIHBBIM,
ecau Jeg > 0 Takoe, 9TO KaKOBO OBbI HE OBbLI0 & > 0 1 KaKOBO OBI HH OBLIO
T > 0, naitnyrca Takue Ay’ (mpm stom ||Ay®|| < §), u maitmxyTea Takue
sHavenns t* > T, mpu kotopwix ||y(t*,y° + AyY) — y(t*,y%)|| > 0. O

3. JlokazaTh, 4TO TpUBHAJIbHOE pellleHue cucrembl y' = z, 2/ = —y
yCTON4YmMBO.
A O6mee pemenne cucrembr: y = Acost + Bsint, z = —Acost +

+ Bsint, tne A = y(0), B = 2(0). Torma, ouesnmmo, |y| < |y(0)] +
+12(0)] < & [2] < [y(0)] +12(0)] < e, ecnm [y(0)] < § = d(e), |2(0)] <
< § = 4(e), 4TO m JOKA3BIBACT YCTOHIMBOCTH. B pACCyKIEHHAX MBI

BOCIIOJIb30BAJIMCH (DOPMOIi 3aIIUCH YCTONYMBOCTH TPUBUAJIBHOIO PELIEHNS],
JaHHBIM B 3aMedaHun 1. O

4. Jloka3aTh, 9TO TPUBHUAJIBHOE PEIIEHNE CACTEMBI § = 2, 2 =V, U =
= w, W = —2v — Yy HEYCTOUIUBO.
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A Ecmu pyisi gokasaresibCTBa yCTOWYMBOCTH Hau0 s Ve > 0 mpo-
BEPHTH BLINOJIHEHNe HepaBeHCTBa ||x(t)]| < € s Bcex TpaeKTODHIL,
HagMHAIOMEXCA jgoctarogno Ommsko kK (0,0), To myia mOKa3aTeabCTBA
HEyCTOHYIMBOCTH JOCTATOYHO yKAa3aTh XOTA OBI OJHO £9 W XOTA OBl OIHY
TPAEKTOPUIO, HAIMHAKOMIYIOCA KaK yromao 6mamsko K (0,0), mis KoTopoi
BBIIOJIHSETCA HEPaBeHCTBO ||z(t*)]| > o, xora 6b1 pya HEKOTOPOI Gecko-
HEYHO BO3PAaCTAOIIEH 1M0C/IeI0BaTeIbHOCTH 3HAYEHUH 1.

BeiGepem wacTHOE pemrerme (€ro BHJ CIEAYET W3 BBIDAZKEHW IS
obmiero pemenust) y = §1tcost, z = —Oitsint + 6y cost, v = —§itcost —
— 26y sint, w = d1tsint — 3d; cost. Torma y(0) = 0, |2(0)| = 41, v(0) =
=0, [w(0)] = 36 m +/y2(0) +22(0) + v2(0) + w2(0) = /67 + 967 < §
npu 6; = §/2v/10. Hpu sToM, ecmm t* = 2km, To y(t*) = 61t* cos 2km =

= 012km > 1 npm k > L Takmu obpa3oM, KaK ObI HE OBLIO MaJjio §

2w,
(a ¢ HuM u 01 ), HallieTCs GECKOHEYHO BO3PACTAIONIAs TI0C/IE0BATETHLHOCTD
sHadeHUit t* = 2km, rme k — mesable MONIOXKUTEIbHBIE UNCIa, HauMHAA

or k1 >

ﬁ, npu Koropwix |y(t*)] = 1 > % = go W, CJIEIOBATEILHO,
VYEE) + 22(t) + v2(t*) + w2(t*) > €o, 9TO U TOKA3BIBAET HEYCTOITH-
BOCTb TPUBHAJIBLHOIO PEIICHHUS. O

5. VYcToNYmBEI /U pelneHns CIeAyIOMuX 3a1ad:
a‘) y:tfya y(O):l?
6) 3(t— 1)y =y, y(2) =07

A a) Umeem y(t,y") = (1+y")e t+t—1, y(t,1) = 2¢ *+t—1. Orcroma
ly(t, 1+ Ay%) —y(t,1)] = |Ay®le™" < e mpu t > 0, ecm [Ay°| < & = §(¢).
TakuM obpasoM, pemmenne y(t, 1) ycroitanso.

6) Wmeem y(t,y°) = y° Vi —1, y(t,0) = 0, y(t, Ay®) = Ay" ¥t -1,
y(t, Ay®) — y(t,0) = Ay® ¥/t — 1. OueBmmno, kaxoso 61 HE GbLIO § > 0,
npu |Ay°| = g < § mmeem y(t, Ay®) —y(t,0) = %\3/t —1— comput— oco.
Taxnm o6pasom, pemerne y(t,0) Heycroiianso. O

6. Ilycte cemeiicTBO TpaeKTO-
puii cucrembl (3) (n = 2) cocro-
UT U3 OpAMBIX T2 = const B der-
BEPTOM KBaJpPaHTE, a B OCTAJIbHbIX
KBaJPaHTaX ONMUCHIBAECTCA YyPDaBHEHU-

eM p = p(p,C), toe p MOHOTOH;IO @

X2

X1

y6bIBaeT opu U3MEHEHUuu @ OT §7T

10 0 (puc. 31). Crpenkamu 0603HaTE-
HO HAIIPABJIEHUE BO3pacTanud t. I1pm

t — 00 BCE TPAEKTOPHH CTPEMSATCS —
k Touke (0,0). Uccnenosars TpmBU-
aJIbHOE PelleHne Ha yCTONIHBOCTD. Puc. 31.

9 A.B. Bacunsesa, I'. H. Mensenes
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/A TpusuajbHOe pemieHne yCTONINBO, TaK KaK BCAKAs TPACKTOPHUS, Ha-
IMHAIOIAACS BHYTPU KPYra we PAAUyca &, OyAeT ¢ POCTOM ¢ IPOIOJIKATE
OCTaBaTbCA B ITOM Kpyre: 31ech §(€) = €. O

7. UccienoBars HA yCTOMYIUBOCTE U ACUMITOTHIECKYIO YCTONIMBOCTD
TPUBHAJIBHOE PEIIeHne CUCTEMBL, 00Iee peleHne KOTOPOil NMeeT BHJ

z1 = Cycos’t — Cae™t,
2o = —2C costsint + Coe™t.
A HNwmeem
z1 = [21(0) + 22(0)] cos? t — z5(0)e ™",
zy = —2[z1(0) + z2(0)] + z2(0)e "

Cnenosarensuo, |z1(t)] < |z1(0)] + 2|z2(0)| < &, |z2(t)] < 2|z1(0)| +
+3|22(0)| < e mpu |21(0)] < £ = d(¢), [z2(0)| < § = d(¢), a 310 0o3HANACT,
9TO TPUBHAJLHOE DEIIeHne yCTONYMBO. ACAMITOTHIECKON yCTOHINBOCTH
HeT, Tak Kak 1 /> 0, T3 4 0 mpu ¢t — 0O HU NPU KAKAX OTIUYHBIX OT
HYJIAd Ha9aJIbHBIX 3HAYECHUAX. |:|

3. 3amaum gy caMOCTOLTEILHOIO PeIIeHns

6.1.1. ToBecTu 10 KOHIA PelleHne 33Ja9u paszaena 1, T.e. JOKA3aTh,
9TO €C/TU pellleHrne YCTONYINBO B CMBIC/IE ONpeaeseHns, JAHHOTO B 3aJa1e,
TO OHO YCTOMYMBO B CMBICJIE OCHOBHOTO ompereseHns 1.

6.1.2. YcTOiYnUBEI TN TPUBUAJIbHBIE DEITEHUS CIEAYIONINX CUCTEM:
a) y=z,z=v,0=w,w=-v—2z—y?!
6) y=2z2=v,0=w, v =y?

6.1.3. UccnemoBaTh HA YCTOWYINBOCTD PEIIEHUS CJIEIYIOMUX 3a/1a4:
a) i =4z — t*z, z(0) =0,

6) 2ti =z — 23, z(0) = 0.

6.1.4. UccnenoBaTh Ha yCTOWYMBOCTh M ACHMITOTHYECKYIO YCTOINIH-
BOCTh TPUBHAJIBHOE PEIIEHHE CHCTEMBI, O0Iee pelleHne KOTOpO#l mMmeer
BILI

z=C;sin’t — Coe™t,

y=Citle™t +2C,.



§ 2] Memodvi uccaedosarus Ha Yycmotuusocmy 259

OTBeTsnI

6.1.2. a) Ycroituuso. 6) Heycroiiuuso. 6.1.3. a) Pemenue ycroituuso.
6) Pemenue neycroitauso. 6.1.4. Pemenue ycToiianBo, HO HE ACHMIITOTH-
9EeCKU.

§ 2. MeToapl ucciie/ioBaHus HA YCTOMYNBOCTDh

1. OcHOBHBIE MOHATHS U TeopeMbl

B upenpiaymem maparpade Mbl UCCIEI0Bagd HA yCTOWYHBOCTH pe-
IIeHNnd HEKOTOPBIX CHCTEM, HEIOCPEJCTBEHHO IIOJIb3YACh OIpeeseHueM
ycroitunBocTu. OGpaTuM BHUMAHKUE HA TO, 9TO BO BCEX ITUX CJLydasX ObLIO
MU3BECTHO 00Iee peIleHne CUCTEMBI, U [TOITOMY 33/1a4a HUCCIeJOBaHUA Ha
YCTOWYIHBOCTh CBOAWJIACh IO CYIIECTBY K 3aJade aHaJIN3a — 3aJade UCCIIe-
JOBaHUA HEIPEPBHIBHON 3aBUCHMOCTH PeIlleHNd OT HAYaJbHOI'O 3HAYEHUd,
paBaoMmepHOit ipu ¢t > 0. OgHaKo moryYuTh 00IIee peleHre B BUIE sIBHOM
dOpMyIIBI yIaeTcs JInIb B HCKJIIOYUTEIbHBIX CIydasX. B Takoil curya-
U7 Ba’KHO PACIOJIaraTh METOAMU, JAIOMIIMI BO3MOXKHOCTD UCCIIE0BATH
YCTOMYMBOCTD 110 CAMOMY MCXOJHOMY YPaBHEHHIO (I/I.HI/I CI/ICTeMe)7 HE 3Has
ero o0IIero perreHns.

1°. Hccaedosarue Ha Yycmotivusocmsd no nepeomy npubaudice-

wuto (nepsorit merox Jlsmyrosa). IlycTe 3amana aBTOHOMHAS CHCTEMA
YPaBHEHHUN

dX F

= =F(x 1

x _ p(x), (1)
T. €. TaKasd, IPaBasl 9aCTh KOTOPOil He comepzkut t siBHO. IlycTh 9Ta cucrema
nmeer TpusranbHoe pemenne X = 0. Torma F(0) = 0 n pasnoxernne Ma-
KJIOpeHa Kaka0# kKommoueHThl F; BekTop-dyukmun F Oyner naunnarbcs

. n  OF; . .
C JIMHEHHOTO YIeHa ), 4 8T(O)mk, KOTODBIH SIBJISIeTCS JIUHEHHBIM (MIn
=1 0z,
nepBbIM) npubnmkenneM mias F; w B mamoit okpectaocTr X = 0 mrpaer

OCHOBHYIO POjib. Ilo3TOMYy CBOHCTBO yCTONYMBOCTH My HEYCTONYIHMBOCTH

TpUBMAJIbHOrO penienns X = 0 onpejensiercs (3a UCKIIOYEHHEM HEKOTO-
. 9F

PBIX OCOBBIX CITy9aeB) CBOMCTBAMA MATPHUIIBL @ C SIIEMEHTAMHE Q) = WZ (0)
k

(i,k=1,...,n).

Teopema 29. ITycmv 6 nexomopot cgepe 2 ¢ yenmpom 6 mowke X =

= 0 ¢ynxyuu F; nenpepvisHv, emecme ¢ NpoudsoOHBMUY NO Ti,- - -, Ty
do emopozo nopadka srxawwumeavro. Iyemo F(0) = 0, a xopru \;
TAPAKMEPUCTIUYECKO20 YPAGHEHUS

det{aik - A(Sik} = 0, (2)

9*
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20e a;, = gf;z (0), ydosaemeopsrom ycaosuro ReX; < 0 dasn scer i =

= 1,...,n. Tozda mpusuasvnoe pewenue cucmemv, (1) yemotuuso wu,
NPUMOM, ACUMNMOMUYECKU.

Ecau orce zoms 6ot 0as 00n020 i 6vinosneno nepasercmso Re A; > 0,
mo mpusuaavroe pewenue cucmemvt (1) neyemotinuso.

3ameuanne 1. Teopema He nmaeT oTBeTa HA BOIMPOC 00 YCTOWIUBOCTH,
eCc/i Cpeau \; UMEIOTCS TaKue, i KoTopeix Re A; = 0. O

3ameuanue 2. Teopema ecTecTBEHHO 0000IIAETCS Ha CIIydail HEABTO-
HOMHOH CUCTEeMBI BUIa

‘fi—’; = Ax +r(x,1), (3)
rie A — mocrogunas matpuna, ar(0,t) = 0 u ||r(z,t)|| < Cljz||*T7, C,y =
= const > 0. [lyist ycTORINBOCTH TPUBHAIBLHOTO PENMIEHUS TAKON CHCTEMBI
JIOCTATOYHO, YTOOBI XaPAKTEPUCTUIECKUE YUCIIA MATPUIBI @ YIAOBIE€TBOPSI-
su HepaBeHCTBY Re \; < 0 mis Bcex @ = 1,...,n, a Ij1d HEYCTONIMBOCTH
JIOCTAaTOYHO BBINOJIHEHNs HepaBeHCTBA Re \; > 0 xXoTa ObI Uit OIHOTO 1%
(cm. pasmen 2, mpumep 2).

1
ITycre ypasuenne F(x) = 0 umeer pemenus X = (x) (I=1,...,p). 910

o3HavaeT, uro muddepernuanbaoe ypapaerne (1) mMeeT p MOCTOAHHBIX
o
pemrennit X = X. Takme pemieHusi, O9€BUIHO, OMUCHIBAIOT COCTOSIHUS,

HE MEHdJdImuecd CO BPEeMEHEM, MHbIMHU CJIOBaMU, COCTOAHUA NOKOA WJIN
COCTOSTHWISI PaBHOBeCHs, a B (PAa30BOM IMPOCTPAHCTBE OHU H300PA3ATCSH
TOYKAMHU, KOTODPBIE HA3BIBAIOTCH MouKamu nokos cucreMbl (1). MoxkHo

0]

CTaBUTH BOIIPDOC 06 HCCJIeJOBaHUU Ha yCTOI‘/‘I‘II/IBOCTI) peIIIeHI/Iﬁ Buga X = X

WK, 9TO TO K€ camoe, 00 MCCIeJOBaHUU Ha YCTONYUBOCTH TOYEK MOKOS
o

X = X. JTa 3a/1a9a U3BECTHOI yKe u3 §1 3aMeHOil nepeMeHHBIX CBOIUTCS

K HCCJIEIOBAHUIO Ha YCTOWYMBOCTH TPUBHUAJIBHOI'O DPEIIEeHHs, W MOXKHO

" . OF;
MOTb30BaThCA Teopemoit 29, B koTopoit B Bhipaxkennu F u 9z
k

@

PaBHOTO HYJIIO apTyMeHTa CIedyeT B34Th X. O

BMECTO

2°. Hccaedosarue Ha Ycmoluuusocms NPu NOMOULY OYHK-
yuu Janyrosa (6mopoli memod Jlanynosa). Merox, n3710KeHHbILI
B pasfesie 1, He Bcerma JaeT OTBET Ha BOMPOC 06 yCTOWINBOCTHU PEIeHNsI,
HanlpuMeEp, B CIyYdae, KOrJa KOPHU XapaKTEPUCTUYICCKOT'O0 YPaBHECHUA (2)
9rCTO MHUMBIe. BO3HUKAIONIE TPYIHOCTH WHOTAA YIAETCS MPEOIOJIETh,
€CJTM UCIIOJIb30BATh TAK Ha3biBaeMyio MyHKImO JlgamyHoBa.



§ 2] Memodvi uccaedosarus Ha Yycmotuusocmy 261

Ounpenenenne 1. Oyuxuma V(zy,...,z,) (nmm, kopoue, V(x)) Ha-
3BIBAETCS TIOJIOXKUTEIHHO onpeeneHnaoil B cdepe Q, ecm V(x) > 0 B 0,
npuaem V (x) = 0 Torma m Tombko Toraa, korma X = 0.

Teopema 30 (06 ycroituuBoctu). ITycmsv 6 Q) cywecmeyem nenpe-
DPOIEHAA BMECTNE C YACTIHBLMU TPOU3EOOHBLMU NEPEO20 NOPAIKA TONONHCU-
meavho onpedeaennas Pynryua V(X) makas, wmo dynwyus W(x,t) =
= (grad V, F'(t,x)), 20e F(t, x) — NPABas 4acmov CUCTEMDL

t,x) (4)

F(
Y0oBAEMBOPAEM HEPABGEHCTNEY W( ) < 0dant > 0, x € Q. Toeda
mpusuasvhoe pewenue cucmemsvi (4) yemotivuso.

Dynkuus V(x) maseBaerca gynkyuet JIanymosa.

Teopema 31 (06 acumnrormdeckoil ycroiitumsoctu). ITycmo
donoanumenvro ¥ ycaosusm meopemvi 30 BLNOAHACMCA HEPABEHCMEO
W(x,t) < W(x), 2de W(x) — noaoorcumesvio onpedeaernnas 6 €
dynryus. Toeda mpusuasvroe pewenue cucmemvr (4) acumnmomusecku
ycmotivueo.

Henocrarkom BTOporo meroma JIsmyHOBa siBIsIeTCS TO, 9TO HE CY-
[IECTBYET KOHCTPYKTHBHOTO CIIOCODa HaxoxkjaeHusi MyHKnun JIgmyHoBa,
MPUTOIHOTO B JIIOOBIX ciydasx. s OTHeSbHBIX TPUMEpPOB (DYHKIIIIO
JIsmyHOBa ymaercst momobparh, OMb3YsiCh KAKUMU-TUO0 criemuduaecKuMu
cBoiicTBaMu cuCTeMBbI. MOXKHO yKa3aTh TaKXKe HEKOTODBIE CIIENUAIbHBIE
KJ1accol audepeHnnaabHbIX YPABHEHMI, NIt KOTOPhIX GyHKIus J1samy-
HOBA M3BECTHA, HAIIPUMED, JJIs CHCTEMBI JUHEIHHBIX YPABHEHUHN C IOCTO-
AHHBIME Ko3dduimenTamu (cM. pasfen 2, npumMep 8).

2. Ilpumepsr penrenud 3aga4

1. UccienoBaTs HA yCTONYNBOCTD TPUBUAJIHHOE PEIIEHIE CJIE/IYIOIIIX
ABTOHOMHBIX CUCTEM ypaBHEHWI:

a) &=e" — 1422y, ¢=2sinz+y>
6) & =In(dy +e %), §=2y—1+ Y1— 6z, (5)
B =br+y+ay—a°, §=x+by—a®—y°

(b — neficTBUTENBHBIN TapaMeTp).

A a) [Insa ucciiefoBaHAS BOCHOIb3yeMcs TeopeMoii 29. B Hammewm ciaydae
T =, 20 =y, F1 =e*Y — 1422y, F, = 2sinz + y?. Oyukuun F,
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n F, 6eckoreano nuddepermupyemser n F;(0,0) = 0. Berancanm ssieMeRTh
Marpunbt A:

OF; OF;
a1 = 5 +(0,0) = et 4 Qy‘zzo =1, a2 = 3—; R
y=0 y=0
_ OF, _ _ OF
as1 = W oo 2, ag2 = a—y o 0.
y=0 =0
1-X 1 9
XapaKTepuCTUIeCKOe YpaBHEHHE 9 = A* — A —2 = 0 umeer
kKopHI A\ = —1, Ay = 2. Tak xKak Re Ay > 0, To TpuBma/jIbLHOE peIIEHUE

CHCTEMBI HEyCTOWYIHUBO.

6) O4eBuaHO, IpaBas 9aCTh YAOBJIETBOPSET TPeOOBAHUAM TeOpeMbl 29
B JIOCTATOYHO MaJjioii okpecTHocTu {2 Toukm x = 0. Marpuma A mmeer

Bum A = <_3 ;l>’ a ee XapaKTepUCTHYECKHe 9uCiIa (KODHH Xapak-

_ =147
TEPUCTUIECKOT'O ypaBHeHI/IH) )\172 = ——5 — HUMEIOT OTPUIATEJbHBIE
,ZLefICTBHTeJILHbIe qaCTH. CJ‘Ie,Z[OBaTeJ‘II)HO, TPUBUAJIBHOE PEINICHUE CUCTEMbI
ACUMIITOTNYECKN yCTOfI‘IHBO.

B) Marpuna A nmeer Bum: A = 11) Il)> Ee xapakTepuctudeckue

gucta A2 = b % 1. Ilo Teopeme 29 TpmBHmaIbHOE pENICHHE ACHMIITO-
THdecKkn ycroiumBo mpu b < —1 m mHeycroitumBo mpu b > —1. Ilpm
b = —1 uccnenoBaTh TpUBHAJIBHOE PEIIEHNE HA YCTOWYUBOCTH Teopema 29
He TI03BOJIFeT. O

2. Jloxa3aTh, 4TO TPUBHMAJLHOE DEIleHue CUCTeMBI (3) yCcTOHYuBO
¥ IPUTOM aCUMOTOTHYeCKHU, ecau Re\; < 0 mist Bcex 1 = 1,...,n.

A JIoKa3aTeJIbCTBO IIPOBOAUTCS IOJHOCTHIO IO CXeMe, ONUCAHHOIL
B [18], r1. 5, §2. Bumecto ypaBHenus Bepuymam (5.27) B [18] cienyer

paccMOTpeTh ypaBHeHUe BepHyiu % = az+ Cz'7, pemenme KoToporo

obsazaer CBOWCTBAMH, AHAJOTMYHBIME CBOicTBaM 1)-3), yKa3aHHBIM
B [18]. ITapameTp o mMeeT TOT 3Ke cMBICH, 9TO B (5.27).

3. MHccnenoBarh Ha yCTONYIMBOCTD PEIIEHUE T = —t2, Yy = t cucTeMBl

bP=y? =2y —2y—x, ¢=2r+2t>4HW, (6)

A CsemeM 3Ty 337129y K 33J1a9e UCCIeJOBaHUs HA YCTOWIUBOCTD TPH-
BHAJIBHOTO peTlients, mofaras & = & — t2, y = y +t (cm. §1). Umeem

T=7 27, y=2F+e W1
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9ro aBroHOMHas cucrema Tuma (1). Marpuma, o KoTopoil roBopmTCH
-1 —
B TeopeMme 29 mmeeT Bum A = < 9 _o | ¥ €e XapaKTepUCTHIECKNe INCIa
-3 +1iv15
A1,2 = —— . Taxum obpasom, pemrenne z = —t2, y = t cuctemsr (6)
aCHMIITOTUIECKH YCTONIHBO. O

4. NccrenoBaTrh Ha yCTOMYMBOCTH pemieHne ¥ = cost, y = 2sint
CHCTEMBI

&= ln(a: + 2sin? %) - %, y = (4—x?)cost — 2xsin®t —cos®t. (7)
A Tlomaraem © = T + cost, y = y + 2sint u g Z, y ToILydaeM
HEaBTOHOMHYIO CHCTEMY

F=In(1+7)— 17, §=—2&— 7% cost.

_1
9ro — cucrema Thma (3), tme ¥y = 1, a a = ( ; (2]> Ora MaTpHUna
AMEeT XapPaKTEPUCTUYECKHUE UHUCIA N1 = 1 _2\/5 <0, Ay = 1 +2\/§ > 0.
ITostomy pemenne x = cost, y = 2sint cucremsr (7) HEyCTONIHBO. O

5. Haiitu Bce mosokeHnst pABHOBECHUST CJIEAYIOMIEH CUCTEMBI U UCCTIe-
JI0BAaTh UX HA YCTONYIMBOCTBH:

=y, y=sin(z+y).

A Haiinem nosmokeHnsi PaBHOBeCHsi (TOYKH IOKOsI) JAHHON CHCTEMBI,
T. €. pemenns cucreMbl ypasaerunit: y = 0, sin(z + y) = 0. Honyumm z =
=mn,y =0, n € Z. Marpuma A umeer 3j1eMEHTHI

ail = %(Wn, 0)=0, aiz= %—Zi(ﬂn,O) =1,

as = %(ﬂ'n,ﬂ) =(=1)", axn= %—1;2(7”%0) = (="

)"+ /1 +4(-1)"
XapaKTepI/ICTI/I‘IECKI/Ie 9InCjIa MaTPHUIIbI )\1,2 = ( ) 2 i ( )

IOT OTPHUIIATEIbHBIE JIeHCTBUTENbHBIE YACTH MPU HeYeTHBIX n = 2k + 1,
k € Z, a ipu gernbix n = 2k, k € Z, ogHO M3 XapaKTEPUCTUIECCKUAX
9HCeNl MOJIoKUTeIbHO. TakuM 006pa3oM, mojoxkeHus pasHOBecus (2k +
+1,0) aBASIOTCS YCTOHIMBBIMA U IPUTOM ACHMIITOTHIECKH, a TTOIOXKEHHSI
pasrOBecus (2k,0) HeycTOWIMBBIMY. O

nMe-



264 Teopus ycmotivusocmu [Tn. 6

6. UVccnemoBaTh Ha yCTOWYMBOCTH TPUBUAJBHBIE DEIIEHUS CJIELYTO-
MIAX CHACTEM:

a)it=y-z+zy o’ y=z—y— 2y’

6) & =—at—y3 =1z — 2ye".
A a) Ora cucreMa yxKe BCTpedasiach (CM. mpuMep 1B) W IpeacTaBiserT
co6oii cucremy (5) mpu b = —1. Teopema 29 He maBasa BO3MOKHOCTE OTBE-
TUTH HA BOIPOC 00 yCTOWYMBOCTH €€ TPUBHUAJHHOTO perieHus. lIpumennm
BTopoit meron JIamyrosa. Paccmorpum B kadecrBe dynkimu JIamyHoBa

HOJIOKUTEJIBHO onpeeennyo dbyukuuo V(z,y) = %(ar:2 +y?). Ilpm sTom

W(z,y,t) = (grad V, F) = —(z" + 3" + (2 —y)*) < —(2* +¢*) = W(z,y),

rae x* + y* — monoxurensno onpenenennas ¢yukmua. ClegoBaTenbHO,
1o TeopeMe 31 TpUBUAIBLHOE PEUIEHNE ACUMITOTUYECKH YCTONYIUBO.

6) Buibepem V (z,y) = 222 +y*. Torma W (z,y,t) = —4tz? — 8ye™t <
<0 gzt > 0 mrobBIX T, y. Takum 06pasom, o Teopeme 30 TpUBHAIBHOE
pellleHne ABJIAeTCS YCTONIUBBIM. O

7. UccmemoBarh HA yCTONYINBOCTH TPUBUAJIBHOE PEIIEHNE CHCTEMBI

=19V (y), §=—v(@)¢ (z),

rae Y (z) obpamaerca B Hyab npu y = 0 u tompko mpu y = 0, p(z)
obpamaercs B Hysib ipu & = 0 u Toabko mpu z = (.

A Bwibepem V(z,y) = ¢2(x) + *(y). Torma W (z,y,t) = 200"y’ —
— 299’ oy’ = 0. Ilo Teopeme 30 TpuBHAIBLHOE pEIIEHUE yCTOWYIHEO. O

8. Ilycts KOpHEU XapaKTEPUCTUIECKOTO YPABHEHUSI CUCTEMBI

X = ax, (8)
rme A — HOCTOSHHAs MaTpHUIA, yIOBIETBOPAIOT ycaosuio Re); < 0
(i=1,...,n). llocrponrs dbyskmmio JIanyroBa #, NOIB3YACH €10, MTOKa-

3aTh ACHMITOTHUYECKYI0 YCTOMYIMBOCTH TPUBUAJIHLHOTO PeEIIeHUs JAHHOU
CUCTEMBI.

A Cunenys [15], paccmorpum dbysnamentanbryo marpuiy W (t) cucre-
Mot (8) Takyto, aro Wl,—og = E, rne E — enuananas marpuna. Kaxmprii

(4)
cronbery 1) (t) 9TOH MaTPHIBI ABJIAETCS PeIIeHneM CHCTeMBI (8) ¢ paBHO
€/INHUIIE B HAYAJbHOI TOYKE 1-ii KOMIIOHEHTOI1, B TO BpeMs KaK OCTaJbHbIE
(4)
papubl mymo npu ¢ = 0. Torma (¢,€) = Y.;_, & ¥ (t) ectb pemenue
cucremsl (8), yIOBIETBOPSIONIEE HAYAIBHOMY yCIOBUIO P|i—g = & (€ —
CTOJIOEL ¢ 91eMeHTaMH &; ).
o0

Tomoxum V(€) = I lp(7, €)||? dr. NnTerpan cxoquTcst B CUILY 9KCTIO-
0 (%)

HEHIMAIBHOTO yOBIBAHAS KOMIIOHEHT 1) Tpu T — 00. 3ameTnM, a0 V (€)
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SBJISETC KBaApaTudHoi (popmoit no &:

i () (4)
vie)= Y &t [ (%) dr
0

ij=1
Dynkuus V (€) ABIAETCS TOTOKATEIHLHO ONPEIEIEHHON, TaK Kak ecan £ #
#0, o u ¥(t, &) # 0 u, ciegosaresnsuo, V(€) > 0.
Haiimem Tenepn (grad V,F) = (gradV,x) = %V(x(t)), roe X =
=P(&,t), x|t—o = £. s storo mpeacrasum V (x) B BUzE:
Vi(z) =V(4(t€)) = J 19 (7, 9(r,€))|]* dr =

0

= | e+ 7 &) dr = [ 1%:(6,€)| d8. (9)

9To mpeobpa3oBaHWe OCHOBAHO Ha TOXKIECTBE, COPABEIJUBOM JJIS aB-
TOHOMHBIX CHCTEM, K KOTODBIM IPUHAIEKHUT U cucrema (8) (cpaBHUTE
C pacCyKIeHusMu, NpuBegeHHbIMA B § 2 riasel 5, [18]): (1, (¢,€)) =
= (t + 1, €). Helicrurensro, (1,9 (t, €)) u ¥ (t + 7, €) xax Gynkuum 7
y;LOBJIeTBOpﬂIOT OI[HOfI nu TOfI 2Ke CucremMe, TaKk Kak aBTOHOMHad CUCTEMa
WHBapUaHTHa OTHOCUTE/JIbHO CABUIa HE3aBUCUMOI'O IIEPEMEHHOTO. KpOMe
roro mpu 7 = 0 umeeMm Y (T, YP(t,€))|r=0 = Y(t,€) u Y(t + 7,8)|r=0 =
=(t,§).

OTcroma, Mob3ysch €INHCTBEHHOCTHIO pemenus 3amaqan Komm (cM.
reopemy 1 1. 1), momyanm Tpebyemoe TOXKIECTBO.

"3 (9) maiinem %V(x(t)) = —|l(t, &)|? = —||x||* = W(x), rae, oue-

sumHO, —W = ||x||? — monoxkurensro onpenenennasa dynkmus. [TosTomy
corjiacHO Teopeme 31 mojydaeM TO, YTO U TPeOyeTcs NOKA3aTh. U

9. Jloka3arh, 9TO Jjid CHCTEMBI, OMICHIBAIOIIEN IBMKEHNE MAaTEPHU-
QJIBHOM TOYKH B NOTEHIINAJIHHOM II0JIe, TIOJI0KEHNE PABHOBECHS, KOTOPOMY
oTBedaeT MUHUMYM IOTeHIIMAJIbHON SHEPIUHU, ABJIAeTCA YCTONINBBIM.

A Cucrema ypaBHEHUiT IMeET BH/T

mi/lli:_g_gi(ml7y17217'"an7ynazn)7 mlv’l:_g_ZJ
miw; = —gg, Ti = Ugy  Yi = Vi Z = Wi, (10)

rae U — noTeHnmmanbHas dHeprus. 110jI0jkeHne paBHOBeCHs (MM TOYKA
nokost M) cucremsr (10) onpenensiercss ypaBHEHASAMA 37[] =0, g—yU =0,
8_U i i

02 = 0, u; = v; = w; = 0. IIpu sTom KoopauaaTs 27, yY, 29, ..., 2% 40 20

n
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IIOJIOKEHUsI PABHOBECUS HAXOAATCH U3 MEPBBIX 3N yPaBHEHUM, a OCTAJIb-
Hbl€ YPaBHEHHUs OINPEJEISIOT PABHYIO HYJII0 CKOPOCTbD.
B kauectse dbynkuuu Jlanynosa V(z1,...,w,) Bo3bMeM cymmy V =

=U(z1y...y2n0) — U@ ...,20)+ T, cne T = %Z?:lmi(u?—i—v?—l—w%) —
KHHeTHdecKasd sHeprua. B okpecrroctm Toukm M (z9,...,22,0,...,0)

dbysruus V, 09eBUIHO, SBIISETCS MOJ0KATEIHHO ONIPEIEIEHHON, €CIIU IPHU
1 =2Y, ..., 2, = 20 bysxkuma U umeer crporuit murmvym. [lpu sTom

W = (gradV - F) = Z(gguz + g—vaz + 27Uwz)+
i=1

1 orT 1 06U orT 1 0U\| _
+Z{8uz< m; t%vl) + ov; (7%8%) + ow; <7mi 821)} B

n
—Z( i+ G+ Glun) = Y (w 8L +ufl +wifl) =o.
1

1=

Orzcroma, cormacao Teopeme 30, memaeM 3akKjOdYeHHE 00 yCTOWYMBOCTH
Touku nokos M. O

3. 3amaum ay1d caMOCTOLTEILHOIO PeIIeHns

6.2.1. UccmemoBaTh HAa YCTOWYMBOCTD TPUBUAJIBLHOE PEIIEHUE CIELYI0-
IIAX aBTOHOMHBIX CHCTEM ypPaBHEHMI:

a) &= e —cos 3z, = /4 + 8x — 2¢Y,

6) ©=tg(z —y) +2z, y=+v9+ 12z — 3e¥, 2 = —3y,
B) 2 = by + In(1 + dz), y = tgbz (b # 0, d — nelicrBureabHbIE

apaMeTpsl),
r) & =2 " —4A+ay, y = In(l 4+ z + ay) (a — meficTBUTENbHBII
mapamerp).

6.2.2. HaiiTu BCe mOJIOKEHUsS] PABHOBECHs! (TOYKY MOKOsI) CJIELYIOMINX
CHCTEM I HCCIE€JOBAaTh UX Ha yCTOMYMBOCTB:

a) i =In(l-2*>—-y?),y=z—-y—1,

6) t=e¥—e", y=+/3z+y?—2.

6.2.3. [Tonb3ysce dyuknumeit JIanyHoBa, HCCIeq0BATH HA YCTORINBOCTD
TPUBHUAJIBHBIC PEIICHUS CICAYIOIUX CACTEM

a) &=2y> —2° g= =y’ +¢°,
6) @ =y—2x— (1+t2)2®, § = 6z — 4y.
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6.2.4. UccrnenoBaTh Ha yCTOWYMBOCTH TPUBUAJIHHOE PEITEHUE CUCTEMBI
B 3amade 1B mpu b = 0.

OTBeTnI

6.2.1. a) TpuBnanbHOe pemeHue HeycToiiumBo. 6) TpuBHanbHOE perie-
HWE YCTOHYMBO W NMPHUTOM ACHMITOTHYECKH. B) TpHBHAILHOE permeHue
HeycTolW4InBO npH 066X b # 0 u d. r) TpuBHanbHOe pelleHne yCTORINBO
u nputoM acuMmnrorrdecku npu 0 < a < 2, Heycroitanso npu a < 0 mnn
a > 2. Ilpu a = 0 u a = 2 Teopema 29 He maer orTBera. 6.2.2. a) Touka
nokog (0, —1) ycToiiumBa ¥ IPUTOM ACUMIITOTHYIECKH; TOUKA TOKoA (3,2)
HeycroiiumBa. 6) Touka mokosi (—4, —4) ycroifumBa M NPUTOM ACHMIITO-
Tudecku; To9ka mokos (1,1) Heycroituusa. 6.2.3. a) TpusuasibHoe pere-
HWE aCHMIITOTUYECKH ycToiuamBo. 6) TpuBmanpHOE peImIeHne yCTOWYIHMBO.
6.2.4. Pemenune ycroiiunBo mpu d < 0 m mHeycroitumso mpu d > 0.
Yxaszanue: cucrema pacmagaercsi Ha JBa OT/AEJIbHBIX YDaBHEHUS JJIs T
u gy y. pu d # 0 Hy>KHO Jjisi & BOCIOIB30BAThCA TeopeMoit 29, a njia
y — Bugom obmero pemenns y = C (kak B §1); npu d = 0 w goist x, w0 most y
BOCIIOJIB30BATHCS BUAOM OOINEr0 perreHus.

§ 3. ®a3oBas MMJIOCKOCTH

1. OcHOBHBIE MOHATHS U TeopeMbl

1°. ITomarue pazosoii mmockoctu ObL10 gaHo B § 1. IlycTh aBTOHOMHAS
cucreMa

d d
% = fi(z1,z2), % = fa(z1,22) (1)

AMeeT TOYKH IOKOd T; = x?. B §2 6bu1 m3/102K€H METO., UCCIIETOBAHUS
TOYEK IIOKOd Ha yCTOfI‘-IHBOCTb AJId CUCTEMBI .HIO6OI‘O quciia ypaBHeHHf/’I.
Ho na npakTuke 6pIBaeT HYy2>KHO HE TOJBKO YMETh HAXOAUTH TOYKHU IIOKOS
U WCCIeN0BATh WX HA YCTOWYIMBOCTH, HO W 3HATH PACIOJIOXKEHUE BCETO
MHOXKeCTBa TpaeKTopuii Ha (da30Boil miockoctu. Ueprexk, m3obpakaro-
A PaCIOIOXKEHNE TPACKTOPHUil Ha (PA30BOM IJTIOCKOCTH, 9aCTO HA3BIBAIOT
Pa3o6viM NOPMPEMOM CUCTEMBI.

2°. Ilycts cucTeMa SBJISETCS JTHHEHHON

% = a1;1x1 + a122,
‘(ii—x = Ax wm (2)
¢ dzy

= agT a92%s.
dt 2121 + Q22T2



268 Teopus ycmotivusocmu [Tn. 6

B 3TOM Ciiyuae MOXKHO TOIYYHTH PACIOIOKEHWE TPACKTOPHN B IEJIOM,
Ha Bceill daszoBoit mmockoctu. ITycrte det A # 0. Cucrema (2) mmeer
€INHCTBEHHYIO0 TOYKYy mokKoda 1 = x93 = (. B ciydae meomHOpomuoii
CHCTEMBI TOYKa [OKOS OTJIMYHA OT Ha4aja KOODAUHAT, HO OYEBHIHOM
3aMEHOH MEePEMEHHBIX STOT CIIydail MOKHO CBECTH K (2).

Vmeer mMecTo cnepyromas KaacCupUKAIUs PACTIONOKEHNsT TPASKTOPHH
cucremsl (2). ITo Tumy pacmonoxeHus TPAEKTOPHIA JaeTcs Ha3BaHUe TOUKH
TIOKOSI.

XapakTep pPAaCIOJIOXKEHUs] TPACKTOPUil ONpeesseTcs KOPHIAMHI Xa-
PaKTEPHCTUIECKOTO yPABHEHHS (XaPAKTEPHCTUICCKAMU IUCIAME MAaTDPH-

upr A).
(3)

1*. A1 u A2 IeHCTBUTENBHBI, PA3INYHBI U OJHOTO 3HaKa. TOUKa MOKOs
Ha3bIBaETCS Y340M (pUC. 32&).

%&

2%, A\{ u )y JefiCTBUTeILHLI U UMEIOT pasHble 3HAaKd. T0dYKa IIOKOs
Ha3bIBaeTca cedaom (puc. 326).

—

3*. A1 m Ay KOMIIJIEKCHBI C OTJIMYHON OT HyJIsl BEIIECTBEHHON 9acThIO
Re A1 = Re A2 # 0 Touka nokos naseiBaerca gorycom (puc. 32B).

4*. A\{ m Ay uucro MHHMBle. ToYKa IOKOS HA3LIBAETCH UEHMPOM
(pmc. 32r).

5%. A\t = Ay = X # 0 u marpuna A He guaronasibHa. Touka MOKOs
Ha3BbIBAETCS 8uPOdCIEHHBIM Y3a0M (DHC. 321).

6*. A1 = Ay = A # 0 mw maTpuna A nmaronamsHa: A = 8\ 9\) Touxka

NOKOST HA3BIBAETCA QUKPuUmMuUieckum yaaom (puc. 32e).
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Bameuyanmne 1. Ecm Ay = 0 (i A2 = 0) mm Ay = Ay = 0, TO
det A = 0, u TOYKa OKOs yI>Ke HE ABJILAETCS eIUHCTBEHHOM, 1, Oojiee TOro,
TOYKM TIOKOsI He W30JMPOBAHBI (CM. HUXKe, pa3ies 2). O

Vszen 1* xapakTepusyercs TeM, 9TO BCE TPAEKTOpUH, Kpome omuoi 11,
nmeror B Touke (0,0) obmyro KacarenbHyr I, Koropas cama sIBISeTCS
tpaekTopueitl. [Ipsveie I u Il mHanpaBieHsl BOOAb COOCTBEHHBIX BEKTOPOB
MaTpuibl A, COOTBETCTBYIOIMX A\; U Ao, MpHUYeM TpsMas | oTBedaer
MeHbIIIEMY 110 MOJYJIIO U3 A1 U Ag. B ciayuae ysina 5* Bce TpaekTopun
KaCalTCs OIHOU MPsIMOM, HAIPABJIEHHON BIOJIb €IMHCTBEHHOTO COOCTBEH-
HOTO BEKTOPA, OTBEYAIOIIETO .

IIpm A\; < 0, A2 < 0 ysen (kak 1%, Tak m 5*) aBngerca ycroirausoii
toukoil mokosg. Ha puc. 3a,n crpenkamu moka3aHO HALMPABJIEHUE JBUXKE-
HUs BIOJIb TPAEKTOPUU MPU BO3PACTAHWY ¢ B CJIydae yCTOWYWBOrO y3JIa.
Ecamu Ay > 0, A2 > 0, TO y3e/ HEyCTOWYMB M CTPEJIKH 3aMEHSIOTCS Ha
[IPOTUBOIOJIOKHBIE.

Cengio 2* xapakTepusyeTca HajamdaueM aByX TpaekTtopwuii I u II, mpoxo-
namux depes (0,0) TakKe B HaIPaBJIEHUN COOCTBEHHBIX BEKTODOB. IIps-
Mas | siBjsleTcss acCMMIITOTOM [IJIsi OCTAJBHBIX TPAEKTOPUil mpu t — 00,
a Il aBasiercsa acummnroroit mpu ¢t — —oo. Ilpamonunueiinas Tpaekropus |
PAaCIO/IO’KEHA 110 HAIPABJIEHUIO COOCTBEHHOI'O BEKTOPA, OTBEYAIOIIErO
[IOJIOXKUATEIBHOMY A, 8 IpaMoymHeiinas Tpaekropus I mo HampaBieHUIO
COOCTBEHHOT'0 BEKTOPA, OTBEYaomero orpunareabaomy A. Ilpamvere I u 11
HA3bIBAIOTCA cenapampucamy, cemiia. Celyio sBIsSeTCA HEyCTONIMBON TOY-
koit mokos. Ha pmc. 320 crpeskaMu moOKa3aHO HAMPABJICHUE IBUXKEHUS
BIOJIb TpaekTopuu npu Bo3pacrtanuu t. Cemaparpuca Il sBiserca eaun-
CTBEHHOIl TpaeKTopmeil, KOTOPOil OTBedaeT peleHue, crpeMsieecsa K 0
npu t — co. Tonbko nBe TpaekTopuu I u Il apngroTca mpaMoOTUHEHHBIMU.
OcranbHble TPAEKTOPUN KPUBOJUHENRHBI U C BO3PACTaHWEM ¢ UIYT U3 OO
B 00. Cenaparpucst I u II pasdeasrom dasosyro miockocrs Ha 4 obiactu,
B KOTOPBIX JIEJKAT KPUBOJIWHENHBIE TPAEKTOPHN.

Dokyc 3* B 3aBucuMocTH OT 3HaKa Re \ Toxke MOxKeT GBITH yCTO4Yu-
BbIM u HeycroiumBbiM. Ha puc. 32B cTpeskaMu MOKA3aHO HAIPABIICHUE
JIBIZKEHUS IPU Bo3pacTanuu ¢ B crydae ycroiamsoro (ReA; = Re As < 0)

doxkyca.

3ameuanue 2. B ciydae dokyca TpaeKTopuu MOTYT OBITH 3aKpyde-
HbI BOKpYT (0,0) B pasHbIX HampabieHusx (puc. 33). YTobwl onpeneanTs
HANDaBJIEHNE 3aKPY9YMBAHWs, JOCTATOYHO BBIYUCIATH BEKTOD (I, d2)
B Kakoi-im6o Touke, Hanpumep, B (0,1).

oG Y

Puc. 33.
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AmamormaHo nccreayeTcs HanpaBJIeHNe ABIKEHNA B CIydae meaTpa 4%
n y3na 5* (puc. 33). Hentp 4* sBaseTcss ycroiiumeoii, HO HE ACHMITOTH-
YeCKU ycToHunBoi Toukoi# nokosi. JIukpurnyeckuii ysen 6* moxer GbITH
ycroiamebiM (A < 0) m HeycTofamebiM (A > 0). O

3°. Ecmm cucrema HenmHe#Ha, TO PpaCIONOXKeHHe TPaeKTOPHii
B OKPECTHOCTH TOYKH ToKo# (2, 23) “B MasoM” MOXKHO HCCIe0BaTh KakK
U B JMHEHHOM Cilydae MO KOPHSIM XapaKTePHCTHIECKOrO ypasHeHms (3),

(29, 29). Ommaxo sT0

7
axk
MOXKHO JeJIaTh TOJBKO B CIIydae, KAaK IPUHATO TOBOPUTH, 2pYO0l CHCTEMBI,
T.e. korma Re\; # 0w Ay # Ao (cryganm 1°-3°). Ecim xxe Re Ay = 0 mwm
A1 = A2, TO maxke “B MaJIOM’ MaTpUIA JIMHEHHOTO MPUOJINKEHNST HE JAET
OTBETA OTHOCHUTEJbHO PACIOJIOXKEHUsI TPAEKTOPHUI: OHO OIPENeJIsAeTCs
wreHaMu 00jiee BBICOKOTO MOPSIKA B pa3jiokeHuu fi u fo B OKPECTHOCTH
toukn (z9,z9).

B ciygae menmueitHO# cucTEMBI MOXKET OBITH HECKOJIBKO W Jaxke bec-
KOHEYHO MHOTO W30JIPOBAHHBIX TO4YeK MOKosg. [lpm sToM robanbHOE
PACIIOJIOXKEHNE TPAEKTOPUH yIaeTCs MCCAeIOBATh JINIIb JIsi HEKOTOPBIX
OT/EeBbHBIX KJIACCOB ypaBHEHWI (CM. HIKe, pa3fiel 2, mpuMeps 4,5).

Hnst m3ydenumss Hpa3oBOro MOPTPETa BaXKHO

WCCIeI0BaTh HE TOJMBKO TOYKM IMOKOs. Hepemko

BCTPEYAIOTCS 3aMKHYTHIe TPAeKTOPHU (OHU OTBe-

Yal0T TEPHOJUYIEeCKOMY DEIIEeHH0), 00aIaromme

CBOMCTBOM N30JIMPOBAHHOCTHU (T. €. B OKPEeCTHOCTHU

TaKMX TPAEKTOPUH HET APYTUAX 3aMKHYTBIX TPa€K-

TOpHii), & BCE OCTAJIbHBIE TPAEKTOPUH KaK ObI “Ha-

MAaTBHIBAIOTCHA HA TY €IMHCTBEHHYIO TPAEKTOPHIO,

KOTOpasi HA3bIBAETCH NPEOCADHBIM UUKAOM, WU,

HaobopoT, “pasmarbiBarorcs’ ¢ Hee. [IpemenbHbIil

Puc. 34. UK MOXKET OBITh MOIO0OHO TOYKE IIOKOS YCTOM-

quBbIM U HeycroitdumBbiM. Ha puc. 34 uzobpaxen

YCTONYMBBINM npenebHblil nukia. C nmpuMepaMu IPeIeTbHbIX [UKJIOB MbI

IIO3HAKOMUMCH B 3amade 12 paszpena 2, 3amade 7 pa3zena 3; CM. TaKxKe
3anagy 10a pasmena 2 § 3 . 7.

B KOTOPOM MarTpuia A mMeeTr 3JeMeHTHI O, =

2. Ilpumeps! penieHus 3aMa9

1. UccnemoBath pacmosokeHne TpaeKTopuil HA (HDA30BOM IIOCKOCTH
¥ YCTAHOBUTH THUI TOYKU ITOKOSI:

a) 1 = 3z, + 4z, o =2x1 + X2.
6) T, = 2xy, Io=2x1+ Tq.

B) $'1 =TT — 2.172, $'2 = 4.’171 — 3.’172.
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3—-) 4

2 1—A
—4)\—5 = 0 maxomum A; = 5, Ay = —1. CremoBarensHO, Touka nokos (0, 0)
aBasgerca ceayioMm. Haxoaum coOCTBEHHBIN BEKTOP, OTBEYAIOMUA A1 = 5.
KoopamaaTsr 3TOT0 BEKTOpa CBA3aHBI COOTHOmEHnEM (3 — Aq)x + 429 =
=0, .e. —2z1 4+ 4z2 = 0. CregoBarebHO, ypaBHEHNE ACHMITOTHL | x9 =

= A2

A 1. a) I3 XapaKTepUCTUIECKOrO yDPABHEHUS

= %ml. Ananoruyno Haxomum acumnrory 1I, orBedaromyio Ao = —1. Ee
ypaBHeHmE To = —x1 (puC. 35).

X I

X2

S

Za BN
s X1 \’—\
/‘\\ \JJ | ~
I N
Puc. 35. Puc. 36. Puc. 37.

6) Pemas xapakTepucTUaecKoe ypaBHEHUE, HAXOAUM A} = 1, Ay = 2.
Touka mokost, TaKMM 00pPa30M, MPEIACTABJISIET COOOM yCTONIMBHIN y3eJI.
Haxoanm npsimyto I, orBewarontyio Ay = 1 — HamMeHBIIIEMY IO MOILYJIEO
cobcrBernHoMy 3HadeHuio. [lomyaaem x1 = 0. Haxogum mpsimyto II, orse-
qaomyo Ay = 2. Ionysaem zo = z1 (puc. 36).

B) Haxomum A; o = —1 424, u, crenoBaTenbHO, TOUKA MOKOSL SIBJISETCS
ycroitauBbiM dokycoMm. Hampasiienne 3akpydnBaHus ONPEHEIUM 110 BEK-
TOpYy {.’j)l,.’tz}z;i(l) = {-2,-3} (pumc. 37). O

2. UccnenoBaTh pacHoJIOKEHHUE TPa-

ekTOpuil Ha (HPA30BOI MIIOCKOCTH JJIsl CU- X2
CTeMBI

T =1+ Z2,

To = T1 + Za.

X1

A 3upecs det A = 0 m TOYKHM TOKOsA
3anoHAI0T TpaMyo L: o = —x1. Bbr- /
quTadg OJHO ypaBHEHWe W3 Ipyroro, Ha- L
xomuM %7 — & = 0, 1 — z2 = C n,
CJIeI0OBATEJIbHO, CEeMEeHCTBO TPaeKTOpUil

nmeetT Buz o — x1—C. Uccnenyem 3akon Puc. 38.



272 Teopus ycmotivusocmu [Tn. 6

JBUKEHUS BJIIOJIb KaK i0# n3 Tpaekropuii. meem
=22, —C, x1= % + De?*t,
o =21 —C = —%—i—Dth.
ITapamerp C' dukcupyer TpaekToputo, mapamerp D dukcupyer Hadab-

HYI0 TOYKY Ha TpaekTopuu. V3 BBIpaXXeHUU i £1 U To TOILYIAM, UTO
npu t = +oo: ectm D > 0, To 1 — 400, x3 = +00, a ecim D < 0,

TO T1 — —00, Ty — —oo. Eciau ke t — —oco TO 1 — %, To — f%,
a (%, —%) — 9TO TOYKA, Jiexkarad Ha npamoit L. Ha puc. 38 crpenkamu
0603HaTE€HO HAmpaB/eHne Bo3pactanus t. BuaHo, 9T0 TOYKM MOKOs, W3
KOTOPBIX COCTOUT TipsaMasi L, HeyCTONYIMUBHI. O
3. HaiiTu TOouKM mOKOs Clemyromeil HeTMHERHO CHUCTEeMBI
dzq dzo 2 2
T = 2$1$2 — 4552 — 8, T = —I + 4$2 (4)

H ACCIIEIOBAThH PACIIOIOKEHNE TPAEKTOPHUI B OKPECTHOCTH KazKIOH TOYKH
nokost (“B Masom”).

/A  Toukn MOKOA HAXONATCA W3 CHCTEMbI ajrebpandecKux ypaBHEHMM
2x1x9 — 429 — 8 = 0, —;1:% + 4:0% = 0. Orcropa nmeem x1 = +2x4, u,
CJIeI0OBATEJIHHO,

+4x3 — 4xy — 8= 0.
2 1) (2)

Hamnee: a) 4z5 — 4xo — 8 = 0. CiemoBarensuo xo = 2, x9 = —1, a Torga
(1) (2)
Ir1 =4, T1 = —2.

6) 473 + 4z2 + 8 = 0. DTo ypaBHeHUe JeHCTBUTETLHBIX DEIIeHuit He
HMeeT.

Urak, cucrema (4) umeer mpe Toukm mokos: A(4,2) m B(—2,-1).

Hamee, MaTpuma ¢ 3IeMeHTaMHI Ofi WMeeT BH 2wy 2wy —4 " Xa-
e, b 7 6xk a —2:61 8.’172
4—-) 4

PaKTEPUCTUYIECKOE ypaBHEHUE Iy TOYKH A: 8 16-_\ 0 maer
A1 = 12, Ao = 8, T.e. Touka A FABIAETCA HEYCTONIMBBIM Y3JI0M, JIJIs
KOTOpOro mpamas | mMeeT ypapHeHHe o — 2 = x7 — 4, a mpamaga II —
ypaBHenme 3 —2 = 2(x1 —4). /lna roukn B umeem _24_ A —8_§ N 0.
Orcroma A\,2 = —5£4v/23, T. e. TouKa B ABIg€TCA yCTOHIMBBIM (POKYCOM.

TpaeKkTopun 3aKPYI€HbI TAaK Ke, KAK Ha pUC. 37, TaK KaK {Z1, &} ej=—2 =
T2

= {-8,—4} (pmc. 39). O
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X PN //
N
a 1 (") | y

Puc. 39. Puc. 40.

4. HapucosBaTth (Ha30BbIil MOPTPET yPABHEHUS BTOPOTO MOPSIIKA

j="F(y), (5)

11s Kotoporo rpaduk F(y) npencrasier Ha puc. 40 a.

A Ypasrerue (5) 9KBHBAJIEHTHO CHCTEME

y=2 2i=F(y). (6)

Cornacro rpadwuky 40a cucrema (6) mmeer Tpm Toukm mokos (¢1,0),

(¢2,0), (p3,0), nepBag u TpeTbs U3 KOTOPBIX ABJIAOTCA cemyaMu (Ipo-

BepbTe CAaMOCTOATEIbHO, YIUTHIBAdA, YTO 3HAK IIPOU3BOJTHOMN ‘é—i TIOJIOXKU-

TejleH Ipu Yy = p1 U Yy = 3). Touke (pz,0) OTBEYAOT YUCTO MHUMBIE
KODHH XapaKTEPUCTUYECKOTO YPAaBHEHUA W OKOHYATEJIbHBIX BBIBOJIOB O
THUIIE€ TOYKHU IIOKO4d JeJiaTh HEJIb34d.

B nenax msydeHns pacmosiozKeHUI TPAeKTOPU HA IJIOCKOCTH HalijieM
HepBBIil WHTerpas cucreMsl (6) — OH U JaeT ceMefcTBO TpaeKTOpuii:

Z-c+ j F(y)dy. (7)

ITycrp (kax 310 M306pakeno Ha puc. 40 a)

P2 P2
| Fydy=51>5= [ F(y)dy.
®1 ¥3

y

B srom cayuae rpaduxk dynkuun P(y) = J F(y) dy nmeer Buzm, u3o06-
Y2

paxkennsrit Ha puc. 406. Ha puc. 41 a n306pakeHo cemeficTBO, IPeaCTaB-

nernoe mpagoii wacteio (7). Hakomenm, ma puc. 416 m306pazkeHbl camm
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TPAEKTOPUU

r=+ 2<C’+ T F(y)dy).

