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Preface

While there are many good books on numerical methods suitable for students of
mathematics and many others that are accessible to scientists and engineers, but
dedicated to a specific discipline, there is a need for a book that is accessible to students
of science and engineering that is not discipline specific, yet rigorous and comprehensive
in scope. This book is an effort to fill this need.

Herein I provide the logical underpinnings of all of the commonly encountered
numerical methods, namely finite difference, finite element, collocation, and finite
volume methods, at a level of sophistication consistent with the needs and interests of
science and engineering students. Two mathematical concepts, namely polynomial
approximation theory and the method of weighted residuals, form the intellectual
framework for the introduction and explanation of all of these methods.

The approach is to first introduce polynomial approximation theory in one space
dimension followed by the concept of the methods of weighted residuals. Employing
only polynomial approximation theory the finite difference method is easily developed
and presented. With the addition of the method of weighted residuals, finite element,
collocation and finite volume methods are readily accessible. These concepts are
introduced first in one space dimension, then the time dimension, then two space
dimensions, and finally two space dimensions and time.

The equations considered are first order, second order, and second order in space and
first order in time. By design, the book does not focus on any specific area of science or
engineering. It is designed to teach numerical methods as a concept rather than as
applied to a specific discipline. The intent is to provide the student with the ability to
understand numerical methods as encountered in technical readings specific to his/her
discipline and to be able to apply them in practice.

The book assumes a knowledge of matrix algebra and differential equations. A
programming language is also needed if the reader is interested in applying numerical
methods to example problems. No prior knowledge of numerical methods is assumed.
While a few theorems are used, no proofs are presented.

This book stems from a course I teach in Numerical Methods for Engineers. The course
is taught as a precept and typically populated by an approximately equal number of
senior undergraduates and graduate students from different engineering disciplines. A
project of practical significance is assigned that requires the creation of a computer
program capable of solving a second-order two-space dimensional equation using finite
elements.

I am indebted to Xin Kou, my doctoral student in mathematics, for carefully reviewing
the manuscript for his book, identifying notational inconsistencies and making
important suggestions as to how to improve the presentation.



Chapter 1
Interpolation

In this chapter, we will introduce interpolation theory, the first of two key topics that will
form the foundation of everything that follows in this book. We will find that this
concept leads quite naturally to finite difference methods and, when combined with the
second key topic, the method of weighted residuals, provides the necessary
mathematical concepts needed for all other numerical methods we present. So, let us get
started.

1.1 Purpose

Interpolation is a method of constructing new data points between known values or for
creating a function that fits exactly a known set of discrete data points defined within a
specific range. Interpolation has many applications in science and engineering. In this
book, it will be used to form the basis for numerical differentiation, numerical
quadrature, numerical integration, and as a key part of several numerical methods used
to solve differential and partial differential equations.

1.2 Definitions

We begin by introducing some interpolation notation. Consider a region

A=) g <x < X%5...<x,(=b) (1.1)
as illustrated in Fig. 1.1

Figure 1.1 Discretized line spanning a to b.

Next assume there exists a function f{x) that is a known function of x. We will use this
function momentarily.

Now also consider a function P,(x) that has the following properties:

1. P,(x)is a polynomial of degree n, that is.

i : (1.2)
Pilej= ¥ an
i=0 )
where the coefficients a; are known constants and x' indicates the variable x to the ith
power.

2. P,(x;) = flx;) where x; are particular values of x as seen in Fig. 1.1. In other words at



the locations x; the values of f{x) and P, (x) are identical.

According to our definition of interpolation, this P, (x) is an interpolating polynomial of

degree n. Note that by convention, 7 has a lower bound value of 0 rather than 1. To make
the above clear, consider the following example.

1.3 Example

Consider the sine function shown in Fig. 1.2. and the information presented in Table 1.1

P(6)
S(8)=sm| &)
1 7
0. 707 ff L
i
I
& . &
0 /2

Figure 1.2 Sin (0) curve with measured points indicated by small black dots (dashed
curve) and interpolated values indicated by large black dots (solid curve).

Table 1.1 Comparison of exact and calculated approximations for the sin
curve.

0 f0)  P,(0) E)=f0)-P,0)

0 0. 0. 0.
/4 | 0.707  0.753 - 0.046
/2 1, 1, 0.
3m/4 0.707 0.751 - 0.044
T 0. 0. 0.
5m/4 - 0.707 —1.18 0.37
6m/4 -1, —2.89 1.89

Let the second-degree polynomial P,(6) be given by

Py (60)=a9 + a6 + (E:rﬁj. (1.3)

Now create the special version of Eq. (1.3) that satisfies the three known values of P,(0),
namely thoseat 8 =0, = _,." 2 and n. Then, substituting values of P,(0) from Table 1.1 we
obtain



P:[0:|=(ID—.Q|U_EI?OE=U (14)

Po(m/2) = a0+ a1 ()

“
2)+as(m/2)" =1

P (m)=ag+ a;(mT) -|—ag[n;|2 =10

from which we can generate the set of equations

1 0 0 g 0
1 72 (x/2) iy | =1
1 « (7)? as 0

Solving for the coefficients a,, a,, and a, we obtain

P, (8) = 0+1.27(8) — 0.40 (6?) . (1.5)

From this expression, we can obtain values of P(0) for any 6. In Table 1.1, we calculate
the values of P(60) for various values of 0. Notice the difference in the error of the
interpolation at 6 = /4 and 0 = (571)/4. Why did this happen? It is due to the fact that
the value 0 = 57/4 lies outside of the range of 6 used to define P(6).

The question now arises as to whether polynomials can be used to represent functions
other than the sine. To answer this question we turn to the Weirstraus approximation
theorem.

1.4 Weirstraus Approximation Theorem

The Weirstraus approximation theorem basically tells us that it is possible to calculate a
polynomial approximation of any desired accuracy, provided you employ a suitably large
number of terms in the polynomial. It states:

Theorem 1 If f(x) is continuous on a finite interval [a, b], then, given any . > 0, there
exists an n and a polynomial P, (x) of degree n such that |f(x) - P,(x)| < .for allx in [a,

bJ.

Although this theorem indicates that a polynomial can be found to represent any
function, it does not mean that the coefficients of all polynomials can be calculated. In
some cases, especially for large n, the coefficient matrix for the polynomial coefficients
can be ill-conditioned (almost singular) and the coefficient values unobtainable.
Fortunately, in our work, we will be using polynomials that do not exhibit this pathology.

1.5 Lagrange Interpolation

Let us now focus on one special kind of interpolation that we will use extensively in

subsequent material. Consider the approximation of a function f{x) denoted as fx)
written as follows:

fx)=Ff@+E(x) (1.6)



where we vvill call E(x) the error of the approximation; in other words E(x) is a measure
of how well f (¥) represents f{x).

We now define the form of f (¥) in a very special way, that is

f) = E £7 (x)f (r?) (1.7)

=0

where £%,(x) is an as yet undefined polynomial of degree n. Next, substitute Eq. (1.7) into
Eq. (1.6) to obtain

fx) = Z f‘;‘? (x) f (rr) +E(x). (1.8)

j=0

To determine the functional form of the polynomial f”j(x) we will require that E(x), the
error in the approximation, vanishes at selected locations along x, namely at x;, i = 0,

...n. We will call these locations nodes and they are indicated in Fig. 1.1 by the black dots.
Recall that we required f{x) to equal flx;) in our general definition of a polynomial in

Section 1.2. We can write this requirement formally, in terms of the errors E(x;), as

Efx =l imi)...# (1.9)
where we have n + 1 nodes. Now combine Eq. (1.9) with Eq. (1.8) to give

fx) =2 €7 (x)f (Tr) P (1.10)

J=0

Equation (1.10) is Eq. (1.8) written for the specific nodal locations x; where, by
definition, the error must vanish. Note that the index 7 identifies the location, that is f{x;)

and f(“)j(xi) where the polynomial is being evaluated and the index j indicates the term in
the polynomial, that is E(”)j(xi)f(xj). Let us now expand Eq. (1.10) as

Fx) = €0 @) f (xg) + €7 (x)f () + o+ €7 (1) f (%) (1.11)

The form of Eq. (1.11) suggests that the polynomials £",(x;) must have special properties.
In order to satisfy the requirement that

Eix)=0. im=D..n (1.12)
Indeed, at the location x, for example, Eq. (1.11) must yield the following

£1(x) =1 (1.13)

EhE) =) S Y= 0 (1.14)

In fact we can generalize this statement to any nodal location x;, that is



\ L. i=3 .. (1.15)
E_i.-{;:”_{ g sl 2.9 =0 _ n

In other words, our polynomial must be unity at the nodal location for which it is
defined, that is where the indices i and j are the same, and zero at all other nodes.
Writing this in shorthand notation we get that

1 A S i ! LT o .
% (z,) = 0y g==llocom, @il (1.16)

where 61-]- is the Kronecker delta. The Kronecker delta is defined such that
o Al & BT (17)
=0, it

Now let us assume the special case of n = 1; that is we are considering a linear
polynomial. Let us focus on the jth polynomial, that is.

o] _
.fj () = a; + hj,-x. (1.18)

In light of Eq. (1.17), we can say that the following is true for Elj(x) evaluated at node x,,

Writing this system of equations in matrix form we get
1 x| [ag _ 1 (1.21)
1 Xq hn 0
which we can solve to obtain
; ; (1.22)
3 E 1 &
oy o 1 L —Lp -I 1 L 1 —x0
= g ) — S
EJ.[} 1 — T —J. J. ] D 21—z
Substitution of Eq. (1.22) into Eq. (1.18) yields
i X- 1 X, —X )
X=Xy X—Xp X — Xy
X—Xg

One can similarly obtain £ } (x) = ——_- The functions ¥ (x) and t*,(x) are linear
-1

Lagrange Polynomials and are presented in Fig. 1.3
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Figure 1.3: Linear Lagrange polynomials, one defined for the node located at x,, (solid
line) and one for the node located at x, (dashed line).

Let us check to see if these functions satisfy the requirements stated in Egs. (1.19) and
(1.20):

; L1 — g : (1.24)
when z==2¢; {H(zg)=——=1 4
L1 — &Tp
: 1 — &1 (1.25)
when z = zp; I'E-J (1) = — = 0.
r1 — Lo

It appears the Lagrange polynomials, as defined above, work for the linear case.

The general form of the nth degree Lagrange polynomial is

Tr—I; (1.26)
¢ (z) = M g————
i#j g — Ly

where the operator H?;G says that for a specific value of j, each term denoted by the
=2

subscript i, 7 = 0, 1, ...,n will be multiplied together except for the special case of i =j,

which will be skipped because it would result in a value of zero in the denominator of

that term. For example, IT3; _ x; = (x,)(x,)(x;). Thus, for our linear case we obtain

_ €T —% T — &1 (1.27)
b (x) = iy — =
iz L0 — € Lo — I

which is the same as we obtained in Eq. (1.23) after multiplying the numerator and
denominator by ( - 1).



The strategy that was used above for the linear polynomial can be extended to define the
quadratic. In this case, as we will see below, there are three unknown coefficients and
therefore one needs three equations. The equations are obtained by imposing the
constraints defined in Eq. (1.16) on the quadratic polynomial. Alternatively, since we
have stated the general polynomial form in Eq. (1.16), we can write directly, by selecting
n = 2 the relationship (where j is now equal to 0):

; i 1.28
Ao SO e T (- — @) (T —25) (1.28)
£y 2] = H = : -,

i=0Lp — T4 (Lo — 1) (Zop — Z=2)

The shape of this function is shown in Fig. 1.4. Quadratic Lagrange polynomial identified
with node x,,. By selecting other values of j, that is j = 1 or j = 2 two additional quadratics

will be generated for location x, and x..

&

.r‘:{'} .xll x\"--._ .--"'-/ .XE .1
Figure 1.4 Quadratic Lagrange polynomial identified with node x,.

1.5.1 Example

Let us use the linear function to represent the function In(x). The linear Lagrange
polynomials are presented in Fig. 1.3. There will be two terms, one associated with each
node, that is x = x, and x = x, as seen in Fig. 1.3. Thus we have that x € [1, 2]

f@y =Y st mf (x_,-) xe [1,2]

=4
From this equation we see that we need f(x,) and f{x,). To get this information we need
to evaluate In(x) at x = 1.0 and x = 2.0. The following equation shows how this is used:



F) =22 f () + 21 (OF (x1) (1.30)
= £, (0f (LO) + 21 (0)f (2)
= 75 (x) (0) + £ (x) (0.693)

=275 (0.693)
0

X, =X
x—1

= 0.693

= —0.693 + 0.693x

A comparison of the function f{x) and the approximation f (x) is presented in Table 1.2.
Note that at the node points x = 1.0 and x = 2.0 the solution is exact, as required by our
definition of the approximating polynomial.

Table 1.2: Values of the function f{x) = In (x), the approximation to f{x), that
is / (%) and the error E (X) =f (x) — f (x).

x | foo f®) Ew
1.00 0.00 0.00 0.00
1.25 0.22  0.173 0.047

1.50 0.40 0.347 0.053
1.75  0.56 0.520 0.04,

2.0 .0.693 0.693 0.00,

It is helpful to examine the information provided in Fig. 1.5. The interpolant f is given in

the top pane. It is a straight line since it is made up of the weighted sum or two straight
lines as can be seen from Eq. (1.30). The approximation is the sum of the linear
Lagrange polynomial at x = 1.0 multiplied by the value of In(1) and the linear Lagrange
polynomial defined at x = 2 multiplied by In(2). The weighted sum of linear polynomials
always generates a linear polynomial approximation. The lower pane in this figure shows
the comparison between the function f{x) = In(x) and its approximation f(x).
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Figure 1.5: Representation of the In(x) function using linear Lagrange polynomials.

1.6 Compare P,(0) and f (6)
In this section we want to examine the relationship between the use of a quadratic

polynomial, and an approximation based upon quadratic Lagrange polynomials, to
interpolate. We start by writing the approximation of the sin(6) function, f (x), using

the quadratic Lagrange Polynomials, that is

(1.31)

where, using Eq. (1.28) we obtain three polynomials, one for each node in Fig. 1.4

(6 —61) (6 —62) (1.32)

2(8) = .
0t%) (00 — 61) (60 — 62)
s = (1.33)
& (8) = o —0) (6= 92)
(61 — o) (61 — 02)
8 —0qy) (0 — 8- (1.34)
2 (8) = ( o) ( o

(62 —6p) (62 — 61).

Now we multiply each function by the appropriate coefficient value f{6) and get



o T Sk (1.35)
£(8) = 2(8) (0) + £2(6) (1) + €2 (6) (0). "

Next we substitute the definitions of £ (0)

(0 —0)(6—7) (1.36)
2(0) = ———=— - =[1.970 — 0.4066°]
1 (7/2 —0)(7/2 — =)
Comparison of this relationship with Eq. (1.5) shows that
(1.37)

Py (6)=1(6).
In essence, no matter how you manipulate quadratic polynomials, whether or not they

are Lagrange polynomials, you will not change the approximation. The reason we use

Lagrange polynomials and the f(6) machinery will become more evident later.

As to the approximation, the value of £*, in Fig. 1.6 is the approximation to the sin (6)
function.

-

-

Figure 1.6: Quadratic polynomial approximation of sin(6).

1.7 Error of Approximation

The general idea in this section is to determine, in the absence of the function being
approximated being available, how well the polynomial will approximate it. The
argument is rather convoluted in that we need to build a set of concepts and then bring



them all together at the end, so please be patient.

Step 1 (Define a function F(x))
We start by defining

Fix) =1 (x=%]. (1.38)
For example for the special case of n = 2 we have the function

F(x) =TI, (x — x;) = (x — x) (x — %) (x — x,) (1.39)
which is presented in Fig. 1.7.

Figure 1.7: Function F(x) with zeros at x, x,, and x,. The locations indicated by an x
dF(x)
along the axis are where dr 0.

It is important in this development to note that

Flr)=1Ik=0PM{z—x:)) =0 for a=2; t=0,1,a,yn (1.40)

because when the term (x; — x;) arises, it is zero and that eliminates the series. In other
words, the function F(x) vanishes at the nodes.

Because the approximation must equal the function at the nodal points x;, we have

-

fly=Ff(x) i=01..n (1.41)

Alternatively, we can write

fx) —}?{X,-) = {J i=0.1;:m (1.42)

Step 2 (Define a function g(x))

Now we change course and define the following function:

g(x) =f(x)=f (x) = AF (x) (1.43)

where A is a constant. Why we do this has no answer at this point, but its relevance
becomes evident shortly. Note from Eq. (1.40) and the Fig. 1.7 that there are n + 1 points
x; where F(x) is zero. Therefore, at these points, according to Eq. (1.42) and (1.40)




gl{xi) =0 ==t G - (1.44)
We now digress once again in Step 3 which follows.

Step 3 (Introduction of the concept of ¢)

Let us choose A such that g(x) = 0 at some arbitrary point X, € [x,, x,]. Now g(x) is
zero at at least n + 2 points, that is at x, x,;, ..., Xps X — 1, Xp (see Fig. 1.8). Since g(x) is
smooth, it must have a minimum or maximum between each pair of zeroes at which
pomts the derivatives of g(x) vanish. These are indicated by the letter x in Fig. 1.8. Then
;m has at least (n + 2) — 1 = n + 1 zeros in the interval [x,, x,,]. Similarly at the points of
X
dg(x)
dx?

higher derivatives, we finally arrive at the observation that f_'i(lj has(n+2)-(n+1) =
@axm”

inflection has at least (n + 2) — 1 = n zeros. Using similar logic to look at even

1 Zero.

dg(x)
dx

Figure 1.8: Function g(x) as presented in Eq. 1.43.
Let x = § represent the location of this zero, that is

a"+1g9(z) [ _ ¢ _ 0 (1.45)
@l |, 6T

Since f (x) is a polynomial of degree n, _'r“’"

= (). This observation will be used a little

later.
d"t F(J.J
Step 4 (Calculation of ———)
It is not obvious, but true, that by differentiating
E{x)= l'[:.":D (x —x;) (1.46)

we obtain



d"L1F (1.47)

donil (n+1)!

To show this to be the case in at least one situation we provide the following example.
This is not a proof, but provides some degree of confidence.

Example

Consider the example of n = 1

F(x) = (x—x;) (x —x;) (1.48)
dF (x (1.49)
:ix} = (x — xg) + (x — x7)
d’F (x) (1.50)
dx?

Step 5 (Calculation of A)
Let us now differentiate g(x) n + 1 times (see Eq. (1.43)) to give

d”"'lg {’t‘} B dn+1f (’t‘) d”“} (I) AdnHF {x} (1.51)
dx??.+1 B dxi“H—l dxl’i"l-]. iixi‘?. +1 )

Consider what is happening at x = § in Eq. (1.51) (we now add letters to refer to the
terms):

(1.52)

" +19(#)| _ . _arip@| _, EFUE)) 4d”+1F(€l‘-) .

dzn +1 |lg = de+1 | 75 dzr +1 lz > 7 damn 41 lp °
D B E'r

We now address each of the terms in Eq. (1.52) one at a time. Term D is zero because,

from Eq. (1.45)

RglEll 0 (1.53)
dx??.+1 .T=§ o

Term B is zero because we are taking the n + 1 derivative of an nth degree polynomial.

[,}’_”"'1}? {X} (1.54)

—
=y

From Eq. (1.47) we know that



d"1F (x (1.55)
&0l = (n +1)!
dxn+1 x
We now combine this information with Eq. (1.52) to give
dr+1 4grtlf (1.56)
f =A : =An+1)!
dxntl | —e dxm+1 | s
or, solving for A
OO B ] (1.57)
i (n+1)! dx™+1 " ‘“:'.