P2

Cenapatrpucer cemen (¢1,0) m (p3,0), npencrasnsromue coboit “B Ma-
gom” mapy upambix | m Il (mafimure >TH mpsAMBIE CAMOCTOATENHHO
1o 00pa3lyy IpeIbIAyNUX 33Jad), Ha CaMOM JeJle SIBJISIOTCS KPUBBIMY,
NpPEeJCTABIEHHbIMI Ha DHCyHKe 416 >xwpHO! smHmelt), a upsimbie I

Puc. 41.

n Il saBndrooTCcs KacaTeJbHBIMH K STHM KDUBBIM B ToYkax (¢1,0)
n (p3,0). Touka mokost (p2,0), KAK OKA3BIBAETCS, SIBJISETCS TOIKON
THUIIA TEHTPA. [l

5. HagepTuTh pacmosiokeHne TpaeKTopwmii Iy ciaydas S = Ss.

A B srom cayaae ®(p1) = P(p3) n Bmecto puc. 41 nveem pmc. 42.
CenapaTpucsl 06pa3yioT TaK HA3BIBAEMYIO AYEUKY. O

6. HaiiTu B 9BHOM BUJE CenapaTpUCHI JJisl yPABHEHUS
y=y(y* —1). (8)

A B sroMm ciaydae mMerorcs Tpu Touku mokos: (—1,0), (0,0) u (1,0).
0

3

0
Kpome Toro S; = J (v° —y)dy = J(yg’ —y)dy = S2, T.e. MBI UMeeM
1

1
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Puc. 42.

aueiiky. Cemeiictso (7) umeer Buj,
y
2 4 2
S=C+|@*-pdy=0+Y% - %
0

Cenaparpucer gomxasl npoiitu gepes touku (—1,0) u (1,0). Orciona C =

= % Torna 2% = %(1 —y*)? n, crenoBaTebHO,

z:i%(l—gf). O

7. UccnemoBarh pacmoioxkenne (pa30BbIX TPACKTOPHA I yPaBHEHUS
i=-yly+1).
Haiitu cemaparpucsl B SBHOM BHJE.

A Uwmerorca ape Toukn mokost: (—1,0) (cemmo) u (0,0). Iepssrit maTe-
y

2
rpaJl UMeeT BUJ % =C+ j(—y2 — y) dy. VccnenoBaHue, aHAJIOTHMIHOE

npoBeseHHOMY B 3azade 4, maer (a3oBbIf TOPTPET, M300PaAKEHHBIH HA
puc. 43. YciaoBue IpOXOXKIEHUs CemapaTpuchl depe3 Touky (—1,0) maer

C= % H, CTIeJIOBATEBHO 22 = %(1+y)2(l—2y). OKOHYATENIHHO HOLyYaeM
CJIeAYIOIIEE IPEICTABIICHNE IS CEIAPATPHC:

z:ﬂ:%(l—l—y)\/l—ly. O

8. Haiitn pemenns ypasHerus (8), OTBETIAOIMIAE CENAPATPHCAM.
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T z
1 1 2
N N )2 3
5

Puc. 43. Puc. 44.

11—
V2
— yQ), [OJIyYeHHasl B Pe3yJ/ibTare pelneHus 3aga4du 6, maer juaui, 060-
3HadeHHyl0 Ha puc. 44 mudpamm 4, 2, 6, m 1, 5, 3 COOTBETCTBEHHO.
Uccnenysa kaxxnoe u3 cemen “B MaJiom”, paCcCTaBUM CTPEJIKU, HOKA3bIBAIO-
b) b

mye HamnpaBjeHue Bo3pacTanusa t. Torma CTAaHOBUTCH SCHO: TPAEKTOPHUM,
n300pazkeHHO Ha puc. 44, orBeduaroT 6 pelreHnit COOTBETCTBEHHO IECTH
yd9acTKaM, yKa3aHHbIM nudpamu 1, ..., 6.

Haiinem, manpume elleHne, orBedaromlee y4dactky 2. Jlig sroro

) ) )

A Ilpu pemennun 9Toii 331291 HAJIO YIECTh, YTO (popMyIa 2 = =+

1 2

qacTka 2 = —=(1 — , ¥, CJIEIOBATEIHHO
y 71— Y) A

dy _ 1 (1 _,p2

dt - ﬂ(l Y )

V2t _
WNurerpupyst 370 ypaBHEHHE, MOIYyIUM Y = %, rone C 3aBucur
CevV?t +1

OT BBIODAHHOI'O Ha TPAEKTOPUU 3HAUEHHsS Y, oTBevatomero ¢t = 0: C =
_1-9(0)

T 1+y(0)
ny— 1noput— +oo. O

(0 < C < 1). U3 dopmyast BugHO, 910 y — —1 mIpU ¢t — —00

9. Hageprutb Ha30Bblil mOPTPET Jisl ypaBHEHUs ABMKEHHS MAaTeMa-
THaecKoro maaTauka [10]

g+ gsing =0 (9)

(3mech ¢ — YroJl OTKJIOHEHUS OT TIOJOXKEHWsl TOKOsl, | — JJINHA HUTH,
Ha KOTOPOii MOJBEIeH MAasTHUK, § — YCKOPEHWe CHJIbl TsaxKecTH). JlaTh
GbU3UIECKYI0 HHTEPIPETAIUIO0 TPAEKTOPHAAM PA3JINIHBIX TUIOB.

A Da30BBI TIOPTPET CTPOUTCH TakK ¥Ke, KaK B 3ajade 4, U COmep:KUT
GeckoHeUHy0 IemnouKy saeek (puc. 45). CemelicTBo TpaekTopumii mMeer

BH
<,b::l:\/g\/gcosga+0. (9"

IIpu C' = g orcioma noIy4YarTCs CenapaTpuchl, ypaBHEHUsI KOTOPBIX () =

= \/% cos % Cenaparpucsl 0003HaY€eHbI Ha YepTexxe OyKBOii C.
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/c_\m
\M /?x/
T ~—— ~— [
/371' -7 T 3
Puc. 45.

3aMKHyTHIe KpuBbIe (0003Ha4YeHBI OYKBOH @) BHYTpH
A9eeK, 00Pa30BaHHBIX CeMapaTPUCAMM, OTBEYAIOT Kojeba- @ = =, +3m,...
TEJIbHOMY JIBUKEHUIO MAsTHHUKA OKOJIO IOJIOXKEHWI PaB- e
HOBecuda ¢ = 0, 2w, £4x,.... g 3TUX KPUBBIX TOUKH
@ = *m, £37,... ABAGIOTCA CeIjlaMHu. JTO TOXKE IIOJIO-
KEHWsI PAaBHOBeCUsi, HO HeycTohumBble. Pu3mdeckn OHU
COOTBETCTBYIOT BEPTUKAJIHHOMY MOJIOXKEHUIO MASTHUKA
BBIIIE TOYKY Ioaseca (puc. 46).

TpaekTopny, pacHooXKeHHbIe BHe siueek (0Go3Hade-
HBI OYKBOI §), OTBEYIAIOT BPAIATEIBHOMY [BIKEHUIO Ma-
arHuka. Hampumep, eciiu npu ¢ = —7 33JaTh MOJIOXKU-
TEJBHYIO CKOPOCTH ¢ > (0, TO MadgTHUK, CIeJIaB IOJIHBIH
0060pOT, IPUAET K ITOJOKEHUIO ¢ = T C TOH XKe CKOpO-
CTBIO, U JBHKeHne OyeT IpoJo/KaThCs GeCkoHedHO (10 = 0,427, .
OpUYMHE OTCYTCTBUSI TPEHWs, HE YYTEHHOIO B ypaBHe- Puc. 46.

10. Haittu nmepuos KoiebaTeIbHOTO ABMKEHUSA MAATHUKA.

A Tlepuon BepazkaeTcs dopmyioii (u3 ypasrerus (9'))

¥o
do
T—14 f \ﬁ 1
2\/gcosp+C’ (10)
0
roe g = arccos (%) s komebarenpHoro msuxkenns —g < C < g

u (g, TakuM obpasom, mersercs ot 0 mo 7. Kaxkmoit TpaekTopun Tumna a
OTBEYAET CBOe 3HadeHue mepuona 1, mpuaem T — 0o Korma g — w. [

11. Cucrema KMHETHYeCKHX ypaBHEHHI, OTBedYaroIlasd XUMHIIeCKOi
peakunn [5] a; + as — 2a2, as + a3 — 2a3, a1 + a3 — 2a;, nMeeT BAL,

duy
dt

dU2 —

= —kiuiug + kauqus, w7 kiuyup — kauguas,

" (11)

@ = —kswius + kaugus
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(HpI/IHIII/IH HallnCaHNAd KHMHETHUYECKUX ypaBHeHHﬁ O6'])HCHH€TCS{ B IJlaB€ 1
(cMm. §2, 3amaua 26). cucremMa MMeeT HEPBBIH WHTErPaj, BHIPAKAIOMINI
3aKOH COXpaHeHmsl BemecTBa: Uy + Uz + ug = C' = uq(0) + uz(0) + u3(0)
(mpoBepbTE, UTO TO JEHCTBATEIHHO TaK ). Torma MOXKHO HCKIIIOUUTD OHY
73 IePEeMeHHbBIX, HAIIPUMED, U3, U HOJIyIUTh

1'1,1 = ul[—k1UQ+k3(C—’u,1—UQ)], 1'1,2 = uz[klul —kQ(C—Ul —UQ)]. (12)

HagepTuTh TOYKHM MOKOS W CEMAPATPUCHI HA TIOCKOCTH (U1, Us).

A Cuncrema (11) mmeer eme ommH mnepsbiii mHTEerpan (TpoBephTe):
u’flugzu§3 = D. Tlonp3ysichb AByMsI MWHTErpajlaMH, HAXOAUM CEMENCTBO
dazoBbix Tpaekropuit cucremsr (12) (D — mapamerp cemefictsa). IIpu
D = 0 umeem pemrenns Buga u; = 0, ug = 0, ug +ue = C(upamsie). Touaku
nokosi A1(0,0), A2(0,C) n A3(C,0) cucremsr (12) smastorcsa cemymamm,
a npambie u; = 0, ug = 0, uy + us = C gBAAIOTCA cemapaTpucaMu Cemel.
Mol mmeem, TakuM 06pasom, adeiiky u3 Ttpex cemen (puc. 47). Baytpm
AA1 Ay A3 wmeeTcs eme ofHaA TOYKA TOKOs (OHpenesisieMasl NPUPABHU-
BaHWEM HYJIO BBIDaXKeHuil, Bxomammx B (12) B KBagpaTHBIX CKOOKaX):

A, ( k2C ks )
ki+ka+ ks’ ki+ka+ ks
N3 coormomenmnss uy; + us + ug3 = C B cmay Toro, uro u; > 0,
caemyer, 9To u1 + us < C. Takum obpasom, pusnmdecKnii CMBIC EMEIOT
TOJIBKO TPAEKTOPHUH, HAXOASIINECS BHYTPU TPEYTOJIbHUKA, 00Pa30BAHHOTO
CermapaTprUCaMM. O

°A4
0] C

4, A3

Puc. 47. Puc. 48.

12. Y6eaurbcsi, 9TO CUCTEMA

£ﬁ1:—$1<\/$%+$%—a>—$2 (CL>O),
By = —m(ﬂm%—f—m%—a) + 1z

FMeeT MpeebHbIH MUK T3 + 73 = a.

(13)
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A Tlepeitmem K NOASAPHBIM KOOPAWHATAM: L1 = pPCOS Y, Ty = psing,
B KOTOpBIX cnucrema (13) mpumer Bug

dp dp
5= Plp—a), S5=L1
VuTerpupysa ypapHeHNEe OTHOCUTEIBLHO p, IMEEM: p = ﬁ, roe C =
0) —
p(pzio)a' Ecmm p(0) > a (TpaekTopmsi HAUMHAETCS BHE OKPY?KHOCTH

pagmyca a), To C' > 0, a eciu p(0) < a (TpaeKTopus HAYMHAETCA BHYTPH
okpykHOCTH pasuyca a), To C < 0. B mepsom ciyuae p ybbiBaeT mpu
BO3pACTAHMU t, & BO BTOPOM ClIydae BO3pacTaeT. B oboux ciydasx p — a

mpu t — 00. OKpPy>KHOCTh p = @ caMa dBJIeTCs TpaekTopueil. Takum

06pa3oM, OKPYKHOCTD T2 + T2 = a? ABJIgeTCa TpeIeTbHBIM IUKIOM, UTO

u TpeboBasoch (puc. 48). CTpeakaMm yKa3aHO HaIpaBJIEHHE BO3pacTa-
HAsA t. DTO HANPABJIEHUE MOXKHO ONPEIEINTH TaK, KAK 9TO J€JIaJ0Ch BBIIIE
B 3a7a4e 1. O

3. 3amaum Ad caMOCTOLTEIHLHOTO pelleHns

6.3.1. UccnemoBarh pacriosioxKeHune TpaekTopuii Ha pa3oBoil MJI0CKOCTH
¥ YCTAHOBUTDH THUII TOYKU ITOKOS:

a) t=2r—y, y=u.

6) t=x+3y, y=—6x—>5y.

B) & = —2x— by, ¢y=2z+2y.

6.3.2. Kak nu3mennTcs geprex K 3aa4e 1B u3 pa3mesia 2, €Ciu CACTEMY

B 33/1a4e 1B U3 pazzena 2 3aMeHUTh CUCTEMOM

T1 = a1 + 222, xo = —4x1 — 322.

6.3.3. HaiiTu TOYKHN MOKOS CUCTEMBI
.2 <2 2
t=a"—y, y=z"—(y—2)
U UCCIeIOBATh “B MaJjOM’ PACIOIOKEHHE TPAEKTOPU B OKPECTHOCTH
KazK/I01 M3 TOYEK ITOKOS.
6.3.4. Hapucosarb ¢a3oBbiii moprper ypasaerus (5).

6.3.5. Ilpu onmcannu Majabix KojaebaHWl MasgTHUAKA MOJIb3YIOTCS YPaB-
menueM [ 4+ g = 0. ljs sToro ypaBHeHust nepuos KojnebaHmil st Bcex

TPAeKTOPUil OOWHAKOB U paBeH 1y = 27 \/g . Y6enuThCsi, 9TO IPU MAJIBIX
o 9T0 3HaueHne Ty moaydaercs u3 dopmyst (10).

6.3.6. Onpememmts T Toukn nokost (0, 0) w3 cucremsr (13) n momod-
HATbH HA OCHOBAHWU NOJy9eHHBIX Pe3yabTaToB (ha30BBINA mOPTPeT puc. 48.
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6.3.7. Haiitu npemenbHbIE UKJIBI U UCCAEI0BATH UX HA YCTOWIMBOCTH

IUIS CHCTEMBI
1 = 21[(y/ 2] + 23 — 1)(y/af + 23 — 2)] + za,
&g = xa][(1/ 2} + 23 — 1)(y/2? + 23 — 2)] — z1.

OTBersnl

6.3.1. a) Boepoxiennsiii ysen (Heycroitumssiii). 6) Pokyc (ycroitaw-
Beiit). B) IlenTp. 6.3.2. Touka mOKOS OCTAeTCS YCTOWYIMBBIM (DOKYCOM,
HO TpaekTopuu OyayT 3aKpydeHBI [0 4YacOBON cTpejke. deprex Oy-
JIeT IPeACTaBJIATH CO00U 3epKaJbHOE OTOOparkeHne puc. 37 OTHOCHUTEb-
HO ocm Tp. 6.3.3. (—2,4) — ysem (1,1) — doxyc; (2,4) — cenyo;
(-=1,1) — cemmo. 6.3.4. TpaekTopnm pACIONIOXKEHBI KaK yKa3aHO Ha
puc. 48. 6.3.6. Heycroituussrii pokyc. 6.3.7. OkpyHOCTH pamuyca 2 —
HEYCTONYIUBBIN TpEIETbHBIN ITNKJI, OKPY?KHOCTh paanyca 1 — yCTOWIuBbIi
npenebHBbIA UK.
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ACUMIITOTNYECKUNE METO/bI

§ 1. Acumnroruka penieHus audepeHnnaaIbHOTro
YPaBHEHUS MO HE3aBUCUMOMY II€PEMEHHOMY

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

1°. Acumnmomuueckas opmyaa. Acumnmomuxra.

IMycre dynkmms f(z) (manpumep, permenne muddepeHIMATEHOTO
yDaBHEHHS) B HEKOTOPOW OKPECTHOCTH T = Ty MOXKET OBITh IIPEICTABIIEHA
B dopme f(z) = F(z) + r(z), tme Bug F(z) wmssecren, a mpo r(z)
M3BECTHO TONBKO TO, uro r(x) — 0 mpm z — zo. Torma roeopsT, 9TO
BeIpaxkeHue F(z) + r(z) aBnserca acumnmomuueckol dopmyaroti (nmm
acumnmomuueckum npedcmasaenuem) miua f(r) B OKPeCTHOCTH T = Zy.

Hanpwmmep, mycrs f(z) = %. Torma B okpecrHocTn T = 0 MOXHO
x

mammcats f(z) = cosz + r(z) (3mecy F(x) = cosz, r(z) = -C8Z _

X 14 22

—cosz = COS:U# — 0 opu z — 0). Moxno qna byskuun f(z)
x

B OKpecTHOCTH T = ( HAOHCATb U APYTYH aCAMIOTOTHIECKYIO (POPMYJLY:

—_1 _cosz—1
f(z) = e + 71 (z). 3mech 71 () 11 g7 TOKIKe CTPEMHTCH K HYJTEO

npu £ — 0. Takum 0b6paszoM, aCHMOTOTHYECKUE MPEICTABIEHUS MOTYT
OBITH PA3HOOOPA3HBIMI.

Acnvnrornyeckas popmyiia mpuobpeTaeT 0COOEHHO BasKHOE 3HAYEHHE,
e f(x) HemsBecTHa (HampHUMep, pellleHNe He UHTETPHPYEMOrO B 3Ire-
MeHTApHBIX QyHKIUax auddepernnanssHoro (MIn APYroro) ypaBHeHus ),
a F(z), ornmmaaromytocs ot f () Ha MaIyto BeININHY, OKa3bIBAETCS HANTH
JIOCTATOYHO MPOCTO, TEM CaMbIM JIETKO Haxoaumoe F'(x) MOXKeT CIy:KHUTh
NpubIMKEHHBIM BHIDAJKEHUEM [IJIsl Hem3BecTHOH f(z) (mim, Kak TOBODST,
ACUMNMOMUYECKUM NPUBAUNCEHUEM) B OKPECTHOCTH I(.

Hazmo mMmers B BHIy, uro ecnm camo F(x) — 0 mpum & — g, TO
acuMOTOTHIeCKasd (POPMyJia MMEET CMBICA C TOYKH 3PEHUS HNOCTPOCHHUS
npubIMKEeHHOro 3HadeHns f(I), TOMBKO ecim cTpeMieHwe 7 () K HYJIIO
upu T — xo Hojiee BBICOKOrO MOpsaka, 4eM crpemsenue F(x).

BwmecTo Beipakenuii “acumnrornaeckasa popmysia’, “aCHMITOTHIECKOE

npecTaBieHne”, “acuMITOTHYECKOe TTpubnKenne” yrnorpebisiercs: bosee
KOpOTKUii TepMuH — “acumnmomurd’. F(z) HA3BIBAETCS 2AA6HBIM UAEHOM

ACHMITOTHKH, a T(T) — 0CMamouHvLm YACHOM.
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Ba’kKHO TOAYEPKHYTH, 9TO HENb3si TOBOPAUTH 00 acmmmrornke f(z)

BOOOIIE, HO MOXKHO TOBOPUTH 00 aCUMOTOTHKE B OKPECTHOCTH HEKOTOPOii
1
1422
1
1+ z2
—1— 0mnpu z — 0), a npu  — oo 3Hauenue F(x) = 1 yxke He rogurcs,
1 1 1 1
u MOKHO B3aTh F'(v) = =. (Tormar(z) = — = = ———"—5 — 0
(z) w2( ma 7(z) 1+22 22 22(1+ %)

npu z — oo. Ilpu stom F(x) = %, ar(z)= O(l4 , TAK 9ITO BBIIIOJIHEHO
T T

TOYKM: IPU T — T WK T — 00 U T.xA. Hampumep, mua f(z) =

B OKPeCTHOCTH £ = Zo = 0 MOxkHO B3arb F(z) = 1 (torma r(z) =

yKa3aHHOe BbIllle TpeGOBaHWEe Ha COOTHOIIEHHE MOPSIKOB Majoctu F(x)

2°. Acumnmomuxa npu r — Tg. B § 5 ra. 3 6bLI0 TOCTPOEHO
pemenue y(z) muddepeHnuaabHOro ypaBHeHus B (opMe CXOAAMErocs
CTemeHHOro psna — pama Tetopa. OmHAKO Ha MPAKTHKE HE BCETIA
y/IaeTCs BBIUUCIUTE BCe KOIDDUIMEHTHI Pafa, a HATPUMED, [0 NPUINHE
orpanuveHHol riaakoctu y(x) — ronbko N koaddunuentos. Torma dop-
myita Teitnopa maer

S b v (@0)
y(z) = Zak(x —x)" +r(z), ar= i (1)
k=1

Ucnonbsyst pasable BuApl ocTaTouHOro 4ieHa r(x) dopmyasr Teiinopa,
MOZKHO TIOSy9ATh B 3aBHCUMOCTH OT cuTyarmu, ato r(z) = o(z) (bopma
ITeano), T.e. MBI HOJIyYaeM AaCHMIOTOTHUECKyIO (popMyidy mns y(x) mpu
T — Ig.

To4yHO Tak Ke Mbl HOJy9YaeM ACHMITOTHIECKYIO (OpMyIy IJid Cire-
nytomero ciaydas (e. (12) u3 § 5 ru. 3), roe 2o = 0:

y(z) = 2> (Z Crxk + r(w)), r(z) = o(z"). (2)
k=0

Pacnonaras nuadopmarueii o menpepssrocta y Nt B oxpecrrOCTH
Zg, MOXKHO TIOJMY4IUTh g r(x) Goslee TOYHYIO OLEHKY, Hanmpumep r(x) =
= O0(zN*1) (dbopma Jlarpamxka).

O6paTrM BHHMaHWe Ha OJWH CyIIECTBEHHBIH MoMeHT. CTpeMiieHHE K
HYJII0O OCTaTOYHOro 4jieHa B ¢dbopmyse Teiopa npu buUKCHpOBaHHOM &
U n — 0O JOKa3blBaeT CXOANMOCTH CTENEeHHOTO pasiioxkeHHs K y(z).
IIpu 3TOM, O9€BHIHO, HEOOXOAWMO CYMIECTBOBAaHWE y ¥(T) TPOM3BOMHBIX
moboro mopaaka n. CTpeMieHHe K HyJIO TOrO Ke OCTATOYHOTO dJI€HA
npu pUKCHPOBAHHOM N B T — Tg JAeT aCAMOTOTHYECKYI0 ropmyity. Eme
pa3 momuepKHEM, 4TO ecau (PYyHKOuA AOIMycKaeT audepeHnnpoBaHme
TOJIBKO JI0 HEKOTOPOTO HOPSAIKA, TO FTOBOPUTH O CXOAMMOCTH PAIa HEJb3s,
a 0 IOCTPOEHUHU ACHMITOTUKH BO3MOXKHO.
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3°. Acumnmomuxa npu x — co. Mbl pacCMOTPUM 3TOT BOIPOC
ISl JINHEHOTO YpaBHEHUs BTOPOTO TIOPSIKA.
1). IlycTs 3a7aH0 ypaBHEHHE

i+ u(l+ R(t)) =0,

rae R(t) — 0 n nopamoK ManoCTH He HHZKe tl}*o‘ (o > 0). Torma ypasreHmE

obsamaer pyHIaMEHTAIBHOM CHCTEMOI peIneHnil BIUIa
u=e "t 4 r(t), r(t)=o(1)

(r.e. 7(t) — 0 mpm t — o00). I'naBHBIA wiueH 9TOH ACMMOTOTHKH Jaer
dyHIaAMEHTAIbHYI0 CHCTeMY PpellleHn#l A/id ypaBHEeHHS C IIOCTOSHHBIME
ko dunuentamu i + v = 0. MoxxHO Hath Gosee TOUHYIO OUEHKY 7(t),

a UMEHHO: I = O(%), ecm R = O(%)
2). Ilycte 3aman0 ypaBHEHUE

yll + QQ(x)y — 0’

Q(z) >0 mpu =z > a.

(3)

xr
3amMeHa MepeMeHHbIX t = jQ({ Yd€,y = # IPHUBOAUT ypaBHEHHE K BUIY
a

" 12
ﬂ+u<l+%%+%%4>=0. (4)
1 Q// 3 QIZ
Ecan BBIDaXKe€HUE R = 573 + 1 Q4 KaK (byHKI_II/IH t YOOBJIETBOPAET Tpe-

GoBaHMIO MyHKTa 1), To cymecTByeT dbyHIaMeHTaIbHAS CUCTEMA PEIIeHmi
s ypasaerud (1) cremyromero Buga:

:I:ijQ(z) dz

nin

Y1 = Q}/Q [COSTQ(:U) dzr + o(l)}, Y2 = }/2 {SiHTQ(-’ﬂ) dz + 0(1)]

3). na ypaBHeHus

¥ —Q*(x)y=0, Q(z)>0 mpu z>a
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cymecTByeT (byHIaMEeHTAIbHAS CUCTEMa, PEIIeHU BHUIa
+ | Q(z)de
1
y=giee (14 o(1)). (6)

MozkHo maThb Goslee TOUHYIO OILEHKY ocTaTouHoro wieHa o(1l) B dopmy-
nax (5) u (6). CormacHo 3aMevaHmio B KoHue 1°, BeawumHa o(1) mmMeer

MOPSAI0K O( ) ecm R=0 (—) OTH OLIEHKH HETPY/IHO IIEPECIYUTATH
¥ BBIPA3WUTh Y€PE3 TIEPEMEHHOE I.

2. Ilpumepsl penienns 3324

1. Hanucars acumorormdeckune GOPMYJIBI IPU & — 00 Iy DyHIA-
MEHTAJIbHOU CHCTEMBI PEIIeHU CIeNyOMUX ypaBHEHU:

r) (22 +1)y" —y=0.

@ @ 1
+1 J z2 dz +1 J z2 dz— (j:i J z2 dz)
1 0

€

D=
||

Y12 =

exp (:I:z'ngc2 da:) JaeT TIOCTOSHHBIN MHOXKUTeJNb. [losToMy mpm Haxoxkze-

"M QYHIAMEHTAIBHON CHCTEMBI PEIeHnt nHTerpaI MoKHO O6pars ot 0.
Nraxk,

Y12 = 1[ il?’ + (1)}

Vrourmm mopanok o(1). Umeem Q = 22, Q' = O(z), Q" = 0(1), t =
= O(z?),
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Taxum obpazom,

Y1 = efg[cos e’ +o(1)], y2= efg[sin e’ + o(1)],
riue

o(1) = 0(%) - 0(6%).

B) 3mech cHaYa/Ia 3aMEHOI IepeMeHHOM § = au u3b6aBUMCH OT IIEPBOii
npou3BogHOi. VMeem

v =du+av, y' =du+2du +au”,
za"u 4+ 2zad'v + azxv” + 2a’u + 20’ + au =
= azu” + (2za’ + 2a)u’ + (za” + 24" + a)u = 0.

Bribepem a u3 ypaBrenus 2za’ + 2a = 0, KoTopoe maet a = % Torma
OTHOCUTETHLHO U TMOJYyINM ypPaBHEHHE

u"—i—%u:[).

Utak, Q2 = %, Q= %, t = 0(z'/?),
'_of -1 n_of_1 " _ o1
Q 0 m3/2>’ Q O<x5/2v 3 O(x)’

a Torma
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) Baecs
Q@) = =, Q) === =0@),
V@ =0(3) @@=0(3)
Tlostomy B dopmyne (4) R = O(1), T.e. He Maxd, U TOTB30BATHCH

dopmyoii (6) memn3s.

ITonpoGyem caenaTh 3ameHy & = % Torga MOMCK ACMMITOTHKU MPH
T — 0O PaBHOCHUJIEH TOUCKY acuMnToTuku mpu & — 0.
Tlocne ykazaHHOI 3aMeHBI ypaBHEHUE TPUMET BHI
D . . u
U+ 2&0 — =0
i+ 2 - g
Jast 9TOro ypaBHEHWS] MOXKHO BOCIOJIB30BAThCA dopMyioi (2), rme
A — KopeHb omnpefensioniero ypasaenua A2 + (ag — )X + by = 0 (cm
ri1. 3). B mamnoM ciyuae ag = 2, bp = —1, T.e. A2+ X\ — 1 = 0. Orciona

M= LEVE,

)

Taxum obpazom,

Y12 = §_H2E\/5(1 +0(§))
nim
na=a3 (1+0(1)) =

3. 3ajaum m ynpakKHeHUd JJIS CAMOCTOATEIHHON PaboThHI

7.1.1. Hammucars acumnrormdeckue (GOPMyYJIbl Ipu & — 00 Ay DyH-
JAMEHTAJIBHOMN CHCTEMBI PDEITeHnH CeIyIONnX yPaBHEHMIt:

a) ' — %y =0,
0) y"+:c2y—0
B) ' —zy =0,
r) ¥’ —2(z — 1)y + 2%y =0.

OTBeTnI

+43/2 1
7.1.1. a) ylg—m 2@ @1+ O(z2)],6) y1 = 2~ 2 cos L- +O( )s
1 5 1,2
om b E 40 D 8) g o334 O, 1) o =

(z—1)2 1 (2x)%/2
—e 2 [231;*4@*’ 2 —|—O($_7/4)]_

m\cn
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§ 2. AcuMnTOoTUKA II0 MapaMeTpy.
PerynsapHbie Bo3MyIieHus

1. OcHOBHBIE IOHATHSI M TEOPEMBI

Msbr Bumenu Bbilie, 9TO perreHue aud@EePeHIaIbHOIO YPABHEHNS
MOXKeT OBITh (DyHKImElH He TONBKO T, HO W mapameTpos: f(x, u). IlosTomy
MOXKHO OBOPUTH 00 ACHMITOTHKE II0 IAPAMETPy B TOM K€ CMBIC/IE, KAK
TOJIBKO 9TO TOBOPUJIOCH 00 acumnToTuke mo x. Tosbko Temeps yxe n F',
u r gaeiasgorca GyHkumaMu  u . Ilomumo Bompoca o crpemiienun r(x, ()
K Hymo (Hanpumep, npu 4 — 0) 1 BOIPoOca O TOPSiAKe ITOTO CTPEMIICHUS
BO3HUKAET HOBBII BOIIPOC O PABHOMEPHOCTH UM HEPABHOMEPHOCTH ITOTO
CTPpEMJIEHUA OTHOCUTEJIbHO I .

1°. Acumnmomura HYAeB8020 NOPAIKG.
B §4 rnaswl 1 6bL1a npuBeeHa TEOPEMa O HEIPEPHIBHON 3aBUCUMOCTH
pererus y(t, /1) HAYAIHHON 3a1a9n

% = f(t,y,n), (1)
ylt:to = yo (2)

ot mapamerpa u. HezaBucumyro mepemenuyio Oymem oDO3HAYATH HE de-
pe3 r, kak B § 1, a gepe3 t, kak B §4 ru1. 1.

Ilycts po = 0 u mapamerp y MeHsSIETCA B MAJIOW OKPECTHOCTH HYJIs,
T.e. KaK TOBODSIT, sIBJISIETCSI MaJbiM mapaMerpoM !). Torma m3 TeopeMsl
CJIeyeT, ITO B TOH OKPECTHOCTH 1yt pemennd y(t, 1) cupasemmsa Ghop-
MyJia:

y(ta ,LL) =Yo (t) + T'(t, M)) (3)

rae yo(t) ecTp pemenne 3amaqan

d
% = (ta yOaO)a y0|t=to = yO’ (4)

ar(t,u) = 0 mpu p — 0, korma |t — to| < H.
IMosermas Tpe6osanns K f (¢, y, (1), MOKHO OIEHATH MOPSITOK CTPEMJIE-
Hud r(t, 4) K HyJIO U BBIPA3UTh TO CIEAYIOMIEil TeOpeMOoii:

Teopema 32. ITycmov e obaacmu G dynruyusa f(t,y,p) obaadaem
HENPEPBIGHBLMU YACTNHBMU NPOU3BOOHBLMU N0 Y U . To2da r(t, u) = O(p)
(3mecwh u B mambreditmem cuvBosioMm O(u®), roe p — 0, 6yzeM o6o3HAUATH

1) 4 MOXKeT MeHSTHCS B OKPECTHOCTH JIOGOr0 3HAYEHWS [ip; TOLLA 3aMEHOMN
V = [ — fo ITOT Caydyail CBOOUTCA K HUIYUEHUIO 3aBUCHUMOCTH OT MaJIOro
mapamerpa V.
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00y BEMIWHY, MOAYJIh KoTopoit He mpesocxomur Cu®, rme C' — He
3aBUCAIAS OT (4 TIOCTOSTHHAS).

Dopmyna (3) npeacrasasier co6oii acmmmToTHaecKyto dopmyry (nm
ACHMITOTHIECKOE npecTasienne) mis y(t, 1) mpm u — 0. ToBopar Takxe:
dbopmyma (3) maer pemeHne ¢ aCUMITOTHIECKON TOYHOCTHIO O(1).

Bripazkerue yo(t) saBiseTCs ITIABHBIM 4I€HOM, a 7(t, (1) — 0CTaTOYHBIM
wreHoM acumnroruku GyHKimn y(t, p). Ocrarounsiit wren r(t,u) — 0.
Teopema 32 yrounsier: r(t, 1) = O(p). IlocTpoeHHAs ACMMOTOTHKA HA3BI-
BaeTCH ACUMNMOMUKOT HYAEE8020 NOPAJKA.

ITpakTHaecKnii CMBICI NOIYIEHHOTO 3aKII0IAETCA B TOM, 9TO Yo (t) mpm
MAJIBIX fi MOXKET CJIy2KHUTb npubjmkennoil dbopmynoit aua y(t, u) u, B T0
JKe BpeMd, Yo(t), Kak mpaBmio, jerde 3¢h@eKTHBHO MOCTPOUTH WM TaK
WM WHade HWCCIeJ0BaTh IOTOMY, UTO 3amada (4), Kak MpaBWiIo, MPOIe
ncxonuoi 3amaam (1), (2).

2°. Acumnmomukru 8vlcwur NopadKos.

Ecmu mamoxnts va f(t,y, 1) Gonee cuapHBIE TPEGOBAHUSA TIAJKOCTH,
TO MOKHO IIOJIy9UTh ACUMIITOTHKH C OCTATOYHBIMU 4jIeHAaMU 60Jiee BBICO-
KOT'0 IIOPSIKA MAJIOCTH.

Omnpenennm BesmduHb! y; () myTeM ciaemyromero aiaropurma. Ilogcra-
BuM B (1), (2) BRIpakenne mias y B Buge GOPMAIBHOTO PsAIA

y=yo(t) +pyr(t) +... (5)

(TepMuH Popmasvoiti pad O3HATAET, YTO, HE MHTEPECYSICh €ro CXOIUMO-
CTBIO, MBI CUATaeM, ITO C HUM MOXKHO IPOJEJIBIBATH BCe yKa3aHHBE B (1)
neticreus. @akTuaeckn 3TO MPOCTO yaobHAsT (POPMYINPOBKA AJITOPUTMA,
onpesesieHnus y; ). IIpupaBAABas TOCIIE IOACTAHOBKA WIEHBI C OJNHAKOBbI-
MU CTEIeHsIMH /4 B JIEBOI U IPABOY 9aCTAX yPABHEHUS, & TAKKE B HAYAb-
HBIX YCJIOBUSAX, MOJIYIHIM:

d
% :f(t7y070)7 yO(tO) :y07

d 0 p)
Bt = L t0,00n + 5L (190,0), wa(to) =0, (6)
Sameuanue 1. Haummas ¢ ¢ = 1, ypaBHeHus mjsi ¥; ABJISIOTCS

JTUHEHBIMU.
VYpaBueHus: A Y, MBI JETAJHHO HE BBIIUCHIBAEM, OTMETUM, OTHAKO,
9TO OHU UMEIOT BU

dyn 0
% = 8_£(t79050)yn + (}na

rjie HEOJHOPOJAHOCTL P, 3aBUCUT TOJNBKO OT Y; MPEJMIECTBYIONIMX HOME-
poB (i < n). O
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Bameuyanne 2. Pan (5) ¢ xosddunmentamm, ompeneseHHBIME O
yKa3aHHOMY aJITOPUTMYy, sBJIsgeTcd pamoM MakjopeHa 10 apaMeTpy [
mna y(t, p), T.e.

yi(t) = i—l!aa—/ﬁy(t,u) o a

Teopema 33. ITycmo 6 obaacmu G dynruyusa f(t,y,p) obaadaem
HENPEPLIEHBLMYU YACTIHBLMY TPOU3E00HBIMU TO Y U i do n + 1 nopadka
sxatowumenvro. Toeda npu |t — to| < H

y(t, 1) = yo(t) + pyr () + .. + p"yn(t) + O(u" ). (7)

Dopmyna (7) HaseiBaercsa acumnmomuueckots gopmyaot dan y(t, p)
nopadka n WIA ACAMIOTOTUKON HOPAAKa M.

Pan (5), wacrmumas cymma xoroporo cormacuHo (7) ormamdaercs
ot y(t,u) semmamnoit O(u"*t1), masbiBaerTca acumnmomuueckum padom
st y(t, ). Boobme rosops, pan (5) Moxker m He GBITH CXONAIAMCH.
Yrobsr yTBEPXKAATH CXxOmuMocTh psaxa (5) k y(x, 1), Hy?KHO HCCIIemI0BATh
pasHocTh Mexay y(t,u) m gacTmaHOM cymMMoOH psna, kak dyHKOHIO 7,
npu (PUKCUPOBAHHOM 4 U N — 00. OueHKa Ijid 9Toi pa3sHOCTH, KOTOpas
IaeTca TeopeMoii 33, mpenmnonaraer dbukcuposantoe n u g — 0. CoriacHo
TeopeMe 33 3Ta pasHOCTh He mpesbrmaer Cu”tl, mHo C, BoOOMmE roBops,
3aBHCHAT OT 70, IIO3TOMY TeopeMa 33 HH(pOPMAIUI O CXOOUMOCTH He HECeT.

3ameuyanue 3. Teopembl, aHAJOTMIHBbIE IPUBEIECHHBIM BBIIIE, CIPa-
BEJINBBI U JId ClIydasd, KOrJa Y ABJIAETCA BEKTOPOM (B 9aCTHOCTH, IJIA
YDABHEHUSI BTOPOTO TIOPSIIKA).

3ameuanue 4. BmecTto TepmumHOB “acmMmmrormyeckas dopmysia’
(“acmMnToTHYEeCKOe mpefcTaBieHne”) n “acuMnToTHdecKuii pan’ (“acuM-
OTOTUIECKOE PA3JIoKeHre”) dYacTo ymoTpebjisercs KpaTKOe Ha3BAHUE
“acuMmToTHKA”. |

TlosicauM TepMuH “peryisipHble BO3MYIEHUsT, BXOASAIINA B 3arIaBue
JTaHHOTO Traparpada.

Nmeromuecss B ypaBHEHUU MAJIble 9JI€HBI 9aCTO HA3BIBAIOTCH 603MY-
wenuamu. B cBa3u ¢ 3TuM ypaBHeHHe (1) Ha3BIBAETCS 603MYULEHHBIM
yDaBHEHHUeM, a ypaBHeHUE (4) — He603MYyweHHbiM YPABHEHUEM.

B upencraBiennom B ganHOM maparpade ciydae f(t,y,u) dBiager-
Cd OOCTATOYHO TUIAAKON (byHKIWENl IO BCEM apryMeHTaM, B TOM YHCTE
U 110 mapameTrpy (i, & PelleHre PacCMaTPUBAETCS HA KOHEYHOM OTPE3Ke
n3menenusd t. [lo 3Toit mpuanHe aCUMITOTHKA PEIIEHUS] MMEET CTEIEeHHOH
no u (perynsipHbIii) XapaKTep, I pacCMaTPHBaeMoOe B TAHHOM Iaparpade
BO3MYIIIEHE HA3bIBACTCH PE2YAADHBIM.

B cnenyromem maparpade Mbl yBHAUM, 9TO €CIH HE BBITOJIHEHO Tpe-
60BaHUE TJIAJKOCTH MPABONM YaCTH NPHA MAJbIX (i WJIA HE3ABUCHMOE ITe-
peMeHHOEe MeHsieTCsl Ha Gosmbmom (HampuMep, mopsanaka 1/u) orpeske, To

10 A.B. Bacuasesa, I'. H. Mexsenes
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3aBUCUMOCTD peleHusi OT (4 Oyzer coBepimeHHO mHOM. Bo3mymmenwus, He
ABJIAIOIMNECH PeryIdpHBIMA, IPUHATO Ha3BaTh CUH2YAAPHHIMU.

2. Ilpumeps! pemrenud 3aga4

1. Kax m3menurcs anropurum (6), ecin HauambHOe 3Hadenme y° Toxe
saucut o1 4 (perymaapro): y° = y°(u)?

A Hyxno y°(p) mpeacraButh Tax:ke B BHAe (DOPMATHLHOTO PAIa TI0

cremensm u: Y9 (p) = yd+pyd +. .. dIuddepenmuansubie ypasaerus s (6),
OIIPEIEIAIOIIHTE Y;, OCTAHY TCA TEMH 2Ke, HO H3MEHATCA Ha9aIbHbIE YCIOBUS
IIS HUX, & UMEHHO:

Dopmysa (7) U B 9TOM CIIy9ae OCTAETCs CIIPABEIJIABOI. O

2. TlonyunTs cupasemmsyio Ha orpeske [0,7] acnmMnTOTHIECKYIO
dopmyy ¢ octaroanbmv wrenom O(p?) ana pernennsa y(t, p) 3amaqm

d
B — a(t)y +b(t) + pe(t)y?, Yo = 0.

A 3to ypaBHeHue PUKKaTH, penenne KOTOporo 3 MeKTUBHO MOy IAThH
He ymaerca. Oyukmun xe yo(t) u y1(t) B (6) cTposTca KBaapaTypamu,
a MMEHHO:

% = a(t)yo + b(t), yo(0)=0

u, CJIea0BaTeJIbHO,
t

¢ Ja(t)dt
|

yo(t) = | b(r)e™ dr.
Haree,

d
W — oty + ety n(0)=0,

U, CJIeJOBaTeIbHO,

t t
Ja(t)dt
() = [elrd(e dr
0
CorunacHao (7) nmeem
y(t, 1) = yo(t) + py1 (t) + O(u*). O

3. 3ajaHa HavaJbHAA 3a4a4a & = % - %, z(1) =1, (1) = b. Haittm
Oz

Ob |p—1
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A CornacHo 3aMeYaHWIO 3 3TO TO JKe caMmoe, 9To Hafitn y; = x1 B (6)
(B Hamem ciydae y = z, 4 = b — 1). Tomoxum « = xg + x1(b—1) + ...
IToncraBnsas B ypaBHEHWE W TOMOJHATEILHBIE YCIOBUS, TMEEM

a'io+a'§1(bfl)+...:%—x0+x1(b2_1)+m:

:%—m—%)( —g—;(b—l)+...),
zo() +z1(1)(b—1)+...=1,
zo()+z1(V)(d—-1)+...=b=1+(b—1).

Orcioma &y = %— 962_0’ zo(1l) = 1, 29(1) = 1 u, cremoBarenbHO, Tg =

= t (970 momydyeHo mpocTHIM HoabopoM). Hamee, & = m—22ac1, z1(1) = 0,
z1(1) = 1, T.e. ypaBHEHWE ABIAETCA yPABHEHWEM Sﬁnep(; 28, — 2z =
= 0, obree pemene KOTOPoro nmeer Bux 1 = At? + B%. YaoBierBopsis
JIOTIONHATEILHBIM YCI0BUAM, moaydumM A = —B = % U, ClleoBaTeILHO,
T = %(t2 — %) Utax,

O

B Buzme (7) MOXKHO MCKATh HE TOIBKO DEIIEHWE HAYAIHHON 3a1adH,
HO ¥ 33J[a9 C JAPYTMMH JIOTIOJIHUTEIbHBIMEA YCIOBUAMHE, HAIIPUMED, Kpae-
BBIX: B YaCTHOCTH, 33/1a9 O HAXOXKJIEHUU MepPUoAnYecKux pemennii. IIpu
NOCTPOEHUU aCUMIITOTHYECKOTO Pl JJIf MEPUOAUIECKOTO PEIEHUs €ro
YJIEHBI OIIPEJIEIISIOTCS TEME XKe ypaBHeHusMH (6), Ho B Ka4ecTBe JOIOIH-
TeJIbHBIX YCJIOBUI [JIf KaXKIIOro djieHa 0epeTcs yCIOBHE MEPUOAUIHOCTH.
HeiictBurensHo, ecmu y(t, u) — mepuommdeckas HYHKIUSA, TO ee T00ast
Opou3BomHALA 1o i Oyaer nepuoamdeckoii pyHkmeit. Takoe paccyzKaeHne
CIIpaBeIJINBO, €CJIM U3BECTHO, YTO MEPHOJUYECKOE DEIleHHe CyIeCTBYET.
OnHako, MOIb3yACh ACAMOTOTHKON, MOXKHO JOKA3aTh CYIIECTBOBAHUE IIe-
puoamaeckoro penterns y(t, (1), HO 9TO BBIXOAUT 3a PAMKH HAIIErO Kypca
(cm., manpumep, [13]).

4. Haiitu 27-nepuoaudeckoe pelieHne ypaBHEHUS
i+ 3z = 2sint + pi?

¢ Touroctbio O(p?) (B TPENOIOKEHHN €T0 CYIeCTBOBAHNS).

A Tlonoxum x = ¢ + px; + ,uz:r;g + ... g momygeHusi OCTATOTHOTO
arena O(p?) HyKHO HAfiTH TPH WIeHA DA3/IOXKEHUS: Tg, T1, To. VMeem
C'L"O + 3:130 = 2sint.

10*
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O6mee pemmenne mmeer Bux zo(0) = sint + CreV3t + Che V3t Us
YCIOBHS 27-NEPUONUIHOCTH: Lo = %o (27), £9(0) = Zo(27) maxomum C; =
= Cy = 0 u, cnemoBatenbHo, To = sint. lanee, #1 + 3z1 = 22 = cos®t.

Orcroma, mob3ysiCh YCAOBUEM 27T-TIEPUOAUIHOCTH JJISd L1, MOJYIUM L1 =

= % — %cos 2t. Hakomner, &9 4+ 3o = 2&g%1 = 2costsin2t. Orcroma ro =

= %sint— %sin?)t.

Nraxk,

T = sint+u<% — %cos2t> +,u2<%sintf %sin?;t) +0(). O

5. VYpaBHeHHe, ONUCHIBAIOIIEE W3MEHEHWE CUJIbl TOKA B ILIEMHU, KyIa
BKJIFOUEHO COMpPOTHUBJIeHHE R, Karymka caMOMHIyKmmu L W KOHIEHCa-
rop C, mox geiicrBuem 27 /w-nepuonudaeckoit DIC umeer Bug (cm., Ha-
npmuep, [11])

2
L%—i—R%—l—éI:Ecoswt. (8)

2m _
w

masoro conporusiaenns R !). KakoBa nomksa GbITH 9acTOTA W BBIHY-
KJIAFOIIEN CHIIBI, 9TOOBI MOYKHO OBLIO IIPUMEHUTH METO, KOTOPBIM peIllle-

Ha 3ama4da 47

Haiitn nepuouyeckoe pemtenne I ¢ Tounocteio O(R?) B ciyuae

A  HWwmem I = Iy + RI; + ..., orpasn4uBasch AByMsd djieHamu. Torna
LIy + %IO = FEgcoswt. Orcroma Iy = Acoswt + C; cos(t/\/E) +
+ Cysin(t/ \/ﬁ) 3nech Acoswt ecTh 9acTHOE PEIeHne HeOIHOPOIHOTO
yPaBHEHWS, M €r0 MOXKHO MCKATh B TAaKOM BUIE, €CIU W 7 —L_ Venosme

VLC

nepuoAmIHOCTH € epuoaoM 27 /w naer Cy = Cy =0, A= E/ (% — Lw2)
", ciemoBaTebHO, Iy = [E/(% — Lw2>] coswt. Ianee, LI, + %Il =

= Awsinwt u, ciegosarensno, Iy = [Aw/(% - Lw2>] sin wt.

Urak,
7= Ecoswt +R Ewsinwt2 —+—O(R2). (9)
1 Lw? (l - Lw2)
c c
VYenosue npumennmocTr merona: w # 1/v/ LC. O

6. HaiiTu TouHOE BBIpaXKeHUE IJId TEPUOIIMIECKOTO PEIIeHNs ypaBHe-
Hus (8) ¢ mepnonom 27 /w m ybeauThCs, 9TO MOIYyYeHHOE B TPEAbI Iy el
3amade Boipaxkenue Iy + RI; geficTBUTEILHO OTIMYAETCA OT TOYHOIO Ha

1 .
) CunTaercsi, 9TO ypaBHEHIe TPUBELEHO K Ge3pasMepHOH opMe M, TakuM
00pa3oM, BCE BXOAMIIKE B HErO MapaMeTpbl 0€3pa3MepPHLI.
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sesmanry O(R?) npn mameix R, ecmn w # 1/vV/LO. Kak Bemer cebs
pemmerne pn magnbx R, ecmm w = 1/ LC?

A VYpasrenue (8) aBjseTCd JUHEHHBIM C IIOCTOAHHBIME K03 dunuen-
tamu. KopHEI XapaKTepUCTUYeCKOTO YPaBHEHUS PABHBI

~R+/R?2_4L/C
)\172 = oL, .

Ouesuano, npu R # 0 umeeMm ;2 # Fiw U pelleHue IepPUOI 27w
MOXKHO uUCKaTh B Buze I = A coswt+ B sin wt. [ToacranoBKoil B ypaBHEeHTE
HaXOIIM

Ao E(é“"?L> B EwR

(é — w2L)2 + Ww?R? ’

OTcroma HEmoCpeACTBEeHHO BUIHO, 9TO eciu w # 1/VLC, to I = Iy +
+ RI; + O(R?).

Ecmm xxe w = 1/vVLC, 10 I = % sin wt 1 ABJIAETCA HEOTPAHUIEHHBIM

npu R — 0 (saBieHne pesoHaHca). O

3ameuanue 5. Bo3Hmkaer Bompoc, modeMy B 33/ade C YCIOBUSIMU
NEePUOIUYHOCTH JIJId HAUCAHUs npencrasienns (4) Tpebyercd eme HEKO-
TOPOE JOMOTHUTEILHOE YCIIOBUE TI0 CDABHEHUIO C HAYAJIBHON 331a9eil. DTO
CB43aHO C T€M, 4TO 33/1a9a O IePUOANYIECKOM PeIleHNN OTHOCUTCA K Kpa-
€BBIM 3aJadaM, a, KaK U3BEeCTHO, /JId CYIIeCTBOBAHUS PEIIeHUd KPaeBOi
3aJa4ud HyXKHO CIeNUaJbHOe YCIOBHE, 3aKJ/I0OYaloIeecd B OTCYTCTBHH Y
OJHOPOJHOTO ypaBHEHWS HETPUBUAJIBHBIX DEIIEHUI, yIOBJIETBOPAIONINX
TeM 2Ke KPaeBbIM YCJIOBHUAM.

3. 3ajaum m ynpaKHeHUS IS CAMOCTOATEIHHON PaboThI

7.2.1. v = 4px — y?, y(1) = 1. Haiitu sepazkennme ama y(z, u)
¢ Toanoctsio O(u?).

722,y = eV ® 4+ uy, y(0) = —u. Haiitn Belpaxenune mis y(z, p)
¢ Toanocteio O(p?).

7.2.3.y =2z + py?, y(0) = p — 1. Haitrm S—Z|,,:0.
7.2.4. JInga cucteMbl

i:$y+t2, 2?):_2/2’
z(1) =20, y(1)=wo

" Ox
HaWTH = —9.
Ao leo=3, yo=2
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7.2.5. & + 22 = 1 + psint. Hafitn 1Ba 27-HEPUOJIYECKIX DENICHIS
¢ tounocteio O(p?).
7.2.6. Haiitu 27 /w-nepuopundeckoe pemenue ypaBHeHus (8) ¢ TOIHO-

creio O (é) B caydae 6osbimoro C. Ilpn Kakux w nmpuMeHuM MeTOoI!

OTBeTsnI

721y = +u(k - a?) + (8L + L+ Fa - Laf) + o).
2
7.2.2. y =z —p(z+1)+ 4 (" — 22 — 22— 1)+ O(u3). 7.2.3. g_z‘
i

5
=L _ Ex S+r+1.7.2.4. Oz ro=3 = t21nt + 2t2 — 2t. Yrasanue: naiitun

5 6y0
Yo=2

TOYHOE PeIIeHne BTOPOr0 YPAaBHEHUs U PE3YJIBTAT IIOJCTABUTH B IIEPBOE.

7.2.5. Yxasanue: permenne mmeMm B BHAe T = T + pry + plr + O(u?),

rze &g +z2 = 1. 9To ypaBHeHUe, OUEBHIHO, UMeET /Ba 27-[ePHOUIECKIX

(1) ( )

pemenus rg = 1 u = —1. JIng KaXXJ0Tr0 M3 ITUX JABYX 3HAUEHUN
1 2

HAXO/IMM CJIEIYIOIINE YJIEHbl Pa3JI0KEHUS: (;c) = 1+ psint — %(1 +

+ cos2t) + O(u?), ¥ = -1 - —smt + &= (1 - —cos2t> + O(u?).

_ —EL E(R? - J’L?) } {#
7.2.6. I = |:w2L2+R2 + Cw2(w2L2+R2)2 coswt + w(w2L2—|—R2) +

+ 2ERL ] sinwt + O (#) Meron npuMeHUM TIPHU JIOOBIX W.

Cw(w?L? 4+ R?)?

§ 3. AcuMnTOTHUKA II0 MapaMeTpy.
CunrysspHbie BO3MYIIEHUS

1. OcHOBHEBIE NOHSTHS ¥ TEOPEMBI

1°. Memod nozpanuunvir gynruut. IlogpodbHoe uzoxenue 3To-
ro MeToa MOXKHO Haiitu B [1], [2].
Paccmorpnm cucremy ypaBHeHmMit

n& = F(ty,2), %= f(ty,2), (1)
rae 4 > 0 aBisterca masbiM napamerpom. [locTaBum Ha9aIbHYIO 331249y
a(to, ) = 2% y(to, m) = 1°- (2)

IIpaBbie yactu F' u f OymeM mpeamosiaraTs HEIPEPHIBHBIMI BMECTE C 9aCT-
HBIMU [IPOU3BOAHBIME 110 Y U Z 10 N+ 1 mOpsiiKa BKIIFOYUTENHHO B 001aCTH

H={(ty) e D={t"<t<T, |yl <b}, 2| < d}.
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Cucrema (1) cormacHO CKa3aHHOMY B KOHIE pasfesa 1 Tpensraymero

maparpada He TPUHAIIEKAT K PEryasipHO BO3MYIIEHHBIM, TaK KaK, €C/IN

nepsoe ypasHeHue u3 (1) 3anucaTh B pa3spemeHHOM OTHOCUTEIBHO % BU-

[le, TO B TIOJTyI€HHOM yDABHEHWW B IPABOii 9acTh okaxkercs F/u, u, Takum
06pa3oM, 3Ta IpaBad 9acThb IpH 4 — 0 IMeeT pa3phiB ¢ OGpaIeHneM B 0O.
Cucrema (1) siBIsIETCS CHHTYJIIPHO BO3MYIIEHHON CHCTEMOI.

B sToM ciryuae acumnToTHueckoe pasioxenue perterns z(t, ), y(t, p)
HeJb3d UCKATH B Buze (5) w3 § 2, a Hy»KHO WCKATH B BHJAE CyMMBI JBYX
PAI0B

z2=2(tp) +1(r, 1), y =4t p)+ Qr, p), 3)
rae
E(t,p) = Zo(t) +,Lt21(t)+ (4)
— pan tuna (4), Tak HasbBaeMblii pezyasaproi pad, a II(7,u) — Toxe
CTeNeHHOe PA3JIOXKeHHe 10 4, HO ¢ K03 (DUITHeHTAMH, 3aBUCAIIAMEA OT T =
= (t —to)/p:
(7, p) = Uo(7) + pIly (7) + .. (5)

STOT A HA3BIBACTCS NO2ZPAHUNHDOLM DAJOM, & TIEHBI €70 — N02DAHULHDbLMU
Pynryuamu. Toaro Takyro xe dopmy umeror §(t, 1) u Q(7, 1), HO TOIBKO
Q@ maumnaercs ¢ Q1(7), a Qo(r) = 0. HeobxogumocTh BBEJEHHS TaKUX
JIOIOJTHATEIHHBIX 110 CPABHEHMIO C PEryJISpHBIM CIydaeM PAI0B 00bsC-
HAETCA TeM, YTO IPHU IIOMOMIHM OJHOTO TOJBLKO PEryJISpHOTO PAIa Helb3s
YZOBIETBOPATH 060MM Hada bHBIM ycaoBuaM (2). Tak, coriacHO onmucas-
HOMY B § 2 aJrOpUTMy IOCTPOEHHS PEryJISpPHOTO PANa, MBI IOIYIHM JIJIs
1=0

d‘o = F(t,90,%0), Zo(to) =2,
% = f(t, 90, 20); Ho(to) = y°-

(6)

IlockonbKy mepBoe U3 HAIIMCAHHBIX YPaBHEHU He aBisgeTcs quddepeHim-
aJIbHBIM, TO Y/IOBJIETBOPUTH BBHINNCAHHOMY HAYAJIBLHOMY YCJIOBHIO IS Zq,
BOODIIIE TOBOPsI, HE YIAETCS.