Remember that A is chosen in such a way that g(x,) = o.

Step 6 (Calculation of E(x))

Now we know by the definition of Xy that at x = Xps g(x) = 0. Thus we have

8 (YP) = (rﬁ) g ('ﬂ) ik (YF) =it (1:58)

Rearranging Eq. (1.58) and substituting for A we obtain

pfie N e o R @ EIHEY] e (1.59)

Finally, because x,, was selected arbitrarily, we can replace it with x to obtain:

1 dvf() (1.60)
PR = (m+1)! dxntl | (Fx)

so we can write, using the definition of F(x) from Eq. (1.46)

(1.61)

. TR SR 1 d™41 f(z) _ P _ v o o T
E(z)=[f(z)— 1 (&)= dxr._{l = £ (II; = 0% {z—z;)) £ € [xg. 2]
; S xT

Take a closer look at Eq. (1.61). We see that the error in the interpolation is inversely
proportional to a function of the number of nodes, that is the term . It is directly

(m+1)!
d™tfix)

dxrt]

. as one examines the

x=F

proportional to the value of the derivative, that is term

values along x. Finally it is directly proportional to a function of the size of the distance
between the location x and the nodal locations x;, i = 0, ..., n; such that the smaller the
spacing between nodes, the smaller the error. For a given domain length, this is related
to the value of n. So a large n yields a small distance between nodes and they work
together to yield a smaller error.



Example 1

To see how one might use the above concept of error by revisiting the case presented
earlier of

(1.62)

filE) =Ilnia) x e [1,2].

fl'\.
I

From Eg. (1.30) on page 7 we have the approximation of In(x) using a piecewise linear
Lagrange polynomial given as

f(x) = —0.693 + 0.693x (1.63)
and for x = 1.25 we have the following computed values and computed error
f(1.25) = 0.173 (1.64)
£(1.25) = 0.22 (1.65)
E (1.25) = 0.047. (1.66)

Now let us calculate the theoretical error using Eq. (1.61). Substituting the values for x =
1.25 we have

B i - 1 Lf”+1f {'t'}
Ex)=f(x)—-f(x)= (n+1)! dxntl

which upon substitution of f{x) = In(x) and n = 1 gives

(1.67)

3 (HLD [I = x.-)) E.,~ = [xljr xn]

(1.68)
- 1 d'*ln(x) i )

: Y — F{: — P/ — | 5 [ — - ‘-[—_I-.Q
(@) =1 (@) = £ @) = G goiet lus Moo @— ) €112
which yields

5 .69)
I 1 d%In (z) ) . a
E(1.25) = g (z — zo) (z — 1)

2! d:t.‘? r==£



1 d?} (1.70)
1dn(@) o5 1y(1.25—2

21 dx? r=£
1 1 2 mas e
= o { —= ) (1.25 - 1) (1.25 - 2)
0.094
= {_-2 .
S

So what do we do with this? Well we recognize that

= )

j I {5 < ) (1.71)
so0, using the limiting (upper and lower bound) values of § we have

0'394 < E(1.25) < 0.094. (1.72)
(<)

7 =
or

0.023 < E(1.25) < 0.094.
Note that the actual error according to Eq. (1.64) is E(1.25) = 0.047, which is within the
bounds indicated by Eq. (1.72).

Example 2

Let us consider the quadratic polynomial approximation to the In(x) x € [1, 2]. We
have

f(x) = =121 + 1.33x — 0.214x2 (1.73)
which evaluated at x = 1.25 gives
£(1.25) = 0.213 (1.74)
f(1.25) =022 (1.75)
E (1.25) = 0.006. (1.76)
From the error expression we have
1 47 (x) (1.77)

E(x) :f{’f) _f{r} = (n+1)! dxntl

which, upon substitution of the function f{x) = In(x) and using n = 2, yields

(M, (x-x)) Ee€ [x,x,]
r=t



1 d’t'n(z)

BE  pnE. 24 0 Ry ue —
or, simplifying,
" 1 dln(x) (1.79)
E(x)=f(x)-f(x)= 3 ae | ((x = xg) (x — x1) (x — X7)).

Now we select the point of interest, that is x = 1.25, and substitute it into Eq. (1.79) to get

E(1.25) = 1| (%) (1.25-1)(1.25 - 1.5)(1.25 - 2.0) (180)
2 0.0156
= —— (0.0469) =
B o Qe = =5

Now we need to determine a choice of &. If we use the upper and lower bounds of the
interval x € [1, 2] and therefore substitute £ = 1 and £ = 2 in Eq. (1.80) we obtain

0.00195 < E (1.25) < 0.0156. (1.81)

Since the true error is E(1.25) = 0.006, Eq. (1.81) shows that it lies within the computed
interval.

1.8 Multiple Elements

To this point we have been dealing with one interval. We will now introduce some new
notation to consider multiple intervals. We define the interval over which one
polynomial is defined as an element. That element may have any number of nodes
depending upon the degree of the polynomial. The higher the degree of Lagrange
polynomial, the larger the number of nodes we would use per element. We have thus far
considered as high as a quadratic Lagrange polynomial which required three nodes per
element.

In numerical methods we find the use of one element rather uninteresting. Rather we
want to concatenate several elements, and use a low degree Lagrange polynomial for
each element. In this section we extend our earlier work to consider multiple elements.

Firstly, consider a two element approximation using linear Lagrange polynomials in
each element. Such an arrangement is found in Fig. 1.9. Notice that there is a node in
common at the beginning and end of all internal elements. The elements on the ends of
the domain of interest share only one internal node. To introduce and illustrate the
multiple-element concept, we will use once again the function f{x) = In(x) as our
example. The values of f{x) = In(x) at each node, that is ln(xj) where j = 1, 2, 3 are used to

define the linear approximations



N 2 (1.82)
fl@)=In() =) ¢(@)n(z;) xe[l,1.5
=1
3 (1.83)
f@)=In(z) =) & (x)n(z;) =<[L52.0].
§=2

Note that the indices in the summation now refer to node numbers, for example x,
denotes the value of x and node 1 and that to simplify notation from this point forward,
we will drop the superscript on flj for the linear Lagrange polynomial.

element
1.0 9 =
N S 0693
. ,-"f \‘ =
fix! S 040
- X
i
0. !
Nk 5 3 node number
_,r?."-'_.' . - -
oar |“|¢|
frv =l
{0 & = *
1 1.5 2.0 2.5 A

Figure 1.9: Two linear elements and their approximation (solid lines) of the
logarithmic function (dashed line).

These two equations describe the piecewise linear approximations between the nodes in
the upper panel of Fig. 1.9. In panel two, we see the relationship between this
approximation and the function being approximated, that is In(x). To proceed we need
to find a convenient way to relate information at the local level, for example that is that
associated with the element, to that of the global system for example that is associated
with the assemblage of elements in which the original problem is defined. To achieve
this goal consider the information provided in Fig. (1.10) and Tables 1.3 and 1.4. Figure.
1.10 shows the relationship between the global and local coordinate systems. In the local
coordinate system, each element sees the world from the same perspective. In other
words, an observer at a point in the local system sees only what is happening on the
element on which he/she resides. He/she does not see beyond the nodes defining each
end of the element. The same observer when associating his/her position with respect to
the global system sees the entire domain of interest inclusive of all elements.




Figure 1.10: Two linear elements in the global (x) and local (o) coordinate systems.
Table 1.3: Relationship between local and global node numbering.
Element Local Node Global Node

1 0 1
1 1 2
2 0 2
2 1 3

It is helpful to distinguish more clearly between the two types of coordinates. In this
spirit let us define the local coordinate as x. On the left is always node 0 and coordinate
X, and on the right is always node 1 and coordinate y,. Thus 0 < x < 1. for each and every

element. Similarly the Lagrange polynomials are always represented as a function of x ,
that is we have {,(x) and ¢,(x) no matter which element we are in.

From the global perspective you see in Fig. 1.10 that the node numbers are increasing
from left to right as are the coordinate values. Table 1.3 presents the relationship
between nodal numbering at the local or element scale and numbering at the global
scale. Similarly, Table 1.4 shows the relationship between the global and nodal
coordinates.

Table 1.4: Relationship between local and global coordinates
Element 1y, X
1 X=1 x=15
2 xX=15 x=2

Let us see how we can derive a relationship between the two coordinate systems. We
know that in element 1 when x = X, x = x;. We also know that at x = x;, x = x,. It is clear

that x is a linear function of ¥, so we will write

x=a+ by. (1.84)



From our earlier observations we have
x, =a+by, (1.85)

x| | 1xof |a (1.87)
Xn - 1 x1 bl
Solving for a and b we have
al 1% xL (1.88)
bl [1x

L

Substitution of Eq. (1.88) into Eq. 1.84 yields

or

¥1X1 — ¥oX X, — X.

B £1%1 — Xo 2+ 2 lx (1.89)
A1 — Ko A1 — 4o

s }E'l—xx_L+}i—}iax2_

X1~ Xo A1~ Ko
We have seen this structure before; it is an expansion using Lagrange polynomials, in
this case defined in the coordinate system . In other words, we can write

x—fn()'ﬁ‘*‘fl(;{) (1.90)

= Z f; () x (IJ,')
=0

where
£1—X .
£o(x) = (1.91)
1 — Ao
and
. £~ Xn .
£ () = . (192)
[ 4y

Thus we can see that we can move between the coordinate systems; that is we can
determine a value of x given a value of yx if we know the nodal locations x(x,) and x(x,)

which are x, and x, respectively in our example. If we were to rewrite Eq. (1.8



¥ =a+ bx (1.93)
we could show that for element 2 (e = 2) in Fig. 1.10

X=X1

x=£3(%)x

X=X

where the element number is indicated by the superscript on the left hand side of the
variable. Equation (1.94) states that, given a value of x, we can determine the value of ¥.

1.8.1 Example

Suppose we want to find the value of x at location x = 0.5 in element 2 in Fig. 1.10. Using

Eq. (1.90) we have

X=C0(0)% + 6 ()X, (1.95)
= (0.5)x; +(0.5) x4
Xy + X4
2

If we assume x, = 2 and x, = 1.5 as is the case in our approximation of In(x) as shown in

Fig. 1.9 we obtain

Xt X, (1.96)
X| =05 = >
1.5+2

2
A

2

For multiple elements we have what is shown in Fig. 1.11.

,:,[x_] 1{""‘]| . l{x) :{-"*'} (%) a(x)

7 N NN N

\\\ /',--’"r \\\ _,.-ff \ .-"KII
/ - \ / \K." \ /\x;\

I:I{ .I':L_.f \ ](I]‘ uilj’/ ~\‘\ 1{;{} ,.{jp}/ \\x ](;[’}

I“ f \-\.
J.—"’f \\‘;;—r -~ X
. @ : o o—
X, X, s Xy
alerrent | Sarent 2 dement 3
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Figure 1.11: Global and local basis functions (Lagrange Polynomials) for four-node
problem.

Let us now consider the approximations of our logarithm in each element in Fig. 1.9. In
terms of the local coordinate Y it will be of the form (recall that in this context the
element being considered is represented by the superscript 1 or 2):

71 : 1 1 1 1 1 1 (1.97)
f {x}=zf,- GO f (}:;) =Z,(0f Qo) +7,00f Gu) x€[1,15]
=0
' (1.98)
o)=Y 207 0x) =600 x)+G () *(x1) =xe<[15,2

7=0

To obtain our approximation to the logarithm, we substitute appropriate values for ﬂxj)k

where k is here used as a generalization of that used above specifically as the element
number. For example, in Fig. 1.9

T &1) = Jz) = iy} \y=0| =In(1) = 0. Substituting the appropriate
[ —
values observed at the nodes we get

FLa) = £ (0) + £1 (x) (040) x €[1,15] (1.99)
) = €2 (1) (0-4) + £2 (1) (0.693)  x € [1.5,2.0] (1.100)
If we now substitute in the definition of the linear Lagrange polynomials we obtain
2 . 1 = 1 (1.101)
ffoo = ( = x) 0) + ( i 3‘) (0.40)
A1~ Xo

Lo — X1

g ot L
o =(=12) ©+(ZE) 40

fL(x) =00+040y' xe[1,15]

and

-

5 =1\ —t (1.102)
fz{?f}:(xl :-:) (‘3--'i1)+(‘*':L ’f) (0.693) s

b —

Lo — X1

1 — Xo

. ] s
flix}z( m‘) (0.40)+(Tg) (0.693)

() =029 +040 x € [15,2.0]

which gives us an interpolation of the logarithm using the local coordinate system. Note



that the superscripts on the bracketed quantities in Egs. (1.101) and (1.102) represent the
elements and are not exponents. Now let us calculate the value of In(1.25). We obtain
FHx=05)=0.20 (1.103)

since f 1 () has been obtained. For the location 1.75 we need to use the approximation
in element 2. Thus we have

f=05)=f(3x=(0.29)(05) + (0.4) = 0.546 (1.104)
Tabulating the results, including the quadratic approximation we obtained in Eq. (1.73),
we get
fi2s) f(1-25) Ea2s) fuags) f(1.75) Eaps)
one linear element 0.22  0.173 | 0.047 0.559| 0.52 0.04

two linear elements 0.22 0.20 0.02 | 0.559 0.546 | 0.013
one quadratic element 0.22 0.22 —0.006 0.559 0.560 @ 0.001

Note for future reference that Egs. (1.97) and (1.98) could be written in matrix notation
for an arbitrary element e as

- - . " e (1.105)
éf&ﬂ =[tx) X ] ;&%

1.9 Hermite Polynomials

In this section we investigate another form of polynomial t}:iaft allows us to directly
interpolate not only the function f{x) but also its derivative = 1), this is the Hermite

dx *
polynomial. The Hermite polynomial is one of a suite of polynomials that when
concatenated make up a numeric function that has a prescribed degree of smoothness.
The point of departure for establishing the form of these piecewise Hermite polynomial

functions is the following expression:

1

. d
f@=Y(®ef (xj)ﬂ{; (x}é'x; +E(x)

j=0

(1.106)

=f(x)+E(x)
where the functions hoj(x) and h'y(x) are the Hermite polynomials. The superscripts here

are identified with the two forms of the Hermite function, one, hoj associated with the
value of the function at the node X, that is. f(xj), and the other hlj(x) associated with the



. . df . . .
derivative at the node, thatis ;- | - There are four functions, two associated with each

|
node in the element, and they are shown in Fig. 1.12. To determine the form of the
functions hoj(x) and hlj(x) we require that, as in the case of the Lagrange polynomials,
the approximating function exactly represent at the nodes the function being
approximated. However, in addition to these constraints we require that the
approximation of the derivatives of the function being approximated also be exact at the
nodes. These sets of requirement, two at each of two nodes, yields:

f (o) = f (xo) (1107)
f(xl} :f (rl} (1.108)
df df (1.109)
dx|,  dx|,,
[;,'f df (1.110)
dx|,,  dxly,
10— 0 " 1
Fr| X .
\‘x_ i L I‘x Bl
\\. i'J
Yot
"._“ F:
77| 3 UNEY
.-'f::ll'l\"
% ]
/ ‘~ . wl _}?“{x’
i v o @ %

Figure 1.12: Hermite polynomials.

We now expand Eq. (1.106) for each of the above conditions; that is we expand the
approximation and then impose the requirements of Eqgs. (1.107)-(1.110). The first line of

the two associated with each approximate value, for example f(X0) +is the expansion
and the second is the value the expansion must represent.

, d(1.111)
A ; ¢ e e W : \C' p 2 ’
il 5 ‘ho (zo) f HDJ|+ h? (o) fla1) + hg, (o) 9 | — h} (xo) —f

dx |J:.;. a.r 1oy

=/ (2o]



Thii) = hg (1) f(&a) —|—|’E1’-%] (1) [ (21 .3|—|— hé (1) —f| + h} (1) —
‘ dﬁf |I‘.:| dI x1
=/ (1)
(1.113)
s 1
df and| . . dr . . |E| d) ) dnly df
== = Ty} -+ —=— f{:[fjl—!- x x —_— —
dx |z, dr |z dr lzg dz laze dx |24
df (zo)
= dx
(1.114)
x 1
df dh? ~ dh? o dh}y df i . 8
_j ey B f[&[,[])—l-—-] f{i,‘-]}—:—m —f -+ = xidm :r]
Cf:L‘ oy Cf:t* oy dl‘ g | CE?SL‘ Hi | d:l[: o
df
_la=z| 1
— o

In general, for Egs. (1.111) through (1.114) to be satisfied, for any one of the four
equations, the boxed terms in each expression should be equal. For this to be true, the
information appearing in the following tables is required. The first line of Table 1.5, for

example, should be read as follows: In order to have f (xg) = f(X3) , we should have
h°, = 1. In addition, as seen in Table 1.6 h' (x,) and h*,(x,,) must also be zero at both x,
and x, and h° (x,) = 0 where the locations x, and x, are the two nodal locations in the
element.

Table 1.5: Necessary conditions to be imposed on the Hermite polynomials to assure
that the approximation and function are the same at the nodes.

}?(ID} =f(xp) f(xi} =f(xy)

h°, 1 0
h°, 0 1
h', 0 0
h', 0 0

Table 1.6: Necessary conditions to be imposed on the Hermite polynomials to assure
that the approximation of the derivative and and the derivative are the same at the
nodes.

i
dx

Xp

_dqf
T dy
x

i
dx

_df
T dy

Xy X



dht
dx (0] (0]

dh '|]

dr 0 0
dx 1 (0]
dh :

dx (0] 1

From the first row in Tables 1.5 and 1.6 we see that there are four conditions to be
imposed on h°,(x) (read horizontally across in each of these tables). For example, h°(x)

:ﬂ?:;ix]

must take on a value of 1 at x,, and 0 at x, and must be 0 at both x,, and x;. Since a

dx
cubic polynomial is completely defined by four conditions (which is the number we have
available for each of the functions h°,(x), h% (x), h,'(x), and h',(x)), let us assume that
each is a cubic polynomial of the form, for example:

; : , 9 . (1.115)
h,g () = ag + bgx + cpx” + dg:?:-“?.

The coefficients a,, b, c,, and d, can be determined using the information in the above
tables. For example one equation for the case of h°,(x) we can obtain using the first
element of the first row in Table 1.5; that is h°,(x) must be 1 at x,,. We get:

| | - 1.116
hg (20) = ao + bozo + Cﬂ:?:-g 4+ du;x:g =k (1.116)

If we now take the derivative of Eq. (1.115) and evaluate it at x, we know it must equal

zero from the first row in Table 1.6. If we now collect this information for each element
in row 1 of these tables we obtain the following set of equations for the coefficients a,,

by, c,and d,

(1.117)

y 5 P _ - hg ) =1

1l &g Zj Ty g 1 dh? 0

¥ . ek

0 1 2:1:}[; 13._-!'.:1] b[] _ 0 dx |2

T o = =8 co 0 ha (ey) =

0 1 2z 3z3 dg 0 dnd(@1) | _ g
- - i = = dz

T

In reading Eq. (1.117) the information appearing to the right of the matrix equation
identifies the conditions giving rise to each row of the equation.



Solving for a;, b;, ¢;, and d; and substituting in cubic polynomial we obtain

(L .
0@ = (€90 [1-2 (v-5) 2 08

X

where the Lagrange polynomial approximations are used in the definition. One can
make similar arguments to obtain

(1.119)

Ty o {2 ¢ -
h; () = (e‘fj— (z) ) (i 5
As noted earlier, the resulting functions are provided in Fig. 1.12. Note that the curves in

this figure satisfy the constraints provided in Tables 1.5 and 1.6.