Mpst 30ech He 6yaeM ONUCHIBATH MOIPOOHO AJTOPUTM IIOCTPOEHUS BCEX
wieHOB pasioxkenuit (3) u orcernaeM K [1]. Onmmenm, Kak crpoaTcs rias-
HBIE IJIEHBI 9THX Pa3JI0KeHui, a UMEHHO, 2, Yo u Ilj.

Unensl Zj, §Jo HAXOAATCA W3 CHCTeMBI (6), IpEYeM HAIO COXPAHWUTH
HAYaJIbHOE YCJIOBUE TOJIBKO It Y-KOMIIOHEHTHI:

_ dy _ _
0 = F(t,go, Zo0), %:f(t,yo,zo), Jo(to) = 9°. (7)

Yrobsr HadiTu orcioma Zp, Yo, HAAO CHAYAJIA PA3PENINTh yPAaBHEHUE
F(t,9o,Z0) oTHOCHTENBHO Z). Tak Kak ypaBHEHWE HEJWHENHO, TO PEIeHui
MOXKEeT OBITH HECKOJbKO. Kak »ke BBIOpaTh M3 HUX TO, KOTOPOE HY2KHO?
IIpeamonoxum, aro ypasaerue F(t,y,z) = 0 mMeeT HECKOIBKO PeIIeHui
(xopmetit) z = p(t,y), KOTOPBIE MOXKHO 3aHyMepoBaTh: ¥1(t,y), Y2(t,y), ...
Bynem cumrarh, uTo B obsactu D 3TH pelreHns W30JHPOBAHBI. eomer-
pUYecKu OHU M300pa3ATCs HEMepPEeCEeKAOIUMUCH TOBEPXHOCTIAMU B IIPO-
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crpaHcTse (t, Y, z) (puc. 49). Bynem cantars, uro dynknus F mensier 3HAK
IpU Tlepexojie Yepe3 KarK/y TaKylo MOBEPXHOCTh. DTH 3HAKU YKa3aHbI

Ha pucysnke. Torga Ha “cocemrmx” MOBEPXHOCTSX (; 3HAKU MPOU3BOIHOMN

%—f(t, Y, i(t,y)) 6yayT pazmmarsr. OTbepeM Te ©;, AJIa KOTOPBIX

9L (t,y, 0:i(t,y)) < 0. (8)

910 ycnoBue Oynem Ha3bIBATL Ycaosuem Yycmolinusocmu Kophs. Ha
puc. 49 ycroitanseivm siBasiIoTC KOPHU ©1(t, y) 1 04(t, y). Oxorvarens-
HBEIIT OTOOD JleTaeTcs 10 TIONIOXKEHWI0 HagaibHoit Toukm Mo (to,y°, 2°).
ITycte Touka My nexut B obmactu (t,y) € D, o3(t,y) < 2z < @a(t,y)

wa(1y)

p1(1y)

»3(2y)

(ma puc. 49 sTa 06/IaCTH 3alITPUXOBaHA). JTa 00JACTh Ha3bIBAETCH 00-
AQCNBIO BAUANUA YCTORINBOTO KOPHS ©1(t,y). Y KasKIOro yCTONIMBOrO
KOpHA ;(t,y) ecTh cBos 06IacTh BIUAHUSA. TaK, €CM BBIIIE TIOBEPXHOCTH
©4(t,y) nmeercs pg(t,y) (HeyCTOHIMBLIN KOPEHB), TO 00JACTHIO BINSHUS
ycToiiuuBoro KopHs 4(t,y) asaserca obiacts (t,y) € D, rme @a(t,y) <
< z < g(t,y); ecnm ke BoIme 4 (t, y) KOPHEH HET, TO 06JACTHIO BIASHAS
©4(t,y) aBIseTcs HeOrpaHWYEHHASA 0BJIACTb.

Urak, urobel HaliTh @o(t) u Zo(t) Hasoxxkum Tpebosanune MII® (Tpe6o-
BaHWE METO/Ia TOTPAHUYHBIX (DYHKIWIN): nycms HeKomopwill Kopenv z =
= ¢(t,y) ypasnernus F(t,y,z) = 0 asasemea ycmotiuuevim, T. €. IJid HETO
BBITIONHEHO Tpebosanme (8), u nauaavras mouka Mo(to,y°, 2°) aeorcum
6 €20 06AACTNU BAUAHUS.

Torma BeIOEpaeM IMEHHO STOT KOpeHb z = ¢(t, y). Jamee noacrasisiem
z = ¢(t,y) Bo BrOpOE ypasuenue (7) U, NOJIbH3ydACh HAYAJIHHBIM YCIOBAEM
Jo(to) = y°, onpenensem ero pemennue §o(t) (MycTh OHO CyIIECTByeT Ha
scem cermente t0 < t < 7T'). Onpenemus o (t), maitnem Zo(t) = @(t, Jo(t)).
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TMorparnanas dyrkuus () crponrces caexytommm obpasom. Pema-
€M Ha4YaJbHYIO 3329y

& =F(t0,3",9), Fro=2" (9)
9TO0 ypaBHEHHE MONY9YaeTCs U3 mepBoro ypasHenms (1), ecyim B HeM 1o-
JOXUTL ciea t = tg + ut, a cupasa t = ty, y = y°. Torma Ily(7)

onpenensercs dhopmynoit Ily(7) = Z(1) — Zo(to).

Bamerum, uto Z = Zo(tg) = y(to,y") aBngerca Touxoit mokos ypas-
HeHus (8), a yC/IOBHE YCTOHUMBOCTH 0OECIEYMBAET YKCIOHEHIIMAIBLHOE
CTpeMIIeHHe K HyJio pasHoctu z(7) — Zo(tg), musmMu cioBamu, |IIy(7)| <
< Ce*T = Ce *(t—t)/k e C'> 0, 5 > 0 — HEKOTOPbIE IOCTOSHHELE.

TMorpanmunasa dyrxmms I1)(7) o9eHb GBICTPO 3aTYXAET IO MEPE yIamTe-
HEA ¢ OT HAYAIBHOTO 3HaYeHud ty. Posb I1)(7) 3akmoqaeTca B ToM, 9TOOBI
obecrednTsb BHIOJIHeHNe HadaIbHOro ycnosus z(tg, ) = 2" kombunanueit
Zo(t)+1Ip(7) (xaK GBLIO BUIHO BHIIIE, OTHO Zp(t) He MOXKET yJOBIETBOPUTH
9TOMY YCJIOBHIO).

Teopema 34. Ecau 6 obaacmu H ¢ynxyuu F(t,y,2) u f(t,y,2)
HENPEPLIBHDL BMECTNE C HACTNHHMU NPOU3BOOHBLMU NEPBO20 NOPAIKA N0 Y
u z u ydosaemeopsemcsa mpebosarue MIIDP, mo npu docmamouHo Masvlx
>0 na ceemenme 0 < t < T cywecmsyem cemeticmeo pewenudi z(t, p),
y(t, n) 3adanu (1), (2), u das Hezo cnpasedauso caedyrousee acumnmMomu-
yeckoe npedcmasaeHue:

Z(t, :u’) = EO(t) + HO(T) +7r1 (tv :u’)v y(t7 :u) = y_O(t) + T2(t7 :u)v (10)
ede |ri(t, p)| < Cu (waw ri(t,u) =0O(p)) npu 0 <t < T.
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Bameuanme 1. Ilpm ¢y < t; < t < T B (9) MoxnO OTGpOCHTH
IIy(7) m mamucars z(t,u) = Zo(t) + 71(¢, ), npuaem 71 (t, 1) mMeeT Ta-
KYIO e OleHKY, Kak r1(t, u). Takum o6pasom, IIy(7) urpaer ponsb aums
B MaJIOIf OKPECTHOCTH T = %y, KOTOPad HA3BIBACTCA NO2PAHUYHBLM CAOEM.
B kauecTBeHHOM OTHOmMEHWH mOBeneHWE Z(t, 1) XAPAKTEPHU3YETCS TEM,
9TO B mOrpaHWYHOM caoe z(t, /1) GBICTpO m3MeHseTCss OT 3HaueHus z°
o 3HaueHud, 61u3Koro K Zg(tp), a majiee y»e OTHOCHTEJIHHO MEIJIEHHO
MeHsIeTCA B OKpecTHOCTH Z((t). [IpuMepHBIil B HATErpaIbHON KPUBOI,
HadnHaOImelca B Touke My, m3obpaxen Ha puc. 5H0.

3ameuanue 2. [lomuepkuem BakuOCTBH yciaous g > 0. Ecam p <
< 0, To TeopeMa cIIpaBeIMBa Ha HEKOTOPOM cermenTe [T, tg] jieBee ToUKH
t = t9. B aTOoM ciydae MOXKHO paccMaTpuUBATh 337ady W Opu t > to.
Ho Torma mpwm mocTpoeHnM acHMOTOTHKHA KOPEHb 2 = ¢(t,y) BhIOUpaeTcs
U3 yCJIOBAS YCTOWYIMBOCTH, OTJIMYAIOMETocs OT (8) TeM, 9T0 3HAK Hepa-
BEHCTBAa M3MEHEH Ha HpOTI/IBOHOJIO}KHbIﬁ. yCJIOBI/Ie yCTOﬁ‘{HBOCTH TaK>Ke
U3MEHUT 3HAK Ha MPOTUBOIIOJIOXKHBIN, eciau y > 0, HO pelleHne paccMar-
puBaetcd npu t < tg. (I

2°. Memod BBK. '). Paccmorpum ypaBHEHUE BUIA

1*y" + Q*(z)y = 0. (11)

Meron, onucaHHBI B HmyHKTe 1, 37eCh He HpuUMeHHM. JlefiCTBUTEIHHO,
sammucas (11) B Buge cucremsr Tuna (1), a nvMerHO B Buze

p’z = —Q*(z)y,
y =2

3aMedaeM, uTo B 3ToM cirydae F(z,y, 2) = —Q?(x)y He 3aBucuT OT 2 U TeMm
caMbIM n3 ypapHeHus: F' = () He/lb3s BBIPA3uTh z B BUze 2 = ¢(z,y). Ecm
permenne cucremsr (1) XapaKTepu3yeTca HATMIAEM TIOTPAHIIHOTO CJIOST, TO
Ka9eCTBEHHBII XapakTep pemenns: ypasaerns (11) mHoii: permmenne HOCHT
KoJIebaTebHBIH XapaKTep ¢ JacToTol 1/p, 9TO MOXKHO IPOJEMOHCTPHU-
poBaTh Ha mpocteiimem mpumepe u’y” +y = 0: mo6oe pemeHHe TOrO

ypaBHeHUs ABJIAETCH JUHeHHOH KoMbuHanuel cos % u sin %

Tak kak ypasHeHwe (11) — smHeliHOe, TO NOCTATOYHO IOCTPOUTH
aCUMOTOTUKY €ro (pyHIaAMEHTAIbHON CHCTEMBI PENIeHUH.

Teopema 35. IIycmov dynruyua Q(z) > 0 u mpuotcdv. HenpepvieHo
Jugppepernyupyema na [a,b]. Tozda na [a,b] cywecmseyem dyrndamernmans-

1
) ITo umenam yuensix Bemrmens, Bpmamosna n Kpamepca. ToBopar Takske

BKbB-meron.
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Hasa cucmema pewernuti ypaswenus (11) suda

Y1 = [m + 51(%#)} eXp(% TQ(fﬂ) dﬂ?),

]

(12)
1

Yo = [\/W +Ez(m,u)} em(—ﬁ

Q(z) d;v) ,

Q —0— gy

npuuem £;(z, 1) = O(p).

3ameuanune 3. Qopmyasr (12) mator mpumep acumnToTHKE Gosee
CIIOZKHOTO BHJA, 9€M CyMMa TJIABHOTO M OCTATOYHOTO UJIEHA, KAK OBLIO
B PACCMOTDEHHBIX BBIIIE CIydasX. O

Bameuanue 4. [Ina ypasuenms p’y” — Q*(z)y = 0 cnpasemyusbr
dopmynsr, ananormansie (12) n ommaatrommecs: ot (12) Tem, 9To i HaIO
3aMeHUTH Ha 1. (Il

3°. Memod ycpednenus. PaccmoTpum Apyroél KJjacc CHHTYJISD-
HO BO3MYIIEHHBIX 33729, K KOTOPOMY OTHOCSATCS MHOTHE 33Ja9d TEOPHUH
HEJIMHENHBIX KOjIe0aHmiA.

Pemmenns stux 33124 n3y9ar0TCs Ha IPOMEXKYTKAX BPEMEHU, OOJIBIIIIX

[0 CPaBHEHUIO C MepuogoM kojebanwmit. Hanpumep, Ha mpoMeKyTKax IMmo-
panKa %

IIpu 3TOM OKa3BIBAETCH, UTO HECMOTPA HA PErYIAPHYIO 3aBUCHMOCTD
MIPaBBIX JacTel CHCTEMBI YPaBHEHUI OT mapaMeTpa, MeTos, § 1, mpuroaHbrii

(n B oTHMX 3amadax Toxe) mis KoHedHoro orpeska [0;7], craHoBUTCH

HEMPUMEHUMBIM JjIsi OOJIBIITOTO TPOMEKYTKA [0; %]
IlosTomy Takme 3a7a9u TAKXKE OTHOCAT K CHHTYJISPHO BO3MYIIEHHBIM.
Becpma 00mmm mpumepoM Takoi 331297 SABJIAETCS CII€LYOINAst:

"El =u, .’L'(O) ::I;O,

v = —z+pf(z,u), u0)=1u, (13)

COOTBETCTBYIOIIAS yPABHEHUIO KOJEOAHNI C MAJBIMA BO3MYIIECHUSMU.

B ocHOBe MeTOma yCpeaHEeHus JIEXKAT pas3JeeHne TBUKEeHWNA HA MeI-
nennbie u Opicrpere. [Ipu p = 0 cucrema (13) umeer mepmomuaeckoe
pemenue x = y; cos(t + ya2), u = —yq sin(t + y2), y1, Y2 = const.

ITpu p # 0 momaratot x = y1(t) cos(t + y2(t)), u = —y1 (¢) sin(t + ya(¢))
u ansa y = {y1,y2} DOIyIarOT 33139y BUIA

W— ¥ (ty), w(0)=4", (14)

B KoTOpOii Y (t,y) mepmogmaeckn 3aucut oT aprymenta t. [lepemenubre
y1(t) m y2(t) OKA3BIBAIOTCS MeUIEHHBIMHE, TaK KaK Y) ~ f, Yo ~ p. Takum
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00pa30M, Y1 UrpaeT POslb MEJIEHHON aMILUIUTY/IbI, & Y2 — POJIb MeJJIEHHON
dazoBoit nobaBku K 6pICTpOMY BpeMmeHn t (t = 1).
3agade (13) comoCTaBAAIOT TAK HA3BIBAEMYIO YCPEIHEHHYIO 3329y

d —
T =u¥(n), n(0) =1y’ (14')
rme Y (n) — cpemmee smauenwe Y (¢,7) MO ABHO BXOIAIIEMY BPEMEHH t:
T
Y(n) = lim L J Y (t,n) dt 1
(n) = lim 7 | Y(t,n) (15)

0

(1 npu nETErpEpoBaHNy cuuTaeTcd napamerpoM). Ecin Y (¢, n) meprogma-

Ha 1o t, T0 Y (1) — Hynesas rapmornka Oypee.
Criemyromasi TeopeMa COJEPKUT YCIOBHs, IPA KOTOPBIX DEIIEHUS 3a-
maan (13) m cooTBercTByIOIE ycpemHeHHON 3amadn (14) okaseiBaroTCA

OIM3KMMHU HA MPOMEXKYTKE {0; %} Cdopmynupyem ee B mpocreiiniem
CKAQJISIPHOM BapHAHTeE.

Teopema 36. Ilycmwv:

1) 6 obaacmu |y| < b, t > 0 pynxyua Y (t,y) nenpepwviena u oeparusera

oY
emecme ¢ y

2) cywecmsyem cpeduee anavenue (15),

3) cpednee snauenue npouseodHol %—); pasHaemcs, npouseoodnoti om

cpeaneeo 3HAYEHUA Y, m. e.
_ T
Y . 1 Y
oY — jim L J 8—n(t, n) dt, (16)
0

4) npedeavrvie neperodn 6 (15) u  (16) umerom mecmo pasromepro
ommuocumeavro 1, 2de |n| < b,

5) na ceemenme 0 < t < 7 cywecmesyem pewenue n(t, 1) yepednenmnod
3adavwu (14), npuwem —b+ 8§ < n(t,p) < b-14.

Tozda ma cezmenme [0; %} cywecmeyem pewenue y(t, u) sadauu (13)
wy(t,n) = n(t,u) + r(t,p), 2de r(t,u) — 0 npu p — 0 pasnomepro
omuocumenvro t € |0; % .

2. Ilpumeps! pemenud 3aga4

1. Ilycre 3amaHa HadaJIbHAd 3370393

u% =F(t,2), z(to,p)=2°.
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IlocTpouts 1IOCKHMiT aHajgor KapTwHbI, n3o0bpakenuoit Ha puc. 50. Ilo-
CTPOUTH MOJIe HampaBieHnit npu Majeix p > 0. Cmenars HAOPOCOK MHTE-
rpaJbHON KPUBOM, BRIXOAAIMEH n3 Touku My, mpuHaIIexKalei obaactu
BJIMAHUA OJHOI'O U3 YCTOWYHUBBIX KODHEN.

A Tlone manpasnenuii npeacrasaeno Ha puc. 51. Crpenkamm obo3HaTE-
HO HaIpaBJjieHue Bo3pacTanus t. Korma p Majio, To KacareJbHbIE K HHTE-
I'PajJdbHbBIM KPHUBBIM IOYTU BE€PTUKAJIbHBI BCIO,Z[y 3a UCKJIIOYE€HUEM MaJIbIX
OKDPECTHOCTElH KpUBBIX z = ¢;(t). Ha camMux 5THX KpUBBIX KacaTejbHbBIE
FOPU30HTAJBHEL, TaK Kak F(t, p;(t)) = 0. O

2. Tlocrpours ¢ Tounoctso O(p) (T e. ¢ ocrarogrbiM wienoM O(u))
ACHMITOTUKY pemeHnd z(t, (1) CIeIyomeil HA9aIbHON 331491 HA OTPE3Ke
1<t<2:

pde =22 =2, 2w =o. (17)
A Cucrema He COIEPXKHUT IEPEMEHHOTO Y, U BMECTO MPOCTPAHCTBEH-

HOil Kapruubl (puc. 50) GyaeM HMeTh IUIOCKYI0 KAapTHHY HA IJIOCKOCTH
t,z (puc. 51).

z 2

/_’_\___//—v(ﬂt
0 1 2

/
//\/ﬁ_w
TN

— ¥1
% ¢ Puc. 52.

) ‘* & % % ; 2
1
/‘/;
/ 7+ |
Mo 3 !
’N/\— :
Voo 0 12 1!
Puc. 53.
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2

Us ypasuenma F = 22 — 2 = 0 umeem @1 = —t, o = t (puc. 52).

IIpu sTom %_Z|Z:_t = 2z|,—_4 = —2t < 0, T. e. KOpEHb ] YCTONYNUB, a Vg
YCIOBHIO YCTONYMBOCTH He yIoBiIeTBoOpsieT. Takum obpasoM, Zo(t) = —t.

Hamee, mmeem

22 1 r=(t-1)/u, F0)=0.

dr —
~_ -1 —l—e_%(t_l)
Orcroma z = —1—=5—— — —1 u, cjaegoBaTeIbHO,
=(t-1)
l+e »
_ —2(t—1)
Mo(r) =F+1= 252
l+e »

Nraxk,

2
s(tp) = —t+ 2 E T

I'paduk coorBeTcTByMOMIEH MHTErpAIBLHON KPUBOIT n300parkeH HA puc. H2.

O

3. Tlocrpouts ¢ ocraTounbv wieHoM O(y) aCHMIOTOTHKY DPeIeHus
z(t, p) Toit xe 3ama4um (17) Ha oTpe3ke [%, 1].
A Cornacao 3amedaHuio 2 K Teopeme 34 yciaoBue yCTONYMBOCTH W3-

MEHHUT 3HAK HA MPOTUBOIOJIOXKHBIA W yCTONIUBHIM KODHEM OyIeT s =
= t. [IpoBensi BBIKIQIKN, TOJOOHBIE TEM, YTO B MPEIBIAYIIEM IPUMEPE,

MIOJIy9uM, 9TO Ha {%, 1}

2 (4-1)
2en
2(t,p) =t - =S5 + O(p).
14en
I'paduk m3o06paxken Ha puc. 53. O

3ameuyanune 5. I3 coobparkeHuii KaueCTBEHHOIO IMOPsSaKa rpaduk
JIOJIZKEH Tepecedb OpsMyio z = t. B Touke mepecedeHmsi KacaresbHas
ropu3oHTadbHA, TaKk Kak F' = 0. B sTrom cocromr oriamuwme oT ciydas,
pazobpannoro B 3ana4e 2. [Tocrpoennast acuMIToTnKa yKa3aHHoi ocobeH-
HOCTH He fJaeT. J1Jig n3ydeHus 3Toii 0COGEHHOCTH Ha0 NOCTPOuTh Z1(t). O

4. PaccMOTpeTh HAIAJIBHYIO 33129y AJI JIMHEHHOTO ypABHEHUS
,u% =a(t)z+0bE), p>0, tH<t<T,
z ‘t:to = Zo’

rpe a(t), b(t) menpepoeiBrEBI BMecTe ¢ npousBogabivE 1 a(t) < 0. IlocrponTs
ONMCAHHBIME METOJAMH ACHMITOTUYECKOE IIPEJICTABIEHAE C OCTATOTHBIM
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wrerom O(p). HammcaTs TOYHOE BBRIDasKEHME IJIsi PEIICHUS W Oy IHUTH
U3 HEr0 aCUMITOTUYECKOE ITIPEICTABIEHUE JJIsi PEIleHHsl C OCTATOYHBIM
qreroM O(up). CpaBruth ¢ npezcrasiaerueM (10).

/A TouHoe peleHne UMeeT BHJ,

t t

1 1
u | amadn t < [a(m)dn
2(t,u) = 2% ‘o +{e"e "EL—@dg.
to
WMurerpupyst mo 9acTsM, HAXOIAM
17 1]
= J a(n)dn - J a(n) dn
_ 0 B t _ @ b(to) B t
Z(tJIJ’)_Z € 0 a(t) +a(t0)e 0 +

B cuny a(t) < 0 mocnemmee craraemoe ecrb O(p), T. €. ACKOMOE IIPEICTAB-
nenue nonyseno. Popmyna xe (10) maer

a(to)(t—to)
2(tp) = —% + [zo + %}e "

Pasanna ¢ (10) 3akmrodaeTcss B PA3Inany SKCIIOHEHT. O

+O0(). (19)

Bameyanune 6. Pasmudue npencrasnennii (18) u (19) He comepxut
NPOTHBOPEYNs, TAK KAK PA3HOCTD

1 t
ul alto)
A= [zo + b(to)} [eu to —e H (tito)} (20)
nveer mopsmok O(p). O

4a. Jloxaszatk, 90 A = O(u), rae A onpeneneno dopmyoii (20).

A HenocpencTBeHHasi poBepKa 3TOro (hakTa CBA3aHA C HEKOTOPHIMH
BBIYHCIeHUAMA. B cuy yenosus a(t) < 0 mmeem

inf a(t) =—-a<0.
[to,T]

Bruibepem t; = tg — é/xln u. Torma npm ¢t > t; obe sxcnoHeHTH B (20) He
[IPEBOCXOISAT
2 Lpmpy g
e K o = e [ n

u, cregosarensro, A = O(u).
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IIycts Teneps t < t;. Nmeem

[a(m) —a(to)] dn

l t
i} ) 110 [ J

A= [20 + e H -1
a(to)
31echb
t
[ la(m)=a(to)] dn (t—to)?
e _ 0)
e.U'to :ea (t )—2” ’
£ —t0)2 21.2
TaK Kak (t—to)” < %w, T.e. IIOKA3aTeJb 3KCIIOHEHTHI MAaJ II0
2p o 2p
Moayo. A Torma
;]
= | la(n)—a(to)] dn 2
©w —
K I PPLET

roe C' — He 3aBuUCAasd OT 4 mocTosHHAsA. [TosTomy

%(tftg) (t —to)?
m

(Bce He 3aBucdIUe OT 4 MOCTOsSHHBIE 0003HAYaeM OfHOI OykBoii C, Kak
sT0 cmenano B [18], crp. 135). HerpymHO yCTaHOBHTB, 9TO mpaBadg 9acTh
sToro HepasencTra ectb O(u). JeficTerrensHo, HalizieM ee MAKCHMAIbHOE

2
3HAYEHNEe M3BECTHBIMH MeTomaMmu aHajam3a. meeM tpn,y — tg = UM’

Cl1eJ0BaTEJIbHO, MaKCAUMAJIbHOE 3HAYECHUE HpaBOﬁ 9aCTHu €CTb

|A] < Ce

u,

a2u 2
_aluy,
pooa 22— .
Ce o O(p)

Urak, u gyia t > t1, u gna t < ¢ umeem A = O(u), 9To u Tpebyercs.

5. MarepuanbHast TO9Ka MaCChl M ABUKETCS B HANPABJIEHUU OCU T
oJT AefiCTBUEM YIIPYTO# CUJIBI U CHJIBI TpeHus. Hanucars npubimKeHHOE
(B acCMMOTOTHYECKOM CMBIC/IE) BbIPAXKEHUE JJIsd 3aKOHA JABUKEHUS B CIIy-
qae mMaJsioil Maccel. IIpu ¢ = 0 u3BeCTHO MOIO)KEHNE TOUKU U €€ CKOPOCTh.

A Ypasraenue umeer Buz [10]

mx + ax + kx =0,
(21)

zlimo = 2°, 2|10 = 2"

OTO0 CHHIYIAPHO BO3MYIIEHHOE yPAaBHEHHE BTOPOro Hopsaka. Ilepenumem
ero B Buze cucremsl Tuna (1)

mz=—az — kz,

T =z.



§ 3] Acumnmomuxa no napamempy. CureysapHvie 803MYULHUA 305

ITpumernm dopmymy (10). Nmeem

_ _ _ k - - k -
0=—azy— kZy, Zo=—4%0, To= —¢To-
3nmech zg = —gfo — eJIMHCTBEHHBII KOpeHb, I IIPUTOM yCTONYUBBIN, TaK
kak o > 0. [omyanm
k k
= _ 0 ——t s _ _k 0, —=t
To=ze a, Zp=-—gre a
Hauee,
g—f_ = —aZ — ka°, Z|r=0 =z, T =t/m.

at
Orcrona 7 = (2! + %xo)cf m — %xo U, CIIeZI0BATEIBHO,

at

IIy, = (.7:1 + gm(J)e_H.

Takum obpaszom,

0 -kt
£(t, 1) = %5 + O(m),
k at (22)
z(t,p) = —%xoefat + (ml + %x())efﬁ + O(m).
U

6. PaccMoTpuM XMMHUYECKYI0 PEAKINIO PA3JIOKEHUs BEIECTBA Y IO,
e CTBHEM KaTaJu3aTopa Z, IPUYeM OJHOBPEMEHHO IIPOUCXOIST IBa, IPO-
[eCCa: MEPBBIA COCTOUT B COEAUHEHWM BEIIECTBA Y C KATAJU3aTOPOM Z
u 00pa30BaHUU MPOMEXKYTOIHOrO mponaykra M u BemectBa N, KOTOpOe
BblzIe/IsIeTCa (yJIeTyIMBAeTCd WM BHIIAAAET B 0Canok): Y +Z — M + Nj.
Bropoit mpomecc cocrout B TOM, 910 BemecTBo M, Oy/1ydn HEyCTORIUBBIM,
pacma aeTcs, BOCCTAHABINBAas KATaJIM3aTop Z u obOpa3ys BemecTBO N,
KoTopoe Boiaensgerca: M — Z + No.

O6oszHauas gepes y(t), z(t), m(t), ni(t), na(t) KoHIEHTpaIUKM COOTBET-
CTBYIOIIUX BEIIECTB, IPUXOAUM K cucTeMe nuddepeHnaJIbHbIX YPaBHe-
Huli (OPUHIUI HAMCAHWS TAKOrO POJA ypaBHeHUH yka3aH B 3amade 11, 25
u3 §2 raBsl 1).

dy _ —kyz, dz — —kyz 4+ am,
dt dt
(23)
dm _ B
o= kyz — am.
Bamambr magampase yemosus y(0) = y°, 2(0) = 29 m(0) = m® = 0.

Bemmanna p = 29/y° asngerca mageiv mapameTpowm.
CeecTn 33724y K OIHOMY CHHLYJISIDHO BO3MYIIEHHOMY YPaBHEHUIO
C MaJIBIM IIapPaMeTPOM [i.
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A Bocnonb3yeMca nepsbiM uHTerpanom z+m = 20 +m? cucremsr (23).

Tor;:a @ =1- yz — % Baens Ge3pasMepHbIE IepeMeHHbIE ( = zo’ n=
= %, nonyan
Yy
¢ ¢ a
—1 A= A= o 24
'udn in ky® ( )
Bamano sHavenme (|,—; = 1 u pemenne crpourca mpu 7 < 1 (Tak Kak

y ybeBaer ¢ pocrom t). Ilpubnmxennoe Beipackennme myst ((n, p) (wmm
2(y, 1)), TOACTABUB €ro B MEpPBOe yPaBHEHWE CHCTEMBI (23), MOXKHO mC-
NOJIB30BATH MJIsl HAXOXKICHUS MPUOIMKEHHOT0 pernenns Y (&, ). O

7. TlocTpomTh acMMOTOTHKY perneHns 3amaqn (24).

A\ Bocmombsyemcsa dbopmymoit ((n,u) = (o + Iy + O(n). 3aecs (o

p— 0 - S
on = 1 u, cnegoBaresnsro, (o = A-)i\-ﬂ'

OTIPEIEIISIETCST YPABHEHUEM A

Hamee

d 1-( = -1
d_£_1_>\ Cca C|T=0:1’ 7.:77 .

WHuTerpupys, mosydnM cjIenyolnee YpaBHEHNE OTHOCUTEIBHO (, U3 KOTO-
poro ( ompeneisgeTcs HEIBHO, KaK (byHKm/IsI T:

(L+MN)7r=C(+ In[C(1+ ) — A — 1.

1 + T+
IIpoBepuM ycioBre yCTORYNBOCTH: F<| A= %% > 0, 9TO 1 HyX-
=3Fn (m)

HO, TaK Kak 1 < 1.
NrTaxk,

0

4(77:“) )\+TI+€ )\+1+O() N:Z_O'

Y
O
8. MUsBectho, uro 3anaqa [Irypma—/Inysnmas (cm. [3])
d
Lp) 9L - a(@)y + Mo(z)y = 0, (25)

y(a) =0, y(b)=0

(p(z) > 0, g(z) > 0, p(x) > 0 u mempepwIBHBI Ha [a,b] BMecTe ¢ Tpo-
N3BOJHBIME) WMeeT 0eCKOHEYHOe YMCJIO MOJIOXKHUTEIBHBIX COOCTBEHHBIX
3HAYEHUU A, mpuaem A, — o0 mpu n — 0o0. Hafitm acumnroruaeckoe
pe/icTaBjeHNe COOCTBEHHBIX 3HAYEHUN M COOCTBEHHBIX (DYHKIMU 3a7a-
4w (25) npm Gonpmux n.
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A 3amenoii mepemenHbix y = u/4/p(z) npuBenem ypasuenme (25) k
BUIY

u + u[/\g + s(:c)] =0, (26)

rae s(z) — HeKoTopas DYHKIWMs, 3aBUCAINAL OT D, ¢, p U UX IPOM3BOTHBIX.
Honaras = 1/v/A, npusenem ypasrenne (26) k sy (11)

plu + u[ + ,uzs}, uw(a) =0, u(b) =0. (27)

Bnecs Q% = g—i— u2s. o cpasmrermio ¢ (11) BeTIauHA 3aBUCHT HE TOTHKO OT

T, HO COZIEPIKHUT Pery IapHyIo 1o y 106asky pu2s. Oapaxo Hasmaue 106aBKI
He ckaxercs Ha (opmynax (12), KOTOPBIE OCTAHYTCSI CIPABEIJINBBIMA
u s sroro caydas (yOemuThCs, 9TO ITO AEHCTBATENBHO TAK, MOXKHO,
NOBTODAS PACCYKJeHUs, puBeAeHnse B 18], rin. 7, § 2) mpm BBIBOmE
dopmyn (12)).

Wrax, Bocmonb3yeMcsa byHIaMeHTAJIbHOH CHCTeMOl pelreHuit
i m [p
,LL p
[ \/7 + O } e ,

i/
=[5+ o]e ™

CoberBennyro dynkmumio u 3amaqan (27) 6ymem uckats B Buge u = Chug +
+ Caus. I3 KpaeBbIX yCIOBHi I U IIOIYIAM

01{4 %+O(/’L):|+C2|: pEZ;—’—O( ):| 0,
il /e _l'b .
Cl{ pEZ;JrO( )} “J\/;d£+02[4%+0(u)}e oy "
(28)

st mocTpoeHnsT HETPUBHUAJIBHOTO DPEIIeHUs] MTPUPABHSIEM HYJIIO OIpeIe-

JINTEJIb
o [ e s

b
Orcrona nveem % J \/gd.f =7mn+O0(u), r.e

:wn/Jb\/gdf—FO(,u):wn/Jb\/gd{—s—O(%) — V.
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Takum 06pa30oM, MBI TOMY YU ACAMIITOTAKY COOCTBEHHOTO 3HAYEHUS A,
sagaam (25) npum Gompmux n:

)\n:bfriJrO(l)
2
IVp

(O(1) = O(£") o3HavaeT HEKOTOPYIO OTPAHWYEHHYIO BEJIMUYUHY ).
Hanee, n3 nepsoro ypasrerus (28) umeem Cy = C1(1+0(u)). Orcrona

ﬂnJaf\/gdf;“
\/E sin ———+0 (
/i
: p

Tocrosinayto C] onpenenuMm U3 ycJIoBUs HOPMUDPOBKU

S

= [{Fenb ] aciom] - )

b b 9
inpd§=J%d§=l-

xr
BBonsa HOBOE mIEpEeMeHHOE t = J \/g d€, bymeMm nMmeTh
a

l

Cstin2ﬂTntdt+O<%)} =1, rume l:f\/gdﬁ,

0

orkyma Cp = \/?—i— O(%)

Takum 06pa3oM, OKOHIATETHHO,

Yn = %{l/lp_psinﬂl—n]E %df—i—O(%), (29)

rﬂelzjb\/gdf. O

9. Ilocrpouts Ha [0, tg] aCHMITOTHKY DeIeHNs 3aTa49u

dy - 0
G -wte Yli=o =y

METO/IOM, ONMUCAHHBIM B IIYHKTe 1, W METOAOM YCPETHEHWS, OMUCAHHBIM
B IIYHKTE 3.
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at

A 1) Pemenne no merony 1. Beegem 2z = e # . Torma nomydum
CUCTEMY ypaBHEHUH
dy

Y=tz pE=-az yheo=1y" zleo=1

Orcrona y(t, ) = y°e™ + O(u).

2) Pemenne o merozny 2. ITomoxus ﬁ = T, IPpUXOANM K 3aJIate
d _ 0 t
d—zz,u(ay—i-e T, Y=o =y, 0s7< -

Nmeem
T d
Y = lim% J(an—i— e~ ") dr = an, d—?_ = pan, Nlr=o0 = y°.
0

Otcroma 1(, 1) = y°e® ", 910 COBIAMAET C TIIABHBIM YJIEHOM ACHMIITOTH-
KH, IIOJIy9eHHBIM IO MeToxmy 1. O

10. Meromom ycpenHeHns: IpUbOINKEHHO PEIUTh ypaBHeHNe Ban mep
Ilonst, onmcpiBaromuil TAMITOBBII T€HEPATOP HA TPUOAE C KOIEeOATETIHHBIM
KOHTYPOM B aHOmHON nerm [18], ru. 7, § 2. D10 omHO M3 KIacCHIECKHX
HEJIMHEHBIX YPAaBHEHUI Teopun KojaebaHmii:

4z =p(l—-2*)i, z|=0=2, |1=0=0. (30)
A Tlepenumem (30) B BHIe CHCTEMBI
&¢=u, a=p(l-a*)u—=z, al=0=2, ult==0.

BBeznem HOBBIE IEPEMEHHBIE Y1, Y2: T = Y1 COS(t +y2), u = —yy sin(t + ya2).
IMomyanm cucremy Buma (14):

g1 = pyysin®(t + y2)[1 — yf cos®(t + y2)],  Y1li—o = 2,
Y2 = psin(t + ya) cos(t + y2)[1 — 5 cos®(t + y2)],  y2|e—0 = 0.

CoorBercTByOImAas cucTeMa mjid 1); (yCpeaHeHHAs CHCTeMa) UMeeT BHL:

2
in=n B (1=) =0 mlmo =2, malio =0
u ee pemenue 1 = 2, e = 0. CaemoBaTeibHO, OKOHYATEIHHO

z(t, ) = 2+ r1(t, p)] cos[t + ra(t, ),

roe 11 = 0, ro = 0 mpu p — 0.

I'maBHBIN YjieH MOy Y€HHONW aCUMIITOTUKY TAeT Ha (ha30BOM MJI0CKOCTH
(x,u) ypaBHenue okpyxuocTu z2 + u? = 4 — Tax Ha3bIBaeMBIH npedens-
Houll YUKA, ONUCHIBAOIIMI PEKUM aBTOKOIe0aHuil B reneparope Ban-zmep-
IMonga. Ilongarue npeneabHOro MuKIa ObLIO BBEIEHO B 1. 6, § 3. O
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3ameuanue 7. [J1aBHBI 4jleH MOCTPOEHHON ACUMITOTHUKH MOXKHO
MOJIy9IUTh MeTonoM § 2, HO MeTon § 2 He rapaHTHpPYeT PABHOMEDPHOTO
crpeMienns 7; K 0 Ha cermente [0, to/p]. O

10a. Pemmrs TO ke ypaBHeHHE u
(30) mpm MPOM3BONIBHOM HAYAIHEHOM
YCIIOBUH JJIA T

tlmo =20, 20 £2.

A na n; 6ymeMm uMerb TO Ke
ypaBHeHme, Kak u B 3amade 10, HO 0 2

¢ ycnouem ny|i—g = x°. Ypasuenne Xo Xg X
WHTETPUPYETCS B KBAJAPATypPaxX M €ro
pellleHre UMeeT BILI,

2@0

Y v T

Puc. 54.
Torna e

|: 2@0
3+ (4 ag)er

z= -+ 7 (t, )| coslt + ra(t, ).

IMaBHBIH YIeH aCUMOTOTHKH B 3TOM ClIydae JaeT Ha (ba3oBoii IIOC-
KocTH (z,u) CHupaiy, NpHOJMKAIMecs CHapyXu (ecan xog > 2) uin
usnyTpu (ecmu xo < 2) k npejeabHoMy mukity 2 + u? = 4 (cm. puc. 54).

HemocpeIcTBEHHO BEIHA ACHMITOTHIECKAA YCTONIHBOCTD MIPEIeTLHO-
ro IUKJIa, OPATATHBAIONIETO BCe OCTAJIbHEIE (ba30Bble TPAEKTOPHIL. O

3ameuanne 8. B srom ciayuae meroz §2 naer x = xgcost + O(u) u
2390

IJIaBHBIE YjI€HBI 00€UX aCHUMIITOTHUK Pa3/INYIHBI. Paznnune Besmmumn

u zo Oymer mopsaaka O(u) Ha KOHEYHOM OTpe3Ke, HO He Ha [0,to/u], T e.
HA KOHEYHOM OTPE3Ke METOBI JAIT OAUHAKOBBIN Pe3ysbrat, a Ha [0, to/ i)
MeTos, § 2, BooOIIe ToBOpsi, HE IIPUMEHHM.

3. 3agaum m ynpakHeHUd Il CAMOCTOATEILHON PaboThHI

7.3.1. IOna 3amaun (17) pasobparb cayuam: a) u < 0, 1 < t < 2,
6) p < 0, 1/2 < t < 1. Pazobpars pemenne ypasrenus (17) mpu p > 0
n HagagbHOM ycmosmm 2(1) = 2 mma B) 1/2 <t < 1,r) 1 <t < 2
Iloctpouts rpadukmn.

7.3.2. UccnemoBaTh MeTOOOM, ONMKUCAHHBIM B 1I. 1 § 3 pemeHune 3amadn
puz' =az+b, 2(0)=0, a=const>0, b=const<D0. (31)

Paszobpars ciygam: a) g > 0, ¢t > 0,6) p < 0,¢t>0,8) p >0, ¢t <0,
r) u <0, t < 0. Ilocrpours rpaduxn.
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7.3.3. Hammcars Tounoe pemenune 3amaum (31) m mpoeepmTh moy-
YeHHble B NpeIblaylnell 3aja4de BbIBOAbL. VI3 BbIparkeHus JJjisi TOYHOTO
peIIeHnsT BBISCHATD, Kak Bener cebs z(t, ), ecom g — 0 MPOM3BOIBHBIM
o6pa3om (6e3 COXpaHeHWsI 3HAKA).

7.3.4. Tlomyunts acumnrorndeckue GopMys! (22) U3 TOIHOTO perire-
Hus 337a49n (21).

7.3.5. Haiitu npubiamkenHoe (B aCHMITOTHYECKOM CMBIC/IE) PEIIEHHEe
ypaBHEHHUs IBUKeHHUs MasATHUKA [10] ¢ yd4eToM cuibl TpeHus
g+ ap +sinp =0,

rie |4 = migd — maJbrii mapamerp (d — PacCTOSIHUE OT TOYKY TOABECA 110

HEHTPA TAXKECTH, ]| — MOMEHT HHEPIUH, M — MAacca). 3aIaHbl HATAIbHBIH
YTOJI OTKJIOHEHUS (g < T U HAYaJIbHAS CKOPOCTD (.

7.3.6. Bo uro mepexongar rmasable wienbl dopmyn (12) mpm Q(z) =
= const? (TJIABHBIA 9I€H ACHMITOTUKY TIOIY9IAETCA U3 ACHMITOTHIECKON
bopMyJIBI, €CII OCTATOYHBIN WIEH HOIOKUTH PABHBIM HYJIIO).

7.3.7. Bapgana kpaesas 3agada

2y = QX @)y = f(2), Yle=o =0, Ylo=1 =0 (Q>0).

JlokazaTh CIpaBeINBOCTD CJIEIYIOMel aCHMITOTAIECKON (DOPMYJIBI JIJTst
ee pemernud y(x, p):

fl@) | f0) ~iooe  f1) -lowa-a
Pw et Temt TOW). (32)

7.3.8. MeTomom ycpemHeHnsT PEMUTh TPUOJINKEHHO 33129y

y(ma“) - -

i+x—p(@—3*) =0,

27|t:0 = LCO, ii?|t:0 = 0

OTBeTnI

7.3.1. KawgecTBeHHBII XapaKTep PeIIeHns TpeICTaBIeH Ha puc. 55. B ciy-
4asix a), 0), B) MOXKHO HanucaTh s z(t, 1) HOPMYyIBI, aHAJIOTUYIHBIE TIO-
JIy9IeHHBIM B 3a7a49ax 2, 3 pasnena 2. B ciydae r) opauHaTa HHTErpaIbHOMR
KpuBOil OeckonedHO Bo3pacTaer mipu i — 0, 0 9eM HETPY/IHO 3aK/IIOYUTh,
nccaenys mosie HanpasaeHnit (cu. 3amaay 1 pasmena 2). s cayvas a) n 6)
MPEICTABJIEHUS JIETKO TIOJLyYUTh, TIOJIB3ySACh COOOPasKEeHUSIMU CUMMETPHH,
n3 GbopMyJI, TPABEAECHHBIX B 330a9ax 2, 3 pa3mena 2, a uverHo: a) (¢, ) =

26%(t_1) 26_%(t_1)

=t- 2 1) +0(n), 6) 2(t, ) = —t+_72(t_1)+0(,u). B ciayuae
1+er l4+e =

B) aHAJOTMYHOE NPEJCTABJIECHHE CIEAYET MOMYIUTh 3aHOBO IO TOH Ke
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z
2
————z=1 z
b
Y=="a
6) 0)
t 1
2 a
z=—t
Puc. 56.
cxeMe, KaK OHO TOJIy9eHO B 3ajade 2 u3 paszena 2: B) z(t,u) = t +

2en
3 - e%(tfl)

craBjeH Ha puc. 56. 7.3.3. B nannoM ciydae TO4HOE perieHme

+ O(p). 7.3.2. KayecTBeHHBIN XapakTep pelIeHUH MpPe-

at

Z(tap’) = _g + ge“

coBmazaer ¢ BeIpaxkeHueM Zo + Iy (r(t,x) = 0). Ilpu mpomsBosbHOM
CTpeMJIEHWH ji K HYJIIO DeIleHme mpepena He mmeer. 7.3.5. ¢(t,pu) =

= Golt) + Ou) = 2arctg(~L +tg %) + Ow), ¢(t.w) = (o +

. Ot_t . —
+ %)e_ po— w +O(u). 7.3.6. Ilpu Q = const riaBHbIE YIEHBI

acumnroruku (11) maror TouHOE BBIparXkeHue I (DYHIAMEHTAIHHONW CH-
creMbl perrennii. 7.3.7. Yxaszanue: cienyer: 1) ybeaurbcsi, 9TO TJIaBHBIA
9JIEH aCHMITOTUKY (32) yIOBIETBOPSET YPABHEHUIO W KPAEBBIM YCIOBHUAM
¢ messaskoit O(p). Torma 3amaga st OCTATOMHOTO “WieHA A HMeEeT BHL
WA — QX@)A = O(), Al = O(), Alses = O(); 2) mocrpo-
UThb PEIleHre 3329l JJjid OCTATOYHOrO 4JjIeHa, HO0JAb3yACh aCUMIITOTHKOMN
dynmamenTampHON cucremsr pemennii (12) (¢ ygerom 3ameuanns). Pexo-
Menayercs npeacrautb A B Buge A = A; + Ao, rme A; — pemenue
OIHOPOIHON 33Ja4un ¢ KpaeBbIMU ycaoBusaMa Aql,—o = O(p), Aq|z—1 =
= O(u), a Ay — pelreHne HEOAHOPOIHON 3342491 C HYJIEBBIMU KPaeBbIMU
yeaoBuamu. g uccaenopanns Ao HY2KHO HOCTPOUTh GyHKIU0 I'puHa u

4y,
JIOKa3aTh, 9TO OHA MMeeT Cleayromy oneHky: |G(z, &, p)| < %e_u o El,
ut
. 2xpe 2
= inf :6.7.3.8.30:[ Y +7ri(t }cost—i—r t, 1)
q [071]Q( ) T a0 ) 1(t, 1) | cos[t + ra(t, p)]

YKa3anue: BOCIIOIB30BAaThCs criocobom perrenus 3agaqn 10 a pasmena 2.
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YPABHEHUA B YACTHbBIX IIPON3BO/HBIX
ITEPBOT'O ITIOPAJKA

VYpaBHEHHEM B YACTHBIX MPOM3BOLHBIX HEPBOIO HMOPSIKA HA3BIBAETCS
ypaBHEHHE BUIA

Ou Ou | _
F<w1""’x"’u’8m1""’é)xn> =0.

3mech 21, ..., T, — HE3ABUCHUMBIE TIEDEMEHHBIE, U (L1, . .., Ty) — WCKOMAst
dynknusa, F' — 3amanaas pyHKIES CBOUX II€PEMEHHBIX.

Junetinowm ypasrenuem 6 YacCmHbL NPOU3BOOHHLLIT NEPE020 NOPAJKA
HA3bIBAETCS yPaBHEHNE BUIA

ou Ou
Aq(zq, ..., ) %—i—...—i—An(ml, ) wn)a—:B(xl, oy T )uFf (21, oy ).
1 Tn
3mecy A;, B u f — 3amannable GyHKIMU, ¥ — uckomoe periernue. A; u B
HA3BIBAIOTCA KO pUIIMEeHTAMY ypaBHEHNsI, OHU HE 3aBUCAT OT U
KBazuiuHefiHbIM ypaBHEHNEM HA3BIBAETCS YDPABHEHUE

Al(xl,...,xn,u)g—QZ+...+An(x1,...,:vn,u)86711 = R(z1,...,Zn,u)

— JIMHeHHOe OTHOCHUTEIFHO MPON3BOIHBIX g;‘ . B xBazununeitnom ypasHe-

2
Hun K03(MduimenTsr A; MOTYyT 3aBUCETH OT caMol (DYHKIUH U, HO HE OT

ee IMPOU3BOJIHBIX.

§ 1. JIuneiinbie ypaBHEeHUS

1. OcHOBHBIE MOHATHS U TeopeMbl

Paccmorpum sinHeliHOE ypaBHEHNE B 9YACTHBIX IIPOU3BO/IHBIX.

Al(acl,...,:cn)(%tl+...+An(x1,...,xn)§7un =

= B(z1,...,zp)u+ f(z1,...,2,). (1)

!) Unorna [18], [22] muneiinsiv ypasrennem na3sisatoT ypasuernue (1) ¢ mpasoit
49acThio, paBHOi Hymo. IlosHoe ypasHeHme (1) mpu 3TOM pPacCMaTpPHBAIOT Kak
9acTHbIA ciay4ail kBasmwmneitoro ypasuenus. (Cm. pasger 2.)
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Ilycts 31O ypaBHeHme 3amaHo B obsactu D mepeMeHHBIX 1, ..., Tn.
Ilycts A;, B u f uHenpepwiBHO muddepeHnupyemMbl B 3TOi 06jacTu u
n
ST A?£0 VzeD.
i=1

ConocraBum ypapHeHuo (1) cucreMmy OOBIKHOBeHHBIX IuddepeHnn-
aJIbHBIX yPABHEHUI, HA3bIBAEMYIO YPABHEHUSIMU XaPAKTEPUCTUK:

dzi1 _ dxo _ _ dxn (2)
Ai(z1, .- yxn) Ax(@1,...,xn) T Ap(T1,...,Th)]
VYpasrenus (2) ompenensoT KpPWBBIE B MPOCTPAHCTBE T1,..., Tn. OHE

IPOXOIAT depe3 J0byo Touky obnactu D, HUTIe He mepeceKasich. JTH
KPUBbIe HA3BIBAIOTCA XapakTepucTukamu ypasHenus (1). Xapakrepucru-
KN 3aMedaTeJIbHblI TE€M, YTO BBbIDaXKEHHUE B JIEBOII dacTu YpaBHEHUA (1)

IpeJCTaBIseT co0oi (C TOYHOCTBIO JO0 MHOXKHUTENSI) MPOU3BOIHYIO %

dYHKIUM v MO HAIPABJIEHWIO | BIO/IH XaPAKTEPUCTUKU. IJTO IO3BOJILET,
nepeiiasa K HOBOW NepeMeHHOH, MPEICTaBUTh (1) KakK OOBIKHOBEHHOE Jiv-
depeHIMaIbHOE YPABHEHNE, ONMUCHIBAIOIIEE M3MEHEHNE U BIIOJIb XapaKTe-
PUCTHKH.

Takoii mepexo/l OCHOBBIBAETCSH Ha CJIELYIONINX COOOPaXKEeHUIX.

HanomawM, 9T0 nepBBIM HHTErpasoM cucteMsl (2) HasbBaeTcsa HyHK-
must (2, ...,%y,), COXPAHSIOMAS MOCTOSHHOE 3HAYEHNE HA DEIIEHUN CHh-
cremsl (2). Cymecrsyer (n — 1) HE3aBUCHMBIX IE€PBBIX MHTEIPAJIOB CUCTE-
mHI (2), T e.

rue xy, ..., L, — pemenne cucremsr (2), a Cy, ..., C,,_1 — IPOU3BOIHHBIE
HOCTOSIHHEIE.

Wuorma camu coorromennst ¥;(z1,...,2,) = C; HA3BIBAIOT NEPBHIMA
HHTErpaJIaMu CUCTEMBI (2).

Dyuakunm ¥; (1, ..., 2,) BO MHOTUX CIy9adX yJAeTCs ONPEIETNTDH W3

cucremsl (2).

Kaxnoii xapakTepuCTHKe COOTBETCTBYET CBOil HabOp 3HadeHmWil (ma-
pamerpos) Cy, ..., C,_1 (Ranpmmep, HAG0p HAYAIHHBIX 3HAYEHWH STOMH
XapAKTEPUCTUKH).

Jis panbHeiinero y100HO paccMaTpUBaTh TapaMeTPUYecKoe 3aaHue
XapaKTEPUCTHKU KAK PENIEHUs CACTEMBI

dx dx

— = =" =, (3)
Ai(z1,y...,2n) An(z1,...,20)

MPECTABIASA, 9TO W3MEHEHWE TMEPEMEHHOW T MEePEMEIIaeT TOYKY C KO-

OpAUHATAMHA 71, ..., Tp [O XapakTepucTuke. Permienue cucrembr (3) —

XapaKTePUCTHKA, onpenensgeMas napamerpamu C1, . . ., C),_1, umeeT Torma
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BUJL,

Ty = Zn(1,C1, ..., Crct).

Beenmem cremyromue dbyHKIMu mepemenHoit T u mapamerpos Cfq, ...,
Cn_lt

v(1,C1,...,Cpho1) = u(y, ..., 24)

zi:Ei(T,Cl,...,Cn71)7
ﬁ(Ta Cla L) Cnfl) = B(xla R mn)|z¢=mi(T,C’1,...,Cn,1)7
F(T, Cl,. --acn—l) = f(.’El,. . .,CL‘n)

zi=x;(1,C1,000,Cn1)s = 1,7’L.

Huddepermupys nepsoe U3 STUX TOKIECTB U yIUTHIBasd (3), mMeeM

dv _ du — Oudz Ou , dzn _

dr dr wi=25(r,CryronsCrn 1) Oz dr ox, dr

— Ou Ou_
= 8x1A1+"'+ aan"'

Bunno, uro ypasrenne (1) moxkeT Temepb GBITH 3aIMCAHO B BUIE

dv _
E—ﬂ(T,Cl,...,C'n,l)v—i—F(T,C’l,...7Cn,1). (4)

OTo ypaBHEHHE ONUCHLIBACT U3MEHEHUE v KaK (PYHKIUHU T TPHU JIFOOOM
dukcuposanaom Habope napamerpos Ci, ..., Cp,_1, T.e. Ha 1060 Xa-
pakrepuctuke. Ero pemenne, HaliIeHHOE METOIOM BapPUAIAY TTIOCTOSTHHOMN,
UMEET BUJ,

UZBIBdT[9+JF€7IBdeTi|.

Oyukuuu S u F 3aucar or C1, ..., C),_1 kak or napamerpos. [Tosromy
nocTosiHHas f Tak»Ke eCcTh NPOU3BOJbHAsA (YyHKIUs TapamerpoB: f =
=0(C1,...,Cpn_1).

K ucxomabiM TIEpEMEHHBIM X7, ..., Ly, U BO3BPAIIAEMCs, yIATHIBASI,
aro v = u(T1,...,2,), Ci = Yi(x1,...,2,), t = 1,n, n BEIpaxkasa T 9epe3
T, -, Ty C MOMOWIBIO ypaBHeHMIT (3).

Takum 06pazom, obmee pemenne ypasaerus (1) okaseiBaeTcs onpee-
JICHHBIM C TOYHOCTBIO 10

6= 01 (21, @)y s Y1 (@1, )]

— TIPOW3BOILHON (QYHKIUH OT N — 1 MEPBBIX HATETPAJIOB CHUCTEMBI (2).
B gacraom ciyuae B =0, f =0, T.e. ayis ypaBHeHUs

ou ou _
Ala—xl+...+Anm_0 (5)
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du — dv _
noydaeM coornomenue (4) B Buze G- | CriCoy = gy = 0- OO COOTHO-

=
IIeHUe BHIPAzKaeT 3aKOH MOCTOSAHCTBA PEIEHns U BJ0Jb XapaKTE€PACTHKH.
Orcropa obmiee pemenue ypasaerus (5):

w(zy, .oy @n) =01 (21, 20y ey U1 (X1, e oy T0)),s (6)

rae  — npowsBonbHAsS (DYHKIUS CBOMX aPIyMEHTOB. JHAYEHUE U 3ABUCUT
JIAIIB OT TOTO, HA KAKOW XApPAKTEPUCTHUKE JIEXKUT TOIKA T = {T1,..., Ty }.
Pemenne ypasmenms (5) Tak ke, kak m ypasHeHmsa (1), ompemesreno
C TOYHOCTBHIO MO NPOU3BONBHON (byHKIUm (n — 1) mepBBIX HWHTETPAOB
cucremsr (2).