Example
Consider the function

s 2oy e @ a5 v 1.120
flx) =exp(z) x € [0.5,1] (1120)

which upon differentiation yields
af (] ) N (1.121)

——— = exp (x) zoe (0.5, 1].
dx : :

The approximation f (x)1is given by introducing the values in Eq. (1.120) and (1.121)
into Eq. (1.106); that is

(1.122)

f(z) = hY (z)exp (0.5) + A () exp (0.5) + AY (z) exp (1.0} + A1 () exp (1.0)

A visual representation of the resulting approximation is provided in Fig. 1.13



f)=h,(x)exp(0.5)+ k' (x)exp(0.5)

+h° (x)exp(1.0) + i'( x)exp(1.0)
f(x)=h'\2)x1.64+h'(x)x1.64 +
h°(x)x2.72+ k' (x)x 2.72

Figure 1.13: Hermite approximation of the exponential function.

hermite approx to exp

1.10 Error in Approximation by Hermites

We are not going to develop the error of the approximation using Hermites, but simply
provide it for the our case (cubic with two nodes) below, viz.

EC) = o (Mg (=)

Example of Hermite Error Approximation

o dt f (1.123)
dxt _ng'



(1.124)

1 :
E(0.6) = 5 [z — z0) (z — 21)]" exp (2) [a—g = € [0.5.1.0]
1
= ;[(06-05) (0.6 - 1.0)]% exp () |p—e
— 6.67 x 107 °exp () |p—e
Since

O5E 210

then using these limits the error bound is
: EEACLE B o ey
Lisell < Elel s 18] 1) =,
The measured error is

E(0.6) = 1.82212 — 1.82198 = 1.4 x 10~*

which lies within the error bounds calculated.

(1.125)

(1.126)

(1.127)



1.11 Chapter Summary

Polynomial approximation theory, the subject of this chapter, is a fundamental
theoretical underpinning for numerical methods. In this chapter we introduce this topic
in the context of using polynomial approximation theory to approximate functions. The
Lagrangian polynomials and the Hermite polynomials are considered along with the
error associated with using them in approximating functions. The concept of discretizing
a domain, say a length along x, into a set of concatenated linear segments called
elements is introduced.

1.12 Problems

1. Determine (derive) the form of {*,(x) (see Fig. 1.14). The result should be an algebraic
equation that describes the function 4 (x) for any interval (x,,, x,). The strategy is to

write the general form of the linear equation and then impose the conditions
required of a linear approximating function.

1.0

o T
[ { )
g Lo

A ] X |

Figure 1.14: Linear basis function.

2. Using Eq. (1.128) below write the form of the second degree or quadratic Lagrange
polynomial £2,(x) shown below? How does it satisfy the requirements of a Lagrange
polynomial?

- ; T — & (1.128)
| T2 ) \ b
{;f (z) =g —
179 Jjj — €y

The shape of this function is shown in Fig. 1.15 below.



[

( ®
0 1 2
"1[:} x1 J‘: X

Figure 1.15: Quadratic Lagrange basis function defined over the interval x, — x..

. P,(0) is a polynomial of degree n, that is,

n (1.129)

Pa(8) =) aif'

1=0

P,(0,) = f(0,) where 0, are particular values of 6. Assume f(x) = sin(0) (see Fig. 1.16)
and that n = 3 (the polynomial is a cubic). Determine the polynomial represented by
1.129 using points 6; = 0, 11/4, 37/4, n. Compare these errors to those presented in

the example in the notes in Section 1.3. Sin (0) curve with measured points indicated
by small black dots and interpolated values indicated by large black dots.



#(B)=ginis}

&
Figure 1.16: Plot of sin (B) over the range) = (tof = 2.
. Consider the function
flz)=¢€" xz e [0,1]. (1130)

Use a piecewise linear polynomial to determine e°->. Now calculate the error of your

approximation, that is, determine the difference between the exact value of e°-> and
your estimate. Using the following equation for the theoretical error

_ (1.131)
E I\J‘L’) =f (Jf} ) Lx} = (T?, -k 1}! dxn+1 x=f{ i=0 (T — 11}} S & [P0 Tn
Show that the error of your estimate is consistent with the theoretical estimate.

. Consider the situation presented in (Fig. 1.17) You know the value of x at the location
at 1.5 in inches and you want to determine the same location in centimeters. Using
the transformations given by

x=a+ by (1.132)
where x is the distance in inches and  is the distance in centimeters determine the
location X in centimeters.




Figure 1.17: Representation of a line in terms of inches and centimeters.
6. Please do the following:

a. Using the information in Fig 1.18, draw the linear Lagrange functions f;(x) and
£,(x). In the local coordinate system use a solid line for {,(x) and a dashed line for
£.(x). Label the horizontal and vertical axis with appropriate values. Give each of
the symbolic x; and x; actual values, (in the sense of values of x,, and ¥, etc.) and

actual numerical values (in the sense of 1.0 etc.) in the spaces provided. You will
have five values of x; of your choosing and the same number of values of x, but

there will be duplicate values of ¥ at most of the nodes.
b. What is the value of h = x;, , — x;?

1+1 1

c. What is the value of x, — x,?

b

. 7 g X
I.l —_—
Global values
» L | | ]
Lacal values |— | | | |

Figure 1.18: Representation of five points in global (x) and local (X) coordinate
systems.

7. Given the formula for the Lagrange polynomial, that is

; &L — s .
(;z (z)=T", i (1.133)
ity Lj — 4
write the form of the cubic Lagrange polynomial. Then use this expression to write
the approximation of the sin (0) segment from o to 7. Use four equally spaced values
of 7t to obtain this approximation (four n values). Now evaluate your polynomial at
the points indicated in Table 1.1, to compute the error, and note how the errors
compare with those already recorded in this table.

8. From the equation



11.

: (1.134)
X = Eg‘*j(x}x(;{,-) Y€ (0,1), x€(1,2)
j=0

determine the value of y at x = 0.75.

State the four requirements (constraints) necessary to obtain a Hermite interpolating
polynomial h°, as used in the expression

04

; (1.135)
0 dx |4

. e 04
it (x) = uphy + uy Iy +

du
dx
assuming you start with the standard cubic polynomial.

Use a linear polynomial to approximate sin 8, 0 < 6 < st. shown in Fig. 1.19.
Determine whether the error at 5t/2 falls within the range predicted by the error
formula.

0.707

718)=sin(8)

0 i) T8
Figure 1.19: The sin (0) function from o to .

Use quartic (fourth degree) Lagrange polynomials to approximate sin 0 using nodes
at 0, /2, m, (3/2)m and 7. Determine the value of sin 6 at (5/4)nt. Compare the
estimate to the value obtained using the quadratic Lagrange polynomial. Is it better;
why (or why not)?

Given the sin (0) function shown above and linear polynomials written in terms of
the local coordinate system ¥, determine the value of the sin (0) at y = 0.5.

The goal here is to determine if one can use any two points along the line from x = 0
to x = 2 in Fig. 1.20 to estimate the value at x = 1.0. Please solve this problem by
following these steps:



1.0 4

Fix)

0D 0.5 Lo ]

Figure 1.20: Problem definition.

a. Assume f{x) can be approximated by

. ! (1.136)
fo =2 ¢®f
j=0
where £(x) is the linear Lagrange polynomial and f; is the value of f{x) at x = x;.

b. Expand this expression to represent that needed for this problem.

c. Evaluate the resulting expression at the point x = 0.0 and x = 0.5. Assume
f(0.0) = 0.25 and f (0.5) = 0.5. You should have two equations in the two
unknown values of f, and f, where the subscripts are the two nodal identifiers,
that is node 1 and node 2.

d. Solve for the two unknown values of f, and f,.

e. Use these values to estimate the value of f{x), where x = 1.0.

Hint: remember that the linear Lagrange polynomials are 1 at the node for which they
are defined and o0 elsewhere, so in this case they are two straight lines crossing at x = 1
and {(1) = 0.5.
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Chapter 2
Numerical Differentiation

2.1 General Theory

We are now ready to use some of the theory we developed above to derive the
approximation of a continuous derivative that will yield an algebraic approximate
equation that can be used to solve a differential equation numerically using elementary

algebra. Let us begin with the following interpolation formula where £%,(x) are the
Lagrange polynomials of degree n

i (2.1)
fa@y=Y e mf (r?) +E(x).

=0

Now differentiate f{x) to give

df (1) = 947 @) dE (x)
dx :Z{ dx f(x’f)+ dx

(2.2)

Notice that in differentiating f{x) the value of the function at location x; is not affected
because it is a number, not a function of x.

From the equation defining the error associated with approximating functions using
Lagrange polynomials, we have from Eq. (1.61) on page 12

(2.3)

(2.4)
x=t

where we must remember that £ is an unknown function of x. In order to proceed, we
need to introduce the results of a theorem that will help us understand the term on the
right hand side of Eq. (2.4). A proof of this theorem is found in Ralston, (1965, pg. 77).

Theorem 2 Let

P detlf (x)
C (n+1)! Hio (I B x—“') dx(ntl)

Again, differentiating we have

E(x)

x=E£

dE(x) 4 [ 1 ” (x—xf-) AP+ (x)

dx  dx |(nm+1) =0 dx(n+1)

N A Vf (x) @5)
= e D) o (x- x,) dx(r+1)

be the error term in the Lagrangian interpolation formula with & in the interval

E (%)

x=E



[e+1)
spanned by x,, x,, ...x,, and x. Then lf 4 'rm is continuous,

1 4 (d‘””’f (x)

1 d(n+2]f {x} (2.6)
m+D)de \ dxnth | ) m+2)! dxtntd |

y

where 1 is also in the interval spanned by x,, x,, ..., X, where x; = th and

h= b TR et PR (2.7)
Combination of Eq. (2.4) with the results of the above theorem give
r==FE }
r=n
1 ( d™tD) £ (z)

- ", (z — ;)] .
(n+1)! drp(n+1) x=£) d;:t?| (’1 1|

Note that at a nodal point x; the first term on the right-hand side of Eq. (2.8) vanishes

(because we are forming a product and when x is a nodal location, one term in the
product is zero, so the whole product is zero) and we have

(2.8)

dE (z) d 1 L ] d™t1) £ (z)
- - L — &Ly
dx dr [ (n+1)! =0\ dp(n+1)

1 d[n—k?]
"(n+2)! dz(nt2)

(2.9)

dz |z, B (n+1)! dz(n+1) {x s

¥

dE 1 gty d
( /(@) ) 7, (z — ;)]
r==£ (

Notice that we take the derivative ;—T [l'[:.“_ glXx—x H)] and then evaluate it at x;. If we

were to do the reverse, that is if we introduced x; first then differentiated, we would be

d
taking the derivative of a number and the term would vanish. Now we can write é as

X

(2.10)

g o
)dr[n (x x;i}]k

at x;. can be represented by the right-hand-side of Eq.

iy i
dx |y, . dx

1 A" f (x)
f(ri') &+ (n+1)! ( dx(nt1)

X

which says that the derivative ; )

(2.10).



2.2 Two-Point Difference Formulae

We are now in a position to look at some specific difference approximations arising out
of the expression presented in Eq. (2.10). Consider

df
dax

(2.11)

dE
X dx

_df
@®; B dx

df
Let us take the particular representation of é presented in the following equation:

X

iy dﬁ{:f

X =0

df

(2.12)
dx )

e

This equation should be read as the derivative of the approximation, that is ::if evaluated
k4

at the location x;. We will look first at the case of using the linear Lagrange polynomial
Elj(x). Expansion of Eq. (2.12) for the two terms associated with having n = 1 gives?

df de, dr, (2.13)
—_— = — Xn) + — X
dx %, dx _tif (%) dx _I.Ef (x1)
where the linear Lagrange polynomials are provided by the definitions
X=X
J;D { X) = 1 (2.14)
Xy — Xy
and
X =1
f‘l {x} — 0 . (2.15)
X — X
The associated derivatives of these two functions are given by
dg(x) 1 (2.16)
dx  x5-x
and
dfy(x) 1 (2.17)
dx X, — X

Combining Egs. (2.16) and (2.17) with (2.13) we have




df 1 1 (2.18)
T . = %, _x_lf (xo) + : _xﬂf{xﬂ
or, rearranging
af | fl)—f(x) (2.19)
dxl.,  x,-x
or
df S (2.20)
af :f(xl} f (xp) x,=0,1.
dx |z, h

. Note that we have not specified
X
the value of i, so this approximation can be envisioned as being identified with (located
at) either i = 0 or i = 1. However, it is sometimes important to know where the
approximation is perceived to be located, so the following nomenclature is used.

d
We call this a finite difference approximation to é

2.2.1 Forward Difference Formula

@) _fE)=fx) _&F (220
dx x; B I —h %
2.2.2 Backward Difference Formula
if B f(x)—f(x) _ Vf(x) (2.22)
dx - B I o Tl .

Note that the symbol V(- ) is not the gradient operator V ( - ) from the vector calculus
which is a vector quantity.

2.2.3 Example

Consider differentiation of In(x) evaluated at location x;, that is

df
dx

:% xe(l,2]. (2:23)

x; i

_dln(x)
g %

We begin with the definition of our approximating derivative ::i
X

df (x) _df (x)  dE(x) (2.24)
TR TR e




Neglecting for the moment the error term %, we have from Eq. (2.19)

'i}? _ f(x) = f(xp)

dx |, X, — X

Since, in this example, we have as the values of f{x,) and f(x,)
fizg) =((zo) =In(1}=10
and
Vi (zg )= Inizi )= In{2}=—10.693

we get, through substitution in Eq. (2.25) the following;:

df| fl)—f(x) 0693-0
x|,  x-x,  2-1

=0693 i=01

Let us now investigate the error of this approximation. The exact derivative ;—i, our
" X

approximation ::i! and the error % are tabulated below:
iz .

aF dE
dx dx
o 1 0.693 | 0.307
z, | 0.5 | 0.693 | —0.193

2.2.4 Error of the Approximation

In the above table we have documented the observed error in the derivative

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

approximation when a forward or backward difference is used. Now we will look at how

this relates to the error as described Eq. (2.9) on page 34 which we rewrite here for

convenience as:

1 fd"Yf ()
o @D\ dxeeth f

dE i
1::5 [n"'=':' {x B x")] |T

dx

Bl

For linear elements this equation becomes

dE| 1 dUHUf (x)
o (1+D!L gx+D

dx

d

ngﬁ [n}ﬂ.’_‘l {x - I;)] |1,.

or

(2.30)

(2.31)



dE 1 d°f (x) (2.32)
If we evaluate this at x, we have
dE| 141 (%) (2.33)
x|, =20 | (X9 — x7)
__1¥f@)
2! dx? x=E
= O (h)
where O(h) is read as ‘order h ’. Substitution of f{x) = In(x) gives
dE|  1d°P(a) " (2.34)
dr lze 21 dx? lz=¢
1 |
e ey
21 (—£7)
11
— ?F

If we introduce the limits £ € [1, 2] and remember that h = 1 because x € [1, 2] and
there are only two nodes, one at x,, and the other at x,, we have

1 1 dE 1 1 (2.35)
(z)(2)o<E] () (7)o

or
l < E < 1 (2.36)
B Xl 2
or
0.125 < dE < 0.5. (2.37)
dx |,

Thus our observed value of the error of 0.307 as shown in the above table lies within the
predicted error bounds.

dE
The bounds for ~.| can be calculated as
x|,



—05<%El <0125 (2:38)
dx

Sl

so the computed error at x,, namely — 0.193 is also within the expected error bounds.

2.3 Two-Point Formulae from Taylor Series

In this section we will present an alternative way of obtaining Two-Point difference
formula. We begin with the definition of a Taylor series, viz.:

If f{x) has continuous derivatives of order k + 1in [a, b] then by Taylor’s theorem

(2.39)
435 = L bbb = B o 3 i
s ' a de lz; Elodxko g
h[ﬁc—l] d[ﬁc—'l } £ ’Lj :
— ,j.l{.. - 6; € [0,1]
(.EC—'— 1)” Gy a;+0;h
which we denote as a Taylor series.
Let us consider the interval
b= [xn,xl] : (2.40)

Then from the Taylor series we have (keeping in mind that h = x, — x, and that we are
looking backwards and therefore h is negative)

flx1 —h) (2.41)
= J (21 — (21 —T0))
= I (Zo)
df (z) | h2 d2f (x)

dz ey = 2 dz? lziren o<<1
Rearranging the terms in Eq. (2.41) we have:

= iz ) —=h

df () _ flz) = f(zo) R d>f (x) (2.42)
dr oy h JT 2! dx? lz+6n  62[01]

- -

) e
V.fiz) dE(xq)

o

where the labels under the terms indicate their relationship to our earlier development.
We now compare Eq. (2.42) with the following expressions developed previously using



the Lagrange polynomial approach

af | df AE (2.43)
Employing Eq. (2.25) we have
af | f)=fx) (2.44)
0z h
and from Eq. (2.32) we obtain
dE i 1 d‘]f {;l?] { ) (2.45)
2R e T T SRR ry — T
dz 1z, 2! da? le=¢ l .
L &f(2)
= — 1.
2! dx? lp=t¢
If we combine the above three equations we obtain
| 2 e N B 0o - (246)
fﬁ_f‘ _f@)—f(xo) 1df(x))
dz |z, h o dx? lp—g

Equation (2.46) is equivalent to Eq. (2.42).

At this point we have shown how to develop an approximation of a first derivative using
two equivalent strategies. In the following subsubsection we demonstrate how one can
use such an approximation to solve a simple problem. This is an elementary application
of the method of finite differences first introduced by the famous mathematician Euler
in 1768.

Example Solution of a First-Order Equation

Consider the physical system illustrated in Fig. 2.1. Fluid is entering the pipe with cross-
sectional area A at a rate Q per unit length [L] and has units L?_ per unit length [L]. The

velocity entering the pipe is v = 3 with units % . What is the velocity of the pipe along its

length? The governing equation, boundary condition, and known flux Q are given as:
dv (2.47)
A— =0, xe (0,3 '
—=0 x€003

v(0) =3, (2.48)
Q=1 (2.49)



The analytical solution is

v=0Qxr+a (2.50)
v(0) =Q(0) +a (2.51)
=g (2.52)
0 =2x+3. (2.53)
Q Q Q
I
v %3—* }

n-—r
2

=P
—d

.

2
Xy X X5 X3

Figure 2.1: Example problem for application of a first derivative finite difference

approximation.

Now let us solve this physical problem using our numerical approximation. Employing a
first-order finite difference representation for the derivative we get

dov _ (2.54)
dx
ol _vn)-vX) U - (2.55)
x|y X, — Xq 1
Using the same general formula for each nodal location we obtain
| . N, (250
dx & 1

dd Up — 1 (2.57)
—_— - =0 = -1=0
(=<2)



do Uy — Ty (2.58)
—_—— =[0= = ~~1=0
(% )) i

In matrix form we have

11 00 E:D 1 (2.59)
0-110 ,1 =|1
0 0 -11]% 1
Uq
But we know from the boundary conditions that v(0) = 3. Thus we can write
B 3 ] (2.60)
-1 1 0 o] 1
0 -1 1 0 Ul — 1 1
0o 0 -1 1 2 1
U3

Since we know v, to be 3, we can multiply each coefficient in the first column by 3 and,

after changing the sign, place the result on the right-hand side of the equation. The first
column of the matrix can now be removed. The result follows:

1 00]|[o,] [1+3 (2.61)
=1 U O:fimglie=]- 110
05~ | [k

The values of the unknown velocities are now given by

o, 1 00 [1+3] [4 (2.62)
Us 0-11| |1+0]| |6

The result obtained numerically is the same as we would get if we evaluated Eq. (2.53)
for the nodal locations shown in Fig. 2.1. The reason it is exact is that the solution is a
straight line and we are representing it with piecewise linear functions. From Eq. (2.32)
on page 37 we see that when the solution is linear the error of the approximation
vanishes.