3adawa Kowu. Ecnm Tpebyerca Halitn pemmenne ypaprenus (1) B o6ia-
cT!n D U3MEHEHUd IIePpEeMeHHbIX T, ..., LTn OIPUA JONIOJITHUTEJIBHOM yC.HOBI/II/I
u|s = ®(zy,...,2,), TO TOBOPSAT, uTO mas ypapHeHus (1) 3amama 3amadga
Komu u 3anuceiBaior ee B Buje

ou ou _

uls = Y(z1,...,2n).

3mech S — rajKas NOBEPXHOCTD, Jiexainasd B DD, 3an1anHas ypaBHEHUEM
o(z1,...,2n) = 0; A;, B, f m & — menpepsBrO auddepeHIMpyeMbIe

bynxuun; Y A? £ 0.
i=1

Teopema 37. IIycmv nosepxrocmvd S ydosaemsopsem caedyroulemy
ycaosuro: a0bas rapaxmepucmuka, aexcausas 6 D, nepecexaem S odun
U MOALKO 00UH PA3, NPUNEM 8 MOYKE NEPECEYEHUA TAPAKMEPUCTNUKAG He
asasemes Kacameavrol k S. Toeda pewenue 3adawu (7) cywecmsyem
U eJUHCMBEHHO.

PaccmorpuMm cxemy nokazarenbcrBa. depes Touky x = {xi1,...,Tn},
B KOTOPOI MBI XOTUM HAATH pEIIeHWe, MPOXOAWT U IPUTOM €IUHCTBEH-
Has xapakTepucTuka ' ypaprerus (1). DTa XxapaKTepHCTHKA TEPECEKaeT
OBEPXHOCTH S B HEKOTOPOIW OJHO3HAYHO OIPEIEJIEHHON Touke r* =
={zi,...,2%}. lomygaem Ha I':

B =B+ F,  ymry = ®(a},...,2}), (8)

re 79 — 3HAYEHWE IIEPEMEHHON T B TOYKE MEePECeYeHns XapaKTEePUCTUKH
I’ ¢ mosepxuocThio S. Pemaga 3anaay (8), HaxomuMm v, a ClIeI0BATENHHO,
" u Ha Bceil kpuBoii I', B TOM 4dncse B TOUKe .

IIpu nanoxennwpix Ha GyHKIun A;, B u f ycnoBusax ¢yHKIus u Oyaer
IMETh HeNPEPhIBHBIE YaCTHBIE MPOU3BOAHBIE, (DUTYPUPYIOIINE B yPaBHE-
Hun 3a31a49u (7), ¥ yAOBJIETBOPATH STOMY YDABHEHUIO.

3ameuanue 1. Eciu noBepxHOCTh S TakoBa, 9TO OHA HE MEPECEKAET
KaKy[o0-1n00 XapaKTepUCTUKY, IPUHALIEKAIY0 obaactu D, To Ha 3TOM
XapaKTePUCTUKe pelnerne 3a1a9u (7) He ONpPeIeseHo. O
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3ameuanne 2. Ecim kakasg-1mmbo xapaKTePUCTUKA UMeeT DosIee OgHOM
0011elt TOYKU C MOBEPXHOCTHIO S, TO 332498 MOXKET OKA3aThCs EPEOIPe-
JIeJIEHHOM W He UMETDb PEeIIeHUs. O

ITpouenypa pemenns 3amaun (7) CBOTUTCH K CIAEAYIONUAM OINEpald-
aMm. U3 ypaBHeHWiT XapakKTepucTHK (2) HaxoquM n — 1 He3aBHCHMBIA
NEPBBIA UHTErpal Y1, ..., Yp—1. QUKCHPYEM TPOU3BOILHYIO TOUKY T =
= {z1,..., 2y}, B KOTOpOI nimercs permenne. PukcupyeM 3HadeHUs QYyHK-
it ¢; B Touke x: U;(T1,...,2n) = C; (i = 1,...,n — 1). B Tou-
ke z* = {z},...,z}.} uMeeM Te e 3HaYEHWs IEPBBIX HHTEPAJIOB:
Yi(xf,...,2%) = C;. Kpome rtoro, z* mnpunajjexur nosepxHocru S.
OTcroma mosrygaeM n ypaBHEHUI JJIs OTIPEIEIeHAs 1 KOOPIUHAT TOUKHT T*:

Yi(zl, ... zh) = 1/)1(301,- ZTn)y, t=1,...,n—1,

. (9)
o(z1,...,77) =
U3 (9) maxomum TOUKy *, TEM CaMBIM OIPEJIENss JONOTHATETHLHOE YCIO-
Bue B 3a7a4e (8). Pemasg ee, onpenensiem dyrkmmio v. Bosspamascs or C1,
., C_1, T K HCXOTHBIM IIEPEMEHHBIM Z1, ..., Lp, HAXOMUM HCKOMOE
pemenne u(zy,...,Ty,).

2. Ilpumepsl pemrenud 3aga4

1. Haiitu obmiee pernenve ypaBHEHUsT

zau 2@_ T
8x+y oy =ye.

der _ dy
A CocrapisieM ypaBHEHUE XapPaKTEPUCTHUK e = o Haxomum ero

HepBbIit mHTErpaa e~ % — % = (. BpomuMm mapaMeTp T BIOIb XapaKTe-
puctuku ¢ momompio (3). Umeem dr = d—zz/ Orcroma y = TO%T,

Top — MPOU3BOJbHAsA KOHCTAHTa. I3 BhIpaKeHWs IJis IIEPBOTO MHTErpaJa
— 1 —z 1 1
HaxomuM: e * =C+> =C+1m9—T7,ye * = . . [Tosrygaem
s M 0 Y To—T7 10 —7+C y

rae

ypasaenne (4) B BUZE

v _ 1 1 _ (1 1 1
or T0—T T0—-—T7+C TO—T —7+C (o
Orcroma

= djn - r+0) -l - 7) + F(C) = & In |2~ TEC) 4 F(0),

1
c
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roe F' — npoumsBonbHas GyHKIUs. BO3BpaIasch K MCXOAHBIM TEPEMEH-
HBIM, TIOJTy9aeM OTBET:

u(z,y) = mln % +Fe *—1/y) = % +F(e " —1/y).
O
2. HaiiTn obmee pemenne ypaBHEHHUS
S
A YpaBHeHHE XapaKTEPUCTUK MMeeT B dw = y Orcroma HAXO0IUM
y dz

unTerpan 5 = C. Beomum HapaMeTp T, I/ICHOJIBSYSI coorHonrenue dr = .

T—T0

Ionygaem = = e , TY = *]} = Ce2(7-70), Ypapuenne (4) umeer Bu

g—g = v+ CeX™ ), Orciona v = F(C)e™ + Ce*7~ ). Tlepexomum &

HUCXOOHBIM II€PEMEHHBIM. HonyqaeM OTBET:

u(z,y) = F(y/z)z + zy.

3. Pemuts 3amauay Komm

+k08v =0,

U@®=M@

B obmactm —0o < x < 00, t > 0. 3mech u = u(zx,t), kg — KOHCTAHTA,
¢(z) — 3amarnas QyHKOH.

(10)

A Ypasrenne xapakrepuctuk (2) mus samaam (10) nmeer Bz

4 (11)
Uarerpupys (11), HaxoauM MepBbIil HATErPa yPABHEHHs XaPAKTEPUCTAK
x— kot = C. @ynakuns ¢(z,t) =  — kot coxpaHAeT TOCTOTHHOE 3HAYEHNE,
ewm x u t ceasanbl ypasaeHneM (11). O6mee pemenmne ypasrerust (10)
cormacuo (6) 6ymer u(z,t) = F(¢(z,t)) = F(z — kot), tme F — npouns-
BonbHasA Gyrkmus. [To ceoemy cmbicity Bhipaxkernune F(z — kgt) onmuceisaer
JIBIKEHUE CO CKOPOCThIO kg (dbukcuposannoro npoduns F(z) B cTopory
Gonpmux 3HadeHuit x. ITosromy ypasmenme (10) (tak xe, kak u (5))
HA3BIBAETCSA YPABHEHUEM TIEPEHOCA.

ITpm ¢t = 0 mveem u(z,0) = F(z). C mpyroit CTOPOHBI, N3 HAYAIBHBIX
yeaosnit u(z,0) = ¢(z). Cremosarensro, F(z) = ¢(z). Hoxywaem orser:
u(z,t) = p(x — kot). O
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4. Pemmwmts 3amaay Kommu

oz

au—l—(y—i—ez)%:ﬁ—i—u, x>0, —oco<y< oo,
U|z=0 = siny.

A CocraBisem ypaBHEHUE XapPaKTEPUCTUK dT = yi—yez' TIpeacrasisiem
9TO ypaBHeHHe B (opme Z—Z = y+ €e”. Orcroma y = ze® + C u mep-

BBIIl MHTErpaJ ypaBHeHUsl Xapakrepuctuk oyzer C' = y — ze®. Bremem
[EPeMeHHYI0 T BJOJIb XapaKTePUCTUKU U3 YCJIOBHH dT = d—lm, Tle=o =

= 0. [Torygaem 7 = z. Ilepecedenne xapaKTepUCTUKY, IIPOXOIAIIE depes
Touky (z,y), ¢ mpamoii (z = 0), Ha KOTOPOH 33IaHBI HAYATbHBIE SHAYEHNS,

onpezensiercs ycaousivu (9): y —ze® = y* —z*e® | z* = 0. Orcioma y* =
=y — ze®. [onyqaaem 3amaqy (8):

3—3(0,7‘) =v+72 V|r—o = siny™.

3
Pemas ee, naxonum v = siny*e” + % Bosspamasachk K HCXOZHBIM IIepe-

3
MEeHHBIM, MOJydaeM oTBerT: u = sin(y — ze®)e® + % O

5. Pemnts 3amaay Kommn

Qu _ , Ou _
T oz yay =%
u|m=1/y =1

B obsactu z > 0, y > 0.

de _ _dy —
z = "y Orcroma zy =
= (' — ero nepsbIil HHTErpa. 3amMedaeM, 9TO JOMOJHUTEIbHBIE YCIOBUS
3aJIlaHbI HA XapakTepuctuke ry = 1. BBomum mapameTrp T, MOJB3yCH

COOTHONIeHWEM dT = ‘é—x Orciona z = A(C)e”. Tonyuaem 3amady 1gis

dyskun v(C, 1) = u(x, t):
{g—:w, ™) = A(C)e",

A YpaBHeHHE XapPAKTEPUCTUK UMEET BUJ

v(l,7) =1.

Ee pemenmne: v(C,7) = A(C)e™ + B(C'), tme A(C) u B(C') — npousBob-
Hble (yHKIUH, yaoBieTBopsiomue orpanndenusm A(1) = 0, B(1) = 1.
Bosspamaemcs k crapeim nepemenabiv. Orser:

w(z,y) = z+ B(z,y) upumzy #1,
Y= mpu zy = 1,

roe B — npousBosibHasA QyHKIHA. O
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6. Pemwnts 3anaay Komu

20u Ou _
Yy Oy Ty =W

u‘wey:Q =Y
B objactu z > 0, y > 0.
_dz
T

dy .
/A YpaBHEHHE XapPaKTEPUCTHK HMMEET BULL = —5. Ero nepswrit
Y

uarerpan xeY = (. JlomosHuTeNbHBIE YCIOBHS B 33Ja4e 33aJaHBI HA
xapakTepuctuke re¥ = 2. BBoauMm Ha XapaKTepPUCTHKe IEePEMEHHYIO T,

HCIOJIb3Yd COOTHOIIEHHE dT = d—‘g Orcroma y = —= —. na v(C, T) momy-
Y

To

9aeM COOTHOIIEHMST g—ﬁ(C, 7)=v(C,7),v(2,7) = 7_0 L —. YpasHenue Jaer
v = A(C)e", uaro uporusopeunr suny v(2, 7). Cienosaresbho, 3ama49a He
nMeeT PeIeHus. O
7. Pemurs 3amaay Komn

du Qu _ ,0u _

oz + oy %9z = 4du,

Ulze1 = 2YZ
B TIOJTyIPOCTPAHCTBE = > 1.
A Cocrasnsenm ypasmemms xapaxrtepmerms 9 — W — _dz py

yp pakTep = 5 = %

nepBble uHTErpanbl oyayt 2z —y = C, ze®* = (3. BBonum mapamerp
BJIOJIb XapPaKTEPUCTUKHU, TIOJIb3YACh COOTHOIIEHUIMI dT = dTm, Tlz=1 = 0.

IMonygaem 7 = x — 1. Beipaxaem ucxomubie nepemennsie yepes 7, Cp, Co:
r=7+1,y=21—C1+2, 2= Coe " L. lIna bysxuun v(Cy,Co,T) =
= u(z,y, z) noIydaeM 3344y

v _

or dv,

’U|-,-=0 =1- (2 — 01)02671.
Pemas ee, maxomum v = (2 — C7)Coe?™ !, Bosppamasch K HCXOTHBIM
epeMeHHbIM, TIOTydaeM oTBeT: u(z,y, z) = (2 +y — 2z)2ze5% 5. O

8. B 1915 roxy mox ropomom Unp Hemenkwe BOWCKA BIEPBBIE IIPH-
MmeHusm 6oeBble oTpasisonue Bemectsa (OB) nporus dbpanmysckoii ap-
vuu. Paccmorpum cienyromryro 3anagy. Ilycrs auuuns dporTa mpoxoaut
C ceBepa Ha IOT (HeMeIKas apMHs DACIOJIOXKEeHa K BOCTOKY OT JIMHUH
dponrTa). dyer 10ro-BOCTOUHBIH BETEP CO CKOPOCTHIO VUy. Bmosih JvHWM
dporTa cosmaerca xouumentpammst OB, pasmas ¢(zx,t), rme och = Ha-
mpaBJieHa C fora Ha ceBep, a t — BpeMms. OTpaBigromnue ra3bl TAXKeee
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BO3/yXa — OHU, HE CMENINBASACH C BEDXHUMH CJIOAMH BO3/yXa, CTEIIOTCH 110
3eMJIe U mepeHocaTcs BeTpoM. Tpebyercs paccunrars konmeHTpanuio OB
B pacroyioykeHnn (hpaHIy3CKOM apMum.

A HampaBum ock y Ha 3amaz. Konmenrpamuio OB, cuuras nsuike-
HEE IUIOCKUM, OyzeM obosHadaTh u(T,y,t). [lomydnm ypaBHeHUe, OMUCHI-
BaloIlee IPOIECC IePeHoca ra30B, HPEAINosarasd, 9TO U — HempepbIBHAs
dyHKIHA, UMefoIlasg HellpephIBHBIE YaCTHBIE MPOU3BOAHBEIE. PaccMOTpUM
MaJIbIii TPAMOYTONBHBI 3TeMeHT noBepxHoCcTH (T, T + Az, ¥,y + Ay).

O603HAYMM YTOJI MeK Iy HallpaBJIeHNEeM BeTpa W 0ChI0 T Kak . Torma
fajaHC BemecTBa 3a BpeMs At B pacCMaTPHBAeMOM NPAMOYTOJbLHHUKE
C TOYHOCTBHIO O MaJIbIX BBICIIETO MOPAJKA UMEET BU:

[u(z,y,t + At) — u(z,y,t)|Az Ay =
= {’UO cos afu(z,y,t) — u(z + Az, y,t)|Ay+
+ vo sin afu(z,y,t) — u(z,y + Ay, t)]A:c}At.

B sToM coorHOmIEHME CleBAa CTOUT H3MEHEHHE KOJUIECTBA BEIIECTBA
B IPAMOYTOJIbHUKE, & CIPaBa — CyMMa BXOJAIMMUX U BBIXOOAMIAX IIOTOKOB
BeIEeCTBa 3a Bpemd OT ¢t 10 t + At 4epe3 CTOPOHBI IPAMOYTOJbHUKA. Jless
cooTHommeHne Gamanca Ha Ay, At u nepexons K mnpeneny npu Az — 0,
Ay — 0, At — 0, noygaem ypaBHEHUE

—i—vg cosa —i—vg smagz =0. (12)

Bynem orcunThIBATE BpeMs OT HadaJjla ra30BON aTaKM, & iy — OT JIMHHUH
dponTa. Torma npu y > 0, ¢t > 0 BeimosnHeHO ypasHeHue (12) u 3amaHBI
JonoTHNTebHbIe yemoBud npu Yy =0 u ¢ = 0:

u(z,y,0) =0, wu(z,0,t) = ¢(z,t). (13)

Coorromenns (12), (13) obpasyror 3amaay Komm, kK pemernio KoTopoit
MBI ¥ IEPEXO/IAM.
CocTaBuM ypaBHeHHs XapaKTePUCTHK (2):

1 = wvocosa T ygsina”

HaXOJ_II/IM ABa HE3aBUCHUMbBIX IHNEPBBIX HWHTETDaJIa YPAaBHEHUA XapaKTepu-
CTHUK

Ty T, (15)

Vg COS Qv Vo sin

O6mee pemenne ypasaerns (12) Gymer

— z y
u(m,y,t) = F(t_ Vg cos t— vosina>'

11 A.B. Bacuasesa, I'. H. Mexsenes
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JomosiauTEIPHBIE YCAOBUS OAIYT

_ y _
U(%yao) = F<_v0c%sa’_vosina) =0,

u(z,0,t) :F<t— W%,t) = o.

13 5Trx cOOTHOIIEHMIT TPY/IHO yCMOTPETh sABHBIA BuA GyHKIUU F', 103TO0-
My TpHIeTCs AefCTBOBATH COTJIACHO OOIIEMY aJTOPHTMY, W3JI0XKEHHOMY
panee. Pukcupyem Touky (z,y,t). [Iycts (z*, y*, t*) — Touka mepeceuenns
XapaKTepuCTUKH ', mpoxoxsameiit wepes (z,y,t), ¢ MOBEPXHOCTBIO S, Ha
KOTOpOii 337aHbl mononauTeabHbIe yeaosus (13). ITosepxrOocTh S cormac-
Ho (13) cocrouT m3 nBYX momymrockocredi (t = 0,y > 0,—0c0 < & < 00) 1
(t>0,y=0,—00 < z < 00). CoorBercTBeHHO CooTHOmEHN: (9) HyZKHO
paccMaTpHUBaTh B IBYX CIydasx

* *

X ok X X gk X
t_vocosa_t T Pocosa’ t_vocosa_t ~ Pgcosa’
Y sy Y Y
Vg sin o Vo sin ¢’ Vo Sin a Vo sina’
t* =0, y*>0. t* >0, y*=0.

IlepBoit corydait peanmusyercd, ecau t < % syina' IIpu stom a* = & —
—tvg cos a, y* = y—tvgsina mu(z,y, t) = u(z*,y*,0) = 0. Bropoii crywqaii
BO3MOKEH, ecyiu t > ~—. IIpu stom z* = z—yvg ctga, t* =t — y

Vo SIn & Vg Sin o
_ _ _ )
n u(z,y,t) = u(z*,0,t*) = p(z*,t*) = go(:v —yctga,t — sina)' Takum
00pa3oM, mOoIydaeM OTBET 3a0a4N:
_ _ Y Y
u(m,y,t) _ SD("T yctga,t Vg sina) mpa ¢ > Vg sina’ (16)
0 npu t < Yo
Vo SIn

O6paTuM BHEMaHHE HA TO, YTO IEpBbleé MHTErpajbl ypABHEHHS XapakK-
repuctnk (14) ompenensitorcss HeomEo3HAUHO. Hampmmep, MokHO GBLIO
BBEIOpAThH APYTYIO Hapy HE3aBHCHMBIX HHTErPAJIOB

r—yctga=C, t-— Y _ — .

Vo sin o

B srom ciygae obuiee pemenne ypasaerus (12) cormacro (6) 3ammmercs
B BUIE

— Yy
u(x,y,t)—F(w—yctga,t—Uosina). (17)
rae F' — npousBosibHas DyHKIHA.
Ucnonbsyst ycnosust (13), mpm ¢ = 0 m mobeix z, y > 0 nmeem
)
Vg sin «
BTOPOi1 aprymeHT GyHKImH F' oTpUnaTebHbIN.

u(z,y,0) = F(m —yctga, — ) = 0. CaemoBarensbro, F' = 0, ecnm
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IMpu t > 0, y = 0 mmeem u(z,0,t) = F(z,t) = p(z,t). Hocaenuee
COOTHOIIIEHNE ONIpeiesiseT ABHbI BU dbyHKuunu F' B ciiydae, KOrqa BTOPO
aprymMenT y F' mOIOKWUTEIbHBIHA.

B pesynbrate, u3 (17) noaygaem orser 3amadu (12), (13) B Buze (16).

9. [ns pasmesleHns BEMIeCTB TIPH XUMHUYECKOM aHAJIN3E JACTO TIPH-
MEHSeTC MeTOo, XpoMaTorpadun, BIlepBhie MPeIIOKEHHBIH PYCCKAM yde-
aeiM I[BeTom. CyTh MeToma B clemyromeM. MMeeTca IIMHHAA U TOHKad
KOJIOHKA, 3alOJIHeHHAsd MOPHCTHIM COpOeHToM. Uepes 3Ty KOJOHKY CO
CKOPOCTBIO ¥y HPOIYCKAETCA MOTOK HEKOTOPOrO BEMIeCTBA, HePeHOCAIIIe-
ro UHTEPEeCYONre HAC XMMUIECKUEe KOMIOHEHTH! (6y/1eM paccMaTpUBaTh
ciay4aif IByX TaKuX KOMIIOHEHTOR ). BBejieM o603HadeHMsI: T — KOOpMHATA
BJIOJIb KOJIOHKHM, OTCIMTAHHAS OT €€ Haua/a; | — JJInHa KOJIOHKH; ¢ — Bpe-
ms; Cq(z,t) m Co(x,t) — KOHIEHTpAIUN Pa3HessieMbIX XUMATIECKUX KOM-
MOHEHTOB B MGPOBOM MTPOCTPAHCTBE MYy JacTUIAMu copbenTa; a(z, t)
u az(z,t) — KOJIAIECTBO COPTUPOBAHHOTO KOMIIOHEHTA HA MOBEPXHOCTH
qacTui] COpOEHTa; > — MOPO3HOCTh, T. €. 00bEM [OP HA €IWHUILY ODIIEro
obbema. B mpocreifinem ciaydae (Hanpumep, NpU MAJbIX KOHIEHTDAIIUAX )
KOJIM9IeCTBO COPOMPOBAHHOTO KOMIIOHEHTA a; CBA3aHO ¢ KoumenTpamueit C;
nMHEHHON 3aBuCHMOCTBIO (3aKkoH [eHpnm)

ai(z,t) = 11C1(z,t), az2(z,t) =2C2(x,t), (18)

TIe Y1 U 72 — W3BeCTHBIE (pU3NIeCKNe KOHCTAHTHI.

IlycTs HA BXOZ OJAETCS B TEUEHUE BPEMEHU ty CMECh JBYX KOMIIOHEH-
toB. CopammBaercsi, KAKOBa JOJKHA OBITH JJIMHA KOJIOHKHU [, 9TOOBI Ha
BBIXO0/I€ KOMIIOHEHTBI Pa3IeIUIICh.

/A BeiBemem ypaBHEHHE MEPEHOCAa KOMIIOHEHTOB. JIjis 9TOro paccmar-
pUBaeM ydacTOK KOJOHKM OT T 10 T + Axz. 3a Bpems At u3meHneHue
KOJIMYECTBa KOMIIOHEHTA HA 9TOM ydJacTKe Oyzer

{[Ci(w,t AL — O, t)]5e + iz, t + At) — ai(w,t)}Aw -
= [Ci(z,t + At) — Ci(z, )] (3¢ + Vi), i=1,2.

V3MeHeHre TPOM3OMIIO 34 CYET PA3HOCTH BXOAAIIErO W BBIXOISIIETO
norokoB Bemecrsa [C;(z,t)vg — Ci(z + Az, t)vg]At. IlpupasauBaeM 5Tu
BbIpakeHus, neys Ha Ax At; nepexons K npezesy npu Az — 0 u At — 0,
MOJIy9aeM yPaBHEHUS IIEPEHOCA KOMIIOHEHTOB!

9C; oC; .
(e+v) 7 vy =0,  i=12 (19)

W3 nocranoBku Gu3nydeckoil 3a1a9m CJIEAyeT, YTO HaYaJbHble W TPAHUY-
HBIE yCJIOBUsA OymyT:

C?, 0<t<t,

0, to < t, (20)

Cie,0) =0, 0.0 ={

11%*
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rae C'? — 3aJaHHAs KOHIIEHTPAIMs KOMIIOHEHTOB HA BXOJE€ B KOJIOHKY.
ITponece onuckiBaercs 3amadeii (19), (20). Tpebyercs onpenenuTs perire-
HUe IIPH £ = | 1 HaliTH yCIOBUSA, IPU KOTOPBIX KOMIOHEHTHI Pa3 e aioTCA.
Pemaem 3azaay (19), (20) mias mepBoro KoMmoHeHTa. YpaBHEHHE Xa-

dt dx

PaKTepUCTHK Oymer - T v IlepBoIii METErpas 3TOr0 ypaBHEHHS
nMeeT Bum t — %:071:3 = const. Haxomum obmee pemenwe Cq(z,t) =
=Ft-Z= jo’yl z). Ucnonp3ys maganpaste ycaosus (20), mmeem
0
+ Y1 Cl’ 0 < t < t(],
F(-2350e) =0, F(t) =
Yo ’ ( ) 0, to < t.
CnenoBarenbro, dyHknus F 3amaercd COOTHOIIIEHUEM
0, ~ZiMi<e<o,
F(§) = C?a 0 < <to,
0, tg < é'
O603HaunM 2= ;}+—0’y1l = t,. Ha BBIXOZ€ U3 KOJIOHKH, IIpu & = | IOIydaeM

0, 0<t<ty,
Ci(1,t) :F<t— ”j(f“l) = CY, t1 <t<t;+ty,
0, to+t1 <t.

AHnajoruyso HaxXoIUM
0, 0<t<ty,
Cg(l,t): Cg, to <t <to+ty, rHE t2=
0, to+1t9 <1,

%_"721
Vo :

KOMHOHGHTI)I pa3aeadaTcd Ha BbIXOAE Hu3 KOJIOHKH, €CJIn HUHTEPBAJIbI
(t1,t0 + t1) m (t2,to + t2) He mMeroT obmero ydacrka. Ilycts s
OTIPENIEJIEHHOCTH Y| > 72, T.€. MEPBBIl KOMIOHEHT JIydIlle COPOMpyeTcs.
Torma t1 > to. YcnoBus pa3jesieHus BEIIECTB UMEIOT BULI t1 > tg + to uan
x+m 7+ 2 tovo

%o >ty + 7o = O

l. Orcroma [ >

10. IlycTe 1o peke BMECTe C BOJAOH MEPEHOCATCS COPOIIEHHBIE B Pe-
Ky OTXOIbl XMMHYECKOrO IPOM3BOACTBA. lIpenebperas MUPHHON peku
110 CPABHEHWIO C JJINHOHN, OyJeM CINTATh JBUIKEHVE BOIBI OJHOMEDPHBIM.
Hanpasum ock x Brosms pekn. Ilycts ¢(z) — moTOK BOmpl, Tpoxomsmei
Jepe3 cedeHme ¢ KoopauHaTol z. Peka BOmpaer mpuToku, mosromy ¢(z),
BOOOIIE TOBOPsl, MEHSAETCH C pocTOM x. IlycTh B MOMEHT BpeMeHm t =
= 0 Boma Obuta umcrasi, a npu t > 0 B ceueHHUH T = Ty CIUBAIOTCH
cbpocel B KommaectBe f(t). DT cOPOCHI MEPEHOCATCS TEYEeHHEM W 9a-
CTUYHO OCEJAIOT Ha JHO peku. IlycTh B eAMHUIy BpeMEHU HA €IUHUILY
JIJIAHBI PEKU KOJIUIECTBO OCAXKAAOIIETOCSA BEIECTBA PABHO « - u(z, ), Tae
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a — k03ddunment, a u(x,t) — KOIMIECTBO B3BEMEHHOTO 3arPSA3HSIOMIETO
BeIIeCTBa Ha eJUHUILY IJIHHLI peku. Tpebyercs pacCIMTaTb KOJMIECTBO
sarpasuenuii u(z,t) B peke opu t > 0, x > zg.

A BeiBemeM ypaBHeHUs NEPEHOCA BEIIECTBA, CYUTAasl, YTO (DYHKIUA U
HeNIpePBhIBHA U MMeeT HeNpepbIBHBIE YAaCTHbIe NMpOm3BOAHEIE. [I1a 3TOro
paccMoTpuM GajlaHC BEIeCcTBa B CIoe OT & 10 & + Az 3a Bpemda oT t
1o t + At. On onmchiBaeTCst, C TOYHOCTHIO JI0 MaJIbIX BBICIIErO MOPSIKA,
COOTHOIIIEHIEM

[u(z,t + At) — u(z,t)]|Az =
= [g(z)u(z,t) — q(z + Az)u(z + Az, t)]At — au(z, t) Az At.

IlepBoe cmaraemMoe B TpPaBOif YaCTW YYATHIBAET IMOTOKHA BEIECTBA:
q(z)u(z,t) — Bxomamumit B coit m ¢(z + Az)u(z + Az, t) — BEIXOIAIIHIIA
u3 cnoa. lIlocrmemmee ciaraeMoe B TPaBoOil 9acTH —  KOJHIECTBO
OCaXKJAIOMIErocs Ha JHO BelleCTBa. Pa3leluB coOTHoIIeHHe OGaslaHca

na Az At, nepexonsa k upezgeny npu Ar — 0 u At — 0, nosyuaem:
ou _ 0

ot = fﬁ(qu) — au. Orcroga npuxoauMm K ypasHeHu:o Buma (1):

Gu 4 Bt = —bu,

rue b(z) = %(x) +a. Ilpu & = 2y B peky nocrymnaer cobpoc f(t), a BHU3 110

TeUeHNI0 yXOAUT MOTOK ¢(zo)u(zp,t). OTcroma umeem yciosue u(xzg,t) =

f(t)

= . Uraxk, mporecc onucrhiBaeTcs 3aaaqdei

q(zo)
u(ﬂvo,t) = a(zo)’ u(m,O) =0.

Pemwuwm 3amaqy (21). Jas sroro cocrapisieM ypaBHEHWE XApAKTEPUCTUK

% = % HaxomuM mepBbIit HHTETrpas 3TOT0 YPaBHEHMT
t— J 2 _C. 22
q(¢) (22)

Beoaum mepeMerHyIo T, mOnb3yAch ycrosueM (3): monarag 7 = 0 npu x =
= T, HAXOIUM

L (23)

T 10 cBOeMy (DU3UIECKOMY CMBICILy — TO BPEMS 3AIA3bIBAHAS IPUXOIA
3arps3HEHNd B TOUKY T U3 TOIKHU To. CooTHOmeErNE (23) ompemenser T Kak



326 Vpasrnenusa 6 wacmuovixr npousdsooHbLT NEPE020 NOPAIKa [T 8

HekoTopyto dyrkmmio 7: = §(7). CormacHo W3/I10KEHHON BBIIE TEOpHM,
nosy4aem ypasaeane mias byskumm v(C, 1) = u(z, t):

9 (€, r) = ~B(r)o(C, 7), (24)
e 5(r) = b(z) = b(O(r)).

U3 (22), (23) cnenyer, 9T0 06s1aCTh M3MEHEHUsT T > o, t > 0 cooT-
BerctByer obnactn T > 0, C' > —71. Jononaurensuble ycmosus B (21)
saganer npu & = xo u t = 0. Cormacuo (22), (23) upu = = z( 3naveHHE
7T=0,C=t>0,anput =0, z > 0 umeem C = —7 < 0. [Tonygaem
JIOTIOJTHATELHBIE YCI0BUSA 11l (DYHKIMA ¥ B BUE

v(C,0) = % mpu C >0, v(C,—C)=0 mpu C<0. (25)
Taxknm o6paszom, 3amada Komm (8) ms dbyskmmm v momyuannacek B Gop-
me (24), (25).

Pemas smreitnoe obpikHOBeRHOE muddepennuaabaoe ypasaerue (24)
C JIONOTHATELHBIMA YCAOBHAMEA (25) IPH PA3IMYHBIX 3HAYEHUAX MApa-
merpa C, HaxX0IUM

w(C,7) =4 £9), SO0, (26)

I/ICHOJH33yeM PaBEHCTBO

Iﬂ(T) dr = Ib(e(r)) dr = j: b(x)g—; dr = T % dz.

Zo

Ioxcraiss sBHOE BhIpaxkeHwe b(z) = ¢'(x) + o U mepexons K crapbM
nepeMeHHBIM z, ¢ B (26), HAXOQUM pellleHne IOCTaBJIeHHOH 3ana4au (21):

x

R ,
R E R
. > |
u(z,t) = q(zo) g q(£)
7 g
0 t< | 5
’ q(é)
Zo
B wacTHOM Ccity9ae mpm ¢ = const mMeem
OO et Ve i P L )
u(z,t) =< 4 g /° ’ 9.
0, < T=T0
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Pemenne B Touke z “mosropsier’ dymkumio f(t) ¢ 3amasmeiBaHWEM Ha
oT

T = r—To 6 —
= —q BpeéMd XOda OT o OO0 T, U C OC/JIA0JIEHUEM B € pas,

BBI3BAHHBIM OCaXKJAECHUEM 3arpdA3HEHUAd Ha JHO PDEKU. O

3. 3agaum [uIg caMOCTOSATEILHOM PaboThI

8.1.1. Haiitu obiee pemrenue cieayomux ypaBHEHTII:

a) «* g% w2yg;;—§uy,
xT
6) « ax—i-yay—i-z =u+ 22,
B) %—x(g +1)+u,
r) ax—i—ygu—i-(z—i—x)a—u—u—x

8.1.2. Pemurh 3amaun

Ou | Ou 4
cosZ &Y% + = ——— +ttgxr, —00 <z <00,
a) o "0y~ S+l &
u(z,1) = cosz, y>1
5) Gu(ev —g)+ 0L = uy +ye¥', —o00 <z < o0,
u(z,0) = e* — 1, y>1
Ju Ou _
5) 8x+may—w+y+u, =20, y=0,
u(z,0) =z, u(0,y)=y.
) xy%+y%:1nx+2u, z>1, y>1,
r
u(a;l):ln;v—%, u(l,y):y%—y_%_

OTBeTsnI

8.1.1. a) u = F(zy)e ¥ /", 6) u= yln:c—i—F(x, a:) B) u = F(%)CU-F
+z%(tg %—i—l), r)u= xln|w|+F<%, Z_In \m|> 8.1.2. a)u=+/y2+ 1+
+ tg_:v(y _ %) _ \/§+ ¢’ 6) u = 692 + eyz/z[ez—ey—y2/2+1 _ 2]’

Vyi+tgx
2 2 3 22
B)u:em(y_%) %_%+xyay/ 2,u—e (1_W)[\/$2—2y+

2 m2—2y3/2 2 2 32
ty-+E g B ey < T )= oy
+lnx_y(3y2—1),x>ey Low=ze yy2—m%,x<ey_1.
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§ 2. KBasuinHeliHbIe ypaBHEHUS

1. OcHOBHEBIE NOHSTHS ¥ TEOPEMBI

PaccmoTpum kBazmimHeHOE ypaBHEHUE

Al(xla v 7$nau)aa_;‘1+' . '+An($la v 7"Enau)ﬂ = R(wla v 7$nau)a (1)

ol
rae A; u R aBnsarorcsa HenpepblBHO auddepeHnupyeMbiMu (OyHKIUIMA
CBOWX apryMeHTOB, KOTJA I1, ..., Ty, U OpuHAAIeXRAT (n + 1)-mepHOi
obnactu G.
ITycre pemenne ypasmenns (1) u = u(xi,...,Z,) B HEABHOM BHIE
OIIPEe/IAETCS yPABHEHUEM
v(zy, ..., 2n,u) = 0. v (2)
) ou _ _ Ox;
Cuwnras 5u # 0, BeIpaxkas n3 (2) IPOM3BOHBIE dri = " ov MOICTABISAS
nx B (1), momyaaem du
v v v _
Alax1+"'+A" xn+R8u_0' (3)

VYpasuenue (3) gaBjisgercs JUHEHHBIM yPABHEHHEM OTHOCUTEJIBHO (DYHKIUM
v(Z1y. .., Tn,u), 1OCKOIBKY A; 1 R oT v He 3aBucar. Pemas ypasaenue (3)

C TIOMOIIBIO METOJIOB, U3JI0KEHHBIX B § 1, Haxomum v. Ecim g—z = 0 BCcromy
B paccmaTpusaemoii obractu G, To u3 (2) onpenensem u(xy, . .., Tp). Cay-

4Jaii obpalleHust TPOU3BOIHOMN % B HyJIb Oy/IeT PacCMOTPEH B pa3zmese 3.

3adawa Kowu. Ecim tpeGyerca maiitn pemenwe ypasHerus (1) B 06-

gactn (G M3MeHEHWs] TIePEMEHHBIX I1, ..., Ty, U TPHA JOTOJHATEIHHOM
ycaosun ulg = ®(z1,...,,), TO TOBOPAT, UTO AJs ypaBHeHus (1) 3amana
sagada Komm u sanuchBaioT ee B BUIE
Ay )G A ) g = R( )
1\Z1,---,Tn,U o nml,...,xn,ua = Lly---93Lpn,U),
1 Tn
’U,|S:q)(.’£1,...,11}n). (4)
3nece S — rnagkas MOBEPXHOCTh B O0JIACTH HM3MEHEHHS II€PEMEHHBIX,
3amaHHag ypasHeHueM ©(T1,...,T,) = 0; A;;, R mw ® — HenpepbiBHO

nuddepennupyembie QYHKITAN.
Teopema 38. Paccmompum sadawy Kowu (4). Hycmo:

1) Oas pynryuu v, onpedeasemoti ycaosuem (3), evinoarerno g—z #0,

2) nosepzrocmsv S maxosa, wmo npoexyus 410608, npunadaercawet
A M L
G, zapaxmepucmuru ypasuenus (3) Ha NAOCKOCMD NEPEMEHHHLT
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T1y---y Ty UMEEM C S 00HY U MOABKO 00HY MOUKY NEPECeUeHUS.
Kpome mozo, 68 mouke nepecenerus NPoeKyus TAPAKMEPUCTIUKY HE
asasemcs kacameavnoti x G.

Tozda pewenue 3adavu Kowu (4) cywecmsyem u eduncmeenho.

PaCCMOTpI/IM CXeMy OOKa3aTeJabCTBaA. BBOﬂI/IM (byHKHI/IIO UV, CBA3aHHYIO

¢ u coornomenueM (2). ns v B caydae O_Z # 0 momygaem ypasaerue (3)
U JIOTIOJTHATEJIbHOE YCIIOBUE

v(T1y ..y Tn, ®(z1,...,20))|s = 0.
CocraBisieM ypaBHeHNsI XapaKT€PUCTUK JjIsl ypaBHeHus (3):

dz dx
e =% _dy (5)
Ay A, R
XapakTepuCTUKN TPeCTaBIsaoT coboii kpueble B (n + 1)-mepHOM mpO-
CTPAHCTBE NEPEMEHHBIX X1, ..., Lp, U. I3 (5) HaXomuM n He3aBUCHMBIX

MEPBBIX UHTETPAJIOB

Yi(zy, ..., xn,u)=C;, i=1,...,n. (6)

®uxcupyem npomsBonbHy Touky z* = {z},...,z}} € S. O6osmatumm
u* = u(z*) = &(z*). Paccmorpum xapakTepuctuky I', npoxonamiyto aepes
rouky (z*,u*). Ilockombky (3) sBnsierca ypasueruem Buza (5) u3 pasze-
na 1, To 3HavYeHMe v coxpaHsieTcs BO Beex Toukax I': v(z,u) = v(z*,u*) =
= (. BelpasuM 3HaUeHWe KOOPIWHATHI U B MPOU3BOJIbHOI Touke I’ wepes
3HAa4YEeHHUS OCTAJIBHBIX KOODAUHAT Z1, . . ., T, B 3TOMH ToUKe. [lomydnm QpyHK-
o u(Z1,...,Ty), YIOBIETBOPAIONLYI YPABHEHUIO U(Z1,...,ZTn,u) = 0,
T.e. (2). Ipomeras momOGHY0 ONEPANUIO I XAPAKTEPHCTHK, COOTBET-
CTBYIOIIMX BCEM TOYKaM &* € S, Haxouum penienue B obnactu G.

B reoMeTrpmuecKknm HArJISJHOM CJIydae JBYX HE3aBUCHMBIX MepeMeH-
HBIX S TpejcTaBsieT co0oi KPUBYIO Ha IJIOCKOCTH (X1, T2), a ycuosue (4)
OmnpesieNiAeT KPUBYIO B MPOCTPAHCTBE (T1,Ts,u). IIpm 3TOM HHTErpah-
Hag OOBepxXHOCTH 3amadn (1), (4) — 9TO MOBEPXHOCTH B TPEXMEPHOM
npocrparctee. OHa mpoxomuT 4wepe3 Kpusyio (4) m “crimTa” u3 xapak-
Tepuctnk (pemennii ypasHeHus (5)) B TOM CMBICIIE, 9TO 9epe3 KarKIyro
TO‘-IKy I/IHTeraJIbHOfI IIOBEPXHOCTU MPOXOAUT XapPaKTEPHUCTHUKaA, IIEJIMKOM
NpUHA/IeKAINasa ITOH MOBEPXHOCTH.

3ameuanue 3. Cayuait obparmieHus g—z B HYJIb PAaCCMOTDEH B pa3-
nene 3. O

Sameuyanune 4. Ecim He BBINOMHEHO yCIoBHE 2) TEOPEMBI, TO KaK
7 [yIs JIMHEWHOTO ypaBHEHWs, PACCMOTPEHHOrO B pa3zese 1, 3amada Ko-
I MOKeT OKa3aThCd B 00JIACTU HEJOONPEIeIeHHON WM IIepeoIpeiesieH-
HOI1.

3 npuBemeHHBIX PACCYKIEHUIT TOMydaeM CIeAyIOMHi aJIrOPUTM pe-
menns 3ama9u. Beibupaem Touky. Umeem (n + 1) HemssecTHOE, CBA3AHHOE
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¢ 9TOH TO4UKO. DTO N KOOPAUHAT I, ..., T, OLPENEIAIOIINAX XapaKTePU-
cTuKy, u (n+1)-e Hen3BeCTHOE — 3HAYEHHUE U B TOUKE x. [|js onpemetennst
9TWX HEm3BECTHBIX uMerorcs (n + 1) ycmoBue. To n COOTHOIMEHNIA, BBIPa-
JKAIOMIUX COXPaHeHWe 3HadeHuil mHTerpasos (6) BIOIb XapaKTEPUCTUKU
¥ YCJIOBUE TMPUHAJIEXKHOCTA TOYKH L TOBEPXHOCTH S':

wi(xla"'axnau) :’l/}Z(.’E’{,,.’E:”q)(.’E’{,,.’E;)), i = 15"'7”7
o(xf,...,zx) =0.

(7)

U3 (7) HaxomuM v Kak (PYHKIUIO IEPEMEHHBIX &1, ..., T, T.€. DEIICHIe
sagaan Komm (1), (4).

2. Ilpumeps! pemrenud 3aga4

1. Haiitu obiiee pemrenne ypaBHEHUS

w2+2
xy%%— 22}%

+u% =0.
A  Umewm pemenwne v W3 HeABHOTO coOoTHOmeHus v(x,y,u) = 0, rme v
yJIOBJIeTBOpLAET ypaBHeHuIo (3):

ov . T2+ 9 dv 20v _
Wort 2 oy You— Y

VYpaBHeHUs XapaKTePUCTHK (5) MMEOT BU,

dz _ 2dy _ _du
Ty 2t w?’
“ . a_c atc_ c
Vcnonbsyem nssecTHOe CBOMCTBO nponopuuii: ecm § = =, To Td~ d
d d(y —
IMomy49aem u3 ypaBHEHHI XapaKTE€PHCTHK: (“’yg _ x2) = —d—“2.
(z+y) (y— =) 2u
Orcroma HAXOAUM MEePBbIE HHTETPAJIBI z i—z =CL,z+y— ﬁ = (5. Obuee
pemienue ypaBHeHus g v 6yner v(z,y,u) = F(Cy,Cq) = F(i i_ Z,m +
+y- %) U3 coornomennsa v(z,y,z) = F(Cy,C2) = 0 maxomam Co =
1

= ®(C}), rme ® — npomssombras byakuuns. Orcooma caexyer 4y — 50 =

= @(;tg) Orser: u = %[x—l—y—(}(ii—gﬁ]_l.

2. Pemurs 3amaay 2 u3 pazaesna 1 MeTogoM, OMMCAHHBIM B HACTOSIIEM

naparpade, pacCMaTpUBasi JIMHEHHOE yYPAaBHEHUE mg—g + yg—z = Y+ u Kak

YaCTHBIN Clydall KBa3WJINHEHHOIO YPaBHEHU.
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A Umem u m3 coorHomenmst v(z,y,u) = 0, rme v yIOBIETBODPSIET
YPaBHEHHIO

2G8 +yGe+ (ay +u)Go =0.

dx dy du 0
== = . HH N3 IIE€PBBIX
y Ty +u O p
WHTErPaJIOB JIETKO HAXOAUTCS U3 JIEBOIO PABEHCTBA YPAaBHEHHUIT XapakKTe-

d

puctuk: x/y = C1. [locne sToro npaBoe paBeHCTBO JAET & — %7“

Yy Ciy’ +u

Orcroma % = % + Chy. Pemas sTo mHeliHOE ypaBHEHNE, HAXOAUM: U =

= C1y% + Coy. Tlomygaem ermie OfUH WHTETpaJl ypaBHEHIH XapaKTePUCTHUK:
2

Cy = % = % — z. OyHKIHUA © OMpPeNesaeTcsd COOTHOIIEHUEM

v(z,y,u) = F(Cy,Cq) = F(%,%—x) = 0. Orcroza %—w = @(%), rme ®

— npou3BosibHag Gyrknuda. Haxomum v = zy + y‘l’(%) Yrob6bI mpUBECTU

P
OTBET K BUJY, TIOIy9IeHHOMY B § 1, 06o3raunm f(a) = %

+ xég(f/yy) =zy+zf(z/y). Orer: u = 2y + 2 f(z/y). -

VYpaBHEHUS XapaKTEPUCTHK OYIyT:

. Torma uy +

3. HaiiT mOBEPXHOCTD, YAOBIETBOPAIONIYIO YPABHEHIIO

0z 0z —
Tz g +yzay +2y=0
U MPOXOJIAIIYIO Uepe3 KpuByio xy = 4, z = 2.

A  Umem z kak HesBHYH (YHKOUIO 3 cooTHOmenwms v(x,y,z) = 0.
g v nomygaem ypasaenue (3) B BAIE

2y 5o CANE yz —zy gz =0.
YpaBHEHUS XapaKTEPUCTHUK Oy/IyT % = % = fg—z. Orcroma y/z = C4,

C1z2? + 2% = Cy. Pemenne waxoaum u3 ycnosust v(z,y,2) = F(Cy,Cs) =
= F(y/z,yr+2%) = 0. Orcroma obimit BU pelneRus ypaBHeHA:: YT +2° =
= ®(y/z), rne & — noka npoussosibHag GyHknud. IloBepXHOCTD HO/KHA
NPOXOIUTH Y€pe3 3aJaHHy10 KpuByo. [loncrasnaa y = 4/x, z = 2 B oOmmit
BuyL pemnenus, norydaem 8 = ®(4/x?) npu mobbix z. Cregosarensho, =
= const = 8. Otser: yx + 22 = 8. O

4. HaiiTu 10BepXHOCTH, YIOBIETBOPSIONLYI0 YPABHEHUIO

gg mygz =222

1 ycroBuio z = x2 mpu z2y? = 4.
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L dr _ dy _ dz
A VYpapmenms xapakrepucrtuk (5) mmeror Bmm: & = ~Zy = a-
Haxomum mepsele maTErpatsl &2 — z = Cq, y?z = C. 3amedaen, uTo

JAOIIOJTHUTEJIbHBIE YC/IIOBUA B 3a/1a49€ 3aJaHbl Ha XapaKTEPUCTUKE .’172 —Z =

=0, y2z = 4, ma xoropoit C; = 0, Cy = 4. Obiee pemenne ypaBHEHHSI
Gyner F(Cy,C3) = 0 mm Cy = ®(Cy). Ucnonp3ys monosHATEIHHBIE
ycnosus, nonygaem ®(4) = 0. Ilpu 3HA9eHUAX apryMeHTa, OTIAIHOM OT 4,
dyukmua & — npomssompHaa. Cireg0BaTeIHFHO, TOBEPXHOCTD OIPEIEIEHA
HEOJIHO3HATHO.

TakuM 06pa3oM, HOBEPXHOCTh 2z = z(&,y) HEeSBHO ONpPeIesseTcs ypaB-
wenmem 12 = z + ®(y%2), e ® — npoussBobHAT BYHKIHMSA, YIOBIETBO-
psrowas ycnosuio ®(4) = 0. O

5. PaccmorpuMm 3ajady 0 TpOTEKAHWM BOJBLI CKBO3b MECOK. IlycThb
2 — BepTUKAJbHAsA KOOpAUHATA, ¢ — BpeMs, u(z,t) — BIAXKHOCTH [IECKA,
q — CKOPOCTH CTEKAHUs BOIBI O JAeACTBUEM CUJIbI TsizkecTu. CKOPOCTH ¢
3aBUCHAT OT BiaaxkHOCTH. IlycTh ¢ = %u, rme k — Ko3(ddunuent, a u

MEHSETCA OT HYJIS 0 Umax, OIPEIEJIIeMOro IIOPUCTOCTRIO TTecKa. Bajanc
BOJIBI B CJIO€ OT 2 10 z + Az 3a Bpems ot t 1o t + At umeer Bug,

z+Az
| et + a0 —ulg ] de =

z

(8)
t+At
= J % [q(u(z + Az, )u(z + Az, 7) — q(u(z, 7))u(z, T)} dr.
t
Hennm (8) Ha AzAt. Cuntas u HenpepsiBHO auddepernupyeMoii GyHK-

nwmeit z u t, nepexoaum K npegeiny npu Az — 0 u At — 0. YuursiBas Buj,

2
dyukuun ¢q(u), nomyaaem % + % (k%) = 0. Orcrona mMeeM KBa3WJIu-

HellHOe ypaBHeHUe
ou Ou _
ot T kug, =0. (9)

Paccmorpum mnist mpocToTel 3ama4y HA OECKOHEYHOM ydacTKe —00 < 2 <
< oo. Ilycts B HAYABHBIA MOMEHT BPEMEHU

1 opu z > 1,
u(2,0)=®(2) =<2—2 mpm0<2z<1, (10)
2 npu 0 > z.

TpebGyercsa Haiitu pemenue 3amadn (9), (10) opu 0 < ¢t < 1/k. (Takoit
BBIOOD mMHTEpBaJjia OyIeT pa3bsicHeH B 3amade 1 u3 § 3.

A Cocraum ypasHerwme (5) 1yia paccMaTpUBaeMoro cirydad. Vmeem

dt _ dz _ du
T~ ku_ 0° (11)
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IMocemmee COOTHOMERNE Hy»KHO TOHIMATL B TOM CMBICIe, 9T0 du = 0.
Orcrona momywaem nBa nepebix naTerpana (11): u = Cp n kCit — z = Cs.
Cootromrenus (7) nproOpeTaloT BUL,

u(z,t) = ®(2*),
ku(z,t)t — 2z = k®(2*)t* — 2*, (12)
t*=0.

VYuntesasg (10), paccMaTpuBaeM TpHU CIIydasi:
a) z* > 1. Torma n3 (12), eepaxkasa ®(z*) ¢ nomompro (10), meem
u(z,t) =1,
z* =z —kt.
Orcrona Haxomum: u(z,t) = 1 opu z > kt + 1.
6) z* < 0. U3 (12) u (10) upm sToM caemyer
u(z,t) =2, 2*=2z-— 2kt

Orcroma u(z,t) = 2 upum z < 2kt.
B) 0 < 2* < 1. Honywaem

u(z,t) =2 — 2%,
kt(2 — 2%) — z = —2*.

Orcropa u(z,t) = I:t:21 npu 2kt < z < kt + 1. Takum obpazom, perienue

HalineHo npn Mobex 2 € (—00,00) n t € (0,1/k). O

6. Ilycrts gepes cmoit 0 < < [ mopucroro copbeHTa B HaIpPABIEHUN
OCH I TTPOXOIUT MOTOK BO3/IyXa CO CKOPOCTHIO (¢, TEPEHOCAIINH Ta3006pas-
HOe xmMmmdecKkoe BemecTBo. Ilycts C(z,t) — KOHINEHTpAIWs BEMECTBA B
nopax, a(z,t) — Ha MOBEPXHOCTH COPOEHTA. DTN KOHIEHTPAIN CBSI3AHBI
coorHommerneM a = f(C). ®ynkuus f Ha3pIBaeTCs M30TEPMOI copOIum.
Ee Bug 3aBucut ot cBOMCTB copbenTa. PaccMoTpuM Takyio 3amady. [lycTs
npu t = 0 copbeHT YncThIii, a mpu t > 0 Ha BXOI MOJAETCH KOHIEHTPAIUs
C(0,t) = at. Hycrs f(C) = kln(1 + C). Tpebyercs onpenennts C(1,t) —
KOHIIEHTPAIINIO BEINEeCTBAa Ha BBIXOAE U3 CJIog copbeHTa. 3amady Oymem
paccMaTpUBaTh B TPEMOIOKEHUN, 9TO | < %.

A C TOYHOCTBIO O MAJBIX BHICIIErO MOPSAIKA GATAHC BEMECTBA B CIIOE
(z,z 4+ Az) 3a Bpems ot t no t + At 3anmchIBaeTCa B BUzIe

[C(z, t+At)+a(z, t+At)—C(z, t)—a(z, t)]|Az = ¢[C(z,t)—C(z+Az, t)]A.

OTcroma cemyer, 9TO MPOIECC COPOIUM ONUCHLIBAECTCS ypPaBHEHHEM
%(C +a) + 75 = 0. Mcnombsys sisHbil Buj 3aBHCHMOCTH a OT C,
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HaYaJIbHbIC U TPDAHWUYIHbIC YC/IOBUA, IIOJIy9a€M 3a4a9y
oC | Oa , ,0C _ _
ot T ot T %o =0, a=kln(1+0C), (13)
C(z,0) =0, C(0,t) = at.

VYpaBuenne npuauMaeT 6ojiee TPOCTON BUI, €CIN MEPEATH K JIOKAJIHHOMY

BpeMeHH T = t — % Urax, BBEIEM HOBBIE EPEMEHHBIE T = { — %, £ =z

0 _ 90 10 0 _ 0
Torna 50 = 3¢ ~— a0 ot — or

C(&, ) momygaem 3amady

. B HOBBIX IIEPEMEHHBIX OJIA (byHKHHH

g—g+q%—§:0, a=kln(1+C), 0<¢

C(§,—§>=0, C(0,7) = ar, T> —

L,
(14)

UM /A

IloacraBisisi ¢ B mepBOe ypaBHEHUE, TMEEM

oc, _k_ , ,0C _
or T+C T4 =0
OT0 KBa3WIMHEHHOE ypaBHEHHE. /{711 €0 pemeHns COCTABIIAEM yPABHEHHE
xapakTepucTuk (5):
dr a _ dc

k/(1+C) ¢ 0

IlepBbie mHTErpaABI YPABHEHNS XaPAKTEPUCTUK OYIyT

qr — li-—kC = const, C' = const.
MHuoxkecTBo S, Ha KOTOPOM 3aJaHBI JIOTOJHATETHHbBIE YCIOBHS, COCTOUT
u3 nByx gaydei (1 > 0,6 = 0) u (7 < 0,§ = —qr). O6ozHaunMm 7*, £*

KOODMHATHI TIEPECEUeHUs IIPOEKIINN XapAaKTEPUCTUKH, IIPOXOAAIIEH depes3
rouxy (7,&,C(7,€)), ¢ MHOXKecTBOM S. YUnTHIBasg IDAaHUYIHBIE YCIOBUS
B 3azaqe (14), nonygaem coornomenus (7) B Buze

_ &k I &k B g*
qT 1+ C(T,f) =qT 1+ @(T*,g*) ) C(T7 5) - q)(T af ) (15)
Jubo 7* > 0, £&* = 0, mubo 7* < 0, &* = —q1*,

art*, ecm T >0, £ =0,

o)~ {o

ecmm 7 <0, £ =—qr*.

Paccmorpum nepssriit cnygaii, korma 7* > 0. Torma u3 (15) nveem

§k
T 1yar 1 (16)
C,7)=ar*.