2.4 Three-Point Difference Formulae

Now we will extend the above concept to consider a three-node element. We will see that
with three nodes we can get a more accurate approximation of the first derivative and an
approximation of a second derivative (we could not get an approximation of a second
derivative given linear Lagrange polynomials and one element with two nodes).

From the general statement expressing a first derivative in terms of a Lagrangian



expansion, that is Eq. (2.2) on page 33, we have

dfl) o % dE (x) (2.63)
dx g dx f(xf')+ g

=0

Now consider the second-degree Lagrange polynomial (which involves three nodes and
n = 2), that is

df(x) &9 () dE (x) (2.64)
i

j=0

2.4.1 First-Order Derivative Difference Formulae
From Eq. (2.64) we have for the case of a quadratic Lagrange polynomial

df (3 de, ( dE .
L) By 4 LDy s 2B 2 29

which upon substltutlon of the definitions of the quadratic Lagrange polynomials gives:

(2.66)

df (z) 2x — 1y — 2o 5] 2% — Zo — T £ (1)
= Lo) T : X
dx A 1 —h? i

2r — 39— 2 _ - dFE (z)
—i—( _Gg 1)}[@?914— —

204 dx
Let us evaluate this expression at node x,. We obtain
df 2% — %1 — Xy 2xX, —Xp — X (2.67)
—| = - ) + x.
dx|,, ( 212 f(*o) —h® f )

Dy, — -
+( a ;U xl)f( H%
— o L ”
- (B2 )+ (0 "l)f{xm( L5 ) e+ 4E

2h- Xx,
—h
i 2 fx)+

(2 ) e+ (%

= ap 0 ) = o+ 3|

Notice that this formula is peculiar in that the node at which the derivative is being

dE
)f(z +E

T

¥



defined does not appear in the approximation.

Now let us consider the case for node x,,
(2.68)
daf

2Xp — X — Xy 2xXy — Xy — Xy
dx n ( 2;!2 )f(xl:l} £3 ( —h: f(xl}
2Xp — Xp — Xy dE
+ ( 22 flx)+ o
dE

e )f{xaH( 2 ) Fe+ (S ) F o)+ 5

—2h —h JE
( 202 )f{’r,:,)+ (ﬁ)}c{xl) zr,f': 5) + =
1

Xp

Xp

ﬁ)f{xan (%)f{xln ( )f( )+ L

dE

(=3f () +4f (x1) = F (xa)) + 22

Xa

TII

T 2n

Note that, based upon what we have provided above, it appears that when using three
nodes and quadratic Lagrange polynomials, the derivative approximation has a different
form depending on where it is being evaluated. In other words

df df 2 df (2.69)
x|y, " odxly " dx|.,
Error of the Approximation
The general definition of the error in representing the first derivative is given by
(2.70)
dE (z) 1 g\l £ ) d e \
T - : ,_ — I, (2 — 25)
ik 4 (n+1)! de(rtl)  |gepe ) doe* ° o i

which, for quadratic Lagrange polynomials, gives for node x,



(2.71)

dr lz; 3! (3)

dE| 1 (d®f(x)
dx

r=F)

rIl —Xo) (7 — 1) + (27 —21) (21 — X9) + (21 — X0) (1 — ’MJJ
L.

) (
- L o T

0 0 _he
dE| -1 (d®f(z) 2 (272)
dr |z, 3! dz'3)  |z=¢
= 0 (h?).

Note that this O(h*) compares with O(h) for the linear polynomial approximation of the
first derivative at node x, (see Eq. (2.33) on page 37), that is

dE 1 @f(z)| | (27%)
dzlzy  (1+1)! da?  lu=e \#1.— Za)

1 d2f (z)

A da® ot

=),

2.4.2 Second-Order Derivatives

To get an approximation for the second order derivative of f{x), differentiate Eq. (2.64)
to give

i 3] 2 d*¢ ;?_ (x) d2E (x) (2.74)
=) ——f(x; )+ :
dx2 = dx? ( J ) dx?
Expanding this equation we obtain
df? (x) 45 (%) d2¢2 (x) dﬂfi(x) dlg(r} (2.75)
12 a2 f(n)*‘Tf[xl —5—f(x)+ T2

Substitution of the definitions of Ezj(x) yields




(2.76)

df? (x) d (22 —xy — 2 d (2 —xq — 29 o
PO _d (5o, 2 (2mmom)

de2  dx 2h2 dx —h?
N d [2x — x9 — x4 £(5) 4 d’E (z)
dx 2h? 2T dz?
Differentiating we obtain
df?(x) 1 2 1 d°E (x) (2.77)
= —f(xy) — =f (x)) + =f(x,) + .
dxz hzf{rﬂ) h:f (xl} sz{rﬁ_‘) dxz

If we neglect the error term we can now write the approximated derivative as

5 ; (2.78)

dfe 1

J; Eax} = — (F (z0) — 2f (z1) + f (z2)) -
&= fie

It is interesting to note that, like the Two-Point approximation to the first derivative (Eq.
(2.19)), this approximation is the same irrespective of which node you use for the
evaluation. In other words, the approximation is the same for each node of the three
node series.

Error in approximation

From Eq. (2.70) we have

(2.79)

dE (z) 1 d" D £ (x) d
= e e | — [IG_g (& — =:)]
dx (n+1): del®tl)  |u—g ) dx”

thus, upon differentiation we have

(2.80)

d’E(z) d 1 dn+) £ () d .
— = = = | — [Ii_¢ (= — =3)]
dz dr | (n+1)! de("tl)  lz=¢ ) dx

or (see page 34)



d?E{:?:) B 1 d{n—illf{:tr)_ d e ( )
dx? B [-n. — 2}1 dr(n+2) e % i=0 \T — T3 )]
1 (df(a) -
v (n+1)! ( dz(n+1)  |e=e ) daz? [IL o (z — )] -

If we select n = 2 this equation becomes

(2.82)

d’FE (x 1 2l i d . ;

{1) e qj—q(.\T} G H?:{] I:x _ xzj

dz? (2'%'2}1 dz(2+2) z=n/ dxr * 5

1 d2EN F () @2 ez
- — I (22— 5
& (24 1)! ( dz(2+1) L:g) da? [ =0 ( )]
which simplifies to

(2.83)

dz2 4! dx?
1 (d*f ()
3! da3

At the node x, this expression becomes

x=n)

% |z =za) (B — )iy —81) (&5 = 25) i ~—eg) [Br—a3)
A "y

. .
g

2 g, ] T
d’E(z) 1 (dﬂi‘,} )%(m_maj(:ﬂ—&?j}(x_xﬁ}
=

d’ |
—z-) B [(z — o) (z — z1) (z — 22)].

(2.84)
d2E
dz?

1 (dJ'f (x)

x4\ dzd

w
0 0

1 (d&3f(2) . \ ~ )
o Iz, @i —zo) + 2wi — 1) +2(21 = 20)
3N\ dx? la=¢ S

0

which simplifies to



.8
PE| 1 (d'f () (285)

dz? |z, 4l dz* (Sl zr )

Tr=mn

+ g7 2 (z1 — =0) + 2 (21 — 32)]

1 (dj f {SL} : (2.86)

dad  |z=¢

and finally becomes

- L d-lf(.'??.\] (_h?) ;E dgf{'x}
S TR T T T dx3

Example of the Solution of a Second-Order Equation

(2.87)

I=> (0}} =0 (h?).

In this example we will show how to solve a Second-Order equation using a finite
difference approach. In this spirit, consider the transport of a contaminant ¢ being
transported by a fluid with velocity v and experiencing dispersion with dispersion
coefficient D. Let the interval of interest be x = [0, 1]. The governing equation is

d°E
dx?

d*c ) dc 0 (2.88)
dx? dx ]
Assume that the concentration at x = 0 is 1 and at x = 1 is 0. Further assume that we are
going to use three nodes located at x, = 0, x, = 0.5, and x, = 1.0. Because the first and

last nodes in the three node sequence are known, we only need to solve for the center
node. This requires one equation in one unknown, namely the unknown value at x = 0.5.
which is located at node 1 in the sequence.

Using centered finite difference approximations for each term in Eq. (2.88), we obtain
for the equation at node i

; (2.89)
Cit1 — 2¢; + €1 Cit1-Ci—1
D 5 — Y— — i
h 2h
For the special case of n = 1, this expression becomes
€y — 2(:1 +G E}EZ_CD . (2.90)
= 2h

We can write the matrix equation as



1 0 0 s ; (2.91)
(2+2) () (2-2) || |=|0
0 0 1 ) 0

where the first and last rows exist only to incorporate the boundary conditions. More
specifically, if you multiply the column of c; values by the first row of the matrix you
obtain c, = 1, which is the boundary condition at x = 0. A similar argument can be made
for the representing the boundary condition at x = 1 by using the last row of the matrix
equation.