U3 (16) npoekuus XapaKTEPUCTHKU HA ILIOCKOCTH &, T ONPEAEJIAeTC

d .
COOTHOIICHHEM 7> = %(1 + at*) n npeacraBasieT co6ON MPAMYIO JIMHUIO.
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OTH JUHAA NPU PA3IUYHBIX 3HAYEHUAX 75 m300parkennl HA puc 57. s
OTIpeJieJIeHNs 3HAUEHNS T*, COOTBETCTBYIOMIEro ToUKe (&, T), IMeeM KBaJl-
partHoe ypasaerue (16). Pemasg ero, Haxomnum

T*:%[T_gi\/(T_g)ﬂg(f_%)]. (17)

Uz (17) Bugso, uro mpu 7 > & % CyIIeCTBYyeT €JUHCTBEHHBIN IIOJIOXKU-

TenbHBIA KopeHb T* > 0. Eciu 7 < 5% < l% < L1 10 o6a kopHsa (17)

a?
OTPULATE/IBHBL.
Paccmorpum Bropoii crywaii B (15), korma 7* < 0. Torzma u3 (15) nmeem

— k= *_ L
qr — &k = qr* = 7, (18)
c,r)=0.
U3 (18) Hak/IOH mpoeKImii XapaKTEPHCTHK % = % Onm mpesCcTaBagoT
co0oli mapaJiLieibHbIE JIUHUHU, PACHIOJIOKEHHbIE HUXKE JIMHUN § = %T Ha
puc. 57. Takum obpa3oM, HaliIeHO PeIleHne MPU BCEeX 3HAYEHUAX T .
T
|
/ £=47
|
|
|
|
.
£
|
1
§=—qr
Puc. 57.
Bosspamassach K NCXOIHBIM TEPEMEHHBIM, Oy IaeM
2
1 _z)_ _z _ dkza
! [a(t 21y (aft-2) 1) - 2 ]
Cla,t) = npu t = 1tk —(i]_ k;c, O
0 upu t < #w
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3. 3agaum m ynpakHeHUd Il CAMOCTOATEILHON PaboThHI

8.2.1. HaiiTu obiriee peltieHne CIeayOMUX YPaBHEHUI:

a2 =
a) © 8x+y8y 1—u2=0,
ou _ 2z* Bu_ 2
0) 25z ~ oy w1
B) (2 +u) 0L +y“gu+<x+u)2U—x+z,
r) ;1:222—1—8 + (u? —l—z)g—g:Quz.

8.2.2. Haiitu pemrenne 3a7a4un B yKa3aHHOU obJracTm:

ou au_ _
) (:z:—l—yu)am—l-yay 2<y<1,
Uly=—2 = — %, —00 < x < 0.
. 2% —yGt — (B —y) =0, o> 3,
’LL| 1 =2, y<%.
=3

8.2.3. HaiiTu moBepXHOCTD, yAOBJIETBOPAIONILYIO YPABHEHUIO U TIPOXO-
JIAINYI0 Yepe3 3aJaHHYI0 KPHUBYIO:

a) (w+y)ax +2yG =142 20 =1,
0z

6) (22 —l—l) +cos Z‘ay =28 , 2, = (arctgz + /3) 72,
3
B) 2 (3:c+6z) —I—l—O z =y'/3 npu x = y?/3,
20z _ _ .2
r) yax—|—3m aZ—z 7Z__E npu 23 = y? + 4.
OrBerst
8.2.1. a) 332_y — arcsinu = F(y/z), F — upousBombHas byHKIUS;
_ 1 2 2 _ .
6) vut+1 — = ZF(@* + %), F IpPOU3BONbHAA (DYHKIHS;
B) w = F( (z — ), y(z — u)), F — mpousBonbHas (yHKIMS;
r) u-}-z — ui = F(y + 2 u+x + y) F — npoussosibHas DYHKIWS.
8.2.2. a) u = F; 6) u=(1+2zy — 3z —y) ' 8.23. a) 2z = tg(ﬂ
2\3/2
+ 3 1551)56) 2 = (arctga + tgy) % ) EEEI— — 0o 450,

r) % +5= (23 — y?), tme ®(4) = 0, a B ocrampHOM ® — HMpoM3BOTLHAS
dyHKIH.
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§ 3. PaspbiBHbBIE periieHUst

1. OcHOBHBIE MOHATHS U TeopeMbl

Meropn pemieHusi KBa3UINHENHBIX YPABHEHUH, N3/I0KEHHBINA B § 2, mpa-
BOMEDEH, €CJI BBINIOJIHEHO yCJIOBUE % # 0. Dro ycnoBue OyneT BHIIOI-

HEHO, HampwuMep, s perreHns 3amadn Komm (4) §2 B ciywae, korma
S — rmmagkas moBepxHOCTh, a ® — mrankas QyHKUMS, B HEKOTOPOU
OKpecTHOCTH noBepxHOCTH S (Wiu, Kak rosopar, B “mamom”). Ommako
€CJII PACCMATPUBATH PEIIEHUE B JOCTATOYHO HGOJIBIION 06JIACTH N3MEHEHN S
nepeMeHHBIX (“B GosbIOM”), TO JJisi IIMPOKOTO KPyra KBa3MJIMHEHHBIX

yDaBHEHH XapaKTePHO HapYIIEHIE YCIOBUS g—z #0.
Paccvorpum st Harmsaaoctu cay4ait n = 2. KBasuianneitnoe ypas-
HCHHUE IMeeT B
Ou Oou _
Al(m17m27u)6_ml+A2(x1a$27u)8—x2 _R(m17x27u)- (1)

Bynmem wuckare pemenune (1) meromom §2, T.e. U3 COOTHOIIEHUS
v(x1,z2,u) = 0, THe v — pellleHNe ypaBHEHUS

ov Ov ov _
A1 gg, T A2z, + Ry, =0

QyHKIMSA U COXPAHSET MOCTOSHHOE 3HAYEHNE HA XapaKTepUCTHKax. Pac-
CMOTPUM CEMENCTBO XapaKTePUCTHUK, HA KOTOPbIX v = (. Xapakrepucru-
KU — 9TO KPUBBIE B IPOCTPAHCTBE IEPEMEHHBIX T1, T2, U. Byaem paccmar-
pUBaTh U KaK “BBICOTY”; HA KOTOPOI PACIIOIOXKEHA TOYKA HA XapaKTePU-
CTHKE HaJ TUIOCKOCTBIO T1, T2. VI3 ypaBHEHHUI XapaKTEPUCTHK CJEIYeT,
T1

YTO 3HAQYECHUAD T1 U T2 Ha XaPaKTEPUCTUKE CBA3aHbI COOTHOIIICHUEM H =
2

A1 (z1, T2, 1) . .
= == Orcona oJHO! U Toii Ke Touke & = {T1,Z2} W PA3HBIM U
Az (21, 22, 1)

dz
OyIyT COOTBETCTBOBATH B ODIIEM CiIydae pa3Hble 3HAYECHUS dTvz Caneno-
1

BaTEJIbHO, XOTs XaPAKTEPUCTUKU HE IIEPECEKAIOTCS, HO OHU MOT'YyT IPONUTH
JIpyT [OJ, APYTOM HAaJ HEKOTOPOil TOUKOi (Z1,%2) HA pasHBIX “BbicoTax’
u; # uz. Torma momydaeMm v(z1,x2,u1) = 0 m v(x1,22,uz) = 0. Dro

IIPOTUBOPEYUT YCIOBUIO g—z #0.

Hanum cienyromyo ¢dusndeckyio TpakToBky ypasrenuio (1). Ilycrs
X1 — BpeMs, Tz — IPOCTPAHCTBeHHas KoopauHata. Torma (1) ommceiBaer

BOJIHY mepeHoca (¢ n3meHeHNeM npoduiIs) BEAWIWHBI U BIOIb OCH Zz. 110

cBOEMY (DU3MYIECKOMY CMBICIY YCIOBUE g—z = 0 o3HaYaeT BO3SHUKHOBEHUE

pa3phiBa 1 1 00pa30BaHUE yIapHON BOJIHEL

TakuMm o6pa3oM, pemas 3amady Kommu (cocrosuryto u3 ypapHeHus (1)
U JIONIOHATENHHOTO yenoens u|lg = ®(z1,22)), MOXKHO meficTBOBATH Me-
TOJIOM, M3JIOXKEeHHLIM B §2, B Tex o0/acTdX, B KOTOPBLIX IPOEKIUH Ha
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ILUIOCKOCTH T, T9 XaPAKTEPHCTUK, HA KOTOPbIX v = (, He mepecekaroT-
ca. Ecam ke 06s1acTh TaKOBa, 9TO MPOEKIWUH YKA3AHHBIX XAPAKTEPUCTUK
[IEPECEKAIOTCsI, TO HYXKHO PACCMATPUBATH TAaK HA3BIBaeMOe ODOOIIEHHOE
pelnenne.

O06001IEHHOE pEIEHNE MPEACTABIET CODOM KJIaCCMYeCKUe PElIeHusd,
T. €. pelleHus, onpeaessgeMble B § 2, “cinuTeie” 110 OIpeIeIeHHOMY ITPABUILY
BJIOJIb HEKOTOPOH KPHMBOH pa3pbiBa pemteHns Tz = 1)(x1). Ha 370l KpuBoi
[IEPECEKAIOTCS MIPOEKINN XaPAKTEPUCTUK HA IIOCKOCTb T1, To. PemexHue
C IByX CTOPOH JIMHUY Pa3PbIBA UINETCH KaK KJylacCmaeckoe pertenue. Kpu-
Bag o = (1) 3a4aeTcd ypaBHEHUEM

Z_ﬁj = F(z1, 22, u1(z1,2), u2 (21, 2)), (2)

TJe U1 U Uy TIpeJebHbIe (He pABHBIE, BOODIE TOBODS, IPYT APYTY) 3HAYUeE-
HUSA KJIaCCUYECKUX PEIeHnii Ha pasHbIX beperax paspbiBa, a pyHKmus F
OIIPEIEIAETCH 3aKOHOM COXPaHeHUsl, Ha 6a3e KOTOPOro MOJIy9€eHO ypaBHe-
mme (1).

Paccmorpum mocemunii Bompoc nogpobuee. Obprano ypasuenue (1)
MOJTy9aloT W3 ypaBHEHUs COXpaHeHUs BUIA

z1+Ax
J [B2(&, w2 + Aza, u(§, 22 + Axz)) — Ba(&, w2, u(&, x2))] dé+

T1

zo+Azy
+ J [Bi(z1 + Azy,7, u(zi + Azy, 7)) — By(z1, 7, u(zy, 7)) dr =

T2

T14+Ax; zo+Axy
= || Baerugm)dedr, (3)

Z1 2

rne Bi, By m B3 — HeKOTOpble M3BECTHBIE TJaigKhe (DYHKIUH CBOUX
aprymenTos (cM., Hanpumep, 3ana4qy 1 B § 2). Cosepmas B (3) npeneapHbIif
nepexon npu Azy — 0 u Aze — 0, caurag u(zy, xe) riaankoii dyHKIHUEH,

OBy g, = 9B2 R — By - 9B OBy g (3

ou’ ou dzx1  Oxs

obosHagaga A; =
noxydaeM (1).

Ha smavn paspesa u mepexon ot (3) x (1) HEmpaBoMepeH, TOCKOIBKY

u o Ou

HE CyImmeCTBYET IIPOU3BOAHBIX 687 u Oz
1 2

nosyanTh ycaosne (2). A mmenno, mycts Toukn (21, 3) u (21 + Az, o+
+ Az,) npunagnexar guHEU paspeBa 3 = 1)(21) (cM. puc. 58). O6osna-
9uM 06JIACTh BBIIE JIMHAW PA3pbIBA 9e€pe3 gi, HUXKE — go; uy(T1,T2) —
KJIACCUYEeCKoe pemneHne ypasHenmsi (1) B obmactwm g1, a us(zy,x2) —
B 00J1aCTH go; U3 U Up — HempepbiBHBbIE hyHKImU. YcrpemuMm Azy u Az

. B To xe Bpems u3 (3) MoxKHO
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O,

X2

91

(x1+Ax1, X0+ AX;)

(x1>x2)

. ®

3 x)
K HyJIF0. YUUTHIBasd, 9TO B JeBoil yactu (3) Toukn (€, x2+Axs) u (z1,7) €
€ g1, a (& x2) u (z1 + Az1,7T) € go, u3 (3) uMeem
[Ba (21, 22, u1 (21, 22) — Ba(x1, 22, uz(21, 22))| Az +
+ [Bi(z1, 2, u1 (w1, 22) — Bi(z1, T2, u2(r1, 2))|Aze = 0(|Azy| + |AZ2]).

Orcroma

dey Azy _ Ba(x1, %3, u1 (21, 22)) — Ba(w1, T2, ua (21, 22)) (4)
dri Az, 0 Ar1 Bi(wi, ®2, ui(@1,32)) — Bi(w1, T2, uz (w1, 32))

A{Bz —0

IIpasaga wacte (4) onpenenser dyukuuio F, durypupyromyio B (2).
2. Ilpumeps! pemnenns 3ama4

1. Bepuewmcs k 3ama4e 5 B § 2. Ee HenpepbiBHOE perienne MOrio ObITh
HalineHo smme Ha ygactke 0 < t < 1/k. Temeps paccmMorpuM permerune
sagam Komm (9), (10) §2 npm moberx ¢ > 0.

A Ha puc. 59 n306pakeHbl MPOEKINA XaPAKTEPUCTHK (pPeIeHnii ypas-
menus (11) §2 ma mnockocts z, t. Ilpu ¢t < 1/k oHm He mepecexarorcs.
B coorBercTBEM ¢ 3TEM 3HaueHME U(2,t) OJHOZHATHO ONPEIEISAETCS IO-
nosHATeNbHBIMI yenoBuamu (10) §2 B mro6oit Touke (z,t). Pemenne npu
t < 1/k ykasaHo B 3amade 5 B § 2.

IIpu t = 1/k B Touke & = 2 IPOUCXOAUT MepeceveHUe MIPOEKIHA
xapakTepuctuk. COTMIaCHO CKA3aHHOMY paHee B HacTodmeM maparpade,
upu t > 1/k crnenyer uckarh 0606mennoe pererre. OHO COCTOUT U3 ABYX
KJIACCHYECKUX DENIeHnil, IPUMBIKAIOMUX K JUHAN pa3peiBa 2 = n(t). Kak
BHJHO W3 puC. 59, K JIMHAM Pa3pPblBa CHA3Y CXOAATCA XAPAKTEPHCTUKH,
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t
z=n(1)
U =2
1
k
Uy= 1
*/
0 1 2 z
Puc. 59.
Ha KOTOPBIX ¥ = 1, cBepxy Te, Ha KOTOpPHIX u = 2. CpaBHUBas (8) u3

§ 2 u (3), maxogum By = u, By = %u CuieroBaTeIbHO, JIMHUS Pa3phIBa
HaumHaeTcs B Touke t = 1/k, x = 2 u onpenensiercs ycnosueM (4), Koropoe
B PaccMaTpUBAaEMOM CiIydae UMeeT BH/L

dz _ k/2-ul — k/2u} k

dt UL — Uz = §(u1+u2)7
IJle 41 = 2 — pelleHue BbIIIe JUHUU PAa3PbIBA, & Ug = 1 — HUXKEe Pa3pbIBA.
Orcroma % = %k ¥ JINHUS pa3pbiBa — NpsaMasi JUHUS. O

2. Pemuts 3amauay Komm

a—u-l-ku%:(], t>0, z>0,

ot

at, 0<t<t, =4,
S ©)
u(z,0) = 0.

A CocraByisieM ypaBHEHUS XapaKTEPUCTUK:

dt _ dz _ du

1 ku 0-
OTcrona HAXOAUM II€PBble MHTEIPAJIBL:

ktu — x = C1,

U:CQ.
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MHuoxkecTBo S, Ha KOTOPOM 33JaHbl JOIOIHUTEIbHBIE YCIOBHS, COCTO-
uT u3 AByx moaynpsamex (z = 0,t > 0) u (z > 0,¢t = 0). B coorBercTBIM
¢ srum nonysaem (7) §2 B Buze

ktu — z = kt*®(t*) — z*,
u = ®(t*), (6)
x*=0, t*>0

ktu — x = kt*0 — x*,
w=0, (7)
z* >0, t*=0.

Paccmorpum cootHomenus (6) mpu 0 < t* < t1. Vcnonsays (5), u3 (6)
HOJIy9aeM
ktat* — x = kt*at* — x*,
u = at*,
z* =0, t*>0.

Orcioma mpu 0 < t* < t; BemmommeHo t*2 — tt* + % = 0. Pemag
2
9TO KBaJpaTHOE ypaBHEHUE, TOIydaeM t* = % + tz — % (3HaK mepen

KOpHeM BBIOpaH Tak, 4To0bl t* — ¢ mpum x — 0). Kopers t* Gyzer
e CTBUTEIbHBIM, ecu & > 2, /%. Venosme t* < t1 maer: t < ty + kiul

2
CrnenoBarenbHo, u = at* = a(% + tz - %) opu 2,/% <t<t+ ﬁ
(B obmactu (2) =Ha puc. 60).

e
w

2

®

Puc. 60.



342 Vpasnenus 6 wacmnulr npoussodHvBLT nepeozo nopadka [T 8

Ipwm t* > ¢1 u3 (5) n (6) nmeem

ktu — x = kt*uq,
U = U,
x* =0, t* > ty.

Orcroma mosygaem: u = wy opa t > £y + % (B obnactu 1 ma puc. 60).

Hakonen, u3 (7) cienyer, aro u = 0 Ha XapAKTEPUCTUKAX, OIIPEIEJIAEMbIX
coorHomenuem ¢ = z* > 0 (B o6nactm 3 Ha puc. 60).

Kak BUIHO W3 PHCYHKA, JUHUSA Pa3PhlBa HAUXHAETCA CPa3y OT IPAHU-
upt n3 Touku (0,0). B coorromennn (4) B nanaOM ciydwae By = u, By =

= %u Kpowme toro, u = 0 B obmactu 3. [lomygaem, 9To JIuHUS Pa3phIBa

OoIpeeIaeTCa yCJIOBUEM % = %u, e B KaUeCTBE U HY’KHO BBIOMPATH

3HaYEHUE TON (DYHKIMN HA XapaKTEPUCTUKAX, MOAXOIAIINX K Pa3spPhIBY
u3 obusacreii 1 u 2. Orciofa JIuHUSA pa3pbiBa, pa3aeadomas obaacTa 2 u 3,
OIIpEIEJIAeTCS YPABHEHNEM

dr _k_ ([t =z
dt—2a<2+\/4 ka>'

HerpynHo BuIeTh, 9TO peleHneM 3TOTO YpaBHEHUs, YIOBJIETBOPSIIONINM

2
yeaosmo z(0) = 0, smaserca x = katT\/ﬁ. Touka (z3,t2) — TOUKa
2
HepecedeHns KpUBOIl pa3phlBa & = katT\/g c nuHAeH t = t1+kiul. Orcroma
4u \/g

t2:\/§1a<1 2,52), x2:ku1(t27t1).
Ilpu t > t, TUHUSA pa3phIBa pasfdendeT obgacTu 1 m 3 u ompezensgeTcs
ypaBHEHHEM Ccll_f = %ul. CnemoBarensHO, T = To + %ul(t — t3).

OrTser:

8x
0<t<‘/— 0<x<z
w=0 — X \/gka, X X 42,

0<t<t2+x_um2-2, T > xa,

kuq
t2t1+kiul, 0< o< o,
u=u, 0pH _
t>t2+2wku1m2, x> Ia.
_.(t 2 _ =z 8z x
u—a<2+ 1 a) npu \/§ka<t<tl+km’ 0<z<zy,

I‘ﬂetzz%;(1—”1—@%),wgzkul(tg—tl). O
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BAPUNAIIMOHHOE NCUYUNCJIEHUE

§ 1. Ilonsarue dyHKIIMOHAJIA

1. OcHOBHBIE MOHATHS U TeopeMbl

1°. ITpumepwv Pynryuonanos. Ecmm xaxmoit dysxmun y(z) us
HEKOTOPOTO MHOYKECTBa IIOCTABJEHO B COOTBETCTBUE HEKOTODPOE 4mcio V,
TO TOBOPSAT, YTO Ha TOM MHOXKECTBe 33JaH Pynkyuonas u mumyt Vy(z)].

IIpuBenem npumMepsl QyHKIITOHAIOB.
1. JJamHa mIockoii KpuBoii, 3aqanHol ypasHeHneM y = y(z),a < = < b:

lyl = [ V1+ (@) da.

a

2. Boobrre, 1106011 onpegeIeHHbI HHTEerpaJl

3. CroumocTh mpoe3a 10 AOPOTraM, MMEROINUM BHUJ, KPUBBIX, COEIH-
HAOMUX MyHKTel A u B.

OcHoBHas 331292 BAPUALMOHHOTO UCIHUCIEHUs — UCCIIeI0BaHue (hbyHK-
[MOHAJIOB HA YKCTPEMYM W OTBHICKAHWE TeX (DYHKIWiI, HA KOTOPHIX ITOT
9KCTPEMYM JIOCTUTAETCH.

IIpuBenem mpuMepsl TaKuX 3a7ad.

1. Uz Bcex KpWBBIX Ha ILIOCKOCTH, COeAUHAMONMX Touku A u B,
HalTH Ty, KOTOpas uMeeT HauMeHbInyo qinHy. OTBET OYeBUIEH: OTPE30K
IpsAMOli, coenuusromeil Touku A u B.

2. W3 pasmum4HbIX 10pOr, COeIUHAONUX IyHKTE A u B, BeIOpaTh Ty,
[0 KOTOPO# CTOMMOCTH mpoe3na u3 A B B MUHUMAJIbHA.

31ech OTBET yKe He CTOJIb o4YeBueH. [Ipsmosmuelinbiii nyts u3z A B B
MOXKET 0Ka3aThCsl TPYAHOIMIPOXOIMMBIM U JIOPOTUM, a 60jIee IJIMHHBIN Iy Th
MOXKET OKa3aThCs 00jIee BBITOIHBIM.

Bonbimnyio posis B pa3BuTHM BAPUAMMOHHOTO UCIUCIEHUS CHITPAJINA CJTe-
AyIOIIe KJIaCCHUIeCKHe 3aJa4u.

1. 3amaga o OGpaxmMCTOXpPOHE — JIMHWAU, IO KOTOPOW MaTepuajibHas
TOYKa OBICTPEE BCETO COCKAIB3BIBAET IIOJ, AEWCTBHEM CHJIBI TAXKECTH U3
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roukn A B Touky B (A m B He nexar Ha oxHOi Beptmkamm) (Voraxu
Beprymm).

2. Bagada 0 Teome3mYecKoi JMHUW — JIMHUW HAWMMEHbBINEH IJINHBI,
PacCIIOJIOKEHHOW HA 33JaHHOU TTOBEPXHOCTU W COEIWHSIONIEN JIBE JTaHHBIE
roukn (SIxko6 Beprymm).

3. Bagaua Jdumons — sieresgapHoil kapdareHCcKoi apeBHbl, KOTOPOIi
MMOHAI00MIOCH PEMEITKOM JAHHOW JJIMHBI OTPAHUYATH YYACTOK 3eMJIN
Hambomnpmeit wiomaan (Jleonapa Ditrep).

2°. PYHKUUOHAABL 8 AUHETHBL HOPMUPOBAHHBLL NPOCTILPAH-
cmeax. PysrumoHA sBIsieTCs 0000mennem nouaTust Gyakmun. PyHk-
IUsl OJHON NepeMeHHON CTaBUT B COOTBETCTBUE OJHOMY YHCIy T JAPyroe
qucjIio y (I)yHKHI/Iﬂ HECKOJIbBKUX IIE€PEMEHHBIX CTABUT B COOTBETCTBUE KO-
HEYHOU COBOKYITHOCTH 9WCEN X1, ..., L IACTO Y. OyHKINOHAJ CTABUT
B coorBercTBre GyHKmmm y = y(x) (6ecKOHEIHOMY HUMCITy ee 3HAYEHMIR)
quciio V.

Mmuoxecrso dynkmmit y(z), Ha KoTOpoM onpexerner dyrkmmonan V[y|,
Ha3BIBAETCA 004aCmbl0 onpedeserus PYHKUUOHaa, a aucio V — gnave-
Huem PYHKIIHOHAIIA.

Yacro apryment dynkmmonana — GbyHKnuoo y(r) — KaK 3JIEMEeHT
HEKOTOPOro pyHKIINOHAJIBHOIO IPOCTPAHCTBA HA3BIBAIOT TAKKe “TOIKOIM”.

Jig W3ydeHHs TaKWX IIOHATHI, KaK NOpupameHue (yHKIMOHAA,
HEIPePBIBHOCTh (DYHKIHOHAJIA, 3KCTpeMyM (YHKIMOHAJA W MHOTHX
JPYTUX, CYIIECTBEHHO IIOHATHE “pacCTOAHMA’ MKy apryMeHTaMu
dyHKIMOHATa — 3JeMEHTAMH PAa3JIMYHbIX JUHEHHBIX HOPMHPOBAHHBIX
GYHKIMOHAJIBHBIX IPOCTPAHCTB. TaKMMH HTPOCTPAHCTBAMH SBJSIOTCH,
HAIpUMep:

Cla, b] — npocrparcTBo GyHKIMII, HEIPEPHIBHBIX HA CErMEHTE [a, b],

C*la,b] — npocrpancrso dbyukuuit, k pas wenpepsisao guddepentu-
PYeMBIX Ha CErMeHTe [a, b].

Paccmoanue B npocrparctse Cla,b] mMexay AByMsi HENPEPHIBHBIMA
dbyakmmavm y1(z) m ya(z) (@ < = < b) MOXKHO BBECTH CJIEIyFOIIIM
obpazom

pc(y1,y2) = afgggb ly1(z) — y2(z)|-

PopMyay WU NPABUJIO, YCTAHABJIMBAIOIINE DACCTOSHUE MEXKJY 3JIe-
MeHTaMH HOPDMHPOBAHHOTO MPOCTPAHCTBA, HA3BIBAIOT MEMPUKOL ITOTO

IIPOCTPAHCTBA.
€-OKpeCcTHOCTBI0 B Merpuke mnpocrpancTsa Cla,b] wmmm  cuavhol
okpecmmnocmovlo KpuBoii y = §(x) HasblBaeTcs MHOXKECTBO BCeX

HETPEPHIBHBIX KPUBBIX y = Y(T), TAKAX, 9TO
pe(y,§) = max ly(z) —glx) <e.
Kpusbre y m § HaspBaoT B 3TOM Ciiydae Oauskumu 6 mempuke Cla, b

(puc. 61). ToBopaT Takxke, 9TO MEXKIYy y W § WMEET MECTO 6AuU30CMb
HYAEE6020 NOPAJKA.
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Puc. 61. Puc. 62.

Paccrosamem B mpoctpanctee Clla,b] Mexkay aBymsi HempepbIBHO
muddepermupyembivn dbyrkmusaym Y1 (z) 1 y2(2) (@ < z < b) HaswBaeTCs
YUCII0

_ o ! o !
pw(yl,yz)—argggb\m(w) yz(w)l+;§g§blyl(w) Yo ()]

£-0KPECTHOCTBIO B MeTpuKe mpocTparcTsa Cl[a, b] wimm caaboti oxpecm-

Hocmblo KpUBOH y = ¢(x) Ha3bIBaeTCs MHOXKECTBO BCEX HENPEPHIBHO
nuddepeHIUPYeMbIX KPUBBIX Yy = y(z), TAKUX, 9TO
N\ & / A
pcr(y, ) = agggbly(x) y()] +£g§bly () -7 (x)| <e.

KpuBble y m j Ha3LIBAIOT B 3TOM Caydae 6imskuvu B Merpuke Clla, b
(pmc. 62). BamsocTs MexkAy Y W § HA3BIBAIOT TOTHA 6AU30CMDI0 NEPEO20
nopaoka.

ABanormuHO BBOAATCS TAKKE MNOHATHS PACCTOSHHUS, OKPECTHOCTH
1 6/IM30CTH NPOU3BOILHOTO k-T0 TopsiKa B npoctpancTsax C*[a, b] byuk-
Oy, IMEIOMNX HEMPEPBIBHBIE MTPOU3BOIHBIE K-TO MOPSIIKA.

Dyrkunonan V[y| HenpepsiBer npu y = §(Z) B CHIbHONH OKPECTHOCTH
kpuBoit y = y(z), ecom Ve > 0 36 > 0 rakoe, 410

Viyl = Vgl <e,

pc(y,9) = Jnax, ly(z) — g(z)| < 6.

Dyrkunonan V]y] menpepsiser npm y = §(z) B caboit okpecTHOCTH
kpuBoit y = g(z), ecom Ve > 0 3§ > 0 rakoe, 410

Viyl = Vgl <e,

por(y:.) = max [y(x) — 5(o)| + max, |y (=) — (@) < 6

SlcHo, 9WTO y 3amaHHOW KpUBOW § CHJIbHAS OKDPECTHOCTH COIEPIKHUT
“6onpbine” KpUBBIX, UeM ciaabasg, TaK KaK B CJIaDYI0 OKPECTHOCTh § He
MONAIYT KPHUBBIE, OJU3KHE K § IO OPAWHATAM, HO CUJIBHO OTIAYAIOIIU-
ecag no mpomssomabM (puc. 61 m 62). ITostomy, ecnim ymKIMOHAT Ha
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KpuBO#l ¢ 0bJsiaTaeT HEKOTOPHIM CBONCTBOM MO OTHOIIEHUIO K KPUBBIM
U3 ee CIIbHOM OKPECTHOCTH, TO STHM YK€ CBOHCTBOM OH OyzeT 00jamaTh
¥ [0 OTHOIIEHWIO K KPUBBIM U3 ee cyiaboit okpecrHocTu. Hampumep, u3
HEMPEPBIBHOCTU (DYHKIMOHAJIA HA KPUBOM § B €€ CHUJBHON OKPECTHOCTHU
CJIeyeT ero HEIPEPBIBHOCTD HAa 3TOI KPUBOI B €e ci1aboil OKPECTHOCTH.

Dynkunonan V[y(z)] HaseiBaeTCs AUHETHVLM, ECITN OH yJIOBIETBODPSIET
YCIIOBAAM

1) Llecy(z)] = cL[y(z)], ¢ — nponsBosibHas NOCTOSHHAS,
2) Llyi(z) + y2(z)] = Lly1 (x)] + Llyz2(z)].

2. Ilpumepsl penienns 3324

1. Omnpenenurh NOPSAAOK GIM30CTH KPUBBIX

Yn(x) = n y(z) =0, x € [0, 27].

cos nz
n2

A Bamagum £ > 0. B cunbHyO £-0KpecTHOCTH KpuBoit y = 0 minm

B OKDPECTHOCTH HYJIEBOIO MOPAAKA HOMAAYT T€ U3 KPUBBIX Yp (), mid

KOTOPBIX

|cosnz —0] 1

pc(Yn(z),0) = [%1234;(} T R < e. (1)

Hepasencrso (1) Bemmonagerca mgiasg n > %
g

Takum 06pazom, Kpusble Y, (z) u y(z) 61u3KE B MeTpUKe OPOCTPAH-
crea C[0, 27].

Beoisicanm mHasmane 6u3ocTr 6071€€ BHICOKUX TTOPSIIKOB.

B c-oxpecTHOCTH TIepBOTO TOpsaKa KpuBoit y = (0 momaiyT Te u3
KDPUBBIX Y, (), 7151 KOTOPBIX

por (yn(), 0) = max| 5555 — 0] + mave | — 2055 — 0‘ =
. (2)

_ 1 2
—?+ﬁ<ﬁ<8.

Hepaserctso (2) BbIIOIHSETCS 1S N > %

Takum 06pa3om, MeXy KPUBBIME Yp, (2) n y(z) ecTh 6am30CTh 1 mep-
BOT'O MOPSJIKA.

Bumsoctn Gojlee BBICOKHMX TODPSIKOB MeXIY Yn(z) m y(z) yXKe Her.
Jleiicreurensro, paccrosame B mpocrpanctee C2[0;27] mexay y,(z) u
y(x) mmeer Bux

)

pc2 (Yn(x),0) = max |yn () — O] + max Y () = 0] + max ly" (z) — 0] =
| cos nz|

=max ——— +m +max|cosn$\:%—|—%+l>1.
n

a | sin nz|
2 X
[0,27] n [0,27] [0,27]
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Bnaunt, B e-okpecrHocth B C2[a,b] xpusoit y = 0 (Haan/IMep, npu
€= %) He MOTaIaeT HA OFHON KPUBOH Yy, (). O
2. MHccnemoBarh Ha HENPEPBIBHOCTH (PYHKIMOHA
1
Viy(@) = [ Iy (@)l dz, y e C'o,1], 3)
0

Ha mpamoit y = 0
a) B ee CHIIbHOM OKPECTHOCTH,
6) B ee c1aboii OKPECTHOCTH.

A a) 3amagmm € = i u BbIOEPEM B KAYeCTBE KPUBBIX CPABHEHUS

byrxmmm y,, (z) =

sinnx
n

, TOTTIa

1 1
[Viyn(z)] = V[0]| = J | cosnz|dz > J.cos2 nedr =

0 0
! 1
_1 _ _ 1 _ 1sin2nz| _ 1 sin2n 1
_ZJ.(l cos2nz)dr = 5 — 555, ‘0_2 asn > g
0
UTak, ¢ OmHON CTOPOHBI, KPUBHBIE Yy, (T) = % B CMEBICTE GJIT30CTH

HYJIEBOTO TIOPAAKa cTpeMaTcd K y = 0:

po(5%,0) =

SILRT _ 0‘ -0, n— oo,

HO B TO X)e BpeMms V]y,(z)] 4 V[0], n — oco.
CanenoBaresnbHo, dynkmuonan (3) paspoiBeH Ha y = 0 B ee CHIBHOMR
OKDECTHOCTH.

6) paccMoTpuM JHO0YI0 MOCIENOBATENBHOCTh GYHKIWMH y,(z) €
€ C1[0;1], crpemsamiytocst Kk y = 0 ipu 1 — o0 B ee ci1aboit OKPECTHOCTH.
DT0 03HAYAET, YTO

pcr (Yn(x),0) = max |y ()| + max lyy, ()] =0, n—o0. (4

U3 (4) cnemyer, aro r[na)]( lyr, ()| = 0, n — 0, 3Ha4wmT, 1
0,1

V{yn(z)] - V[0]| = J Y/ |dz =0, n— oo.

Cnenosarenbro, dyakuuonan (3) HenpepwBer Ha y = 0 B ee craboit
OKPECTHOCTH. |
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3. 3agaum m ynpakHeHUd Il CAMOCTOATEILHON PaboThHI

VcTaHOBUTDH MOPAIOK OJIN30CTH KPUBBIX:
s 9
9.1.1. yu(z) = 8L 4(2) =0, z € [0, 7]

n
9.1.2. y,(x) = SH;#, y(z) =0, z € [0, 7).
9.1.3. yn(z) = %, y(z) =0, z € [0, 27].
9.1.4. yn(z) = 2L y(2) =0, z € [0, 7).
9.1.5. yp(z) =sin &, y(z) =0, z € [0,1].
Haiitn paccTogHus HyJIeBOro MOPS/KA MEXK/y YKA3aHHBIMH KPUBbIMU
Ha 33/JaHHBIX NHTEPBAJIAX:

9.1.6. y1(xz) =xe “, y2(xr) =0,z €0,2].

9.1.7. y1(x) = sin 2z, ya(z) = nm :UE[O,%}.
9.1.8. y1(z) = =, y2(z) =Ilnz, z € e, e

9.1.9. y1(z) = 2%, yolzx) =2, z € [0,1].

9.1.10. y1(z) = ﬁ, y2(z) =0, z € (—00, +00).

WccnenoBarh Ha HENPEPHIBHOCTH (PYHKITMOHAJIHI.
™

9.1.11. V]y] = Jy'2 dz Ha mpsimoii y = 0:
0
a) B €e CHJIbHOI OKPECTHOCTH,
6) B ee ci1aboii OKPECTHOCTH.
2
9.1.12. V[y] = J |y'| dz na npamoit y = 0:
1
a) B €e CHIIbHOW OKPECTHOCTH,
6) B ee caboii OKPECTHOCTH.

9.1.13. V]y J\/l—f—y’zdeanpﬂMony—O

a) B €e CHIIbHOI OKPECTHOCTH,

B) B ee c1ab0ii OKPECTHOCTH.
s

9.1.14. V]y] = J(l + 2y?) dx wa npsivoit y = 0:
0
a) B ee CHIIbHOM OKPECTHOCTH,
6) B ee ciaboii OKpeCTHOCTH.

OTBersnl

9.1.1. Hynesoit. 9.1.2. Ilepssrit. 9.1.3. Ilepssrit. 9.1.4. BauzocTsb Ji0-
Goro mopsimka. 9.1.5. Bimsocrts moboro mopsaxa. 9.1.6. p = e L.
9.1.7. p = 1. 9.1.8. p = e —1. 9.1.9. p = 1/4. 9.1.10. p = 1.
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9.1.11. a) Paspeisen, 6) menpepsiBer. 9.1.12. a) Paspesen, 6) mempe-
poiBeH. 9.1.13. a) PaspreiBeH, 6) HempepwiBeH. 9.1.14. a) Pasprisew,
6) HempepbIBeH.

§ 2. Bapmnanusa dbyHKImoHasa

1. OcHoBHBIE HOHATHS

1°. Onpedeaenue sapuayuu. Paccmorpmm dbyrxmmonan Vy(z)].
Sadukcnpyem dbyaxkmmio yo(x) n3 obmactn onpenenerus: yHKIMOHAIA
V]y]. Torma mobyro mpyrywo dbyskunio y(z) u3 3Tl 061acTH MOXKHO
npexcrasuth B Buze y(z) = yo(z) + dy(z).

Usmenenne aprymenTa dynkmuonana V|y] — dyrkmmo dy(z) mHasHI-
BaKOT sapuayuet apeymenma yo(z).

Ipupawenuem byaknmonana V]y] B Touke yo(z), OTBEYAOIAM BapH-
aIy apryMeHTa 0y, Ha3bIBAe€TCH BeJIMIHHA

AV = AVyo(z)] = Viyo(z) + dy] — Vyo(z)].

Beipaxkenne AV sBasercs dyrkunoranom ot §y(z).

HanuMm 1nBa ompemesieHusi Bapuanuu (YHKIMOHAJMA. llepBoe m3 HuX
aHajorndHo omnperenennto nuddepennuana GyHKIEH, a BTOpoe Oojee
YAO0OHO C TEXHUIECKOI TOYKU 3PEHUS.

Ecnu npupamenne dyHKInoHa a

AV =V]y(z) + dy] — Vy(x)]
MOZKHO Hpe,HCTaBI/ITI) B BI/I,ILe
AV = L[y(z), 0y] + B(y(z), dy) - max |dy|,

rae L]y(z), dy] — muHelHbIH 10 oTHOIIEHN!O K §y DYHKIMOHAT, max |dy| —
MakcumasbHOe 3Hadenue |0y| u B(y(z),dy) — 0 mpm max|dy] — 0, To
NWHeAHAS O OTHOIIEHWIO K 0y 9aCTh IpHUpaIleHus (byHKIUOHATA, T.e.
L[y(xz), 0y], nasbiBaerca sapuayueti pynknuonana u obozuagaercs 0V.
3admurcupyem Temeps apryment y(z) dysrimmonana Viy(x)], 3amammum
n Toxe 3adUKCHpyeM HEKOTODYIO Bapmammio 0y apryMmenta y(z) m pac-
CMOTPHM CeMeHRCTBO KPUBHIX ¥(z, @) = y(z)+ady, rae o — mpon3BOIBHBIHA
napamerp. Ha xpuBbix y(z, o) dbyaxkmmonan V[y| npespamaercsa B byHK-

dV (a)
o V (a) nmapamerpa «. IlycTh cymecTByeT npon3BogHas o

Bapuanueii 0V dynkunonana Vy| npu y = y(x) HassiBaeTca mpous-

V()

d
BOZHAS CT npu o = 0:

SV[y(z),dy) = LVIy(z) + ady]

o a=0
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3ameuanue 1. [lonsarue Bapuanuu OyHKIMOHAJIA B CMBIC/IE BTOPOrO
oTIpeJiesIeHNsT TaKXKe AHAJOTMYHO omnpefeseHnio auddepennnana GyHK-
uuu. [eficrBurensao, nuddepennman dbyaknuu f(z) B TOUKe T MOXKHO
HAMTU O TPABUJLY BBIYUCICHUS BaPUALIAN:

df = %f(:c + aAx) 0T ['(z + aAz)Az|o=o = f'(z)Az.

O

3ameuanue 2. Bropoe omnpenenenne Bapmanuu (DYHKIMOHAJIA, He-
CKOJIBKO TIIMPE TEPBOT0, TAK KaK CYIMIECTBYIOT (DYHKIMOHAJIBI, 13 TPUPAIIE-
HHUS KOTODPBIX HEJIb3d BBLIEJNUTH IVIABHYIO JIUHEHHYIO 9aCTh, HO BapHaIud
B CMBICJIE BTOPOI'O OIIpeJieJIeHns CyIIeCTBYeT.

2. Ilpumepsl penienns 3324
b
1. Haiiru Bapuanuio dysknuonana Vy| = JyQ (x) dz.
a

b
A Cnocob 1. Paccmorpum npuparmierne AV = V]y+dy|—V]y] = J(y—i—

b b b
+ 6y)dx — jyz de = 2jy5y dr + J(éy)z dz. BugHo, 9To mpupalenune
a a a
AV cocrour m3 ABYX CjlaraeMbIX, IEpBO€ M3 KOTOPBIX Npu (PUKCHPO-
BaHHOM Y(Z) mpencrasisier coboil mmHeHHBI DYHKIMOHAI OTHOCHTEIHHO
Bapuanuu 0y aprymenTa pyHKIHOHAJIA. BTOpoe ciiaraeMoe — KBaJIpaTUd-
HBII OTHOCUTENBHO 0y byHKIMOHA . Takum 06pa3om, Bapuammeil JaHHOTO
dYHKIMOHAIA SABJISETCS

b
oV = 2Jy5ydm.

Cnoco6 2. B coorBeTcTBHM CO BTOPBIM ONPEE/IEHNEM Bapuamuu (OyHK-
OUIOHAJIA

b b b
S5V = % J(y—l—aéy)Z dz = 2j(y+a5y) oydz o ZJyéydm. =

2. Haiit Bapuanuio GyHKIIIOHAIA
b

Vi = | F(z.v,y) dr. (1)

a
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A CorjacHO BTOPOMY ONPEIE/IEHUI0 BapUALAN

b
V=4 JF(m,y + ady,y’ + ady') dz

(0%
a

=0
3aecw 0y — Bapuanusa npousBonHoit y'(x) aprymenTa y(x).
Boraucisas npoussogryo V[y| mo mapamerpy «, momydaem

b
[y @,y + ady,y' + ady)dy + Fy @,y + ady,y’ + ady’) oy']dz.  (2)

a

IMomaraa « = 0, maxonuM Bapuanuio dbyaknumorana (1):
b
5V = j (F,6y + F,0y') da. (3)

B namprelimnx 3amadax pesynbrar (3) maHHOrO OOIMIETo mpuMepa Mo-
JKeT HCIOIb30BaThCA KaK TOTOBad Moe3Hasa (hopMyJa.

Sameuanue 3. Ecin monycrnvble KpuBble cpaBHEHNs it GyHKINO-
Hausta (1) mogUuHEHH ele JOMoNHUTENbHBIM yeaoBusaM y(a) = A, y(b) = B
(3amada ¢ 3aKkpernsieHHBIME rpaHunamu), To 6y(a) = dy(b) = 0. O

WuTerpupys mo gacTsM BTOpoe claraeMoe B (3), HaXomuM

b b
b
oV = [ Foydo + Fyoy| - | & Fyoyda.
OKOHYATEIbHO UMEEM
b

5V = J(Fy - 4 F,)oyda.

a

3. 3ajaunm m ynpaKHeHUS IS CAMOCTOATEIHHOH PaboThI

Haiitn Bapmanun GyHKITIOHAJIOB.
b

9.2.1. V]y] = Jyy' dz.

9.2.2. Vly] = |(z +y) da.

Qe—— =0
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9.2.3. V[y] = J(y2 —y?) dz.

a
1

9.2.4. V[y] = v*(0) + J(azy +y'?) dx.
0

9.2.5. V]y] = Jy’ siny dz.
0

OTBeTnI

b

9.2.1. §V = J(y'5y + ydy)dz. 9.2.2. 6V = [dydz. 9.2.3. 6V =

Q — o

a

b 1
= QJ(y(Sy — y'6y’)dz. 9.2.4. §V = 2y(0)dy(0) + J(x&y + 2¢'8y’) dz.
a 0

9.2.5. 6V = J(y’ cosydy +siny - 0y') dz.
0

§ 3. DkcTpemyM byHKIHOHAJIA.
Heobxoamnmoe yciioBme 3KCTpeMyMa

1. OcHOBHBIE HOHATHS U TeopeMbl

1°. 9recmpemym Pynryuonaaa. Tosopsr, uro dyrkmonan V]y]
JOCTUraeT JIOKAJHLHOr0 MUHUMYyMa (MakCMMyMma) Ha KpubBoil y = g(x)
B PACCMaTPUBAEMOM JINHEHHOM HODMUPOBAHHOM IpOCTpancTBe F (Hampu-
mep, B C umu B C1), ecim B 9TOM TIPOCTPAHCTBE CYIECTBYeT TaKad &-
OKDPECTHOCTb KPHBOii y = ¢§(x), 9ro muga jro6oi KpuBoii y = y(z) u3 310i
OKPECTHOCTH CIPABEIJINBO HEPABEHCTBO

Viy(@)] = Vig(z)] 2 0 (<0).

Kpussre y = y(z) U3 £-0KpeCTHOCTH §j HA3BIBAIOT KPUBBIMU CDABHEHHU .

B ciygae cTpororo HepaBeHCTBA TOBOPAT O CTPOTOM MUHUMYyMe (Mak-
cumyme). Eciau Her orpanuueHuii Ha pasMmep €-OKPECTHOCTH KPUBOH §J
B ONpeJeeHnn MUHAMyMa (MAKCHMyMa), TO TOBOPAT, 9TO HA KDPUBON
§ mocTuraeTcss abCOMOTHBI MPHIMYM (MakcnmyM) dyHKIMOHATA.

3ameuanue 1. B coorBercTBUEU C Pa3MYHBIMA TUOAMEU OKPECTHO-
cTeil KpHBOH B PA3MYHBIX TpocTpancTBax (Hampumep, B C' mmm B C1)
ONPEJIENTAIOTCS PA3IMIHbIE TAIBI SKCTPeMyMOB dyHKImonama (cum. § 6). O
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3ameuanue 2. Eciun dyskuumonan mmeer Ha KPUBON {j 3HAYEHHE,
HApUMEDP, MeHbIlee, YeM Ha J000# Ipyroil KpuBOil CpaBHEHUS W3 -
OKPECTHOCTH, TO ITO 3HAUYEHWE OyaeT HAMMEHBIIUM U CPEeIu 3HAYEHUN
Ha HEKOTOPOM MOAMHOXKECTBE KPUBBIX cpaBHeHmsi. OOBIYHO 3TO OBIBAIOT
dyHKIWH, yI0BIETBOPSIONINE KAKUM-TO JTOIOIHIUTEIbHBIM yCIOBUSM, Ha-
npuMep, 3aKpeIJIEHHbIe Ha KOHIIaX CErMEHTa. |

2°. Heobxodumoe ycaosue axcmpemyma gynryuonaaa. Ilycrs
Ha KpuBoOii y = y(z) € E mocruraercs JIOKAJBHBINA SKCTpeMyM (hyHKIHIO-
HaJIa W IyCTh Ha § cymecTByeT Bapuamms 0V [¢, 6y]. Torma Bemmonasercs
ycaoBue

§V]g,éyl =0 Voy e E.

3ameuanune 3. YTBepxKIaeHne, 0OpaTHOE 3aMEeYaHuI0 2, BOODIIE rOBO-
ps, HeBepHO. Ecin hyHKIIMOHAI UMeeT Ha KPUBOH ¢ 3HAYEHUE, HAITPUMeD,
MeHbIIlee, 9eM Ha HEKOTOPOM MOIMHOXKECTBE KPUBBIX CPAaBHEHHUs, TO W3
9TOTO HE CJEAYET, 9TO Ha §J OyJeT JIOKAJbHBI MUHUMYM U OyIeT BBITOJ-
msaTbca yenosue 0V = 0. Takas xaprura mius obbraabix dyaknumii f(z)
MOXKET MMEe€Thb MeCTO Ha KOHIlaX CEerMeHTa, I'/le 3HAYEeHUue (byHKHI/II/I MOXKeET
OBIThH, HATPUMED, HAMMEHBIITUM B MOJIYOKPECTHOCTH MPAHUIHON TOYKH, HO
JIOKAJIbHOTO MUHEMYMa 1 Hysesoro muddepermmana (HeoGXoammoe ycio-
BUE YKCTPEMyMa) MOXKeT He ObiTh. IIpumep: y = x Ha cermente [0;1]. O

1
Amnaymornussiv mpuMepoM DYHKINOHAIA MOKeET 6bITh V [y] = Jy(x) dz

0
npu y > 0. Ha takom mHO)kecTBe dbyrkumii Vy] > V[g], rme § = 0. Ho
JIOKaJIbHOTO MHHEMyMa Tpu § = 0 HeT, TaK KaK B OKpecTHOCTH J = 0
CYIIECTBYIOT He TOMBKO IIOJI0KHATEIbHEIE, HO I OTPHIATe bHbIe (byHKIII.
1

Bapuamus storo dyaknmonassa Ha § = 0 mmeer Buzg 0V = J(Sy dx u BOBCe

0
HE PaBHA HYJIIO IPU MPOU3BOJILHBIX 0.

2. Ilpumepsl penrenud 3aga4

1. UccmemoBarh Ha SKCTpeMyM (DyHKIHMOHAT

Vil = | (y - Iz])? da.

-1

12 A.B. Bacunsesa, I'. H. Mexsenes
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A Bocmomb3yeMcs ompemeleHmeM 3KCTpeMyMa. Jas mpupamenus
dynrnmonana Ha KpuUBOHl Yy = || nMeem

NpUYeM 3HAK PABEHCTBA JOCTUTAETCA TOAbKO npu y = |z|. Utak, cpemm
HeNpepBHIBHBIX KpUBBIX B mpocrpaHcTse C[—1;1] Ha KpmBoit y = |z
JOCTUTAETCS aOCOMIOTHBIN MUHIMYM PACCMATPUBAEMOr0 (DYHKITMOHAJIA.

Ecmmr uckath 3xcTpemyM B ipoctpanctse C1[—1;1] cpeam Hempepbis-
HO muddepeHnnpyeMbIX KPUBBIX, TO, OYEBUIHO, TaKOl KPHUBOil, peaju-
3yrolei SKcTpemMyM, He Haiimercs. Ha menpepsiBHO quddepeHImpyeMbIx
KpuBbIX cpaBHeHus V > (, a 3Haduenme V = 0 aBisgeTcd TOIHON HUKHeN
rPaHbBIO, HEJIOCTUXKUMON myisi pyHknuonana V Ha kpusbix u3z C 1 [—1; 1].

Takum 06pa3oM, HAIWYWE WA OTCYTCTBHAE SKCTPEMYyMa MOXKET 3aBH-
CeTh OT IPOCTPAHCTBA, B KOTOPOM (DYyHKIMOHAJ HCCIIeIyeTCs Ha IKCTpe-
MYM.

IIpoBepum BhIOTHEHWE HEOOXOIUMOrO yCaoBHUsA dKCcTpeMyMa. Corac-
HO BTOPOMY OIpeEe/IeHNI0, Bapuanus (hyHKIINOHAIA UMEET BHU/T

1

= [ 2y - |])oy de.

_ dV(a)
oV = do

a=0

Bunso, uTo Ha KpuBoii y = |z|, peanusytomeit MuanMyM byHKIMOHAA,
Bapuamnus 3Toro MQyHKINOHAIA 00PAIIAeTCS B HYJIb.
Boinensas B npupamenun

AV = [ 45y e de— | (Lol ds

—1 -1

COTJIACHO TIEPBOMY OIPEEJIEHUIO BapUally JIMHEHHYIO OTHOCHTEIBHO Y
9aCTh, IPUXOAUM K TOMY K€ BUY Bapuanuu OyHKIITOHAJIA. O

2. HWccnemoBarh Ha sKCTpeMyM (DYHKIIMOHAJ

opu OJOIIOTHUTE/IbHBIX yCJIOBUAX:

a) y(-1)=1 1)=1
6) y(-1)=0, y(1)=0.

A O6patuMcsa BHOBb K ONPEIEJIEHUIO IKCTPeMyMa. PaccMoTpum mpu-
pamenne AV dbynknuonana Ha Kpusoit y = x2. [l mo6oil HempephIBHOM
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KpuBOii cpaBHeHHUs y(T) nMeem
AV =V[y] - V[z?] = J (y — 2%)dz > 0.

3HaK PaBEHCTBA JOCTHIAETCS TOIBKO HA KpuBoil y = x2. Ecinm rpa-
HugHble yerosusa mumerot sug y(—1) = 1, y(1) = 1, To Ha xpusoit y = x2
mocruraercs abcomoTHBIN MuEIMYM B npocrparcTee C[—1; 1], Tak kak Ha
pasMep £-0KpecTHOCTH KpuBoit y = z2 orpanmdenuit et (puc. 63).

y y
< L

| |

| | | |

| |

-1 0 1 X
1 \y 1 X
Puc. 63. Puc. 64.

Eciu ke rpanmunble yciosus umeror Bug y(—1) = 0, y(1) = 0, T.e.
KpuBasg y = T2 He NMPOXOJUT HYepe3 3aKPeryIeHHbIe Ha KOHIAX CerMeHTa
TOYKN KPHUBBIX CPaBHeHHs Y(z), TO HENpPEepHIBHONW KPHUBOM, JOCTABIISIO-
meit MuEEMYM (DYHKIUOHAIY B YAOBJIETBOPSIONIE TPAHIIHBIM YCIOBAAM
y(—1) =0, y(1) = 0, He cymecTByeT.

B srom cirygae muanMmyM dyHKImIOHATA Ha cermente [—1; 1] peamasyer

paspBIBHAA KpHBasd, COCTOAMIAS W3 OTPe3Ka TMapaboibl y = T2 W IBYX
rogek (—1;0) m (1;0) m, crano 6erTh, MuHIMYMa (GYHKIHOHATA B MIPO-
crparcrBe C[—1;1] me cymecrsyer (puc. 64). O

§ 4. IIpocreiimas 3aga4a BapUAIMOHHOTO MCYUC/IEHUSI.
YpaBHeHUe Ditjzepa

1. OcHOBHBIE IOHATHSI M TEOPEMBI

1°. ITpocmetiwasn 3adaua 8aPUAUUOHHOZ20 UCHUCAEHUSR. Pac-
cMoTpuM (BYHKIIHOHAT

b
Viyl = | Fla,y,y') de, (1)

rne F(z,y,y') — mBaxaer menpepbiBaO mudbdepermupyemas GyHKIHS.

12%*
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FpaHI/I‘-IHI)Ie TOYKHU OJONNYCTUMBIX KPHUBBIX 6yﬂeM CYUUTATH 3aKPeEIJIeH-
HBIMMU:

y(a) =4, y(b) =B. (2)

IIpocmetiwas 3a0aua 6apUALUOHHO20 UCHUCAEHUS CTABATCS TaK: Cpe-
1 Beex dyHKImil y(z), IMEmMUX HeNpephIBHYI0 mpousBomHyo (y(z) €
€ C'a, b]) n ymoBaeTBoparonmX ycaoBuaM (2), HAfiTH Ty, KOTOPAs TOCTaB-
nsget sxcTpemyM dbyakmmorany (1). DTy 3amady Ha3BIBAIOT TakkKe 3adaued
¢ 3axpensernvmu eparuyamu (puc. 65).

2°. ¥Ypasnenue IJiaepa. Ycu-
(b,B) M Tpe6GoOBaHMS K INIAIKOCTH KPUBBIX,
Ha KOTOPBIX PacCcMaTpuBaeTcd (PyHK-
muoran (1). Ilycrte xpmBas y = ()
peanusyromas IKCTPeMyM (QyHKIHO-
Hana (1), mMeeT BTOPYIO HEPEPHIBHY O
npoussognyto, T.e. y(zr) € C?[a,b].
Ina toro, urobsr dynkmuonan (1),
OIIpeJeJIeHHBII Ha MHOXKECTBE KpH-
seix y(z) € C?[a,b], ynosmersopsio-
XX TPAHUYHBIM YCI0BHAM (2), Z0CTh-
Puc. 65. raj 9KCTpeMyMa Ha KpHuBOH #(x) €
€ C?[a,b], meobxommmo, UTOOGHI 3ITa

KpHUBas y/I0BJIETBODsJIa ypaBHEHUIO Dilepa

(a,4)

> - - - — — — =

Q|- — — —

d
F,-4F, =0 (3)

Pemennsi (nHTerpasibHBlEe KPUBbBIE) ypaBHeHHs Jilepa OymeM Hasbl-
BaTh IKCMPemMasamy (MHOTIA SKCTPEMABI0 HA3BIBAIOT TOIBKO §(x)).

VYanTeiBas rpaHUYHbIE YCI0BUs (2), IPUXOAUM K IDAHHYHON 3aade,
KOTOpOIi JOJKHA YA0BIETBOPATH DYHKIMSA §(Z), JOCTABISIOMAs SKCTPe-
MyM dysrmmonany (1) ¢ rpannaHBIME yenoBusMu (2):

d
F,-4F, =q,

y(a) =4, y(b)=B.

YpasHenue iinepa asnsgercda npu Fy,, # 0 ypaBHEHHEM BTOPOTO
Op4d/iKa, KOTOPOE B Pa3BEPHYTOM BHJE BBITVIAIUT TaK:

(4)

Y'Fyy +y'Fyy + Foy — Fy =0.

Kaxk msBecTHO, KpaeBad 3amada (4) 1uis ypaBHEHHS BTOPOTO MOPSIKA
MOZKET HMeTh €IMHCTBEHHOE PelleHne, MOXKeT IMeTh MHOKECTBO PeIleHHIt,
a MOXKeT He IMeThb HH OZHOTO.

Pemenus 3amaun (4) aHATOIMYHBI CTAIMOHADHBLIM TOYKAM B 3aj]ade
HCCIeJ0BAHAS Ha 9KCTPeMyM (DYHKIMH OHON M/ HECKOJILKHX HepeMeH-
HBIX.
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HanbHeiiiee wCCiIeI0BaHUE TOTO, JEHCTBUTENHHO JIM HA PEIIEHUSIX
3amaan (4) ZOCTATAeTCsh SKCTPEMYM, TIPOBOIUTCS C WCIOJIb30BAHAEM JI0-
CTaTOYHBIX YCIOBUU IKCTPEMyMa.

3°. acmuwie caywau ypasrHenus IJuaepa.
1. F me 3apucur ot y': F = F(z,y).

VYpasrenne Ditnepa (3) B 3TOM Ciry9ae NPUHAMAET BUZ,
Fy(z,y)=0. (5)

VYpasrenue (5) aBasercs anreGpandeckuM, a He quddepeHnnantbHBIM.
OHO omnpeieigeT OHY WK KOHEYHOE YUCJIO KPUBBIX, KOTOPBHIE MOT'YT U HE
YZOBJIETBOPSATH TPAHMYHBIM ycaoBusaM. ['paananse touku (a, A) n (b, B)
MOTYT IIOIIACTh Ha HUX B HCKJIOYATEIbHBIX “yIAIHBIX CIIydasx.

2. ®ynkuuga F 3aBucutr ot y' auHEHHO, T.e.

F(z,y,y') = M(z,y) + N(z,y)y".
B srom ciiyuae ypaBaenne Ditjepa mMmeeT BUL

OM(z,y) ON(z,y)
Oy Y

VYpasHenue (6) cHOBa siBisieTcs anrebpamdecknM, a He quddepeHnn-
aJIbHBIM YPABHEHWEM, & €r0 PEIleHusi, BOODIIE rOBOPsi, HE YA0BJIETBOPAIOT
IPAHUYIHBIM yCIOBUAM (2) 32 MCKIIOYeHNeM “yAaqHbIX CIIyIaeB.

B wacTtHOM BapraHTe BO3MOXKHO BBIIOJHEHHE TOXKIECTBA

oM _ ON _

oy or —

= 0. (6)

Torma Beipaxkenne F = M(z,y)dx + N(z,y)dy siBasiercs mOIHBIM
muddepernuaiom u OYHKIMOHAI
b (b,B)
V= JF(:U,y,y')d;v = J M(z,y)dx + N(z,y)dy
a (a,A)
He 3aBHCHT OT BBIOOpa KpHBOH, coemuusiomeii touku (a,A) u (b, B),
OPUHUMAs HAa BCEX KPUBBIX MOCTOSHHOE 3HAYEHUE.

3. F 3aBucur quws ot y': F = F(y').
VYpasuenue Jiiiepa (3) B 9TOM Ciiydae IPUHAMAET BUT,

Y'Fyy =0 (Fyy #0), (7)
oTKyma cienyer, 910 ¥y’ = 0 m 3KCTpeMajsaMH OKA3BIBAETCS CEMEHCTBO
NIPAMBIX JIMHUI

Yy = Clx + Cz,
rae C7 u Cy — npous3BO/IbHBIE TOCTOSHHBIE, ONPEIEIIEMbIE 3aTEM U3

rPAHWYHBIX yCaoBHiA (2).
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4. F me 3asucur ot y: F = F(z,y’).
Ypasrenne Ditnepa (3) B 3TOM Cirydae MPUHAMAET BUZ,

%Fy’ (.’13, yl) = Oa
Ci1e10BaTeJIbHO, HIMEET HepBbeI HHTerpaJ
Fy(z,y") = C, (8)

rae C; — IpoM3BoONIbHAS IOCTOsIHHAS. YpaBHeHue (8) MHTerpupyercs Iy-
TeM pa3perIeHns ero OTHOCUTEIBHO Yy’ MW 110 IpaBUJIaM /s ypaBHEHHUIA,
He pa3peIleHHBIX OTHOCUTEIBHO MPOU3BOAHON (BBeIEHMEM IapaMerpa

u 1p.).
5. F He 3aBucur siBHO oT 2: F = F(y,v').
VYpasHenue Ditnepa (3) B 9TOM Cirydae IPUHUMAET BUT,

Fy—=Fyy -y = Fyy -y" =0. (9)

Tocne ymuo)erns1 o6enx wacreii (9) Ha y' momydwaem B seBoil wacTm
HOJIHYIO TIPOU3BOJHYIO IO Tt

d
%(F — ylel) = 07
OTKYJa CJIeAyeT CyIIeCTBOBaHNE NMEPBOT0 MHTErpaJla YPAaBHEHUA (9)
F — yle/ = Cl,

rae C7 — Npou3sBo/bHAS MOCTOSIHHASA. JTO ypaBHEHUE y¥Ke UMeeT MepBbIi
MOPSIZIOK W WHTETPUPYETCS WU IIyTeM Pa3pelleHrss OTHOCUTEIHHO Y’ , Uin
0 TIpaBUJIaM JJIsl ypaBHEHWIl, He Pa3peIleHHbIX OTHOCATEIHHO TPOA3BOI-
HOIi (BBeJeHMEM mapaMmeTpa H Jp.).

2. Ilpumeps! penieHus 3a5a9

PaCCMOTpI/IM HECKOJIbKO KJIACCUYICCKUX BapPpUAIIWUOHHBIX 3aJaY, UMEIO-
j11170.€ TOJIE3HBIT I‘eOMeTpI/I‘{eCKI/Iﬁ CMBICJI.

1. HaiiTn KpUBYIO HAMMEHBIIEH JUINHBI, COEIMHSIONLY0 TOUIKH (a, A)

u (b, B).

A OtTBer 3318491 OYEBUIEH — ITO IpAMAasl, COEAUHAIONA yKA3aHHbIE
Touku. [losyunM ee KaK MUHHMH3HUPYIOIIEE PEIIeHNe BAaPUAIMOHHON 3a-
Jadu:

b
Uyl = J V14 y?dz,

a

y(a) =4, y(b)=B.

3mecsk l[y] — mimaa KpuBOi, coequasOmEll nanabe Toukn. OyHKImsa F =

= /1 + y'? 3aBucur Jaums ot ¥y'.
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OkcrpemasismMu okazbiBaroTca npsambie y = Cix + Co. Tloacrasiss
NOJy9eHHbIH BUA Y(2) B TDAHUIHBIE YCIOBUS, HAXOINM
B-—A
==—=(zx—a)+ A4
Yy b—a ( ) + )
T. €. ypaBHeHMe NPsMOi, npoxonsmeii aepe3 roukn (a, A) n (b, B).
Hajuuue skcTpeMyMa Ha €IUHCTBEHHON IIOJLyY€HHOW SKCTPEMAJIN
u ero tun (MEHEMYM) sICHBI B3 T€OMETPHYECKAX COOOparkeHUi 6€3 BCAKAX
JIOCTATOYHBIX IPU3HAKOB. O

2. Orpesok kpusoil y = y(z) ¢ KoHmamu B Toukax (a,A) u (b, B)
Bparmaerca Bokpyr ocu Ox. Kakoit momxkwa ObITH 3Ta KpuBas, ITOOBI
JI0IIAIh TIOJTy YIMBINENHCS TIOBEPXHOCTHU ObIIa HAaWMEHbIIe?

A OtTser 3Tol 3a7a9M y¥Ke He CTOMb OYEBUIEH, KAK B MPEIBIIYIIEH.
fcHO, 9TO MOBEPXHOCTH HOJKHA OBITH “BOrHYTOI’, HO ypaBHeHHEe 00pa-
3yIoleit He OYeBUIHO.

OTa 0b6pa3yroras OyaeT MUHIMA3UPYIOIIIM PEIIeHNeM BapUaIMOHHON
3a1a9u

b
ﬂMZJyv1+M%h

a
y(a) = A, y(b) = B.
3meck S[y] — mromaaE MOBEPXHOCTH BPAIEHNS] KPUBOH ¢ KOHIIAME B TOY-
kax (a, A) u (b, B).
Oyuknpa F = y4/1+ y'? He 3aBucuT sBHO OT x. B 3ToM ciydae
ypaBHeHue Diiepa uMeer mepsblit unTerpan F — y'F,, = Cq, T.e.

2
yWit+y? -2 _— =¢. (10)

Vity?

Iocne npeo6pasoBanuii ypasaenus (10) momygaem

y_ =¢. (11)

Jito®

Beenem B (11) mapamerp, nmomaras y' = sht, rorma y = Cy cht, a dz =
d

—3,/ — Cishtdt _ C4 dt, orkyna © = C1t + Cs.

Yy sht
Uckmouas napamMeTp t, TIOJTy9aeM ceMelCTBO TaK Ha3bIBA€MBIX IEITHBIX
nuHuR (nX GOpMy IpUHEMAET TsXKejas HATh)

—C.
y:Clch—xcl 2,

OT BPAIIEHUs] KOTOPBIX MOy Ial0TCS TOBEPXHOCTH, HA3BIBAEMBIE KAMEHOU-
damu. Tlocrosimabie C7; u Cy onpenensiorcs u3 IPAHUYHBIX yCaoBuii. B
3aBUCHMOCTH OT KoopamHaT A m B MoxkeT OBITH OJHO, [BA W HU OJHOTO
pelreHus. O
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3. 3azaua 0 OpaxuCTOXPOHE — KPUBOU OBbICTPEHIIEro CKaThIBAHUS
(Jydmie — COCKaJb3BIBAHWs) TAXKeJIO0H MaTepHaJbHOW TOYKA W3 OXHON
TOYKH IJIOCKOCTH B APYTYHoO (IIOHATHO, 9TO PACCMATPUBAIOTCA TOYKH, HE
JIe’Kalye Ha OJHOM BEPTHUKAIN).

A Dra KpuBas OyJeT MUHMUMU3UPYIOIIMM PEIIEHUEM BAPUALMOHHON
3a1a49n

tly) = = J —”1};/2 dz, (12)

y(0) =0, y(z1) = v1-

3aecy y = y(z) — kpusag, coemunsgiomasa rouku A(0,0) u B(z1,y1).
IIpu sTom cuuraem och Ox rOPU30HTAIBLHON, a ock Oy — HANPABIEHHOM

BHU3, t[y] — Bpemsi Ha mepememernne Toukn n3 A B B. ®@opmymna (12)
ToJIydaeTcd U3 COOTHOIIeHUH:
dl _

gt — V/29y — CKODOCTDH BHKEHHS TOUKH,
dl = /1 + y'?dx — snemenT mMHb AyrH,

OTKYZI2

dt = —di — V1TY? g,
V2gy V2gy

®ynkuua F' = /1 + y'2/,/y He 3aBHCUT ABHO OT Z, IOSTOMY ypaBHe-
Hue Diinepa nmeeT Bug, (9) u 061amaeT nepseM nHTerpasoMm F—y' F = C,

T. €.
12 12
VIty® v _ ¢ (13)

VY y(1+y7?)

IMocne mpeobpaszosannii ypasHerus (13) momyaem
y(1+y?) = Cu. (14)
Beenem B (14) mapamerp t, monaras y' = ctgt, Torma

Cy

y= 1+ ctg’t -

(1 cos2t). (15)

Borancisis dy = 2C1 sint cos t dt, nmeem

dr = d—g," = C1(1 — cos 2t) dt,

(16)

Tr =

Yy
%(Qt — sin 2t) + Cs.
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TMonaras must ynpomenns B (15) u (16) 2t = t1, momygaem B mapamer-
PHYECKOM BHJIE yPAaBHEHHUS CeMeHCTBa 4uKA0ud
_ G

z = S (t1 —sinty),

y = %(1 — costy),

C
rae 71 — paaumyc Kpyra, KadeHueM KoToporo mo ocu Ox mosydaercd

nukjouga. OH onpenensaeTcs U3 yCIOBUS IIPOXOXKIEHNUS UKJIONIBI Yepes
TouKy B(z1,y1).
WTak, 6paxucTOXpOHON SBJISETCS [IUKJIOWUIA. U

4. PaccMoTpuM 3ajady reoMeTpUYecKoi onTwku B miockoctu rOy.
Cornacuo npuanuny Pepwma ay4 ceera, maymmuii n3 roukn A(a, A) B TOU-
Ky B(b, B), MUHIMHU3HPYeT BpeMs IIPOXOKIEHUs] ITOTO MyTH.

A Ilycrs Boosms Kpusoit y = y(x) cKOpocTh cBeTa B TOYKe (T,y) €CThb

% = C(z,y), ;;Ie dl = \/1+y?dr — muddepeHnuan AJUHB TyTH,
Cl(z,y)
MEHIMI3APYIOIIIM PelIeHIeM BapHAIOHHON 32,1891

(Vity®

oTKynma dt = . Camprit GBICTpBIH Ty TH U3 TOYKKU A B TOUKy B Gymer

= | Gy @ (17)
ya)= A, y(b)=B.
3nech t[y] — Bpemsa mytw u3 A B B mo kpusoii ¥y = y(x), B KaxKIOi

TOYKE KOTOPOIi CKOpOCTh nBuzkenus pasHa C(z,y).

ITpeamonaras namnee, aro ckopoctsb C(x, y) He 3aBUCAT OT T, TOIyIaeM
TaK HA3BIBAEMYIO CTPaTU(UIMPOBAaHHYI B Hanpasienun ocu Oy cpexy,
B kotopoit C' = C(y).

Ecim BeibpaTh KoHKpeTHY0 3aBucumoctb C(y) = y, TO B Takoil K-
30TUYECKOI cpefe “aydaMu’ CBeTa OKAXKyTCs He IPsIMble, & OKPYKHOCTH.
CsoiicTBa TakuX “MpsaMbIX” TPUBOIAT K MOJEIN reoMeTpun JIo6ageBCKOro,
Ha3bIBaeMoil Mojenbio Ilyarkape.

Haitnem “myun” cera — sxcrpemanu 3azaqau (17) mpu C = C(y) = y.

Dyukuns F' = /1 4 y'2/y He 3aBUCHUT SIBHO OT &, IOITOMY yDaBHEHHE
Oitnepa mmeer Bug (9) n 06TaAET TEPBBIM HHTETPATIOM

/1+y12_yl yl _C
v pwivy?

yWi+y?=0C, Ci= 4 (18)

OTKyZa
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Warerpupys (18), momyaaem cemefcTBO OKPYZKHOCTEMN

(@ +Co)’ +97 = CF (19)

¢ nerTpamu Ha ocu O.
Yepes zamannbe ase Toukn (a, A) u (b, B) NIpOXOmuT eTMHCTBEHHAS
OKPY2KHOCTB C IeHTpoM Ha ocu Oz, cllefoBaTeIbHO, U3 JABYX I'PAHUIHBIX

ycioBuit onpenensroTcsa nmocrosaubie Co u C1.

Utak, sxkcrpemanbio dbysknuonana (17), ymoBiaeTBopsiomeil rpaHnd-
HBIM yCJIOBHAM, OymeT omHa m3 okpyzxkuocTeir (19). DTo u Gymer “myd’
CBeTa B JAHHOU cpeje.

Obparumcs Tenepb K mozenu Ilyankape reomerpun JlobadeBckoro.

OrmeruM, 9TO B OOBIYHOM €BKJIMJIOBOM IIPOCTPAHCTBE C MOCTOSH-
HOHM CKOPOCTBIO PACHPOCTPAHEHUS CBETa €ro JIydHW CyTh OPsAMBIE JIUHUH,
nMemoIre OECKOHEUHYIO IInHY. B pacCMOTPEHHOM BBINIE€ MPOCTPAHCTBE
co ckopoctbio ceera C = C(y) = y cBeT pacmpoOCTPaHSETCd HO JyraMm
OKPY2KHOCTEI.

Amnasnorom oOBIYHOM A/IMHBI KPUBOH y100HO BBIOPATh TaK HA3LIBAEMYIO
ONMUYECKYN JAUHY KPUBOT, — BPEMSI, 32 KOTOPOE CBET IIPOXOIUT ITY KPU-
By10. Bosib Kax0ii 1mo/IyOKpy2KHOCTU € KOHIamu Ha ocu O cBeT uier
GeckoHewHo moaro (npu y — 0 maTerpadr tly| pacxomures). ITosroMmy MoK-
HO CYUTATh TAKWE MOJIyOKPYKHOCTU NpAmbimy (0ECKOHEIHBIMU JIy9aMu ),
ONITHYECKUE JJINHBI X JyT — UX JJIMHAMH, YIJIBI MEXKJY KacaTebHbIMU
B TOYKE MEPECEUECHUS NPAMBIL — Y2AAMU MENHCOY NPAMBIMU.

Ocb Ox Ha3BIBAIOT GOCOANMOM, €€ TOYKU — DECKOHEYHO yJ/IaJIeHHbIE
TOYKA NPAMHL (OHU MCKIIIOYAIOTCS U3 MOIYyOKPY KHOCTENH ).

Takue HOBbIE 00BEKTHI 00PaA3yIOT HEKOTOPYI) T€OMETPHUIO, B KOTOPOIA
OHM COXPAHSIOT MHOTHWE TPUBBIYHBIE €BKJUIOBBI CBONCTBA, HO, BMECTE
¢ TeM, TPUOBPETAIOT HEKOTOPHIE HOBBIE.

AN

Puc. 66.

y

B camom gese, KakK U B €BKJIHIOBOI reoMerpuu, depe3 aBe Touku A
u B MOXKHO mPOBECTH TOIBKO OfHYy npamyto (puc. 66) (omyokpyKHOCTE
¢ meaTpom Ha ocu Oz). [Ipe npamoie, nmeromume o0IIyI0 TOIKY B OeCKO-
HEeYHOCTH (IOJIyOKPY KHOCTH, Kacarmecs ApyT Apyra B Touke C ocu Ox)
€CTEeCTBEHHO HA3BaTh NAPAAAEALHOLMU.

Bwmecre ¢ Tem B HOBO# reoMeTpun 4epe3 TOUYKY B BHE JaHHOM npamot
MOXKHO IIPOBECTU JBE NPAMBLE, NAPAANIEALHBIE NAHHOU. JleficTBUTEIBHO,
4gepe3 TOYKy B BHe maHHON momyokpyKHOocTH C'D MOXKHO NIPOBECTH JIBE



§4] IIpocmetiwan 3040040 84PUAUUOHHOZ0 UCHUCAEHUA 363

[IOJIyOKPY?KHOCTH, Kacarommecs: gaHHoil B ee KoHmax C u D Ha ocu Oz

(puc. 66). O

3ameuanne. K HOBBIM 00beKTaM TAKOW r€OMETPHM OTHOCATCA U PAC-
TodAuueCs Npamvie — TOJYOKPYKHOCTH ¢ meHTpamu Ha ocu Ox, He
nMerolmue O0IUX TOYeK. O

3. 3ajaum m ynpaKHeHUS IS CAMOCTOATEIHHON PaboThI

Haiitu skcTpeMau BapuaIllMOHHON 331a9N.

9.4.1. V[y] = T(?ﬂ; —y)ydz, y(0)=1,y(3)=7.
9.4.2. V[y] = T(y'Q —yH) dz, y(0) =1, y(27) = 1.
9.4.3. V[y] = f (12zy — y"*) dz, y(-1) =1, y(0) = 0.
9.4.4. V[y] = T(y’2 +2yy +y¥)dz, y(1)=1,y(2)=0.
9.4.5. V[y] = jyy” dz, y(0)=1,y(1) = V4.
0
9.4.6. V[y] = T(4y cosz +y"* —y*)dz, y(0)=0, y(r)=0.
9.4.7. Vly] = j(y'2 —y* —y)e*dz, y(0)=0,y(1)=e".
0
9.4.8. V[y] = j (y? - 2zy) dz, y(—1)=—1, y(1) = 1.
-1
9.4.9. V[y] = T (y? — 2zy)dz, y(-1)=0,y(0)=2.
9.4.10. V[y] = f(ﬂcya +yy')dz, y(1) =0, y(e) = 1.
9.4.11. V[y] = Jb[Qxy + (2 + e¥)y ) dz, y(a) = A, y(b) = B.
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9.4.12. V[y] = J(ey +zy')dz, y(0)=0,y(l)=a.

0.4.13. VIy] = f(y — ) da, y(0) =1, y(%) = 2.
0
9.4.14. V[y] = ]r(y’2 —yH) dz, y(0) =1, y(r) = 1.
9.4.15. V[y] = j(x +y?)dz, y(0)=1,y(1)=2.
0
9.4.16. V[y] = j(yQ +y?)dz, y(0)=0, y(1) =1.
0
9.4.17. V[y] = j(y& +4y*) dz, y(0) = €2, y(1) = 1.
0
9.4.18. V[y] = j(zey —yH) dz, y(0)=1,y(1) =e.
0
9.4.19. V[y] = Jb(a:y' + %) dz.
0.4.20. V[y| = Jb(y + ¥ de

OTBeTsnI

9.4.1. Her pemennii. 9.4.2. MuoxectBo pemenuii y = cosz + C'sinzx,
sh(2 — z)
sh1
945.y; = Y(@z+1)2, y = Y(Bx—-1)2 94.6. y = (C + 2)sinz,

C — npousBosnbHasg nocrogHHasg. 9.4.7. y = %[e’z + (14 e)ze ™ —1].

9.4.8. y = Lo — 3% 9.4.9.y = Bo— 12319 9,410, y = Ina.
9.4.11. Unrerpan He 3aBUCHUT OT MyTH WHTerpmpoBanus. 9.4.12. y =
= 0Qmpu a« = 0, npu @ # 0 IAAKON SKCTpEMA/M HE CYIIECTBY-
er. 9.4.13. y = cosz. 9.4.14. y = cosz + Csinz, C' — npousBosb-
Hag moctrosHHag. 9.4.15. y = z + 1. 9.4.16. y = she 94,17, y =

shl’
= ¢21-2)_ 9.4.18. Ypasrenne Diiepa He OIpeeaseT HI OJHON KPHBOIL.

2
9.4.19. y=C1 + Cox — % 9.4.20. DKcTpeMaJeil HeT.

C — npomsBombHag mocrogrHad. 9.4.3. y = —12°. 9.4.4. y =
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§ 5. O0o0OIIeHs TpocTeiilneil 3a1a4n
BapUAaIMOHHOI'O MCYMCJIEHUS

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

1°. DPynrxuuoHnaasl, 3asucsutue O0M NPOU3BOOHBLIL BbLCULUL
nopadkos. Paccmorpum QyHKIEOHA

Viyl = [ Fa,y(@),y @),....y™ (@) da (1)

C FpaHI/I‘{HLIMI/I yCJIOBI/ISIMI/I
_ —1
y(a) = o, v'(@)=1p,.., 9" V(a) =y,

y(0) =y1, ¥'(6) =iy () =y Y.

Oyukuua F' n + 1 pa3 HenpepsiBHO qudpepeHmumpyema.
Okcrpemanavu GyHKIHOoHANA (1), IMEOMUME TPOU3BOTHYIO TOPS,TKA
2n, SBASIOTCS pelneHus ypaBHenusi Jitnepa—llyaccona

(2)

d d’ n_d"
Fy - %Fyl + WFy” — ee + (—1) dl'—nFy(n) = 0 (3)

Obmee pemenne (3) 3aBUCUT OT 21 IPOU3BOILHBIX IIOCTOSHHBIX, KOTO-
pble OIpeIessaOTcsa U3 ycroBnii (2).

2°. PYHKUUOHAADBL, 3ABUCAULUE OMM HECKOALKUL OYHKUUU.
Paccvorpum dyukmumonan

b
V[yIJ"'7yn] :JF(mlvylv"'7ym7y117"'7y;n)dw
a

C T'PAaHUYHBIMUA YCJIOBHAMUA
yk(a‘):Aka yk(b):Bka k:]-a"'am' (4)

Oyukiusa F' 1BaKabl HePepbIBHO muddepeHnupyema.
OkcrpemMasisMu (DYHKIMOHAIA, UMEIOIIMMI HEMPEPBIBHBIE TPOU3BOJI-
HBIE BTOPOTO MOPSIIKa, SIBJISIOTCS PEIIeHns] CHCTEMbI YPaBHEHUN Jiltepa

O6mee pemenne cucrembl m ypasHeHnUil Broporo nopsiaka (5) saBncnt
OT 2mM TPOW3BOJBHBIX MOCTOSHHBIX, OMPEIEIAEMBIX U3 yCaoBmit (4).
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3°. DynruuoOHaABL, 3a8uUcCAULUE OM PYHKUUT HECKOALKUXL Ne-
pemerHbir. PaccMoTpuM BapHAMOHHYIO 33039y

Viz(z,y)] = J JF(:U Y, 2, g 8z> dz dy, (6)
z(z,y)Ir = ¢(z,y). (7)

Oyukiusa F' nBaxkasl HenmpepsiBHO auddepenmupyema, D — obsacts
Ha wiockoctu rOy, I' — rpanuma obmactu D.

Ecim Ba mosepxHOCcTH 2 = 2(%,y), MMeOImEH HeNpepHIBHBIE YaCT-
HbIE IIPOM3BOJHBIE BTOPOrO MOPSIKA, MOCTUTAETCs SKCTPEMYM (DYHKIHO-
Hasa (6), To dyukuua z = z(z,y) yIOBIETBOPAET yPABHEHUIO Diliepa—
OcTporpaickoro

F. = g (Fy) = £.(F) =0, (8)
rae
0 0
%(Fp) :sz+FPZ£+Fppa +qua )
0
a_y(Fq) :qu"’qua_;"'quax +qu8m
— IIOJIHBIE€ 9aCTHbIE IPOU3BOAHBIE IO T 1 Y, D 82 q = @
BT o oy’

W3 obmiero permrennst ypaBHEHWS B YAaCTHBIX MPOW3BOIHBIX BTOPOTO
nopsanka (8) BbLEENseTCA 9acTHOE pemenme z = 2(,y), TPUHEMAIOIIEE
Ha rpanurne I' 3anannble 3Hadenus (7).

4°. HIneapuanmmocms ypasuenus Jilaepa. Eciu dyHKImonan

Viyl = | F(z,9,y) do (9)

a

npeobpa3yeTcs IIyTeM 3aMeHBI TIEPEMEHHBIX, TO SKCTpeMan (pyHKIHOHA-
na (9) mo-npekHEMy HAXOAATCS W3 yPaBHEHUs Diiiepa, HO y7Ke IJIst Ipeos-
paszoBaHHOro (pyHKIHOHAIA. B MOIydYeHHBIX SKCTpeMaldX BO3BPalllaloTCs
K HCXOJHBIM HepeMeHHBIM:

b d
JF(w,y,y')dm = ) J@(u,v,v') du =

(@ (@)) = (w0(u
= @ufdiuQU/:O = v=u(u).

B psme 3amad mcnonb30BaHWE CBOMCTBA MHBAPUAHTHOCTH 0O0JIErvaeT
HHTErpUpPOBaHNe ypPaBHEHHUs Dilepa.
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2. Ilpumeps! penreHus 3329

1. Haiitu sxcTpeManun BapuarmoOHHON 330341

1

Viy(@)] = [y de,
0

y(0)=0, yO0)=1, y()=1, y(1)=1

A VYpasuenne Ditnepa—Ilyaccona nmeer Bup,

(10)

2
%(23}”) =0 wm y® =0,

ero obmee pemrerne y = C123 4 Cox? + C3x + Cy. I3 rpaHNYHBIX yCIOBHI
maxomum: C7 = 0, Cy = 0, C3 = 1, C4y = 0. CnemoBaTebHO, SKCTPEMYM
dyukumonaa (10) MoxKeT JOCTUraThCA TOJBKO HA HPAMON y = . O

2. HaiiTu skcTpeMasn BapUalMOHHON 3ada4un

Viy(@), 2(2)] = |4 + ) do, (1)

o

A Cucrema ypaBHeHuil Diijiepa uMeeT BUL

2y" =0,
(12)
22" =0.
Pemas cucremy (12), Haxomum ee obiiee pemieHne
y=Cix+Cy, z=Csx+Cy.
U3 rpammuseix yciaosuit mmeem Cy = 1, Co = 0, C3 = -1, Cy =
= 1. CrnemoBarensHo, 3kcTpeMyM dbyHKnnonana (11) MoxkeT mocTuraTbes
TOJIBKO HA IPAMOI
y=x,
O
{z =1—-u=.

3. Haiitn mosepxuocts 2z = 2(z,y), (z,y) € D, Ha KOTOPOH MOKET
JIOCTHTATLCA SKCTPeMyM (byHKIHOHAIA

Viz(z,y)] = J “(%)2 + (g—zﬂ da, (13)

D

npuaem z(z,y)|r = ¢(z,y), [ — rparmna obractu D.
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A Ypasreane OCTpOrpaackoro uMeeT BUL,

02 %z _ —
8—;+a—y§_0 mm Az =0. (14)
VYpasuenwe (14) maseiBaercst ypasHeHmeM Jlammaca.

KpaeBas 3amada nas ypasHenus Jlamiaca

Az =0,
{ (15)

Z|F = (p(l‘,y)

HasbIBaeTCs 3amadeit Jupnxie nias dyskunn z(z,y) B obnacta D ¢ rpa-
auneii I,

Ha nosepxrocru z(x,y) (pemennn 3amaam (15)) MoxkeT moCTHraThCs
srcrpemyM yrkmmonana (14).

OuesusHo, Hanpumep, yro ecau z|lp = C = const, TO peleHneM
samaun (15) 6ymer z = C. Ha s7oit dynkuun z = C' dysxmmonan (13)
NpUHAMAET MAHAMAJIBHOE 3HAYEHUE, PABHOE HYJIIO. O

4. Haiitu skcTpemManu QyHKIIOHATIA

b
Viy() = [ vo? + v da. (16)

a

/A YpasHeHme Jiljiepa UMEET BULL,
y _ _d_ Yy  _
/42 + y'2 dx /g% + 472 =0. (17)
Unrerpuposanue ypasuenus (17) 3aTpyJHUTEIBHO, HO MOXKHO 3aMe-
TuTh, 9T0 yHKIHOoHAX (16) ynpomaercsa mocie 3aMeHbl IEPEMEHHBIX U =
=Yycosx, v = Yysinx, B pe3ybTaTe KOTOPOil MOIyJIaeM

d
Viv(u)] = j\/1 T v2(u) du. (18)

C

B cury cBoiicTBa NHBAapHAHTHOCTH yPaBHEHN iflepa IpH 3aMeHe TIe-
PEMEHHBIX 3KCTpeMaJsn ucxoaHoro dpyrknnonana (16) MoKHO MOy IuTh U3
sKcTpemaJieil mpeobpazosanHoro ¢GyHKIMOHANA (18), BepHYBIHCH B HAX
K CTapbIM IIEPEMEHHBIM T U Y.

VYpasrenue Diinepa mis dbyaknuonana (18) mveer yxe 6oee npocToit
Buz v’ (u) = 0, otkyma v = Ciu + Cy. CienoBaTessHO, SKCTPEMAIISIMA
ucxonsoro dbyskmmonana (16) 6yayr kpusbie ysinz = Crycosz +Cy. O

3. 3ajaunm m ynupakHeHUd I CAMOCTOATEILHOM PAabOThHI

Haiitu skcrpemann GpyHKIIMOHAIOB, 3aBACAIIAX OT IIPOU3BOIHBIX BBIC-
MAUX [OPATKOB.
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1
9.5.1. V[y] = j(y2 + 22 + ") dz, y(0) = 0, y(1) = 0, y'(0) = 1,
Y1) = —shl.
0
9.5.2. V[y] = J (240y - me)dma y(_l) = la y(O) = Oa yl(_l) = _4a57
J(0) = 0, 5" (1) = 16, 5"(0) = 0.
b
9.5.3. V]y| = j(y+y”) dz, y(a) = yo, y(b) = y1, ¥'(a) = yp, ¥'(b) = ¥}
b
0.54. Vly] = [(4* +yy")dz, y(a) = A1, y/(a) = Ao, y(b) = By,
Y/ (b) = Bo. ’
0.5.5. VIyl = |(u* +y") d, y(0) = 0, y(1) = sh1, y/(0) = 1, y'(1) =

=chl.

Haiitn sxcTpemain dyHKINOHAIOB, 3ABUCAIIAX OT HECKOIBKAX (DYHK-

i,
w/4

9.5.6. Vly,2] = J (22 — 4y® + ¢ — 2%) da, y(0) = 0, y(%) =1,
0

2(0) =0, z(g) =1
9.5.7. V[y, 2] = f (2wy —y? %) dz, y(1) = 0, y(—1) = 2, 2(1) = 1,
z(-1) = -1. -
/2
9.5.8. V[y, 2] = J (4% + 2% — 2y2) dz, y(0) = 0, y(g) — 1, 2(0) = 0,

0
z(%) =1.
1

9.5.9. V[y, 2] = j(y’2 + 22 4 2)dz, y(0) = 1, y(1) = 3, 2(0) = 0,
z2(1) = 1. ’

9.5.10. V]y, 2] = j (v — 2zy?') dz, y(%) =2, z(%) =15, y(1) =1,
2(1) = 1. v
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Hanucars ypasuenus itnepa—OcTporpajackoro s Cjenynmx
bYHKIHOHAIOB.

9.5.11. Viz(z,y)] = uh | [(%)4 + (g—z>4 + 12zf(x,y)} dzx dy.
9.5.12. Viz(z,y)] = : | Kg—;f - (%)2} dz dy.
9.5.13. V]z(z,y)] = Kg—;)Z + (%)2 + 2zp(z, y)] dz dy.

Haiitu skcrpemanu ¢pyHKIIMOHATIOB, BOCIIOIb30BABIINCH HHBAPUAHTHO-
CTHIO ypaBHEHUs JHJepa.

In 2
9.5.14. V]y] = J (e %y — e"y?) dx

0
(B ypasrerun Ditnepa nonoxurs ¢ = Inu, y = v, v = v(u)) .

P2
9.5.15. V[y] = J Tsincp 7-2 +T'/2 dSD

1
(B ypaBHEHHHU Diijiepa MepedTH OT HNOJAPHBIX KOOPAUHAT K JIEKAPTOBBIM ).

b
9.5.16. V]y] = J\/lﬂ +y2 \/1 +y2dz.

a

OTBetsnl

3
9.5.1. y=(1—z)shz. 9.5.2. y = %(m3 + 6z +1). 9.5.3. Drcrpemanu
HetT. 9.5.4. OYHKIUOHAJ Ha BCEX KPHUBBIX NPUHUMAET MOCTOAHHOE 3HA-
JeHne: MOoJ 3HAKOM MHTETPaJjIa CTOUT moyHbIN auddepernuart. 9.5.5. y =

x)=sin 2z, — 1.3 _
— sz 956 /7 2 apir 95T, y(w)=—5(@"+52—-6),
z(z)=—5+=5g_ z(z)=uz.
—=si _z’ 2)=1
9.5.8. {y(m) sinz, g 9. JU@=F+1L g5 1Y@ B
2(z)=sinz. z(z)=1. z(m):?—l.
2 42 2 52 2 2
9.5.11. (Q) 0z (ﬂ) 0%z _ . 9512 9z _ 0z _
0z /) 92? + 0y/) oy? f(@y) dz? y?
= 0.9 1382—24—& = o¢(z,y). 95.14. y = Cicose” +
. 2-19. o3 6y2 ,Y). 0.14. 1

+ Cysine®. 9.5.15. rcosg + Cy = Ciln|rsing + y/r2sin® ¢ — CF|.
9.5.16. 22 cosCy — y2 cos Oy — 22y sin Cy = C.
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§ 6. /locTtarounbie yciioBusi SKCTpemyMa (pyHKIIMOHAIA

1. OcHOBHbIE NOHATHS ¥ TEOPEMBI

1°. Pazauvwnbie munsv, skCcmpemyma GYHKUUOHAAL. [0BOPAT,
4910 byHKImOHAN V[y| JOCTHraeT cuAvH020 JTOKAIHHOIO MUHAMYMa (MaK-
cuMyMa) Ha KpuBOH y = §(z), em CymecTByeT Takad £-OKPECTHOCTH
UJIA CUJIbHAA OKPECTHOCTh B MeTpuke npocrpancTtBa C' kpusoit y = g(x),
9T0 s Jr00of KpuBoi y = y(z) M3 3TOH OKPECTHOCTH CIPABEJINBO
HEPaBEHCTBO

Viy(@)] = V]g(=)] 20 (<0).

Tosopsar, aro dbyrkunonan V[y| mocruraer c4a6020 NOKATBHOTO MU-
HEMyMa (MakcuMyMma) Ha KpuBoii y = ¢(x), ecim CymiecTBYeT Takasd
£-0OKPECTHOCTh WM CTabas OKPeCTHOCTh B MeTpmke mpocTpancTe Cl
KkpuBoii y = §(z), 9To mra moboit KpuBoit ¥ = y(z) U3 3TOi OKpecTHOCTH
CIIpaBeIJIIBO HEPABEHCTBO

Viy(@)] - Vigz)] 20 (<0).

Tak Kak CuibHasi OKpecTHOCTh dyHKumm §(z) “Gorade” dyHKIpsaMn
CpaBHeHMs, 9eM caabasi, TO ecim dKCTpeMyM mocruraercs Ha J(z) B ee
CHJIbHOI OKPECTHOCTH, TO TeM bojiee OH OymeT mocTuraThcsa Ha §(x) B ee
cnaboit okpecrrHoctu. ObpaTHOE BOOOIE TOBOPs, HEBEpHO. VTaK, BCAKMIt
CUJIbHBIN SKCTPEMYM $IBJISIETCS B TO K€ BPeMsi U CIabbIM SKCTPEMYMOM,
HO He HaobOpOT.

Iepeiinem K GOPMYIUPOBKE TOCTATOYHBIX YCJIOBHIA SKCTPEMYMA.

2°. IToae sxcmpemaanet. IIpemmonoxxum, 9T0 KpaeBad 3a1a49a, JIJid
ypaBHeHUs Jiepa

Fy—%Fy’zov (1)

y(a) = A, y(b) = B, (2)
onpenesmiIa KCTpeManb y = yo(z) (puc. 67) (mamee — msywaemas niam

ucceyeMas 9KCTPEMAIIb), Ha KOTOPOil MOMKET JNOCTUTATHCS SKCTPEMYM
BapHUAIMOHHON 3a/1a9 C 3aKPeIVIEHHBIMU I'DAHUIAMUA:

Viyl = | F(ay.y) dr, (3)

yla) =4, y(b) = B. (4)

OpauM u3 TpeboBaHUil, BXOAAINNX B HANOO/I€€ PACIIPOCTPAHEHHBIE 10~
CTATOYHBIE YCIOBHS SKCTPEMYMa BapHAIlMOHHOM 3amaqu (3), (4), Aasgercs
BO3MOXKHOCTH BKJIIOYEHHUsI UCCIEAYEMON SKCTPEMAIIA B TOJIE SKCTPEMAIE.
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Ob6mee pemenne ypasHeHus Diisepa (ypaBHEHHs, KaK TPABHJIO, BTO-
POro MOpsifiKa) 3aBUCUT OT ABYX IPOU3BOJBHBIX MOCTOSHHBIX, HAPHMED
y = Cix+Cs. Eciiu B 9TOM MHOXKECTBE IIPSAMBIX OCTABUTH 3aBUCUMOCTH OT
OJTHOTO TapaMeTpa, TO MOXKHO TOJIyYUTb PA3JIMYHbIE CeMeNHCTBa, HAIPHU-
Mep,

y=0Cy y=2z+Cy y=Cz unrmo

(b,B) (b,B)
/ yéw\ﬂ
(a,A) (a,4)
a b a b
Puc. 67. Puc. 68.

Ecmu ma nnockocru Oy 4depes Kaxkayro TOYKy obnactu G mpoxomuT
OZlHa W TOJNBKO ONHA KpuBas ceMeiictBa y = y(z,C), To 3TO ceMelcTBO
HA3BIBAIOT cOOCTMEEHHbLM Noaem B obmactu G (puc. 68).

Ecnu Bce KpuBBIe ceMmeiicTBa y =

(,B) = y(z,C) npoxomar gepes HEKOTOPYIO

TouKy (Zo,Y) € G (ueHTp myuKa),

4?“@\ MIOKPBIBAIOT BCIO obsacTh G u HUTTE,

Y KpOMeE IIeHTPa IydKa, OOJIbIle He IIe-

PECEKAIOTCA, TO TOBOPAT, 9TO 3TO Ce-

MeCTBO 00pasyeT yeHmpasvHoe noae
(a.4) 6 obaacmu G (puc. 69).

B oboux mossax BBIOOpOM JIFOOOIT
Toukn obmacTu (Kpome HEHTpa Mmyd-
Ka B IIEHTPAJbHOM TIONE) 3a/aeTcs
€IMHCTBEHHAS JKCTPEMAaJIb, IIPOXOIs-
mast 9epe3 3Ty TOUKY.

B psaze ciy4aeB m3ydaeMyo 9KCTPEMAJb MOXKHO BKJIIOYHATH KAaK B COO-
CTBEHHOE, TaK U B IEHTPAJBHOE TIOJIE.

B manprEefimux paccyKIeHUsSX BaxKHYI0 POJIb OyIE€T UTPATH TAK HA3ZBI-
BaeMbIl HAKAOH NOASA IKCMPEMAAET — TPOU3BOJHAS FKCTPEMAJN B KAK-
oM TOYKe.

Tak kak B mojie dKCTpeMaJiell gepe3 KaxkKAylo TOYKY IPOXOJUT €IIWH-
CTBEHHAS YKCTPEMAJIb, TO HAKJIOH IOJIA SKCTPEMAaJel B JAHHOW TOYKE sB-
JISIETCSI BIIOJIHE OTIpe/IesIeHHOM dyHKImel 3Toit Touku. Bynem obo3nagars

sty dynkmmo p = p(z, y).

Puc. 69.
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3°. docmamounwvie ycaosus Betepwmpacca. Bynem cuurars,
9TO 9KCTpeMaJib Y = Yo () HA cermeHTe [a, b| BKIIIOUYEHA B 1OJIe SKCTpeMa-
neit (cOGCTBEHHOE WJIM IEHTPAJIBHOE).

@yukuueit Beitepmrpacca F(z,y, p,y') HassiBaerca GyHKIHS

E(z,y,p,y") = F(z,y,y') — F(z,y,p) — (v — p)Fp(z,y,p).

Dynrkmus F paccmaTpuBaercss Ha KPUBBIX cpaBHerus y = y(z), ymo-
BJIETBOPAIOIINX TEM K€ TPAHUYIHBIM YCIOBHUAM, 9TO U SKCTPEMAIIH

y=1yo(z), ylz)e€ Cl[a’ bl.

B mo6oit Touke M(x,y) wepes y'(z) B aprymentax byHKIUM
E(z,y,p,y’) obo3Ha4aeTcs NPOM3BOLHAs KpUBOH cpaBHeHHs y(x)
B Touke M, a wepe3s p = p(z,y) — HAKJIOH IOIS IKCTPEMAJEH B ITOMH
rouke (puc. 70).

(b,B)
KpuBast
— CpaBHEHHs
JKCTpEMaJIb
(a,A4) \ ) N~ W3 TT0JIS
a b
tga = p(x,y) tgf=y'(x,y)
Puc. 70.

Yepes dyukmuio Beitepmrpacca ciaemyoomuM 060pa3oM BBIPAKAETCS
npupamenne dbyakuporaua Vy|:

b
AV = VIy(@)] - Viyo(@)] = | Bz, y(2), p(, y()),y (z)) de.

a

3mech yp(z) — mecamenyemas sKCcTpeMans, a y(r) — KpUBag CPABHEHUSI.

ITo3ToMy ZOCTATOYHBIM YCAOBHEM JOCTUYKeHIA (DyHKIHOHAIOM V 9KC-
TpeMyMa Ha 3KcTpeMasd Yo(z) OymeT 3sHaKoompeneseHHOCTh DyHKImA E
B OKPECTHOCTH IKCTpeMaJn Yo (z).

OkcrpeMyM Gyner caabblM WA CHJBHBIM B 3aBHCHMOCTH OT TOTO,
B c1a60oil WM CHJIBHON OKPECTHOCTH IKCTPEMANH Yo (L) COXpaHAeT 3HAK
dynknua Beitepmrpacca F.

Hocmamounvie ycaosus caabozo skcmpemyma (pysxmus Beitep-
mTpacca uCCIeayeTca B caaboii OKpecTHOCTH dKCTpemanu yo(z)).

Kpusas y = yo(z) moctaBaser ciaabblii skcTpeMyM byHKImoHaIy (3),
ecm:
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1) xpuBas y = yo(z) sBAsIETCS 3KCTpeManbio dbyHKIMoHANA (3), yI0-
BJIETBOPSIOIIEH PAHIIHBIM YCIOBUAM (4), T. €. ABJIAETCS PENIeHneM ypaB-
Hemus Oiepa g dbyaknuonana (1), yIOBIETBOPAIOMAM TPAHUIHBIM
ycioBuaMm (2);

2) skcTpemanb y = Yo(x) MOKeT GBITh BKIIIOUEHA B MOJIE IKCTPEMAIIe
Ha oTpeske [a, b];

3) dysxuma BeitepmTpacca COXpaHsSeT 3HaK BO BCEX TOYKax CIaboit
OKPECTHOCTH IKCTpeMasl §y = Yo(x), T.e. B Toukax (&,y), OMM3KHX K
srcTpeMasn y = yo(z), u mia 3uadenuit y', 61uskux K p(z,y).

Ecmm E > 0, To dyakumonan V[y] nmeer ma yo(z) caaberii MuanMyM,
ecmn E < 0, o dyuxnmonan V(y| nmeer Ha yo () caabblit MaKCHMYM.

Hocmamounvie ycaosus cuavnozo skempemyma (byakmus Beitep-
MITPacca MCCIEAYETCS B CHIBHON OKPECTHOCTH SKCTPEMAH Yo (z)).

Kpusas y = yo(z) mocrasiser cunbHBIH 3KcTpeMyM dyHKImoHALY (3),
ecJm:

1) xpuBas y = yo(z) sBAsIETCS 3KCTpeManbio dyHKIMoHANA (3), yI0-
BJIETBOPSIOIIEH TPaHMIHBIM yeaoBuaM (4),

2) sxcTpeMains y = yo(x) MOXKeT GBHITH BKJIIOUEHA B IIOJIE IKCTpeMaJIeit
Ha oTpe3ke [a, b],

3) dynkmma BeiiepmTpacca coxpanseT 3HaK BO BCEX TOYKAX CHIBHON
OKDECTHOCTH IKCTpeMasn y = yo(z), T.e. B Toukax (z,y), Giu3KHX K
sKCTpeMasm y = yo(x), W I TPON3BOIBHBIX 3HAYEHUH ¥’ .

Ecmu E > 0, To dbyakuuonan V[y| umeer Ha yo(x) CANBHBIA MUHUMYM,
ecm E <0, To byaknmonan V[y| umeer ma Yo () crrbHBI MakCAMyM.

Jlocmamounoe ycaosue omcymemeus sKCmpemyma.

Ecmu B ToYkax sKcTpeMasn y = yo(T) Tpu HEKOTOPHIX 3HAYEHUSAX Y
dyHknua F mMeeT NPOTHBONONOXKHBIE 3HAKU, TO CHJILHBIA 3KCTPEMYyM
Ha Yo () HE pocTHraercs.

Ecim B Toukax skcTpeMann y = yo(z) npn 3HaUeHNsAX Y’ CKOJIb YTOIHO
6mm3kux K p(z,y), GyHKus E nMeeT MPOTHBOIOIOXKHBIE 3HAKH, TO Ha
yo(z) He mocTuraerca u crabblii IKCTPEMYM.

4°. Jocmamounwve ycaosus Jlestcandpa.

Iycre dbysxmmsa F(z,y,y’) WMeeT HeNpepHIBHYI BTOPYIO NPOM3BOJI-
uyo Fy(z,y,y') n nycrs skcrpemanb y = yo(z) BKIIOYEHA B IOJIE
IKCTpeMaJeit.

Jocmamounvie yeaosus caabozo sxcmpemyma (Fy, nccnemyercs na
camoit sxcTpemamn y = yo(z)).

Ecmu Ha skcrpemann y = yo(z) Fyryr > 0, 1o dynkuuonan V[y] nmeer
Ha Yo(z) cnabblii MEHIMYM; €Cu Ha SKCTpeMatn § = Yo(z) Fyy < 0, O
dynxnmonan V]y] mmeer Ha yo(x) caabprii MakcuMymM.

Jocmamounvie ycrosus cuavhozo sxcmpemyma (Fyrs nccrexyercs
B CHJIBHOH OKPECTHOCTH 3KCTpemasma Y = yo(z)).

Ecmu Fyy > 0 B TouKax (r,y), OIH3KHX K SKCTpeMald y = Yo(x),
U JJIs TPOU3BONBHBIX 3Ha4eHumit y', To V[y| mmeer ma sxcrpemamm yo(z)
CHJILHBIH MHHUMYM.
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Ecmu Fy < 0 B Toukax (z,y), 6iamsknx K sKcrpemanu y = Yo(x),
U Jyis IPOU3BOIBHBIX 3HadeHuii y', To V[y| umeer Ha sxcrpemasu yo(z)
CHJIbHBII MAKCHAMYM.

2. Ilpumepsl pemrenud 3aga4

1. UccmemoBarh HA 9KCTpeMYM (DyHKIMOHAT

1

Vil = [ y° de (5)
IIPpU 'PAHUYHBIX yCJIOBHAX
1) y(0) = 0, y(1) =2 (6)
2)y(0) =1, y(1)=1, (7)
3)y(0) =0, y(1)=-1 (®)

A 1) CemeiicTBo 3KCTpeMajell HaHHOrO (bYHKIMOHAJA OIPENeIsaeTcs
dopmynoit y = Cyz + Cy. I'parmarsiv ycnosusam (6) ymosieTsopsieT
SKCTPEMAJIb Y = 2.

DTa IKCTPEMAh MOXKeT ObITh BKJIFOYEHA B IEeHTPasbHOe mose iy = Oy
mwin B cobcTBeHHOE monte y = 2 + ¢ (puc. 71).

y="Cx

y=Cx y=2x+C,
Puc. 71.

Dyuknusa Beitepmrpacca qyis dyaknuonana (5) umeer Bug

E(z,y,py)=9*-p" -/ —p)3p° =/ —p)*(/ +2p).

Buaso, uro 6mu3ocTh TOYEK (Z,Yy), 9epe3 KOTOPbIE IPOXOAAT KPHUBbHIE
cpaBHeHns y = y(x), K 9KCTpeMasm y = 22 B TAHHOM CJIydae HE CYIIEeCT-
BeHHA: OT * U Yy PyHKIusA F He 3aBUCHT.

Paccmorpum nosegenue E B 3apucumoctu oT 3. Bugno, uro dyHknms
E MoxeT MeHATH 3HaK (3a c4eT CKOOKW y' + 2p) Ha sKCTpeMaan y = 2%
(c makmonOM p = 2), ecnm y' mepexomuT wepes 3Hauwenume y' = —2p = 4,
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T. €. ecJIn KpUBasi cpaBHEHUs y = y() mo cBoeil Mpon3BOIHON JOCTATOTHO
CHJIIPHO OTJMYAeTCs OT SKCTpemanm y = 2z (puc. 72).

3HAYNUT, CUIIBHOTO YKCTPEMYMa HET COIVIACHO JOCTATOYHOMY yCJIOBHIO
€ro OTCYTCTBHS.

Puc. 72. Puc. 73.

Bumecre ¢ TeMm, dynkius Beitepmrpacca coxpansier 3HaK (E > 0), ecan
y'+2p = y'+4 > 0, T. e. ecsin KpuBasi cpaBHeHUs y = y(z) 0 TPOU3BOLHOMN
1y 6au3Ka K HaKJIOHY p = 2 cOOCTBEHHOTO 10 KcTpeMadieil y = 2z + Co
(most Becex 3Havennit y', Takmx, aro y' > —4) (pumc. 73).

3HAYUT, HA SKCTPEMaJd y = 22, COIVIACHO JOCTATOYHOMY yCJIOBHIO
Beitepmrpacca mocruraercs ciabblii MAHIMYM.

BreisicHuM Temepb, 9TO JaeT MPHMEHEHHWe JOCTATOYHBIX ycaoBmit Jle-
JKaHIpa.

HOna dbyskmmonana (5) Fy,, = 6y’. Ha camoit skcrpemamu y = 2z
Fyy =12 > 0, crenosarensno, dbynkumonan (5) umeer Ha 9T0ii SKCTpe-
MaJju CJIa0bIil MUHIMYM.

VYcnosue xe Fy,y > 0 Ha KPHUBBIX, OJH3KHX K SKCTPeMad (BHIHO,
9TO B JAHHOM CjIydae GJU30CTh 10 KOODAMHATAM HE CYLIIECTBEHHA), U IIPH
9TOM He3aBUCUMO OT 3HadeHuil y' He BuimojiHsercs (6y’ 3HaKOmEpeMeHHA,
cM. puc. 72). Ho u3 sToro He cieyeT OTCYTCTBHE CUIBHOTO SKCTPEMYMA,
TakK Kak yciosue JlexkaHApa TOCTATOYHOE.

Taxum 06pa3om, eCu OTPAHUIUTHCS TOJIHKO MPOBEPKOI TOCTATOTHOTO
yCJIOBI/IS{ J—Ie)KaHI[pa, JJId BBIACHEHUA Cy]l[eCTBOBaHI/Iﬂ CHUJIBHOT'O 39KCTpPEe-
MyMa, TO BOIOPOC OCTA€TCA OTKPBITHIM. BBIIE HAM yAaJ0Ch BBICHATH
OTCYTCTBUE CHJBHOTO KCTPEMYMa JIUIIb C MOMOIMIBI0 CBOMCTE (hbyHKIAH
Beitepmrpacca.

2) I'panmusbiM ycaoBusM (7) yIoBIETBOpSET KcTpeMalb y = 1. Jta
KCTPEMAJIb MOXKET OBbITh BKJKYEHA B HeHTpasbHoe nmojie Yy = Cix + 1 uian
B cob6crBennoe none y = Cy (puc. 74).

Dyukuus Beitepmrpacca mia dysaknmonana (5) B IpeabIymeM IyHK-
Te ObLJIa IPUBEJEHA K BUILY

E(z,y,p,y) = (¥ —p)*(¥ + 2p).



§6] Zocmamounbie ycaosus sxcmpemyma GYHKUUOHAAG 377

OHa He 3aBUCUT OT T U Y U LEJIMKOM OIIPEJIEJIAeTCS B3auMOOTHOIIIEHUSMHU
MeXTy y ¥ HaKJIOHOM P TOJIs 9KCTpeMaJeit.

L
1 1 1
0 1 0 1 0 1
y=Cix+l y=G
Puc. 74. Puc. 75.

Ha skcrpemanu y = 1 (u ma sxcTpeMansax coberserroro monsg y = Cs)
bynknunsa E npuanMaer Buz

E=1y"? (tak xax p = 0),

T.e. ABJIAETCH 3HAKOIEPEMEHHOH B 3aBHCHMOCTH OT ¥', IpUYeM CMEHa
3HaKa JOCTHraeTcs mpm Yy’ Kak yrogao 6mmskmx k p = 0 (pme. 75).
CietoBaTeIbHO, MO JOCTATOYHOMY YCIOBHIO OTCYTCTBHUS KCTPEMyMa HA
9KCTpeMasm y = 1 He JoCTUTAeTCH Jazke Caabblil SKCTPEMYM.

Obparumcsa Tenepb K ycaosuio Jlexkannpa. Ha mpamoit y = 1 Fyryy =

= 6y’ = 0, T.e. gocraTouHoe yciopue JlexkaHapa B 3TOM Cilydae He
paboraer.

3) I'paHnuHBIM ycroBUAM (8) yIOBIETBODSIET KCTPEMANb § = —I.
Ora ’KCTpeMasb MOXKeT ObITh BKJIIOUEHA B LeHTpaibHoe moie y = Ciz
i cobersennoe mose y = —x + Co (puc. 76).

0 1 0 1 0 1
-1 -1 -1
y=Cx y==x+GC,
Puc. 76. Puc. 77.

®ynkmua Beitepmrpacca E = (y' —p)?(y'+2p) Ha 3xkcTpemann y = —x
(u Ha Beex IKcTPEMaIsX cobcTBEHHOrO Mo y = —r+Cy) IpUHUMAET BUL

E=#+132%% -2) (rak kax p= —1).
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B nanrOM ciydae ee moBeieHre AaHAJIOTUIHO CJIy9aio 1, HO C APYTUM THUIIOM
9KCTPEMYMA.

Bo-nepsoix, dynknus E 3nakomepeMeHHa M MEHSIET 3HAK MPU CMEHE
3HaKa pasHoCTH 3’ — 2, T.e. KOIyla OpOHM3BOAHAA y KPHBOH CpaBHEHUS

JOCTATOYHO CHJIPHO OTJINYAETCS OT HAaKJIOHA p = 2 MO dKCTpeMaJei
(BmmmO, uTO cobeTBERHOE IONTE Yy = — + Co yHOGHEE I STUX PACCyKIe-
0 1 Huit) (puc. 77).

3HAYNUT, CHJIBHOTO IKCTPEMyMa HET COTJIACHO
JIOCTATOYHOMY TPU3HAKY €r0 OTCYTCTBUSL.

Bwmecre ¢ Tem, dynkuus Beiteprrpacca coxpa-
mger 382K (F < 0), ecm y' +2p = 3y — 2 < 0,
-14 T. €. eCJIN KpUBasi CPaBHEHNUs Y(Z) 0 MPOU3BOJHOMN
Yy 61M3Ka K HAKJIOHY p = —1 cOOCTBEHHOIO IIOJIS
srcrpemasieit y = —x + Cy (11a Becex 3Hagenuii y'
Takmx, 9o y' < 2) (puc. 78).

3HAYUT, HA IKCTPEMAJIH § = —I, COTJIACHO IO~
CTATOYHOMY yCJIOBUIO BeiliepmTpacca gocTuraercs Cjaadbiii MaKCUMyM.

Puc. 78.

Obparumcst K gocTaTo9HBIM yeinoBuaM Jlexxaunpa. g dyskumona-
na (5) F,, = 6y’. Ha sxkcrpemamu y = —z Fyr,y = —6 < 0, cnemoBaTesn-
HO, byHKImoHA (5) IMeeT Ha STOIH SKCTPEMATH CIa0bIi MAKCAMYM.

Ycnosne xe Fyr < 0 Ha KPUBBIX U3 CHIIBHOI OKPECTHOCTH SKCTPeMa-
JWm Yy = —2, T. €. HE3aBUCUMO OT ¥’ , He BhIONHseTC (6’ 3HAKOIEpEMEHHA,
cM. puc. 77). Ho ycnoBue JlexaHapa JOCTATOYHOE, TIO9TOMY U3 €ro Hapy-
[IEHNs] HE BBITEKAET OTCYTCTBHUE CUIBLHOTO SKCTPEMYMA.

Kak u B cimydae 1 Bompoc 06 OTCYTCTBUU CHIIBHOTO 9KCTPEMYMa PeIleH
€ OMOIIBIO CBOICTB dyHKIUU BeitepmTpacca.

2. HUccnemoBarh Ha SKCTpeMyM (DYHKIIMOHAJ

1

Viyl = [y de (9)
C 'PaHUYIYHBIMUA YC/JIOBHAMM:
D y(0) =0, y(1)=2, (10)
2)y(0) =1, y(1)=1, (11)
3)y(0) =1, y(1)=-1 (12)

A Kak u B npumepe 1 cemeiicTBo sxcTpemasteii byuknuonaia (9) omnpe-
nensercs dpopmydoit y = Cix + Cs.

Okcrpemainu, ynosiersopsiomue ycrosusM (10)—(12) u BrimoueHHbBIE
B COOTBETCTBYIOIIWE MOJIA, T€ XKe, 9TO W B mpumepe 1 (cm. pmc. 71-78).
VYenoeuam (10) ymosaerBopsier sKkcTpeMansb y = 2z, ycaosusam (11) —y =
=1, ycmoBuswm (12) —y = —x.
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Dynkuns Beitepmrpacca g byaknmonasa (9) nveer 6omee CI0KHBIN
BIJ, YeM B ImpuMepe 1:

E(z,y,p,y) =y* —p* — (v —p)W’.
HUccnenoBanue ee 3HAKOONPEIEJI€HHOCTH TPEOyeT HEKOTOPBIX yCHUJIMIA.

ObpaTumcst 105TOMY Cpa3y K JI0CTaTOYHOMY yciaoButo Jlexxannpa. s
dynxnmonamna (9)

Fylyl = ].2y/2 .

Boisicaum cnauasia nosenenue Flys,s Ha SKCTpeMAasisX, MPOXOASIIUX
gepe3 touxu (10), (11), (12).

Ha skcrpemanu y = 2z, npoxonsumieii gepes roukn (10), Fyry = 12 -
-4 = 48 > 0, cnemoBarenbHO, GyHKIMOHAT (9) IMEET HA ITOH FKCTPEMAIH
cnabblit MUHUMYM.

Ha skcrpemann y = 1, mpoxoxameit gepe3 touku (11), F,r = 0.
Bompoc o c1aboM 3KCTpeMyMe OCTAeTC OTKPBITHIM.
Ha skcrpemanu y = —z, npoxonsmieii depes rouku (12), Fyr,r = 12-1 >

> 0, cnemoBarenbHO, GyHKIMOHAT (9) IMEET Ha STON IKCTPEMAIH CAa0bIit
MUHHMYM.

Tenepr paccmorpum mosegenue Fys B CHIBHOI OKPECTHOCTH HCCIIE-
JIyeMBIX SKCTpeMaJiell (TO eCTh, He3aBUCHMO OT ¥').

Buano, 9TO B CH/IBHBIX OKPECTHOCTSX KAaXKI0M W3 dKCTpeMasiel y = 2,
y=1,y=—z ana Fy, nmeem

Fy

=12y > 0.
ITosTomy Ha 3KCTpemassax BCeX Tpex 3amad maa dbyHKnuonana (9) o
UMeeT CUJIbHBIN MHUHUMYM (‘ITO HE IPOTUBOPEYUT yCTAHOBJIEHHOMY BBIIIIE
HAJIMHUIO C1aboro MAHUMYMa Ha TIPSIMBIX Y = 22 U Y = —X).

Bepremcs k dyukmun Beiteprrpacca. IIpeobpa3syem ee kK Bumy, obJier-
YAOIMIEMY UCCJIeI0OBAHUE 3HAKOOIPEIeIEHHOCTH:

E(z,y,p,y) = (¥ —p)’120> + (¥' +p)*] > 0. (13)

Hepasencrso (13) BBIIONHAETCA B CUIIBHBIX OKPECTHOCTAX (HE3ABHCH-
MO 0T ¥') BCEX TPEX WCCIEAYeMbIX dKCTpeMasiell (HakIoHbI p(z,y) momei
9KCTpeMaJIeil TakKe He BJIHUSIOT Ha pe3ynsraT (13)).

CreoBaTeIbHO, COIIACHO JOCTATOYHOMY YCJIOBHIO Beltepmrpacca
CHJIBHOTO 9KCTpeMyMa, mmoaydaeM i dyHknuoHama (9) CribHBIR
MEHEMYM Ha KaxKZOH m3 sKcTpemaseii, onpenengembix yciaouamu (10)—

(12). O

3. 3agaum m ynpakHeHUd Il CAMOCTOATEILHOM PaboThI
BrisicHUTB, 06pa3yroT ju moje (COOCTBEHHOE MM HEHTPAIbHOE) yKa-
3aHHBIE CEMeCTBA KPUBBIX B 33JaHHBIX 00JIACTAX.

96.1.y=C-tgz; 0<a<T, -F<y<7.
9.6.2. y=C-cosz, ecmm: a) |z| < 7,6) 5 <z <7 B)|z/<7
9.6.3.y = C(z%—2x),ectm: a) 0 < ¢ < 1,6) -1 < z < 3, B) % Smé%
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9.6.4. y = C -sin(z — %), ecmm a) /4 <z <7n/2,6) /3 x<m,
B) /8 < x
ITokasaTh, 9TO YKCTPEMAU CAEAYIOMUX NPOCTEHIINX BAPUAIMOHHBIX
33/1a4 MOXKHO BKJIOYHTbH B II0jI€ 9KCTpemaJeill (coGCTBeHHOEe MM IeH-

< 27r.

TPaJIbHOE).

9.6.5. V[y] = j(y'2 —2zy)dz, y(0)=y(1)=0.
0

9.6.6. V[y] = f(wy +y?)dz, y(0)=1,y(1) =e.
0

9.6.7. V[y] = T(@ﬂ —y*)dz (a >0, a # k), y(0)=0,y(a)=0.
0

9.6.8. V[y] = T(y’2 + 23 dz, y(0)=1,y(2) =3.
0

Nccnenosars Ha 3KCTPpEMyM (DYyHKIIMOHAIBIL.

9.6.9. V[y] = jez (v* + %y@) dz, y(0)=1,y(1) =e.

9.6.10.

9.6.11.

9.6.12.

9.6.13.

9.6.14.

9.6.15.

9.6.16.

9.6.17.

0

Vlyl = jeyy& dz, y(0) =0, y(1) =In4.

Viy| = f Zi? dz, y(1) =1, y(2) =4

Vly] = Tz—‘” y(0) =0, y(a) = b, a >0, b> 0,
Viyl = j(l +z)y%dz, y(0)=0,y(1) =1.

Viy] = wf(zf —y?)dz, y(0) =1, y(r/2) = 1.
Vly] = i y'(1+a*y)dz, y(-1)=1,y(2) =4
Viy] = j (y° +y?)de, y(—1)= -1, y(1) = 3.

—

0, y(a) =b,a>0,b>0.

=
=,

Il

Oe——0 |

@\|g~
NS
<
—
[an)
SN—"

Il
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3
9.6.18. V]y] = J(l?my' +y?)dz, y(1) =0, y(3) = 26.
1

Wcnonb3ysa ycioBue Jlexkauapa, ncciemoBaTh Ha IKCTPEMYyM (DYyHKITH-
OHAJIBL.

1

9.6.19. V[y] = J(y'2 +a?)dz, y(0)=—1, y(1) = L.
3

3

9.6.20. V[y] = J 3w, y(2) =4, 4(3) =9,
3

9.6.21. V[y| = [(ay" — 2yy®) da, y(1) =0, (2) =1
1

9.6.22. V]y] = J(l —e¥*)dz, y(0)=0, y(a)=b, a> 0.
1

9.6.23. V[y] = Jyy'2 dz, y(0)=p>0,y(l)=q>0.
0

OTBeTBI
9.6.1. IlenrpambHoe mose. 9.6.2. a) cobcTBeHHOE 1OJIE, 6) HEHTPAIBHOE
nose, B) He o0pa3yor nois. 9.6.3. a) neHTpasbHOe noie, 6) He 00pa3yoT
noss, B) cobeTBeHHOe mone. 9.6.4. a) meHTpasbHOE Hoje, 6) cobCTBeHHOe
nosie, B) He o6pasyior nons. 9.6.5. Jkcrpemans y = %(1 — 2?) mpumaz-

3
JIE?)KUT EHTPAIIBHOMY IOJTEO dKcTpemajteit y = Cra — % C IEeHTPOM B TOY-

ke (0;0). 9.6.6. Dxcrpemasnb y = € MOXKHO BKJOYATH B COOCTBEHHOE
moste 3rcTpemateiit y = e* + C. 9.6.7. Ecou o < 7, 1o 3xcTpemans y = 0
MPUHAJIERKUT [EHTPAIBHOMY OO 3KcTpeManeit y = Csinz. [lpu o > 7
cemeiictBo kpuBbix y = C'sinx noss e obpasyer. 9.6.8. Dkcrpemasib
y = = + 1 npunagmnexur cobcrBenHomy nomio y = x + C. 9.6.9. Ha
KpuBOit y = € pmocruraercs cuiabHbll MuanMyM. 9.6.10. Ha kpusoit y =
= 2In(z + 1) mocruraercs curbab MuaEMyM. 9.6.11. Ha kpusoii y = z

nmocruraercs ciabsiit muanmym. 9.6.12. Ha npsawmoit y = gm JOCTHUTAETCA

In(z +1)
In2

HbBI MUHIMYM. 9.6.14. Ha KpuBoit y = cos x-+sin & JocTUraeTCd CUIbHbIN

MakcuMyM. 9.6.15. Ha HempepbIBHBIX KPUBBIX IKCTPEMYM HE JTOCTHUTA-
ercd. 9.6.16. Ha mpamoit y = 2z + 1 mocruraercss cirabblii MUHEMYM.

cnaberit MuanmyM. 9.6.13. Ha kpusoit y = JOCTUTAETCA CHJIb-

9.6.17. Ha mpamoit y = ga) Jocruraercsd ciaberit muanmym. 9.6.18. Ha

KpuBoif y = x> — 1 mocTuraeTcs cumbHLIH MakcumyM. 9.6.19. Ha xpumpoit

y = 2x — 1 pocturaercda cunbHbI MuHEUMYM. 9.6.20. Ha xpmsoit y =

= 2?2 gocruraerca cmibHBIH MuHEMyM. 9.6.21. Ha mpawmoit y = x —

— 1 mocruraercsa ciaabeiit muanmym. 9.6.22. Ipu [b| < -% na npsmoit

V2
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y = gx JocTuraeTcss crabblii MuUHEMYM, a mpu |b] > % — CcnabbIi
makcumyMm. Ilpm |b] = % skcTpemyma Her. 9.6.23. Ha kpusoit y =

= ¥/1(¢3/% — p3/2)x + p3/2]2 upu p # q pocruraercs cnabiit MEHIMYM,
Py p = ¢ HA TIPAMOHN Yy = p JOCTUTAETCS CJIAOBI MUHUMYM.

§ 7. 3amava ¢ moABM>KHBIMU I'PAHUIIAMU

1. OcHOBHBIE TOHATHS U TeopeMbl

1°. ITocmanoexa 3adauwu. PaccmorpuMm dpyHKIHOHAT
z1
Vil = | Fla,y,y) de (1)
o

na kpusbix y(z) € C'[a,b], rpanmunbie Toukm KoTopwX A(zTg,yo) @
B(x1,y1) B CBOIO OUepespb JIEKAT HA 3aJaHHBIX [VIAJKAX KPUBBIX

y =), y=1v(z), (2)

TaK 4o Yo = ¢(z0), y1 = P(w1).

OrmeTnm, 9T0 abcuucceht g n 1 To9ek A m B 3apanee He (pukcupo-
BaHbI U MOJIJIEXKAT OIIPe/IeIeHUIO.

3adaya ¢ nodBUIHCHBIMUY 2PAHUYAMY CTABUTCS TAK: CPEIU BCEX (DYHK-
muit y(z) € Ca, b], TpadbmKn KOTOPHIX COEIMHSAIOT TOUKH JABYX JAHHBIX
KpuBBIX Y = ¢(z) n y = 9(x), HaliTH Ty, KOTOPasA MOCTABISAET SKCTPEMYM
dynkmmonany Vy] (puc. 79).

y

] =

Yo

Puc. 79.

2°. Heobxodumdvie ycaosus axkcmpemyma. Jjas toro, 9rodbi
dynkma y = §(z) mocrasisuta sxcrpemym dyrknmonamy (1) cpemm Beex
kpubbix y(z) € C[a, b], coeMHATOMUX TOYKI ABYX 33 aHHLIX JHHHH § =
= ¢(z), y = ¢¥(z), meobxommumo, ITOGHL:
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1) kpusas y = g(z) Gbuta pemennem ypasHeHus Diinepa miast QyHK-
nuoHasa (1) (ABIsAIach 9KCTPEMAIIBIO),

2) B Toukax A(xg,Yo), B(r1,y1) nepeceaenns sxcrpemamu y = j(z)
¢ KpuBbIME Y = ¢(Z) 1 y = () BHINOIHAIACH yCIOBAS TPAHCBEPCATBHO-
cTH

[F + ((10, - yl)Fy’]w=:co = 0,
[F + (W - yl)Fy’]zzzl =0.

VYenosus (3) ycTaHABAMBAIOT CBA3H MEXKLY yTIOBBIMHA KO3 dumenTa-
mu ¢ u ¢, a Takxke § u Y’ B rpanndHbIX TOoukax A u B.

3)

3ameuanune 1. YcioBusa (3), KOTOPBIX HEIOCTATOYHO IJisl OILIPE]IE-
nennsi gerbipex mapamerpos Cp, Cy (w3 o0mero pemeHnst ypaBHEHUs
Qitnepa), xg, T1, Hy?KHO JIONOJHATH IBYyMs €CT€CTBEHHBIMU yCJIOBUIMU

J(xo) = p(x0), F(w1) = P(x1). (4)
O

Sameuanne 2. Ecimm rparnanag Touka (Hampumep, Touka B) moxer

HepeMeInaThcs TONBKO MO BepTHUKAJNbHONW mpamoit ¢ = z1 (¢ = o0)
yCI0BH€ TPaHCBEPCAJbHOCTH IPUHUMAET BHJ,
Fylg=z, =0.
(|

Sameuanune 3. Eciu rparnanas Touka (mycTh Touka A) MOXKeT mme-
peMemaThCa TONBKO [0 FOPU30HTAJIbHON mpaMoil y = yo (¢ = 0), To
YCJIOBUE TPAHCBEPCAJBHOCTH IIPUHUMAET BHL

[F'— yle’]z=wo =0.

2. Ilpumepsl penrenud 3aga4

1. Haiitu paccrogume Mexkmy napabonoit y = 2 u npamoit y = = — 5.

A Pemenmem 3amaum Gymer KpmBas (), MOCTABIAIOMAS MHHHMYM
dyHKIHOHATY

Z1

Vil = [ VI+y?da, (5)

Zo

BBIpAXKAOIIEMY JyiuHy KpuBoil y = y(z). [Ipu sToM JieBbIil KOHel SKCTpe-
MaJii TiepeMeIraeTcs o mapabomne y = ¢(z) = x2, mpaBBIil — MO TpAMO

y=19(z) =z —5.
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O6miee pemienne y = Cyz + Co ypasaenus Jiiyepa 3y’ = 0 HeobxoaumMo
HOJICTABUTh B YCJIOBUS TPAHCBepcaIbHOCTH (3)

[1+y’2+(2w—y’)7y } =0,
=T

Vito?

[ T+y2+(1-y)—L— ]z:m —0

Vito?

u ycosus (4) mepecedenus SKCTPEMaJH ¢ KDUBBIMA Y = T2 By = T — 5

(y' =C1) (6)

Cizo + Co = 3,
Ciz1 +Cy =21 — 5. (7)
Yersipe ypasrerus (6), (7) onpenensiror mapamerpsr Cq, Ca, xg, Z1:

Ci=-1, Co=3, z=1% z=2%.

4 -2 8
UTaK, 3KCTpEMAJbIO ABJIAETCA MpAMad y = —& + %, a paccTosiHIe
MeXKIy JaHHBIME Mapabosioil u IpsaMoil paBHO
28/3
a= J \/1—(—1)2dw:19:7\/§. O
1/2

2. Haiitu Buz yciaoBus TpaHCBEPCATIBLHOCTH A (DYHKIIMOHAIOB BUIA

Z1

Vil = | A@@,y)V1+y?de (®)

Zo

(k 9TOMy BH/ly OTHOCHTCS W JJIMHA KPUBOH M3 TPEIBIAYIIEro IPUMEDA).

A Ycnosue TpancsepcambHOocTH F + (¢' — 3y')Fyy = 0 (ma mpumepe
JIEBOTO KOHIIA SKCTPEMAJIH, JIEXKAINEro Ha KPUBOH y = ¢(z)) B maHHOM
ClIydae mMeeT BH
Az, )y
Ale, ) VIT 92 + (9 —y) 22 g

Vity?

nJjain
Az, y) 1+ ¢'y')

ViTo?

orkyna npm ycnosnn A(z,y) # 0 maxogum

1+ yl<Pl|m:zo =0 (9)

:0’
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nJjin
!0 _
Y@ o=ay = —1.
STO O3HaYa€T, 9TO OJIA (byHKHI/IOHaJ[a (8 yciaoBue TpaHCBEPCAJIBHOCTH
HepeXOILI/IT B ycHOBI/Ie OpTOI‘OHaJII)HOCTI/I yl = —L,

Hcnonssyem Gosee mpocToii Buz yciaosus (9) B aHAJIOTHIHOTO YCIOBHUS
1+ y'¢'|z=+, = 0 HA IPaBOM KOHIE JUIsi OTHICKAHUST IKCTPEMAJIH TPEIBI-
mymmero npumepa 1, B koropom dyrknmonan (5) mmen sux (8).

Hnsa oupenemenus kodddunuento Cy, Cy B 00mEeM pereHun y =
= Chix + C3 ypaBHeHus Jiijiepa, a TAKXKE TOUYEK Ty U L1, IMEEM CHCTEMY

1 + y/SOI|E:Z‘0 = 1 + Cl ° 23"0 = 07

1 +yl¢l|z=z1 =1+C1-1=0,
(10)
Cizo +C2 = 1‘3,

Ciz1 +Cy = 1 — 5,
OTKy/la CHOBa, HO TOpa3j0 ObICTPee, HAXOIUM

01:71, :E(J:l

5 022%, o =23

5

Takwum 06pa3oM, yIeT KOHKPeTHOro Buia GyHKIUOHATA (8) mo3BOMmI
nostyauTh ajia onpezenenus kodbdunuentos Cy, Ca, xg, 1 cucremy (10),
Gosee mpocTyo, UeM cucreMa obmiero suga (3), (4

3. 3azaum ¥ ympaKHeHHS JJI CAMOCTOATEIbHON PaboThI

9.7.1. HaiiTn xpaTdaiimee paccrosiHue ot Toukn A(1,0) mo smmmmca
422 + 9y? = 36.

9.7.2. Haiitn kpaTaaitmee paccrosaue ot Toukn A(—1,5) mo mapabombt

2

x =y
9.7.3. Haiiti xpar4aifiiee pacCTOSHIE MKy OKPY’KHOCTBIO T2+ 12 =
=1 u opamoit ¢ + y = 4.

9.7.4. Haiitu kpar4aiimee paccrogaue ot Touku A(—1,3) mo npamoii
y=1-—3z.

9.7.5. Haittu dyHKIINO, peaan3yoIry0 SKCTPeMyM (DyHKIMOHATIA

/4

Vil = | * -y de, y(0) =0,

ecqu Apyrad rpaHUYHAA TOYKA MOXKET CKOJIb3UTh IO MPAMON T = %

OTBeTsnI

9.7.1. %. 9.7.2. v/20. 9.7.3. 22— 1. 9.7.4. \{—1_00 9.7.5. y = 0.

13 A.B. Bacuasesa, I'. H. Mexsenes
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§ 8. YciI0BHBIIT 3KCTpEMYM

1. OcHOBHBIE IOHATHS U TeopeMbl

1°. IHocmarosxa 3adavu. B BapuanuoHHBIX 33/1a9aX HA YCJIOBHbIM
9KCTPpEMYM (l)yHKHHH, Ha KOTODPBIX HCCIEAYyETCA @yHKHI/IOHaJI, IIOA9MNHA-
HOTCA OJOIIOJTHUTEJIBbHBIM YC/JIOBHAM CBA3U.

Paccvorpum dpyHKIIMOHAT ¢ TPAHUYHBIMEA YCTOBASMEA

b
VMJ%=JF@Ah%MJU¢u (1)
y(a) i Yo, y(b) i Y1, (2)
zZ\a) = 29, = =z

Tpebyercs naiiTu 3kCTpeMyM BDYHKIINOHAJIA HA MHOYKECTBE BCEX KPH-
Beix y(z), 2(z) € Clla,b], ynosnersopstomux yciosuam (2), a Takke
YCIIOBUIO CBA3H

®(z,y,2,9,2") = 0. (3)

Cesasu tnna ®(z,y,z) = 0 (T.e. He 3aBHCANEE OT NPOU3BOJHBIX)
B MeXaHUKE Ha3bIBAIOTCsS IOJOHOMHBIMH, a CBs3u Buza (3) (3aBucarmume
OT TIPOU3BOJHBIX) HA3BIBAIOTCS HETOJOHOMHBIMU.

2°. Heobxodumovie Ycaosus aKCMpemyma.
Teopema 39. Ilycmo

1) ¢ynwyuu y(z), z(z) peasusyrom sxcmpemym dynryuonasra (1) na
mmoocecmee nap Pynkyud, yoosaemsoparowur ycaosuam (2), (3),

2) gynryuu F, & mpuorcon dudpeperyupyemot,

3) y(z) u z(x) dsaorcdv dudppeperyupyemos u

7+ 77 £ 0.
Toz0a cywecmeyem Jugppeperyupyeman dynxyus A(r) maxas, wmo

dynryuu y(z), z(z) ydosaemeoparom cucmeme ypasuenut Jdaepa Oan
PynryuoHana

b
J.H(ma yazayla Zl) dwa

20e H=F + \(z)® (voncmpykyusa, anasozuunasn dynwyuu Jaepanorca 6
YCA0BHOM dKCMPEMYMe GYHKUUT HECKOADKUT NEPEMEHHBIT).

3ameuanne 1. B ciyuae rojoHOMHBIX CBa3eill (He 3aBUCAIIAX OT
NPOU3BOJHBIX) YCAOBUE 3 MEOPEMbL OMCYMCMEYEM.
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3ameuyanne 2. Ecrecrsenno, uto npueenenHoe B dyrkunonasue (1)
KOJIM49eCcTBO (DYHKIWIA — JBe, ABJIAETCS MUHUMAJIbHO HEOOXOIUMBIM JIJIs
MNOCTAHOBKHU 3aJa9d 00 YCJIOBHOM 3KCTPEMYME. O

3°. H3onepumempuveckas 3a0a4a. YCIOBHUS CBS3H HE BCELAA
umetor Buz (3). Jacro oHE HaIAralOTCA HA HEKOTOPBIE JOINOTHUTEIbHbIE
dYHKIITOHAJIBL.

BazkneifimuM OpuMepoM TaKUX 3a/ad fBJIAETCS TaK Ha3blBaeMas U30-
nepumempuseckan 3a004a, KOTOPas CTABUTCS CIEAYOIEM 00Pa30M.

Cpenn Beex dynkunit y(z) € C'[a,b] maiitn Ty, KOTOpas HOCTABIAET
9KCTPeMyM (DYHKIHOHAILY

b
Viyl = | F(z,y.9) da, (4)
y(a) =y, y()=wn ()
pU yCJIOBUU CBA3U
b
Il =[Gy da=1. (6)

Banmaga (4)—(6) cBommrca x (1)—(3) BBemenmeM QyHKIUE
2(2) = | Glz,v.v') do.

OueBngno, z(a) =0, z(b) =1, 2’ = G(z,y,y').
TakuMm obpa3zoM, 3amada (4), (5), (6) cBogurca k Bumy (1), (2), (3):

b
WMZIHL%MML

y(a) =yo, y(b) =y,
z(a) =0, z(b) =1,
®(z,y,2,y,2') = -2+ G(z,y,9) =0
(B mamHOM CiTy4dae DYHKIMS 2 BXOMUT TOMHKO B YCJIOBHE CBSA3M).

IIycts

1) ma bysruum y(z) mocruraercs skcrpemyM dyHKIuonana (4) mpu
yecaosusx (5), (6),

2) dyskmma F rpmxaer muddepermupyema,

3) y(z) maxmpt muddepeHIEpyeMa W He ABIAETCA SKCTPEMAJBIO
dynxunonana (6).

13*



388 Bapuayuonnoe ucuucaerue [T 9

Torma cymecTByeT Takasi MOCTOSHHast A, 9T0 y(z) ymoBieTBOpsieT
yPaBHEHUIO Jilyiepa IJist (DyHKIIMOHATIA

b
JH(w,yvy')d:v,

rie
H=F(z,y,9) + \G(z,y,y").

Bameuanune 3. Ecm y(z) — sxcrpemans dyrknnonana (6), To

d
Gy— %Gyl :0

b
U ypaBHeHUEe Jijepa mjis (QyHKIUOHAA JH dx obpamaercs B 0ObIIHOE
a

ypaBHeHHe Jitiepa

d
Fy— %Fy’ :0

st byrknuonana Vyl. O

2. Ilpumeps! penieHus 3aKa4

1. KiaccuueckuM IpUMepOM 33Ja9M HA YCIOBHBIH 3KCTpeMyM (C To-
JIOHOMHOH CB#3bI0) fBJISETCH 331394 ONPEee/IeHNUs Me0Ie3NIeCKUX JIMHU
HA TOBEPXHOCTMU.

A Teodesuueckoli aunueli HA3BIBAETCA JIMHUS HAUMEHBINEH [JIMHbI,
PacCIIoJIO’KeHHAsT Ha JAHHOW MOBEPXHOCTH W COEIWHSIONAS IBE IaHHBIE
touku. Hampumep, Ha cdepe reomesmdaeckoil nuHMEH OyIeT 0TPE30K JIy-
ru 60oJILIIOro Kpyra — cedeHHs c(ephl MIOCKOCTBIO, IPOXOAdIel depes
HEeHTP U JBe 33JaHHble Ha cdepe TOUKH.

Iycre ¢(z,y,2) = 0 — rIagKad TOBEPXHOCTH B TPEXMEPHOM EBKJIH-
IoBOM mpocTpaHcTee, A(zg, Yo, 20) n B(z1,y1,21) — aBe TOUKM HA STOMH
MOBEPXHOCTH,

T = x(t)a Yy= y(t)a z= Z(t) (7)

— ypaBHEeHHd HCKOMOH Teole3ndecKoil JMHWH, cOequHsomeit Touku A
u B.

Teomesnaeckaa nuansa mosepxHOCTH O(Z,Yy,2) = ( ABIAETCA IKCTPE-
Masbo QYHKIMOHANA (IIMHA KPUBOIA)

b
Viz(t), y(t), 2(t)] = j VEZ 2+ 2 dt, (8)
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YZOBJIETBOPAIONIEH YCIOBUIO CBA3U

p(z,y,2) =0 (10)

(KkpuBasi pacCIojIOXKeHa HA MMOBEPXHOCTH).
B cuny Teopemsr 39 ¢ yueroMm 3amedanusa 1 K Heil mCKoMasd KpHUBAS
OyIeT sKCTpeMaJibio (DYHKIIMOHAIA

b

[(VET7+2 4 dpley,2)) (1)

a

VYpasrenus Ditnepa mus dyrknuonana (11) mmeroT Bux

r_d_ & _
APy dt T2+ g2 + 22 =0,
ISR S )
Py T at /z'2+y2+é2 (12)
PYZ /A P E—

dt /32 g2 + 22

Jast nomyvenns nckoMoit skcrpemasnn k cucreme (12) mamo nmpucoenn-
HUTH ypasHeHwe cBs3n (10) n rpaamaabe ycaosns (9).

Ecim B kavectBe mapamerpa t Ha kpumsoii (7) BeIOpaTh IumHY IyTH
3TOU KPHUBOU, TO

P4yt +2=1 (13)
u ypasHeHns (12) npuHEMaOT BUT
E=Xpp =0, §—Ap, =0, Z-Xp, =0. (14)

Urak, reonesndeckas auHug Ha moepxaoctu (10), mapameTpoM KOTO-
POil CIIyKWUT JjIuHA JQyTH, ABJASETCS PEelIeHreM cucTeMbl ypasHenuii (10),
(13), (14) ¢ rpasngsbiME ycnoBusamE (9).

Haitnem reomesmaeckne muamn Ha chepe z2 + y2 + 22 = R2. JIna nee
cucrema (8), (13), (14) umeer Buz

2 + 9% + 2% = R?, (15)
P+ =1, (16)
i—22x=0, §-22y=0, i—2Xz=0. (17)

Ondbdepermupys npaxapt (15) n ucnonssys (16), maxomam xi + yi +
+2% = —1, orxyza B cuiy (17) u (15) nonysaem A = —ﬁ < 0. C ygerom
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HalieHHOrO BUma \ pemaem ypasaeHus (12):

m:alcos%—i—blsin%,

Yy =a2 cos% + by sin L, (18)
z :agcosi —|—bgsini.
R R

Ioncrasasem (18) B (15) n npupaBHABaeM MOCTOAHHOE caraemoe R,
a k03¢ UIUEHTHI IpU COS 2% u sin 2% — myiao. I3 nonyuusmeiica ajre-
OpamdecKoil CUCTEMBI CIEAYET, 9TO

ai + a3 +a3=R? b +b;+0b5 =R’
a1bi + a2bs + asbs =0

nJjIn

laj =R, [b|=R, (ab)=0, (19)

roe a = {(11,(12,(13}, b = {bl, b2, b3}
VYpasrenus (18) sKBUBaJIEHTHBI OTHOMY BEKTODHOMY YDABHEHUIO

r:acos%—t—bsin%, r={z,y,z2} (20)

VYpasrenwe (20) ¢ yaerom (19) 3amaeT B NPOCTPAHCTBE OKPY?KHOCTH
pammyca R, mexamyro B IJIOCKOCTH, IPOXOAZAIIEH Yepe3 HAIaI0 KOOPIH-
HAT APAJIIEJIBHO BEKTOPaM a u b.

CreoBaTesIbHO, reofe3ndecKue JIMHAN Ha cepe — OKPY’KHOCTH, SB-
JISTIOIIMECS CEYEHUAME CEPBI IJIOCKOCTIMHU, TPOXOAAIINMEA Y€pPe3 IEHTP

cdepsnl. O

2. IlpuHUWO HaUMEHBIIEro JAefCTBUS.

OCHOBHBIM BapHUaIliOHHBIM MPUHITAIIOM MEXaHUKH SABJISETCS MTPUHIIAI
HAMMeHbINero (TOYHEe — CTANMOHAPHOTO!) mefiCTBHs, yTBEpXKIaromuii,
9TO CPeay BO3MOXKHBIX, T. €. COBMECTUMBIX CO CBA3AMU, JIBUKEHUI MaTe-
PUAJIBHOW TOYKU B JIEHICTBUTEIBHOCTU OCYIINECTBJIAETCS IBUKEHUE, TAI0-
mee CTAlMOHAPHOE 3HaYeHNe (DbYHKIIMOHAY

to
S:JLﬁ, (21)

t1
rne L =T — U — dbyukmusa Jlarpanxa,

T =%+ + 2°)
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— KWHETHYIECKAs YHEPTUs TOYKH, IBIKYINENCS 10 TPaeKTOPUH
:E::E(t), y:y(t)a Z:Z(t)a
U = U(t, x’ y’ Z)

— OOTEeHNUAJbHAS SHEPIUs TOYKU.
OyuKIOHAI S HA3BIBaETCH deticmeuem.
Cuna, neficTByOmasl Ha TOYKY B [IOTEHIMATIHLHOM CAIOBOM II0JIE, UMEET
KOODINHATHI
__ou __0u __0u
Fz—_%a Fy__a_ya Fz—_E-
A CorjacHO UPUHIUIY HAUMEHBIIEr0 AEHCTBUS TPAEKTOPUS IBUKE-
HWsI MATEPHAILHON TOYKW SBJISETCS IKCTPeMasbio dyHknmonama (21) —
dyHKIMOHAIA eHCTBHUS.
Ilycth, KpomMe TOro, JBMKEHWE TOYKH OCYIIECTBJISIETCS IO 3aJaHHON
TOBEPXHOCTHU

e(z,y,2) = 0. (22)

IMony49aeM BapHaIUOHHYIO 3aJady Ha YCJIOBHBIA 3KCTPEMYM C TOJIO-
HOMHO}1 (He 3aBucsAmeil OT TPOM3BOXHOMN) CBA3BIO (22).
VckoMast TpaeKTOpHS TOYKH OyIeT 3KCTPeMaJbio (DyHKIMOHAIA

f (L + \p) dt. (23)

t1

VYpasHenus Ditnepa n1s GyHKIHOoHANA (23) IMEOT BU

OL ’ d (L) _
%‘F)\‘Pz—@(%)—ﬂa
oL ’ d (OL\ _
oL / d (0L

94l - 4(%) =0

TTokarkeM, 9TO €CIVM JABUKEHUE TOYKH IO NOBEPXHOCTH (22) mpomcxo-
mut mo wHepnmu (U = 0), To TpaeKTopueil IBUXKeHUs OyIeT reofesmde-
CKasi JIMHUS IOBepXHOCTH (22).

Urak, B (24)
L=T-U, T=%(E+y"+2"), U=0.
VYpasHenus (24) NIpUHAMAOT BHL
F-Apl=0, j—A¢,=0, F-2p. =0 (25)

Baons TpaekTopum

B2+ g2+ 32 = vg = const,
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Tak Kak B cuiy (25) m (22)

(@2 +g? + 22) = 2 + g + 22) =

=220 (¢, -+ o i+, 2) =25 Lo(a(t), y(t), 2(t) = 0

~

(mpu gBUKeHNMM TOUKM 1o moBepxHOCTH @(z(t), y(t), 2(t)) = 0).
JIro6oe pemenne cucremsl (22), (25) ymoBiaerBopsier ypaBHeHuaM (24),

rae A Hy»KHO 3aMEHHUTDH Ha g
Wrak, TpaekTopusi [OBMKEHHs MATEPHAJBHON TOYKH IO IIOBEPXHO-

ctu (22) ABIsETCS TEONE3MIECKON JTUHNEN ITOH MOBEPXHOCTH.

3ameuanmne. IIpu orcyrcrsuu cBaseit (¢ = 0) ypasaenus (24) upwu-
HUMAIOT BH/,

a_L_¢<a_L):0,

ox dt \ 0z
OL d (0L _
oy dt(@g)—O’ (26)
@,i(ail/)—o
0z dt\oz) 7
nam
.U
mi = -5,
. dU
Mmz= =3z
TaK KaK

L="2("+9"+2) - Ut 2,9, 2)-
[l

VYpasHenus (26) onpezensior cBobomHoe (63 CBsA3€il) ABUKEHIE MaTe-
PHAIBHON TOYKU B MOTEHIMAJIBHOM CHJIOBOM Iojie ¢ moreHmagoM U mox
neticrBuem cuiibl F = —grad U. O

3. 3amaua dumonwl. Ilo nmpemanuio dpuHmMKHiicKoil napesne lummone
MPUILIOCh B TPYAHYIO MUHYTY KHU3HM PeIIaTh 337ady, KaK “OXBaTHUTDH’
HMEIOIIMMCS Y Hee PEMEIIKOM KyCOK Gepera HambObInell MIIOIaIu.

A Dra 33mada CTajla KIACCHYECKUM MPHMEPOM HM30MEPUMETPUIECKUX
3a7la4, B JJOCJIOBHOM IlepeBOJie KaK Pa3 W O3HAYAIOMINX COXPaHEHHe IIepH-
MeTpa (pUryphl MAKCHUMAJIBHO BO3MOXKHON ILIOIIAIH.

CupaBemBocTu pajyu HAIO OTMETHTH, 9TO CMeKaJka JumoHbl mpo-
ABUJIACh BOBCE He B DEIICHUHN H30II€PUMETPUYECKON 3a/a4u, HOocAleil ee
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nmMs. [loragay HUKAKOro peMernika B €e PyKax He ObLIO, & HyMUIUNACKA
KOposib ZApb HAaCMEIINBO Pa3pEeNIu el 3aB/IaJeTh KJIOYKOM 3€MJIH, KO-
TOPBI MOXKHO OXBATUTH OBIUbeil MKypOil. XUTPOCTDH MAPEBHBI COCTOSLIA
B TOM, YTO W3 OBIYbeNl MIKYyPHI OHA BHIPE3ajIa OYEHb JJIMHHBIA TOHKUM
peMeIoK (HampuMep, IO CIHUPAJHN) U yXKe UM “oXBaTuia” M3PIHYIO Tep-
puroputo. Ha sTom mecre Bnociencrsun Bo3uuk ropon Kapdaren.

Co BpeMeHeM W30IEPUMETPUIECKUMU CTAIW BOOOINE HA3BIBATH Ba-
pHUALMOHHBIE 3313491, B KOTOPBIX YCJIOBUSI CBA3U COCTOAT B COXPAHEHUU
3HAYEHUN HEKOTOPBIX JOIMOJHUATENIHHBIX (DYHKIMOHAJIOB.

y

—-a a x
Puc. 80.

Urak, 3agaga JIugIOHBI COCTOMT B TOM, 9TOOBI CPEIU KPUBBIX JIJIMHBI
I (I > 2a) (puc. 80) HaiiTu KpuByw0 §(), KOTOpas BMECTe C OTPE3KOM
[~a,a] orpanmumBana 661 HauGobIIYO mIomanb. Kpusas §(z) momxHa
JIOCTABJIATh MAKCEMYM (DYHKITHOHAJLY

Syl = | y(@)de (27)

U YZOBJIETBOPATDH yCIOBAAM

y(—a) = y(a) =0, (28)

j V1t y2(z)de =1. (29)

—a

CormacHo Teopeme 39 kpusas §(x), peanusyromas SKcTpeMyM byHK-
muoHana (27) npm ycnosusix (28) m (29), aenserca sxcTpeManbo dyHK-

UOHAJIA
a

| (y+>\\/1 +y'2) dz. (30)

—a

Hopprarerpansuaga dbyakuusa B (30) He 3aBUCUT FBHO OT T, IOYTOMY
ypasaerue Ditrepa s (30) mMeeT mepBbIil HAETErPAIT

F — y/Fy/ = Cl

nin

)\12
y+)\\/1+y’27\/#7:6‘1,
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OTKY 1
-\
y—C1 =

IMonaras y' = tgt, nomyuaem

y — C1 = —Acost, (31)
dy _ dy _ )sintdt _
%—tgt, dw—tg_t_itgt = Acostdt,

x — Cy = Asint. (32)

Vckmouas ¢ U3 mapaMeTpUYecKuX ypaBHeHHi skcrpemadneii (31), (32),
HaXOIAM

(y—C1)?+(z — Ca)? = N2

— cewmeiicTBo okpyxkHOCcTeit. [locrosaubie Cp, Cy, \ ompenensitorcs u3

YCJIOBUI
a

y(—a) =0, y(a) =0, J V1t y2de =1 O

—a

3. 3agaum m ynpakHeHUd Il CAMOCTOATEILHON PaboThHI

Haiitu skcTpemasu B n30mepuMeTPUIECKAX 3a0a9aX.
1

1
9.8.1. V[y] = Jy'Q dz, y(0) =1, y(1) = 6 npu ycnoun Jy(m) dz = 3.
0

0
1

9.8.2. V[y] = J(a:z + y?)dz, y(0) = 0, y(1) = 0 npm ycmosunm

1 1
9.8.3. V[y] = Jy'2 dz, y(0) =0, y(1) = % IIPU yCJIOBHHI J(y —y?) dx =
1 0 0
12
OTBeTBI
9.8.1. y = 322 + 2z + 1. 9.8.2. y = £2sinmnz, n € Z. 9.8.3. y =



I'masa 10
NMHTET'PAJIBHBIE YPABHEHUA

WuTerpasbHbIM ypaBHEHHEM HA3bIBAETCS YpaBHEHUE, COIepIKalee
HEU3BECTHYIO0 (DYHKIMIO MO, 3HAKOM mHTerpaja. Mbl Oymem paccMarpu-
BaTh TOJBKO JINHEHHbIE YPABHEHUS.

WNMurerpanpubim ypasuennem ®Ppemronsma II pona maswsiBaeTcs ypas-
HEHUe BUIA

b
y(@) = X[ K(x,)y(s) ds + f(a). (1)

WNuTerpanbroe ypaBaenue Ppenronsma I poga — 310 ypaBHeHHE

K (2, s)y(s) ds = f(a).

QL —

WnTerpanpasiM ypaBHeHueM Bombreppa Il pona Ha3wpIiBaeTca ypaBHEHHE
xr
y(@) = [ K(@,9)y(s) ds + f(@).
a

VYpasuenne Bonbreppa I poma nmeer Buz,

B npuBeneHHBIX ypaBHeHusX y(z) — nckomoe pemenme, K u f — 3a-
narnable Gynknun, A — napamerp. Oyaxkuusa K (z, s) Ha3bIBaeTCa 41pOM
UHTErpasIbHOTO ypasHerus, f(z) — cBobomabM wierom. Ecmm f = 0, To
yPaBHEHUS HA3BIBAIOTCA 00HOPOoOHBbIMU, eciu f Z 0, TO — HeodHopodHbLMU.
Oyukun y, K u f MoryT ObITH BEIIECTBEHHBIMU, & MOTYT OBITH W KOM-
[JIEKCHOZHAYHBIMU (DYHKIUAME BEIECTBEHHON MepeMeHHON.
WurerpupoBanne B MHTErPAIbLHOM yPABHEHUHM MOXKET TPOU3BOIUTHCS
KaK I10 OTPE3KY MPsIMOi, TAK ¥ 110 HEKOTOPOIt 0b1acTu HosbIeit pasmepHO-
ctu. OT 5TOr0 MpUBEIEeHHAS BBINIE Kiaccudukamus He MeHseTcs. [1ycTs,
HampuMmep, 3a7JaHa 06sacTh ) B TPEXMEPHOM IPOCTPAHCTBE U (DYHKIUH
K(M,P), f(M), onpenenennsie npu M € Qu P € Q. Torna coorromenne

y(M) = [ K(M,P)y(P)dop + f(M),
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rae dop — »nement objsactu (), comepxkammii Touky P, npeacraBisier
coboit HeomHOpOAHOE ypaBHeHme Ppenrosbma BTOporo poma. OCHOBHBIE
CBOMCTBa peIneHuii B OJHOMEPHOM CJIy9ae U B MHOTOMEDHOM OJMHAKOBBHI.
Bce cdopmynupoBaHHbIe HUXKE [JIsi OTHOMEDPHOIO CIIydas yTBEPKICHUS
U METOAbI PEIICHUA ypa,BHeHI/Iﬁ OCTATCd CIpaBeJINBBIMU U B MHOT'OMED-
HOM CJIydJae.
YpaBHeHUe
b
z(z) = \* JK*(S, z)z(s)ds + g(x)

a

(rme \*, K* — KOMILIEKCHO CONPsi?KEHHbIE K A\, K BeJIMYNHBI) HA3BIBAETCS
yDaBHEHHEM, CO103HbiM K ypaBHeHu:o (1).

Ecmm K(z,s) = K*(s,z), To aapo Ha3blBaeTCsa apmumosvim. Ecam
anpo BemecrBenuo u K(x,s) = K(s,z), TO 91p0 HA3BIBAETCA CUMMEM-
puuHbLM. JIETKO BUAETDH, 9TO CHMMETPHYHOE PO — 3TO YACTHBIN Crydait
3pMuTOBaA. AP0 HA3HIBAETCS MOJSPHBIM, €CJIU OHO MPEICTABUMO B BU/IE

K(z,s) = ok, )

rae ®(z,s) — mempepbiBHas (DYHKIWs, & o — YUCIO, MEHBIEE pPa3Mep-
HOCTH T IIPOCTPAHCTBA IIePeMeHHBIX . Hampumep, B OHOMEPHOM CIydae
a < 1, a B TpexmepHOM (KOIJIa & €CTh COBOKYIHOCTbh KOODJIMHAT TOYKH
B TpexMepHOM mpoctpaHcTBe) o < 3. Ilox |z — s| B mociensem ciydae
clle/lyeT MOHUMATh PACCTOSHHE MEXKIy TOYKAMH T U S.

Ecnu aapo umeer Buzn (2) u a < 2, To oHO Ha3bIBaeTCH cAa6ONOAAD-
HOLM.

SIapo, ImpeacTaBUMOe B BUAe KOHEIHOH CyMMBI

K(z,s) = Z Qi (x)wi(s),

Ha3bIBa€TCAd empoafcﬁeHHmM.
§ 1. Ogaopoanoe ypaBuenue Ppearoanpma Il poga

1. OcHOBHBIE TOHATHS U TeopeMbl

Paccvorpum ypasaeHme
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Onpenenenue 1. 3uadenune napamerpa A # 0 U COOTBETCTBYOMIAs
bynxmua y(z) # 0, ymosmersopsitomas ypaprenmioo (1), HaspBarTCH
cobecmsennvim (MM XapaKTEPUCTUYECKUM) 3HaueHueM U cobemeennol
PyrKyued ITOro UHTErPAJIbHOTO ypaBHeHHs. ITH A U y() Ha3bIBAIOTCH
TakzKe COOCTBEHHBIM 3HaveHnMeM n cobcTeenHON dynKImeil sapa K (z, s).

Teopema 40. [Tycmv adpo K(z,s) onpedeaeno npu x € [a,b], s €
€ [a,b] u ydosaemeopsem caedyrowum Ycao8uaM:

1. K(z,s) #0,

2. K(z,8) — nenpepwvieHoe uau noaspHoe A0po. 9

3. K(z,8) — apmumoso adpo (2)
(6 cayuae sewecmeerHbT A0EP — CUMMEMPUUHOE).

Tozda cywecmsyem no kpatinet mepe 0o0Ho cobcmeenHoe 3naveHue u cob-
cmeennan Pynryus ypasnenus (1).

CoOCTBEHHBIX 3HAYEHUN MOXKET OBITh KOHEYHOE MJIU CYETHOE IHUCJIO.
Ecau sapo HEIPMUTOBO, TO OHO MOXKET BOBCE HE MMETh COOCTBEHHBIX
3HAYEHUI.

OpHOMY COOCTBEHHOMY 3HAYEHUIO MOTYT COOTBETCTBOBATH HECKOJIBKO
CcOOCTBEHHBIX (DYHKIHIA.

Onpenenenune 2. Panrom coOCTBEHHOIO 3HAYEHUS HA3bIBAETCS YUCIIO
JINHEHHO-HE3aBUCUMBIX COOCTBEHHBIX (DYHKIIUN, COOTBETCTBYIOIIIX YTOMY
COOCTBEHHOMY 3HAYEHUIO.

Teopema 41. Pame 4106020 cobCMBEHH020 3HAYEHUS KOHEYUEN.

Teopema 42. [Tycmo adpo K (z, s) apmumoso. Tozda pasausnovim cob-
CMBEHHBLM ZHAYEHUAM AO0PA COOMBEMCMBYIOM O0PMO2OHAADHBLE MENHCOY
coboti cobecmeennvie GYHKUUL.

Cucrema Bcex cobcTBeHHBIX DYHKIHIT y; () MOXKET GBITH IPUBEIEHA K
OPTOHOPMHPOBAHHOMY BHIY, T. €.

b
o\ _JL, mpmi=yj,

a

Teopema 43. Buposicdennoe adpo (Kax 3pmumoso, max u HEIPMU-
mMo60) umeem ne bosee KOHEUH020 YUCAL COOCMEEHHBIT GYHKUUT.

Ecau s0po spmumoso u umeem KOHEUHOE HUCAO AUHETHO-HE3A68U-
CUMBLT cOOCMBERHBIT PYHKUUT, MO 0HO BBPOIAHCIEHHOE.

Pemenue ypasaenus (1) B ciydae BBIDOXKIEHHOIO f1pa MOMKET OBITH
CBEIIEHO K DPEINeHUI0 ajredpandecKoil CHUCTeMbl ypaBHeHHA. A wMeHHO,

n
noncrasusas aapo K(z,s) = Y Q;(x)w;(s) B ypasrenne (1), maxogum
i=1

y(z) = Z CiQi(), 3)
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rae C; yI0BJIETBOPSIOT CUCTEME ypPaBHEHUN

C’i - )\Zn:oéijcj', (4)
b
mj:ijﬁﬁﬂ$d& (5)

Herpusnanbhoe pemenue cucremsl (4) cymecTsyer, eciu
det{éij - )\Oéij} = 0, (6)
rue

Siv — ]-a HpHi:ja
Y7700, mpumi# j.

Takum obpaszom, 3ajada OmpeneeHnsi COOCTBEHHBIX 3HAYEHUU SAPa
K(z,s) cBogmrca k pemennio anreGpamdeckoro ypasHenms (6). Iocie
9TOTO, NOJCTABNIsAs HalineHHbIe cOOCTBeHHbIE 3HAaUeHNs A\ B (4), n3 (4) u (3)
HAXOAUM COOTBETCTBYIONTHE COOCTBeHHbIe (DyHKITAN.

Teopema 44. Ecau a0po spmumoso (68 6ewecmsennom cayuae —
CUMMEMPUNHO), MO COOCTNEEHHDBIE SHAUEHUA AOPA BEULECTNEEHHDL.

3ameuanune. HaxoxneHne Bcex COOCTBEHHBIX (DYHKIUI BEIIECTBEH-
HOT'O0 CHMMETPHYHOTO dpa CBOJUTCA K HAXOMXKIEHUIO BEIIECTBEHHBIX COO-
CTBEHHBIX (DYHKIMIT B TOM CMBICJIE, YTO BEIIECTBEHHAS U MHUMAas JaCTH
KOMILJIEKCHON COOCTBEHHON (DYyHKIMU [0 OTAEIBLHOCTH YAOBJIETBOPSIOT
YPaBHEHWUIO. (Il

2. Ilpumepsl penienns 3324

1. Haiitu cobcTBeHHbIE (DYHKIIMU U COOCTBEHHBIE 3HAYEHUS CJIEIYIO-
[UX WHTErPAJIbHBIX YPaBHEHUIT

K

a) y(z) = A J sin z sin sy(s) ds,

6) y :)\J (14 cos(z — s))y(s)ds ,
B) y :AJK y(s) ds,
0
E 0<x<s,
rne K(z,s) = E
s<x </l
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A a). B srom ypasrenun sapo K (z,s) = sinz sin s — BBIPOKIEHHOE N
cuMMeTpudHOe. ToXKIecTBeHHO TpeobpasyeM HCXOIHOE yPaBHEHUE K By

y(z) = Csinz, (7)
e

C= )\Jsins-y(s) ds. (8)
0
IMopcrasnas (7) B (8), momygaem

C’:)\Jsins-C’sinsds: )‘—2”0.
0

HerpuenasnbHoe pemenue storo ypabHeHus (C' # 0) cymecTByeT aumb
npu A = 2/7. TakuMm 06pa3oM moaydaeM coOGCTBeHHY0 DyHKIWMIO Y1 (z) =
= (C'sinz, cooTBeTCTBYIOUIYIO COOCTBeHHOMY 3HadeHuio A\; = 2/ (C —
OPOU3BOJIbHAS MOCTOTHHAS ).

6). Kak u B mpeapiaymem npuMepe, TOXKIECTBEHHO HpeobpasyeM Hc-
XOJHOE YpaBHEHUE:

y(x) = Cy + Cycosz + Cssinz, (9)

Ci=2A J y(s)ds, Cy =X J cos s - y(s)ds,
C3=2A I sin s - y(s) ds.

IMoncrasnsiem (9) B (10) m momygaem cucreMy Tpex anre6pandecKux ypas-
menniit gua Cq, Ca, Cs:
™
Ci=2A\ J (C1 + Cacos s + Cssins) ds = 2AnCy,
—T

Co= A j cos $(C1 + Cy cos s + Cssin s) ds = AnCy,

Cz= A J sin s(C1 4+ Cq cos s + Cysin s) ds = ArCs.
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Ee nerpuBuasbHOE peleHune CyIIeCTBYeT, €CIIH OIPEIEINTEND

1— A2m 0 0
0 1— X2 0 =0.
0 0 1-—X\2rm
Orcroma Ay = 1/2m, A2 = A3 = 1/m. CooTBercTBytomme COGCTBEHHBIE
dynkmmm yi(z) = Cy, ya(x) = Cycosz, yz(z) = Cssinz. CobereernHbIe
dbyHKIIIH MOXHO HopMupoBath, BeIOpaB C; (1 = 1,2,3) u3 ycroBus

]r y?(z)dz = 1.

B). 3amuieM UCXOJHOE YDABHEHUE B BUJIE

T 0
y(z) = )\J zx)y(s) ds—l—)\J x(ég— s)y(s) ds (11)

T

u npoauddepeHnupPyeM €ro IBaXKIbI:

v @ =225y - [ $u6)ds) - A (-2 Do)+

=7 y(@) = —xy(x). (12)

Tlonyuennoe obbikHOBeHHOE nuddepeHInaIbHOEe YPaBHEHNE BTOPOTO
nopazaka (12) momonauM KpaebiMu ycoBuaMu npu © = 0 u ¢ = £. U3
pasercrsa (11) cmemxyer:

y(0) =0, y(6)=0.

Takwum o6pasom, GyHKIUA y(T) ABIAETCA PEIEHNEM KPaeBoil 3a1adn
Ha cobGcTBeHHBle (DYHKIMHI U cOGCTBeHHBIe 3HadeHns (3amadeii [IITypma—
JluyBuns)

y' (@) + Ay(x) =0, y(0) =y() =0.

Pemmenne sToit 3amaum paccmorpeno B mpumepe 1 rimaser 5, §2. Tam
HOJTy4YeH OTBeT: Yn(T) = AsinTrT"a:, An = (777")2, n=123,..., A—

MIPOU3BOIbHAsT KOHCTAHTA. ([l

2. Ilycres BemectBerHOe Aapo K (T,S) YAOBIETBOPSIET CIIEIYOIAM
YCIIOBHAM: IIPO 3aBUCHUT JIAIIb OT PA3HOCTH apryMeHTOB (T.e. K(z,s) =
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= K(z — s)); K(t) — HenmpepbIBHAs KyCOYHO-TJIQ[Kas deTHas 27-
nepuoguveckas pyHkmud. IlycTb
2m 2w
agz%jK(t)dt;éO, an:%jK(t)cosntdt#O (n=1,2,...).
0 0

JokazaTh, 9TO ypaBHEHHE

2m
y(@) =\ | K(x—s)y(s)ds (13)

0
UMeeT COOCTBEHHBIE 3HAUYEHHS Ny = %ao, An = % U COOTBETCTBYIO-
mue coberBennbie dynkuun yo(z) = Co, yr(Ll) (z) = ' sin nz, yr(f) =

= 0 cosnz.

A Tlokaxewm, Ham An = =1 o = oV si -
, pHMep, 9TO Ap, = 7o— H Yn () = Cr’sinnz a8

JISTFOTCS COOCTBEHHBIMY 3HAYEHUSIMU U COOCTBEHHBIMU (DYHKITASIMU WHTE-
rpanbHOrO ypasrerus (13).
VYunrbiBag gernocts dbyukuun K (t), umeem

27 (1) T=27
y(z) = % J K(z —s)CV sinnsds = *%n J K(t)sinn(z —t)dt =
0 z
Cy I K(t)sinnz cosnt dt — Cy T K(t) cosnz - sinntdt =
Tan Tan
z—2m r—2m

= OV sin na.

(2)

AmnanornuHo ycraHaBIMBAETCsH, 9TO Yo(Z) M Yn ' (X) SABIAIOTCS COOCTBEH-
HBIMH (DYHKIUSME HHTErpajbHOro ypasHeHus (13), coorBercTByrormme
COOCTBEHHBIM 3HAYEHUSAM Ao U Ay,. O

3. okaszaTh, 9T0 ecim KoOMIUIeKCHOe anpo K (z,s) smmsercsa ko-
cocummerpudHbM, T.e. K(z,5) = —K*(s,z), To Bce ero cobCTBEHHBIE
3Ha4YeHUsA — YUCTO MHUMBIE YHCTIA.

A Tlycre A m y(z) — cobcTBernOE 3HA4MeHWE M COOCTBEHHAsS DYHKIMHS
anpa K(z,s); \*, y*(z) u K*(z, $) KOMILIEKCHO CONPSI?KEHHBIE BEJTMIUHEL
OHU yIOBJIETBOPAIOT yPaBHEHUAM

y(z) = )\JK(SL‘, s)y(s)ds m y*(z) =" JK* (z, 8)y™(s) ds.

a a
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b
2 " .
Berancmm | |y(z)|? dx nyms cmoco6aMu ¢ y9eToM CBOHCTB sipa:

a

b b b b
[ly@)P de = [y(@)y" (@) do = X* [ y(@) da | K* (2, )y" (s) ds =

K*(z,8)y(z)y*(s) dz ds,

I

>

*
8 —
Q — >

b b b b
[ly(@)? de = [y(@)y" (@) da = A [ y" (2) de | K (@, s)y(s) ds =

CpaBHUBasi Oy4YeHHbIE BBIPAYKEHNS] W YIUTHIBAsI, UTO j\y(x)|2 dx # 0,

a
nomydaeMm A* = —\. IlocireiHee paBEeHCTBO BBIIOIHAETCS JIUIID ISl IUCTO

MHUMBIX BE€JIMYHH. [l

4. Meronom Kemora [3] Haiitu cobcrBennyo GbyHKINO U COGCTBEH-
HOE 3HAYEHHE CJIEIYIOMIEro HHTETPATBHOrO YPABHEHUS

y(z) = A T xzsy(s) ds.

/A Buibupaem magamsaoe npubmmxkernue y°(z) = 1. 3 pekyppeHTHOTO
2

coorromenns y(" Y (z) = sty(")(s) ds ompenenseM mocieIyrone IpHU-
OIMKeHU ST

=

2 2
y W (z) = stds = %m, Yy (z) = Jms%sds = % . % ‘z, ...,
1 1

Y™ (z) = % . (%)n_lm.

(n)
Haxomnam |\ = n11_>n010 % = % Crpoum HOpMUPOBaHHBIE (DYHKIUU
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(n)
‘pn(.’l,') = v ) (m)” = \/gm TOF,Ha,

lly™ (2)

N _ /3. _ _ =
B(z) = lim gan() = /22 = lim pai(z) = Bla).
Takum obpasom, A\; = 3/7 m yi1(z) = Cz aBraoTca cOGCTBEHHBIM

3HAYEHUEM U COOCTBEHHOU (byHKIMEN MCXOTHOrO WHTErPAIHLHOTO ypPaBHE-
HHS.

3. 3ajaunm m ynpaKHeHUS IS CAMOCTOATEIHHOH PaboThI
Onpenenuts cobcTBeHHBIE (DYHKIIUU U COOCTBEHHBIE 3HAYEHUS CIIELYFO-
[IUX WHTErPAJIbHBIX YPaBHEHUI.
1

10.1.1. y(z) = A I (zs + 225?)y(s) ds.

-1
27

10.1.2. y(z) = A J sin(z + s)y(s) ds.

0
27

10.1.3. y(z) = A J sin x cos sy(s) ds.

0
1

10.1.4. y(z) = A J (xchs —ssha)y(s)ds.

-1
2T

10.1.5. y(x) = A J sin(z — s)y(s) ds.

(1 +d)z + (1 —14)s)y(s) ds.

——= O

10.1.6. y(s) = A
1

10.1.7. y(z) = X | K(=z, s)y(s) ds,

Oy |

sinxzcoss, 0Lz <s,
sinscosz, s<x <.

rae K (z, s) = {

s(z—1), 0<z<s,

10.1.8. y(z) = A z(s—1), s<z<l.

K(z,s)y(s)ds, rne K(z, s):{

10.1.9. y(z) = X | e~ @)y (s) ds.

Qe O —— =

10.1.10. y(z) = —AJ\/Ey(s) ds.



404 Hnmezpasvroie ypasrerus [Tn. 10

OrBerst
10.1.1. A = 3, Ay = 5, 51(2) = Cha, ga(@) = Caa®. 10.1.2. My =
= —=, A = %, yi(z) = Ci(sinz — cosz), ya2(x) = Ca(sinz +
+cosz). 10.1.3. Ilpu 006X A ypaBHEHHE UMEET TPUBUAJIHHOE DEIICHUE.
10.1.4. \; = —e/2, y;(z) = Ccha. 10.1.5. \; = —i/m, Ao = i/,
yi(z) = Cre ™, ya(z) = C2e™. 10.1.6. \; = —\/3, A2 = \/37 yi(z) =

= Ci(o- 1—\/‘6’) pa(2) = Caoe + 121). 1007, Ay = (n+1/2)% -

V6
— 1, yp(z) = Csin(n + 1/2)z, n = 0,4+1,%2,..., C — npousBoibHas
nocrostaras. 10.1.8. )\, = —72n?, y,(z) = Csinmnz, n = 1,2,..., C —

npomssonbHag mocroganagd. 10.1.9. A\ = 2e%(e? — 1)1, y;(z) = Ce °.
10.1.10. A\ = —2/3, y1(x) = Cy/x.

§ 2. Heogunopoanoe ypaBuenue ®Ppearoabma II poma

1. OcHOBHBIE HIOHATHS U TeopeMbl

Paccvorpum ypasaenme

y(x) = N K, s)y(s) ds + f (), (1)

rae K(z,s) — HenpepbIBHOE WM MOJIFPHOE 9ApO, a f(z) — HempepbIBHAL
dyHKIWMS.
Onpenenenune 1. dnpa K, (z, s), onpenensempie U3 peKyppPEHTHOTO

COOTHOIII€CHUA b

Kl(ma S) = K(Z‘,S), Kn+1(xa8) = JK(xat)Kn(tvs) dta n= ]-727 LR

a

Ha3bIBAIOTCH NOGTMOPHUMU AODAMU.
Obo3HaYIM

b
p= sup J\K(:c,s)\ds, B= |K (z,s)|2dzds.
b

Q — o
Q e o

Teopema 45. ITycmv K(x,s) — nenpepusnoe adpo. Tozda pewenue
ypasnenua (1) cywecmeyem u eduncmeenno npu |A| < 1/B.

Pemenne MoxKeT 6BITH HalileHO KaK Tpeaes paBHOMEPHO cXoidmeiics
HOCIIEIOBATEIHOCTA TPUOIHKEHANR @y, (), OMPEmENTTEMBIX PEKYDPPEHT-

HBIM COOTHOIII€HUEM b

pni(@) = A|K (2, 5)pn(s) ds + /(2), (2)

a

rae ¢o(z) — npomsBombHas QyHKIWHSL.
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Pemrenne takke MOXKeT OBITH MOy9IEHO IO (DOPMYIe
b
y(@) = f(2) + X[ Rz, 5, 0)f(s) ds, (3)

rpe R(x,s, ) — pesonbsenta anpa K (z, s), onpenensemas upu || < 1/B
KaK CyMMa psia
oo
R(z,8,)) = > A" 'Kp(a, ). (4)
m=1
Teopema 46. ITycmo K (z,s) — noaspnoe adpo. Toeda ymeeporcderus
npedudyweti meopemv, ocmaromes 6 cuae npu |A| < 1/P.

3ameuanue 1. B ciaywae, Korma sapo HENPEPBIBHO, 9acTO YI0OHO
[OJIb30BaThCs 00jiee TPYOBIM, HO JIEMKO MPOBEPSEMBIM KPUTEpHeM ‘Ma-
aoctn” A. O6osmaumm M = sup |K(z,s)|. ITockomeky B < M (b —

alz<b
as<b
— a), TO TeopeMa OCTAeTCs TeM boslee B Cuule TpH |A| < m. Yacro
oA, “MaJibiM”’ \ TIOHMMAIOT 3HAYEHUE A, YAOBJETBOPSIOIIEE MOCIETHEMY
HEPABEHCTBY. (I
Paccmorpum reneps ypasrenue (1) u cOr03HOE eMy ypaBHEHHE
b
2(z) = \* jK*(s, z)z(s)ds + g(x) (5)

a

TIPU IPOU3BOJBHOM .

Teopema 47. Ecau A — cobcmsennoe snauenue adpa K(x,s), mo \*
ABAAEMCA COOCTNBEHHBIM 3HAUEHUEM CO103H020 Adpa K* (s, ).

CupaBeiuBbl TakXKe cieayionie Tpu reopembl @pearonbma.

Teopema 48. Ecau A\ ne cosnadaem ¢ cobcmeertbim 3HAMEHUEM A0PA
K(z, s), mo pewenue ypasnernus (1) u corosnozo k nemy (5) cywecmeyem
u eduHcmeenHo npu Abur Henpepuenux dynkyuar f(z) u g(x).

Teopema 49. Ecau A — cobecmeennoe 3navenue sdpa K(z,s), mo
odnopodnwie ypasrenusa (1) u (5) umerom pasnoe wucao aunelino-1e3asu-
CUMDBLT peuLeHUl.

Teopema 50. Ecau A\ — cobcmeennoe shauenue sdpa K(x, s), mo das
cywecmeosarus pewenus ypasuenus (1) neobrodumo u docmamouno,
wmobo. Ppynkyus f(x) Obuaa 0pPMO2OHAABHA BCEM PEWEHUAM CON3HO20
00HOpodHO20 YpasHenus, coomsememsyrouum amomy . (Opmozonano-

b
nocmo f(x) u z2(x) nonumaemen xax ycaosue Jf(:v)z*(x) dz =0.)

Ecim snpo ypasrenmsi (1) BeIporkmenHOe, TO mpomecc pemenust (1)
CBOIUTCA K PENICHHWIO CHCTEMbI anrebpamdecKux ypaBHEHHWil. A HMEHHO,
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n
nycrb aapo umeer Bug K(z,s) = Y Q;(z)w;(s). Torma u3 ypasruenus (1)
CIeAyeT, 9TO =

y(z) = Z Qi(2)C;s + f(z), (6)

b
roe C; = )\Jwi(s)y(s) ds. TloncraBnsas (6) B mociesaee paBeHCTBO, MOLY-

a
JaeM cucTeMy ypaBHeHuil mjis ompenesernus C;:

C; _)\Zaijcj = B, (7)
j=1
b b
rae o = Jwi(s)ﬂi(s) ds,a f; = Jf(s)wl(s) ds.

CobcrBennble 3HaUeHns aapa K (x, s) Haxonarcs us ypasaenns (6) § 1.
Ecnu \ He coBmazmaer HU ¢ OgHUM COOCTBEHHBIM 3HAYEHHEM, TO PEIIECHUE
cucrems! (7) equacrserHo. Oupenenus C; u3 (7), u3 (6) Haxogum byHK-
o y().

Ecmm )\ coBmamaer ¢ HEKOTOPHIM COOCTBEHHBIM 3HadeHHEM sapa K,
TO JJid CYIIECTBOBAHUs DelIeHus CUCTeMbl (7), a CJIeI0BATEIbHO, U De-
menns (1), HeoGXOAUMO W IOCTATOYHO, YTOOBI BEKTOP 3HadeHWi (3 ObLI
oproronanen Bcem pemrennam d(®) ommopommoii cucremsr (7) ¢ TpamCcIO-
HUPOBAHHOI MaTpHUIlei, T. e.

S 8idY =0, e d =Y adl.
i=1 j=1

3/1eCch MHIEKC S MOKa3bIBaeT HOMED pemenus: s = 1,... Rang .

B ciygae, korma snpo K (z,s) spmuToso, pemenme (1) moxkeT GBITH
OPeICTABICHO B BHUJE PAa3JIOKEHHA MO COOGCTBEHHBIM (DYHKIUAM SIpa.
Cdopmynupyem Teopemy mjisi Ciydas BEIIECTBEHHOTO SIPA.

Teopema 51. ITycmwv adpo K(xz,s) sewecmsenno, HENPEPHIEHO UAU
CAABONONAPHO, CUMMEMPUHHO.

IIyemo y1(x), ..., yn(z), ... — cobemeennvie Gynryuu adpa, npuse-
Odennvle K 0PMOHOPMUPOGAHHOMY 6UDY, @& A1, ..., Ap, ... — COOMEEM-
cmeyowue cobemeermnbie shauenus. Tozda:

a) ecau A\ me cosnadaem HU ¢ 00HUM COOCTNEEHHBIM 3HAUEHUEM i,
mo pewenue ypashenua (1) cywecmeyem, eduncmeenno u onpedesiemcs
8VLPAIHCEHUEM

y(o) = f@)+ 33,
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20e CYMMUPOBAHUE NPOU3BOOUMCA NLO BCEM COOCNBEHHVIM PYHKUUAM A0-
b

pa, f; = | H(2)yi(a) d.
a
Unane pewenue moocem bvimsd npedcmasieno 6 sude

b
y(z) = f(z) + AjR(x, s, \)f(s) ds,

20e

LRI

— pesoaveenma adpa K(z, s);

6) ecau A = A\, 20e \, — mexkomopoe cobcmeenHnoe 3HauEHUE AOPG
K(z,s), u ¢ynkuyua f(x) opmozonasvha 6cem cobecmeenmvm GyHKyuAM
Ynys -+ Yn,,, COOMBEMCMBYNOWUM COBCMEEHHOMY SHAYEHUIO Np DAH-
26 M, MO pewerue YPASHEHUS CYWECNBYEM, He ABAAEMCH eOUHCEEH-
HOM U NPEICTNABUMO 8 8UdE

y(z) = Z &L_(a;\)‘f' Y Cuix),

TANL ey,
2de C; npoussosvHvie KoapPuyuermaot
B) ecau A = A, a f(x) ne opmozonanvrua xoms 6v 00noti cobemeennots

Pynryuu, coomeememeyroweti A,, Mo peuwerue He CYULeCmeyem.

3ameuanue 2. Pesonbeenta R(z,s,)\) Obuia ompeneneHa TBazKIIBI:
npn “maneix” A B (4) m gy crywas cnvmerpuaHoro siapa B (8). Ecom
ANPO CUMMeTPHYHO U A “Masioe”; To (4) u (8) ompenensror ogHy U Ty XKe
dysxmo [3].

2. Ilpumeps! penreHus 3329

1. IlocTpouTh Pe30IBBEHTY A YpPaBHEHUS

y(z) = A j K(z,s)y(s) ds + f(z)

B CJIEIYIOINHAX CIydadx:
a) K(z,s) =sinzcosse®™® a=0,b=rm,

6) K(z,s) =sin(z + s), a =0, b = 2.
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A a) Nmeem:

xz+t

s
Ky(z,s) = Jsinxcos te® T sint cos s’ dt =
0

U
= % sinz - coss-e®ts J sin 2te?t dt =
0

1— 27

€ .
g —sincos se”

s
= % sinz cos s€®T¢ - Im J 20+ gt = te
0

1—627r n—1 . 4
Kn(m,s):< 3 ) sin z cos se® 7.

Torma R(z,s,\) = sinzcosse®t* n§=031(>\—1 _8627r)"_1 = —88Sf§(i%isle+;,
A<
6) Nmeem:
2m
Ky(z,s) = j sin(z + ¢) sin(t + s) dt =
0
27
= % j (cos(z — s) — cos(z + s + 2t)) dt = wcos(z — s),
0
2
Ks(z,s) = J sin(z 4 t)7 cos(t — s) dt = 7 sin(z + ).
0

2m—1

Ouesnnno, Koy (z,8) = 7™ Lcos(z — 5), Kamy1(z,s) = 72™ sin(z + s),

m=1,2,... Torma

R(z,s,\) =

oo
= sin(z + s) + Z </\2m*1ﬂ'2m*1 cos(z — ) + AN gin(z + s)) =
m=1
__sin(z + s) + Arcos(z — )
B 1-Mnx ’

roe |A| < 1/7. O
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2. dnpa K(z,s) m N(z,s) Ha3bIBAIOTCS OPTOTOHAJILHBIMHA HA OTPE3KE
[a, b], eciiu BBINOIHSAIOTCS YCIOBHS

j K(z,t)N(t,s)dt =0, j N(z,t)K(t,s)dt = 0.

Jloka3aTh, 9TO P JjId PE30IbBEHTHI g1pa, OPTOrOHAILHOTO CaMOMy cebe
Ha OTpe3ke [a, b], cxomuTesa npw TOGBIX .

A Tlo onpenesieHnIO AAPO OPTOrOHAJBHO camMo cebe, ecan
b
JK(;C, K (t,s)dt = 0.

a

s takoro anpa, odepnmuo, Ko(z,s) = ... = K,(z,s) = 0. ITostomy
Pe30JIbBEHTa OPTOrOHAILHOTO S1pa COBIAJAET C HIM CaMIM IPH JIFOOBIX \.
O

3. Ilocrpouts pe30sbBEHTY AJIS yPABHEHUS

2m

y(z) = A J sin(z + s)y(s) ds + f(z)

B BUJIE€ PA3JIOYKEHUS MO COOCTBEHHBIM (DYHKIIHASM SIIPA.

A OpHopomHOe ypaBHeHHe nMeeT coOCTBeHHBle (yHKImMH yi(r) =

= Cyi(sinz — cosz) u ya(z) = Chq(sinz + cosz), coorBercTByOIIUE
COOCTBEHHBIM 3HadeHHsIM Ay = —1/m u Ay = 1/7 (cM. mpumep 2 mis
camocTosTenpaOro permenns u3 § 1). ocrosaase C; (i = 1,2) BeIGepeM
27
2 1
U3 yCIOBULA () dr = 1 paBapiMu ——. Torma
soromua | yix) e =1p = Torx
=G )= )
——\SINT — COST SIns — Cos s
2r 2m

R(z,s,\) =sin(z +s) + A +

T3

1
(sins 4 cos s)

1
V2T V2T _
+ T/1 =

e
sin(z + s) + Awcos(z — s)

1
= 1— \2n2 ) )‘7&%-

(sinz + cosz)

OTMeTnM, 9TO IOTy9eHHOE BBIPaXKeHNUe M1 Pe30IbBEHTHI COBIIAJAET C Pa-
Hee HaliJIeHHBIM ero 3Ha4YeHueM 4Yepe3 NOBTOPHbIE dnpa (cMm. mpumep 16
HacTogAmero maparpada).
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4. Pemwurs cnexnyronme nHTErpaIbHBIE YPABHEHUS

y(z) = A J (14 cos(z — s))y(s)ds + asinx + bcosx + d cos 2z
[IpY PA3/INYHBIX 3HAYEHUSX [MapaMeTpoB A, a, b, d.

A Bocnonb3yeMcs HaliieHHBIME B npumepe la u3 §1 BbIpazkeHHAMHE
715 COBCTBEHHBIX (PYHKINI B COBCTBEHHBIX 3HAYEHUH COOTBETCTBYIOIIETO
OIHOPOIHOTO WHTerpanbaoro ypaerernus: yi(x) = Cy, ya(z) = Cycosz,
y3(z) = Cysinz, Ay = 1/2m, Ay = A3 = 1/7. OTmernm, 9T0 3TH COGCTBEH-
Hble (DYHKIIMK COBHAIAIOT C COOCTBEHHBIMHU (PYHKIUAMU COIO3HOTO S/IPa,
Tak Kak K*(s,z) =1+ cos(z — s) = K(z, s).

IIpm A # X; (i = 1,2,3) cormacro Teopemam PpenroapMa ypaBHEHUE
HMeeT eIUHCTBEHHOE PEelIeHre, KOTOPOe, OYeBHIHO, MOXKHO UCKATh B BHJIE
y(x) = A+ Bcosz+ D sin x + d cos 2x. IlogcraBinsem y(z) B Takoit hopme
B ypaBHeHI/Ie:

A+ Bcosx+ Dsinz + dcos2z =

= J (14 coszcoss+sinzsins)(A+ Bcoss+ Dsins + dcos2s) ds+

+asinx + bcosx + dcos2x

7, CpaBHUBASA KO3 DUIMEHTHI, CTOAIINE TP OMHAKOBBIX (DYHKIUAX B Jie-
BOll m mpaBoil yactax ypaBHeHus, mojaydaeM A = A\27A, B = ArB + b,
D=MD+a.Orkyma A=0, B=b/(1—Ar),D=a/(1—Ar)=m

y(z) = ﬁcosm—i— ﬁsinm—i—dcos&c.

Hanmomuanwm, aro npu A #£ \;, ¢ = 1,2, 3, penenne ypaBHEHUS MOXKeT OBITD
Tak)ke HaleHO uepe3 pe30/bBeHTy sapa. JleficTBUTE/bHO, MOICTABIISS

B (7) mpusenensbie Boime \; u y;(z), noaydaem R(z,s,\) = ﬁ +
cos(z — s)
+ ﬁ OTCIOILa

y(z) =asinx + bcosx + d cos 2+

+ A J (1_127T/\ + Cols(_l‘;/\S))(asins+bcoss-+—dc052.s)d,9:

-

_b
o cosx +

— a
1—

= sinz + d cos 2.
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IIpu A = A\ = % cormacHo Teopeme 47 (Ppexrombma) pemeHwue

CyHIeCTBYET JINIIb IIPDU BBIIIOJIHEHUUN YCJIOBUA

J. f(@)y1(z)dz = J (asinz + bcosx + dcos2x)Cy dx = 0,

—T

T. €. IpH JIFOOBIX 3HAYEHUAX MApaMeTpoB a, b u d. B stom ciaywae y(z) =
= 2bcosz + 2asin x + d cos 2z + C4, rne Cy — Ipou3BO/IbHAL IOCTOAHHAS.

Ipu A =Xy = A3 = % pellleHne CYIeCTBYET IPY BBIIOTHEHNHN YCIOBHMA

J (asinz + bcosz + dcos2z)Cycoszdr =0

J (asinz + bcosz + dcos2z)Cssinzdx = 0

T.e. mpu b =a = 0. Torna y(z) = dcos2z + Cscosz + Cgsinz, tne Cs
Cs — Ipou3BOJILHLIE IIOCTOSHHDIE. O

5. Pemwurn ciaenymoniee MHTErpajJbHO€ YPaBHEHUE IIPDU PA3IUYIHBIX
3HAQYCHUAX IIapaMeTPOB:

y(x) = A J(QCE — s)y(s)ds + az.

/A Haiinem cobcTBeHHBIE 3HAYEHU U COOCTBEHHBIE (PYHKIIAN COIO3HOIO
OJIHOPOIHOI'O yPAaBHEHUS

z(z) = A I(Qs —x)z(s) ds.
0

Nnmeem
1
z(x):Clm+C’2:)\J(Zsfac)(clsﬁ—Cg) ds:—/\<%+C2)m+)\<%Cl+Cg).
0

CpaBruBasi K03 DUIIEHTHI TPX OAMHAKOBBIX CTENEHSX T B JIEBOH U mpa-
BOI 9aCTAX yPAaBHEHWS, [IOJyIAeM CHCTEMY NBYX YPAaBHEHUUN

Cr=—3C1—ACa, Ca=2AC1 + Ay,
HeTPUBHAJIBHOE PelIeHne KOTOPOil CyIieCTByeT, eCId ONpelenTe /b

1+% A
2
~2x 1-2
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Orcroga \; = % - i—‘215, Aoy = %—H—'ZN’ CooTBercrByOIIUe COOCTBEHHBIE
3 —1V/15
=C d =C dy), dy = 2220 g, =
ymctm 21(2) = Ca(o+ di), z5(x) = 1+ da), dy = 321V g,

__23+4/15
314415

Ilpu A = A;, ¢ = 1,2, pemeHne UCXOTHOTO YPAaBHEHUsI UINEM B BUIE
y(z) = Az + B. Tloncrasnsem y(z) B Takoit ¢popMe B ypaBHEHWE U, KaK
B mpeapiaymieM npumepe, mid A, B moiydaeMm cucreMy ajarebpamdecKux
YDPaBHEHMUIL:

Cl — IOPOU3BOJJIbHAA NOCTOAHHAA.

A=XA+2B)+a, Bzf/\<%+§).

_ -2
(26+3)\)a (B =2y — w’
A —3X+6 A’ —3X+6 A —31+6

Orcrona A =

Jr0boe.
1

IIpu A = A\; pemeHue cymecTByeT mpu yCJIOBAA JaxC’l (z+dy)dx =
0
=0, T.e. ipu a = 0. Torma y(z) = C3(z + d;), tne C3 — npomssBombHAS
HOCTOSTHHAS.
IIpm A = A2 pemenne Takxke cymecTtByer jumb npu ¢ = 0 n y(z) =
= Cy(z + d2), tme C4 — npon3BoNbHas MOCTOSIHHAS. O

6. PemuTs cremyromee ypaBHEHHE:
2
y(z) = A J sin(x — 2s)y(s) ds + acos + bx.
0
A HecmoKHO IOKA3aTh, 9TO COOTBETCTBYIOMIEE COIO3HOE OTHOPOIHOE

ypaBHEHUE
2w

z(z) = A J sin(s — 2x)z(s) ds

HMeEeT TOJIBKO TPHBHAJBHOE pemeHne. 1109TOMy HCXOZHOE MHTErPaIbHOE
yDAaBHEHHE DA3pPEmuMO eIUHCTBEHHBIM O00Pa30M Ipu JIHOBBIX 3HAYEHHAX
mapaMeTpoB A, a, b.

Haiizem 9TO pellleHHe, UCIONB3Ysl €ro IPEACTABICHHE Uepe3 Pe30iib-
Benty R(z,s,\) anpa K(z,s) = sin(x — 2s). Ouesnznno, agpo K(z,s)
OpTOroHaJbHO camoMmy cebe ma orpeske [0,27]. Ilostomy R(z,s,A) =
= sin(z — 2s). Torma

27
y(z) = acosx + bx + A J sin(z — 2s)(acos s + bs) ds =
0

= (a+7Ab)cosz + br. O
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7. Pemurs cnemyroree nHTErpaIbHOE YPABHEHTE

1

u(e,y) = A | [ (ay+Emu(e,n) dsdn + f(z,y).

/A Haiinem cobcTBeHHBIE 3HAYEHUS U COOCTBEHHBIE (DYHKIIUU COOTBET-
CTBYIOIIETO OTHOPOIHOrO ypaBHeHus. Vimeem

1 1
u(z,y) = Cizy + Cy = A j J (zy + &n)(Cién + Cy) dEdn =
—1-1

= 4\Coy + GAC).

Otcioma Ay = *%, A2 = %, ur(z,y) = Co(1 — 3ay), uz(z,y) = C1(1 +
+ 3zy)/3, C1, Cy — Npon3BOJIbHBIE IOCTOSHHBIE.

IIpu XA # X\;, i = 1,2, peuieHne UCXOJHOrO YPAaBHEHUs UINEM B BUJE
u(z,y) = Azy+ B+ f(z,y). Iloncrasnsiem u B Takoit bopme B ypaBHEHNE
u nosydaeM i A u B cucteMy airebpamdecKuxX ypaBHEHHE

A=DB+ )21, B=2A+)f,

1 1

fr=| fle.mydedn,  fo= | €nf(&.n)dédn.

-1 -1

Orcroma
u(z,y) = % [(f1 + 4 fo)zy + %)‘fl + f2:| + f(z,y).
1-(3)

Ilpu A = A\ = f% pellleHne CyIecTBYeT IPU BBIMOJHEHUN yCIOBUS
fi=3fr = 0mu(zy) = _%myfl + f(z,y) + C3(3zy — 1), rme C3 —
MPOU3BOJIbHAS TTOCTOSTHHAS.

Ilpu A = Ay = % pellleHre CymiecTByeT IPU BBIIOJTHEHUN YCIOBHUS
fl + 3f2 =0mn U(-Tay) = %xyfl + f(m’y) + 04(3$y + 1), rae C'4 -
MPOW3BOJIbHAS TTOCTOSTHHAS. O

3. 3ajaunm m ynpaKHeHUS IS CAMOCTOATEIHHOH PaboThI

10.2.1 TTocrponTs pe3onbBeHTy mus ypapHeHus (1) B corygasx:
a) K(z,s) =ze®,a=0,b=1, |\ <1,
6) K(z,5) =e "+ 04 =0,b =00, |} < \/g,
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B) K(z,8) =z +sins,a=—m, b=, |)\|<%,
r) K(z,s) = cos’(x —s),a = —m, b=,

n) K(z,s) =xs®> +2%s,a=—-1,b=1,

e) K(z,s)=1+cos(x —s),a=—-m b=m

10.2.2. Pemnts cirexytoriuie ypaBHEHHs NIPHU PA3JIAIHBIX 3HAYEHUIX
mapamMeTpoB:

a) y(x) = A J (x + s)y(s)ds + azx + b,

-1

=

6) y(x) = A J (225 + z5?)y(s) ds + ax + bx3,
1

0
A J (1+2)(1— s)y(s)ds + ae® + b,

-1

B) y(z) =
2

r) y(z) = A J sin(2z — s)y(s) ds + a(sinz — sin® ) 4 beos z,
0

%) y(z) = A j ((i+ D + (1= i)s)y(s) ds + ac'” +b,

1 1
z,9) = A[ [[(@® + 4?) (€ + n2))2u(€, m) dg dn + F(z,v),
00 1 1 1
x) u(z,y,2) = A J J J zyzEnxu(€,m, x) A dndx + f(z,y, 2).
11 -1
OTBeTsnI

10.2.1. a) R(z,5,)) = {25 6) R(z,5,\) =

_xz+sinz 4+ 2rA(zsinz 4+ 1)

e R(zs,\) =
WA (@8, 4)

Am/2  2cos?(xz — 8) — Am/2

—(27))? 1) Bz, 8, ) = 757 P ;

1 2 (15— 8A%/3)(zs? + 2°s) + 2\(ws + 52°s°/3)
A#E 2, AN# 2.0) R(z,s,)) = TRV ,
A # :I:\/_. e) R(z,s,\) = 27r)\ + cols( o ). 10.2.2. a) Ecimm A\ #

V3 6,\b 3 AN2D + 2)
’ i;’ T y(e) = b+ T +
3
A =

~5» TO ypaBHeHHe Da3pemuMO JIUIIb B CIydae a + V3b = 0. Ilpu

, a, b — mobwie. Ecin

srom y(z) = b+ Cy(z +/3/3), C1 — npoussonbmas mocrosunas. Bcim
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A= —\/§/ 2, To ypaBHeHUE Pa3pPENINMO JUIIb B ClIydae a — V3b =

[pu srom y(z) = b+ Cz(z — v/3/2), C2 — Npom3BONBbHAS MOCTOAHHASL.

2X\(5a + 3b 4)*(5a + 3b
6) Ecim \ # \/ﬁ/2, T0 Y(z) = lé . A2 Lo 5(1(5 i 4)\2))
V15

a, b — mobeie. Ecu A = ~5—» TO ypaBHEHIE Pa3PeIInMO JIIIb B CIydae
5a + 3b = 0. IIpm srom y(x) = (x——:c)—i—C(x—i—@x»le
Ipou3BoMbHasA MocTogHHasA. Ecm A = —+/15/2, To ypaBHeHue paspermmo
aummsb B cnydae ba+3b = 0. Ilpu stom y(z) = a(m——w )—i—C ( g:ﬁ),

Cy — npomssonbHas mocrosmrHad. B) Ecmm A # 3 5, 10 yY(2) = ae” +b+
3\((4e — 6)a + 3eb

x + ax + b2,

(1+z), a, b — mo6wre. Ecm A = 3. To ypapHenme

2e(3 —2X) 27
nMeeT pemrerne Tonbko mpu (4de — 6) + 3eb = 0. Dro pemennme: y(x) =
= a(e + 82 46) + C(z — 1), C — npomssonpHaa nocroguuasd. r) [lpn

m06oM \ ypasHenme mveer pemenne y(z) = a(sinz — sin®z) + beosz +

+7r)\<bsm2;c - cos2;v) 1) Ecm A # +./3/8, To y(x) = ae'® + b+
+2A1+i)(d+b+asinl)z+d, d = (1 - 5r2)! [g,\2(b + asinl) +
+2Xa(1+4¢)(sin 1 — cos 1)}, a u b — mo6ere. Ilpu A = —4/3/8 ypaBHeHune
1\/%2'(asin1+b) =0.

UMeeT peIleHne TOJIBKO B cirydae ja(sinl — cos1) —
1—2

=), ('{ — npomsBoabHAA
Ve /'

nocrogHHas. IIpu A\ = 1/3/8 ypaBHeHHe nMeeT pellleHne TOJIBKO B CIIydae

ia(sinl — cos1) + 1\/_6l

1—1
, Co — mpomsBosbHas nocrostHEAsA. €) Ecm \ #

%
11

£ 3/2, 10 u(z,y) H 212 f(¢ )dsdn”x LY 4 f(a,y). Tpn
00

B0 pemenne y(z) = ae’® —asinl + C (x -

(asinl + b) = 0. D10 pemenne y(zr) = ea'®

—asinl—i—Cg(

1
A = 3/2 ypaBHeHWe Da3pemmMoO, ecin J 2 f(z,y)dedy =
0

qu,_.

Pemenne umeer Bun u(z,y) = f(z,y). x) Ecim X # 27/8, 1o u(z,y, 2) =
1
8\
=(1-%)

1 1
J j J Enxf(&,m,x)dédndyx. Ipu A = 27/8 ypasHeHue
S11

111
pas3peniuMo TOJIbKO B CIydae J J J zyzf(z,y,2)dedydz = 0. Ilpn

S1 515
srom u(z,y,2) = f(z,y, 2).
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§ 3. Nurerpanbpubie ypaBHeHus Boabreppa Il poga

1. OcHOBHEBIE NOHSTHS ¥ TEOPEMBI

PaccmoTpum ypaBHeHTE
y(@) = A [K(2,9)y(s)ds + f(z)  (a<a<b), (1)

rae K(z,s) — HeIpephIBHOE WM TOJSAPHOE AP0, a f(2) — HenmpephIBHAS
dyHKIIHSA.

Teopema 52. Ypasuenue (1) umeem eduncmeenmoe nenpepwvisHoe
PpeweHUE NPU A0boM 3HaeHUU X. DMo pewenue moxcem Ovims natideno:

a) Kax npedes PaBHOMEPHO CLOOAWETCA NOCACOOBATNEALHOCTNU, ONPE-
deasiemoti PeKYPPERTMHBIM COOTMHOWEHUEM

Pas1(@) = N K (2, 8)pu(s) ds + f(2), (2)

2de po(z) — arobas menpepwenan dymxyus (m.e. memodom nocaedosa-
meavrux npubausicenud);

6) us pasencmsa

y(@) = f(@) + | R(z,8,0) f(2) ds, (3)
ede pesoaveenma R(z,s,\) = . \"7'K,(z,s), a nosmopnvie sdpa
n=1

K, (z,s) onpedeastomcs u3 pexyppenmuozo coommowerus
Ki(z,8) = K(z,5), Knsi(z,s)= JK(w,t)Kn(t, s)dt (n=1,2,...).

(4)

B cuny chopmynupoBaHHOil BEIIE TEOPEMBI €IMHCTBEHHOCTH DeIlre-
Hus (1) omHOpOmHOe ypaBHEHHMEe WMeeT JIMIIb TPUBHAJBHOE DeIlleHue.
CnenoBarenbHo, ogHOponHOEe ypaHenue Bombreppa II poma me mmeer
COOCTBEHHBIX 3HAYEHUN.

TTockonpKy COOCTBEHHBIX 3HAYEHUI HE CYIIECTBYET, TO MHOXKHUTEIH \
B 3amnucy ypaBHeHusi Bosibreppa 0OBITHO OMYCKAIOT.

Ypasuenue Boasreppa I poma

| B (. 9)y(s) ds = f(x) (5)
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B HEKOTOPBIX CIIydasX MOXKET OBITh CBEIEHO K ypaBHeHWIO Boabreppa
IT poma. Hycre K(z,s5) u f(z) maddepermupyempbre mo = byHKIUM
u K(z,z) # 0. Tormga muddepenuupya (5) mo = u mensa ma K(z,x),
0Ty 9aeM

— ypasuenne Bosbreppa II poma.

2. Ilpumepsl penienns 33124

1. Pemurs ypaBuenue

T

y(@) =2 | ety ds +1 (6)
0

A Iuddepennupyem ypapHenue o x. ITosygaem

o ¥ o[ 2s41
y =250 80J(2x+1)3y(s)ds. (7)

Iocnenmee cnaraemoe B (7) ¢ momompio coorHOmenus (6) MOXKHO BBIpa-
3uTh depe3 y(x). A mMeHHO,

r 2s+1 . 4 r 2s+1 4
Sjmy(s)ds_ 22 +1 '2J(2x+1)2 =i b
0 0

Teneps u3 (7) nveem

r y L, y—-1 _ 4-2
Y =25,77 dr 71 2m+1

IIpu z = 0 u3 (6) cuenyer y(0) = 1.
Takum o6pazoM, pemenue ypapHeHus (6) CBOOUTCH K PENIEHUIO CJie-
ayromeil nuddepeHnnaIbHON 3a,1a9n:

{(Qw + 1)y +2y =4,
y(0) =1.

Pemas sty 3amady, Haxogum orBer: y(z) = . O

2. IlocTpouth Pe30IbBEHTY U PEMINTH YPABHEHUE

y(z) = J li:§2y(s)ds+1+x2.
0

14 A.B. Bacunsesa, I'. H. Mexsenes
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/A Crpoum NOBTODHBIE $/IPa

x

1422 1442 1422
Kolos) = [ T iy = 1 @)

S

< 2 2 2 (p_
K3(1’,5):J1+x 1+¢ ( f.s)dif—il'FaC (s

1+82 1462 T 1482 2
1422 (z—9)"
Knia(z,s) = 1+ 52 !
HaXOILI/IM peSOJIbBeHTy

oo oo

_ -1 CNC 1422 (9)" AT 144 A(a—s)

R(x’s’/\)_zl AT Kalw,s)= A eV R o
n= n=

YuunreiBas, 9To A = 1, mosygaem perieHne MHTErPaJIbHOTO YPABHEHUS

e 2
yz)=14+22+1- J 11—“326””*5(1 + 5% ds = (1 + x?)e”.
S
0

Ortser:

2
R(z,5,)) = LA y(a) = e2(1+2%),
+ s
B paccmorpenHOM mprMepe pelieHre MpOoIne HAaWTH, CAeJIaB OYEBUIHYIO
y(z)

sameny z(z) = i ® npoauddepeHnupoBas ypaBHeHue. O
X

3. Ilpm momommm moc/Ie0BATENBHBIX MPUOJINKEHUN HAUTH pEIIeHre
ypaBHEHUSA

y(z) =3 J e*%y(s)ds + e”.
0

/A BynmeMm uCKaTh pelreHue ¢ IOMOIIBIO IIOCAeI0BATEbHBIX IPUOIMKe-
HU, OIpeIeJIeHHBIX PEKyPPEeHTHBIM cooTHomeHmeM (2). Bribepem yo =
= e”*. Torna

yi(z) =3 J e*"%e’ds + € = e*(1 + 3z),
0
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< 2
ya(z) = 3‘[6””7363(1 +3s)ds + e =¢€” (1 + 3z + (3;) ),

Yn(2) :e’”<l+3x+...+ (3:;!)n>.

Orciona y(z) = lim y,(z) = e®e3®. Orrer: y = €*. O

n—o0

3. 3ajaunm m ynpakHeHUd I CAMOCTOATEILHOM PaboThI
10.3.1. Pemmts, cBens 3amady kK auddepeHnnaasHOMy YPABHEHHIO:
xr

a) y(z) =z — Jez_sy(s) ds,

0

6) y(z) + [ (z — s)y(s)ds =1,

S g O——8

B) y(z) (1+ 2 — s)y(s)ds + x2.

10.3.2. TlocTponTh PE30JBBEHTY W PEIIATH
xr

a) y(r) = a® I(az —s)y(s)ds + f(x),

6) y(x) + Je”” = y(s)ds =1 — 2z.
0
1T

HNTHh METOJOM IIOC/IEJOBATEJIbHBIX HpI/I6JII/I}K6HHI>'I:

2) y(@) + [y(s)ds = o + %,
0
6) y(a) + [ (@ — )y(s)ds = 1
0
OTBeTBI
2 145 L5,
103.1. a) y = z — 5. 6) y = cosw. B)y—2< —5° 2 * 4+
_ 1-5
+; ﬁezw 1) 1032a)R_7shf( s), y = f(z) +

J’_
+ aJsha(:c — s8)f(s)ds. 6) R = L Gt SR o S
0
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§ 4. NuTerpasbHble ypaBHEHUS C SPOM,
3aBUCAIIAM OT Pa3HOCTU apryMeHTOB

1. OcHoBHbIE IOHSTASI W TE€OPEMBI
1°. Paccmorpum ypaBHenume @pearoabma C sSapOM, 3aBHCAIIAM OT
PA3HOCTH apryMeHTOB:
o0
y(z) = A J K(z — s)y(s)ds + f(z) (—o0 <z < 00). (1)
—o00

ITycts y(z), K () n f(x) TakoBBI, 9TO HAJ, HUMH MOYKET OBITH MPOU3BEIEHO
npeo6pasosarne Oypoe [7]:

y(w) = T e“y(zx) dr, IN((w) = T e“" K (x) de,

flw) = T e f(x) da.

Torna nogsepraem npeobpazosaanio Pypee coorromenne (1). Vicnonb3yst
TO, 9TO M300pakeHnWe WHTETpasa, croamero B (1), paBHO NPOU3BENIEHUIO

n3obpaxkennii K u Yy, moaydum

J(w) = AE(@)g(w) + f(w)- (2)

Orcrona BeIpaxkaem g(w) m memaem obpaTHOoe mpeobpasosanme Dypbe.
Nmeem

0 -
1 J —iwz f(w)
T) = 5 e ——— dw. 3
v = | e L ®)
Eciu uarerpad (3) cyuecTByeT u onpene/ser KyCOIHO-TIIAIKYI0 abCOIIOT-
HO mHTerpupyemyto GyHKImo y(x), To y(x) ABIAsSeTCs pelleHneM ypaBHe-

mua (1).
ITocTpoum pesonbBenty mjs ypasHenus (1). 3ameuaem, aro u3z (2)

crenyer
y=7F+AR, (4)

rne R = K = Cogepmue B (4) obparHoe mpeobpaszosanue Dypbe,

oIy 9aeM

y(@) = f@) + X | R(z—s0)f(s)ds,
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rae pesonbBeHTa R(z, \) onpenensieTcss BRIpaskeHnEM

K (w)

_L T —twz
RGN =3: | e AR ()

2

(5)

2. Paccmorpum ypasaenne Bombreppa ¢ sapoM, 3aBUCAIIIM OT Pa3HO-
CTH apryMEHTOB

y(@) = | K(@—shy(s)ds+ f(z)  (0<z<oo). (6)

Iycrs y, K u f — dyskuun, gomnyckaromue npeodbpasosanue Jlamiaca

[ee] [ee]

Y(p) = Te_p””y(x) dz, L(p)= J e P*K(z)dz, F(p)= J e P f(z) dz.

IMoppepruem npeobpaszosanuto Jlamnaca coornomenue (6). Y4aurbiBasg, 9To
n300pakeHNeM CBEPTKU fABJISETC IPOU3BEIeHNE N300 PaKEHMIT, IOIy 9aeM

Y (p) = L(p)Y (p) + F(p). (7)

Omnpenensia orciona Y (p) m coepmas obpaTHoe npeobpasosarne Mem-
Ha, HaXOIUM

a+1i00
Vo) =gy | et de (®)

Ecmm Beipaxkenme (8) ompenensier dbyrkmmio y(x), MOILyCKAIONIYyIO Ipe-
obpaszoBanue Jlamraca (KycO4HO-HENPEPHIBHY (DYHKINIO OrPAHMIEHHON
creneHn pocra), To y(x) aBuserca pemenueM ypaaennd (6).

ITocrponm pesombeenTy nyst ypasaerns (6). 13 (7) nveem

Y(p) = F(p) + r(p)F(p), rme r<p>=1f(752p>'

Cuenas npeobpaszosaane MemmHa, HAXOIUM

R(z — s)f(s)ds + f(=),

<
—
8
~
|
Se—8

rae
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3. Paccmorpnm ypasrenne Boswreppa I poma ¢ sapom suga K (z,s) =
= 1 _ 1 e unrerpambmoe ypasmenue

(z —s)

xTr

y(s) _

J gy s = f(@). (10)
0

(IIpu a = 1/2 3710 ypaBHeHHe HasbBaerca ypasaermem Ab6ens.) Ilycts

f(z) mmddepenmmpyemasn dyrxmmsa. CrnenpanbHBI BUA Aapa TTO3BOJISET

HOJIy4YWuThb peleHne B gBHOM Buze (cM. [3]):

x

(o) = ST [ A (o (5) + 0f(5).

r—S

2. Ilpumeps! pemenud 3aga4

1. UccmenoBaTh pelieHmne ypaBHEHUS

y(z) = A J e~y (s)ds + Ae” " (a >0, b>0)

— 00

npu pasaudHbix A u A. ITocrpouts pesosibBeHTy dapa.

A Ilpoussenem npeobpaszopanue Dypbe dnpa u CBOOOSHOrO WIEHA
B ypaBHEHUN

o0
I _ ] — _ 2a
K(w) = I e gzl gy = el
o0

oo
ry — iwe g —b\w|d _ 20A .
fw)y= | evracl i = 24
—o0

Coorromenwe (3) noxysaeM B Buze

T —iwz 24b(a% + W?
V@) =g | e G (11)

a). IIpu A < a/2 mocnenHuWit MHTErpas CXOAUTCS abOCONIOTHO, PaB-
HOMEDHO 10 T W OIPEeNfeT HenpepbiBHyl0 GyHknmio y(z). Berancasem
MHTETPAJI TIPU TOMOINY BBIYETOB, MCONb3ys gemMmy 2Kopmana [23]. Tlpn
x > (0 3aMBIKaeM KOHTYP HHTEIPUPOBAHU AYTOil B IIOJIYILIOCKOCTH Im w <
< 0, mpu & < 0 gyroit B mosrymmockoctu Imw > 0.
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Tlomygaem
— A { b2 — a2 —b|xz| 2)\ab —\z|\/a2—2)\a}
y(@) b —a® +2Xa ( a’)e + va? — 2/\ae ’

6). ITycte A > a/2, a A = 0. Torma nmeem OIHOPOIHOE yDaBHEHNUE

Paccmorpum coorromenme 1 — AK(w) = 1 — )\% = 0. Uz nero
a w

HaxomuM w; = v/2aX — a?. Herpynuo nposeputs, uro y(z) = Ce 1%,

rae C — mpou3BOJIbHAs KOHCTAHTA, SBJISETCS PEIIEHUEM OJIHOPOIHOrO

HHTErpajbHOro ypaBHeHus. lefictBurensno, moncraBiasem y = Ce *“1%

B ypaBHEHHE, IeJUM COOTHOIIeHWe Ha e ““'¥ § ImepeHOCHM CjaraeMble

B OZIHY 4acTb. Imeem

C — \e'“1® T e olrslgeivts gg = C{l - A T g alelgmivia da} =

=C[1 - AK(w1)] =0,

9T0 U TPeOOBAJIOCH IPOBEPUTD.

B). Ilycte A\ > % u A # 0. Torna pemenne B KJjiacce HEMPEPHIBHBIX

abCOIIOTHO MHTErPUPYEMBbIX (DYHKIINIA HE CyIIECTBYET.
HeficTBUTEIBHO, AOMyCTUM TPOTUBHOE. PaccMoTpuM HECOOCTBEHHBINH
AHTErpas

IlompiaTerpanbuas pyHKINS HEIPEPHIBHA, & CAM HHTECPAJI CXOIATCHA PaB-

HOMEpHO TI0 T B CHJy TIpu3Haka Beitepmrpacca: [e“y(z)| < |y(=)|,
(oo}

J ly(x)| dz — cxommrea. Orcroma, mo m3BecTHOH Teopeme aHammn3a, Y (w)
— 00
ABJISIETCS HEMPEPBIBHOM (DYHKIMEH pH JIFOOBIX W.
C apyroit cTOpOHBI, IPHU CAEJTAHHBIX IIPEIIOI0KEHUSIX UHTEPAIHLHOE
ypaBHEHHE MOXKHO IIOABEPrHYThH mpeobpazoBanuio Pypoe. Nmeem

v e 2 2bA
Y(w) = )‘Y(w) P fuﬂ + w2z_b2'

IIpn w — w; = v2a\ — a? 3nagenne Y (w) — oo. Iomywaem npormsope-
9me ¢ ycaoBueM HempepbiBHOCTH Y (W).
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O6parnmcst kK nocrpoernto pezonbeerTsl. Cormacuo (5) mmeem

~ oo
K ;
(‘ﬁ) dw = 1 j e~ iwz 5 22a dw.
1—AK(w) ™ a® +w’ —2xa

— oo —o0o

R(z,A) = L T g tw?

™

Ilpu A\ < a/2 wATErpan CXOOUTCA U BHIYUCIAAETCA C IOMOLIBIO BBHIYETOB.
(TIo credenuro obcrodTenbCTB, OH oTiaudaeTcs oT (11) TOIbKO MHOXKHUTE-
nem.) Honygaem

— a 2 2\ _—blz| 2Mab —\z|\/a2—2)\a}
R(= ) = 3 T o) {(b ) e =

2. Pemwnts ypaBHeHme
T
y(z) = Jsin(x —s)y(s)ds+e®
0

U IOCTPOUTH PE30JIbBEHTY A/1Pa.

A Tlomepraem mnpeobpasoBanuio Jlammaca saapo U CBOOOTHBIA dJIeH
WHTErpaJIbHOTO ypaBHeHndA. meem

(oo}

F(p) = J e Pre " dr = ﬁ, L(p) = J e PP sing dr = —1
0 0

Coorromenwe (8) Gyzer nmeTsh BUI

a+1i00 F( ) a+ioco 9 n 1
_ 1 po F0) o 1 po_P
y(z) = 2mi J © 1z L(p) dp 2mi J € pi(p+1) d
a—1i00 a—1i00
IlompiaTerpansaast OYHKIMS UMeEET TOJIIOC TTEPBOTO TMOPSAKa npu p = —1

U MIOJIFOC BTOPOTO IOPAIKa B HyJie. [I09TOMY B Ka4ecTBe a MOKHO BbIODATD
J1060€ OJIOXKUTETHHOE YUCI0. 3aMbIKaeM KOHTYD HHT€IPUPOBAHUSA TyToi
HOJIyOKPY2KHOCTH, JIeKaIeil ciaesa oT npamMoii (a — 100, a + 100). Wcnomns-
3yem aemmy 2Kopnana. Ilomygaem pemrenne

41 p’+1 .
x :Res{empi,fl} +Res{epz7,0} =2 *4+z—1
y() p*(p+1) p*(p+1)

L onpenesieHEnsT Pe30IbBEHTHI PACCMOTPUM CooTHOMmeHue (9), KoTopoe
JIJIsl TAHHOTO CIydasi UMeeT BU[I,

a+1i00 L( ) a—+1io0o d
-1 pe p -1 pz 4P
R(z) = g J T P T J Ml

a—1io0 a—100



§4] Vpasrnenusa ¢ a0pom, 3a6UCAUWUM OM PASHOCTIU GAP2YMEHMOE 425

Beraucisist maTerpast, Haxoaum
R(z) = Res[e!“p 2,0] = .
Otset: y(z) =2¢ "+ 2 — 1, R(z) = x. O

3. IlycTh YacTUma Macchl M COBEPIIAET KOJIeOaHWd B IIOJE C IOTEH-
nmraabHON sHeprueii u(z). 3aBucuMocTs u(r) 3apaHee HEM3BECTHA, OTHAKO
npennonaraercs, 9to u(z) — wermaa ynkmusa um u(0) = 0. Iepmon
KoJeOaHu 9aCTHIHI 3aBUCUT OT ee SHeprud. I1ycTh N3BeCTHA 3aBUCHMOCTD
neprosa KoebaHuii 9acTUIpl B moste oT sHeprum konebanuii T(E) = kE.
Tpebyerca oupenenutsh GbyHKOUO u(T).

2
A B cuiay 3akoHa COXpaHEHHsI SHEPIHUU % - (1(11_9;) + u(z) = E.
WuTerpupyem 3TO ypaBHeHHe, pa3nensds nepeMeHHble. lMeem % =

2 m dx
=2 (E — u(z)). Orcroga t = —J4+Const.CqHTas{u0 =
2(E - u(w)). Orciom t = |/ [ -4 )
= 0, mosy9aeM cjeayrolnee BhIpasKeHUe s meprofa Koiebauuit T(E) =
zo(E)
— 4, /m dx
2 E —u(z)’

ITepexons mom mHTErpajoM K MEPEMEHHON du, UCIOIb3ys 3aJaHHBIA BHUI
sapucumoctn T'(E), momyvaeM WHTErpadbHOE yDABHEHUE IJISl ONPEIeJTe-

ausa byrxmpn D (u) = g:v (u):

rae z9(E) — xopenb ypasuenusa u(z) = E.

(12)

B

oIy

s
elle

E
KE =/8m J
0

Pemnv sro ypasuenme. O6Go3HaunM \/% = C. Yvuoxum (12) na
1/+/Ey — E u npounrerpupyem 1o E ot 0 mo Ey. Iomyaum
Eo Ep E Eo Eo
CJ EdE:j dE j‘I’( :J J dE
) VE,—E VE,—E ! VE—u : VE,—EVE—u’
u
(13)
B npagoii wactu (13) memaem 3aMeHy mepeMeHHOMN g) :l; = ¢. Nmeem
Eo 1 "
dE
=m. N3 (1
J.\/Eo——E\/Ei—u !ﬁ\[ 7. U3 (13) momygaem
u
Eg EO

% (1 %: J ®(u) du.

0
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CuesiaB B JIeBOI 94acTW NOCJIEHETO PABEHCTBA 3aMeHy NepeMeHHONH F =
= Fj - £, umeem

1 Eo
Cp3/2( _€d§ _ 13/24C _
0 0
Huddepennupys nomydennoe coorHomrenune o Fy, 3amenss obo3nadenne
Ey ua u, nomysaem ®(u) = Ciu'/2, tne C; = —X . Uurerpupys
vVmm
coorromenne P(u) = g—;‘ = Chu'/?, naxomum x = 01%u3/2.

Ortser: u(z) = (3?”\/@3:)2/3. O

3. 3ajaum m ynpakKHeHUS JJIS CAMOCTOATEIHHON PaboThHI

10.4.1. UccnenoBaTh pelieHne ypaBHEHUS MPU PA3IAIHBIX A u B

oo

y(z) = J 1+y((;)7 ) ds + 1 -I—Bx2'
10.4.2. Pemuts
y(x) + V2 J ef(mfs)zy(s) ds = f(z).

10.4.3. Pemmts, ucmonb3ysi mpeobpa3oBanue Jlammaca, u mOCTPOUTH
PEe30JIbBEHTY:

a) y(z) = 2w J cosw(xz — $)y(s) ds + coswz,
0

6) y(z) = w | sinw(x — s)y(s) ds + coswz,

O

T
B) y(z) = 2w J sinw(z — s)y(s)ds + % sinwz.
0
10.4.4. Pemmts, ucnonb3ys npeobpa3osanue Jlammaca:

a) y(z) + [(z — s) cos(z — s)y(s) ds = cosz,
6) y(z) + |1+ (z — s)]y(s) ds + z*.

I
|

10.4.5. Pemurs 3ama9y 3 B ciaydae, Korga nepuos Koiaebanuil He 3aBu-
CHT OT SHEpPrum KoeOaHmil.
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OrBerst
10.4.1. IIpu |A| < 1/7 u mo6om B pelieHne naeTcsi BeIpaykeHneM y(x) =
o0

= g I e*i“w—lwlde . Ipu |A\| > 1/ 1 B = 0 umeeM pemeHne oxHO-
€ — ATT
—o0

poaroro ypasaenns y(x) = C1e®2A™ 4 Coe~ @A™ pye Oy w Cy — mpo-
U3BOJIbHBIE KOHCTAHTHL. Ilpu [A| > 1/7m u B # 0 HempephIBHOTO peIleHus

He cymecrByer. 10.4.2. y(z) = f% j M dw. 10.4.3. a) y(z) =
RS 1+e @/t

= e“"(1 + wx), R(z) = 2we**(1 + wz). 6) y(z) =1, R(z) = z. B) y(z) =

=shz, R(z) = 2wsinwz. 10.4.4. a) y(z) = %(2 cosV3x +1).6) y(z) =

o T14vE L, 1oy 1=Ys o

_2[3_\/5@ B e 1].10.4.5. u(z) = ka?.
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