Now assume for convenience that D = v = 1 and substitute into Eq. (2.91) which now
becomes

1 0 0 L 1 (2.92)
e+ (28) (-2 | |- .
0 0 1 ] |0

Focusing now on the equation defined by the second row of Eq. (2.92) we obtain through
matrix multiplication

2 F 3 '1) (295)
R o Pl ey TR Camameea
T1/4) (1;4 Ty Je ('1 A 1)<
1 0

which can now be solved for the value of c at x = 0.5, that is ¢, and the result is

1 5\ 3 5 (2.94)
2= (5) () 0+ (5) 05

Now, just out of curiosity, let us see what happens as we change the coefficient D.
Writing the solution for ¢, symbolically using Eq. (2.91) we have (noting that ¢, = 0 via

the boundary condition at x = 1)
e (AN (D L), (2.95)
'\ 2D /\1/4 v

v (2.96)

or

]I
2w

Notice that as D — «, ¢, — 0.5 and as D — 0, ¢, — . The reason for ¢, — « is that the

C1 —



right hand boundary condition is inappropriate and causes a conflict. The solution
approaches 1 everywhere when D = 0 but this is in conflict with ¢, = 0 which is the right-
hand boundary condition. As we noted in the previous example, having two boundary
conditions specified for a first-order equation (remember D = 0 is assumed) is incorrect.
The solution for c, reflects that fact. In practice Eq. (2.88) is difficult to solve when the

ratio of v/D becomes large for a variety of reasons as we will see later.



2.5 Chapter Summary

The polynomials introduced in the preceding chapter are used to create discrete
approximations to continuous derivatives. The error in these approximations is
introduced and discussed. The resulting discrete approximations to first and second
order derivatives are used to represent differential equations and the result is a set of
algebraic equations which, when solved, generate an approximate solution to the
differential equation. By using different strategies for approximating the continuous
derivatives, the discrete equations can have different numbers of nodal locations in their
approximations and concomitant differences in the order of their errors. As an
illustration of the use of the finite difference methods that arise using this strategy, an
example differential equation is solved employing this approach.

2.6 Problems

1. Consider the equation

d2u (2.97)
+u=0 xe[0,1
dx? % HE ]
u(@=1 (2.98)
du (2.99)
i — 9
dx lz=1

Using three nodes located at x = 0, x = 0.5, and x = 1.0, find the value of u(0.5). Note
that there is more than one option for the representation of the variable u, located at

X =0.5.
2. Consider the following equation and associated boundary condition

do S (2.100)
dx
v [Eﬂ i (2.101)
The analytic solution is
=3 (2.102)
o)
o o 33 (2.103)
o) =7 =57 =11



2) 3 3 0.405 (2.104)
U= g gg— W05

Given the mesh shown in Fig. 2.2, calculate v(1) using a backward difference scheme
and compare your results to the exact values.

IE |
O O

.-II.‘. Y '1"-| 3

00 1.0

I 5

0

Figure 2.2 Nodal arrangement for mesh for flow in a pipe.

3. Given Egs. (2.105)-(2.107) and a mesh made up of three nodes located at x,, = 0, x, =
0.5, and x, = 1.0, use a second order correct finite difference scheme to determine the
value of cat x = 0.5. Assume D=2 and v = 1:

D%w 0 xe[01] (2.105)
u(0)=1 (2.106)
u(l)=1. (2.107)

4. Given the error expression

(2.108)
dE 1 dn+1) 7 (¢) o
—| =- — TS i —
de le; (n+1)! dz(ntl) ) dx Mz (2 — @) z

determine the error bounds for dir {5i1’1 [ 6') ] at /2 and s, using the mesh shown

in Fig. 2.3 and an approximation using linear Lagrange polynomials (n = 1). Are they
equivalent and should they be?
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Figure 2.3 Linear Lagrange polynomials at three nodes and the function sin (Bj

5. Consider the physical system illustrated in Fig. 2.4. Fluid is entering the pipe at a rate
Q = x per unit length. The velocity entering the pipe is v = 3. What is the velocity of
the pipe along its length? The governing equation, boundary condition, and flux are

given as:
do
ax = ©
X
v(0)=3
g=u.
Compare your solution to the analytical one, namely
o
v=—-3
2

(2.109)

(2.110)

(2.111)

(2.112)

0 r 7

X, X, X,

1

Figure 2.4 Problem formulation where fluid enters a pipe at x, and there is a source



Q = x along the length of the pipe. The input velocity is v = 3.

. In Fig. 2.5 is displayed the water-level response to a pumping well drawing from a
groundwater reservoir of thickness I. The well produces a drop in water level, h. The
water level drops most at the well and less away from the well. It is assumed that at
some distance r, the water level is not disturbed and remains at height H,. The

equation describing the drop in water level is given by

_(.fh. (2.113)
Q= K-—27rl
dr

where Q is the well discharge. The solution to this equation is

) Te (2.114)
H,—h=——In—.
€ 27Kl 7

Assume that the thickness [ is 10, that r, = 100, H, = 10, Q = 1, and K = 0.1. Calculate

the value of h at r = 50 using a finite difference scheme based on linear Lagrange
polynomials and a sequence of element sizes beginning with 50 (3 nodes), then 25 (5
nodes), then 12.5 (9 nodes) and finally 6.25 (17 nodes). Compute the magnitude of
the error J; _ j;, where J; is the approximate solution at = 50. Plot the logarithm of
the error at that point for each scheme on the vertical axis and the logarithm of the
element size on the horizontal axis. Calculate the slope of this line. This is an
estimate of the order of the global error. Given the method that you have used to
approximate the derivative, how does the local error compare to the global error?



well

Figure 2.5 Diagrammatic representation for problem involving well discharge.

. The convection diffusion equation is one of the most often encountered in science

and engineering. Solve the following problem that uses this equation Eq. (2.116). The
problem is defined for the interval X € [o, 1] by

(.EQ{.) da fe (215)
= +P.— =0 X e]0.1
dX? dX ’
q;,([}) =1 (2.116)
p(1)=0 (2.117)

where X = E, ¢ is a measure of concentration and the Peclet number

PE = -mli‘[’ . p is fluid density, u is fluid velocity, I' is the diffusivity, and L is a

characteristic length. The goal of this exercise is to see under what values of P, the

numerical solution of this equation becomes problematic. Notice that by increasing
P, you are effectively increasing the importance (influence) of the convective term at
the expense of the diffusive term.

1. The analytical solution to this problem is



exp(P.X) -1 (2.118)
exp(P.)—1"

b=0¢0)+ (1) -¢(0)

Proceed as follows:

(a) Replace the value of P, with the numerical equivalent P, = 4 that uses the
p e q k r

spacing h as the value of L. Notice that the h in the P; term is obtained by
multiplying your difference equation through by h, so the h does not

(b) Use two different numerical approximations.

i. the first is a central difference approximation for both the first and second
derivatives.

ii. the second is a central difference approximation for the second derivative and
a backward difference for the first derivative.

(c) Use two different values of P,..
i. one case is with P, = 1.
ii. one caseis with P, = 3.

Since you are using only one value of h in all your simulations, by changing P,
you are really changing either u or I'.

(d) Using a mesh with 17 nodes, calculate the value of ¢; at each node with the
boundary conditions indicated. Do this for the two values of P, and each
numerical approximation.

(e) Plot these four solutions along with their analytical equivalent (using P, = P).
Theory suggests that with a value of P, greater than 2, you should have problems

for the case where the central difference approximation is used for the first
derivative and all the other cases should be fine. Also, theoretically, the solution
for P, = 1 should be more accurate when the central difference approximation for

the first derivative is used (why should this be true?).

8. Given the sin (0) function shown in the Fig. 2.6 and linear polynomials determine the

value of the error range of 4EW) £or the derivative of sin (0) at © = 0. Compare this
[

d sin(b)

N .Is the

0=0

error to the actual error you get when you attempt to approximate

dE(D)

[

actual error within the range determined from



7(8)=sin(&)

0 2 T8

Figure 2.6 Sin function from () < ) < .

. Use quadratic (fourth degree) Lagrange polynomials to approximate sin 0 using
nodes at 0, /2, 71, (3/2) 7 and 1. (see Fig. 2.7). Determine the value of sin 0 at (5/4)
7. Compare the estimate to the value obtained using the quadratic Lagrange
polynomial. Is it better; why?

Figure 2.7 Sin (0) curve with measured points indicated by black dots and
interpolated values indicated by grey dots.

. Given the equation

@ 4 Fu (2.119)
dx  axZ

determine whether the expression




Wi old) " g =20+ U,y 0 (2.120)
i =

1s consistent.

11. Show why you cannot use linear Lagrange polynomial functions and two nodes to

approximate a term of the form r}—f

2

2. Reconsider the problem presented earlier in this chapter, however with a slight
modification. Again we let the velocity entering the pipe be v = 3. The governing
equation, boundary condition, and known flux Q are given as earlier, but A is now
defined as a function of x (see Fig. 2.8)., The problem now is:

A% =Q =xe[0,3] (2.121)
E:{{}) = 3, (2.122)
Q=1, (2.123)
A=1-x/6. (2.124)
The analytical solution is
v=—6In(1—-2/6)+ 3. (2.125)
0 0 0
) e —
& # # e
0 | 2 3
X, X, X, A3

Figure 2.8 Physical system for problem with linearly decreasing tube diameter.

The wrinkle here is how to handle the coefficient A. One approach is to evaluate the
coefficient at each node, that is, A = 1 — x;/6.

Write a computer code to calculate the solution at each of the nodes and evaluate the
error at each node. Plot the error as a function of the distance along x. Repeat the
calculation and analysis using seven equally space nodes. Plot the error at each of the



nodes for which you have values from each calculation. As a measure of error, take the
largest error among all the nodes for a particular discretization as the measure of error
for that discretization.
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Chapter 3
Numerical Integration

As we move into a discussion of numerical methods that require the evaluation of
integrals, we discover that there is a need to understand some of the elementary aspects
of numerical integration. There is a vast literature on this topic and this chapter
addresses only those aspects we need later to assist in understanding the finite element
and finite volume methods.

3.1 Newton-Cotes Quadrature Formulas

In this subsection we use the techniques we have developed to date to examine the
family of integration methods know as Newton-Cotes Quadrature formulas. We begin
with reviewing some of the material presented earlier.

3.1.1 Lagrange Interpolation

From the general formula for approximating a function using Lagrange polynomials we
have:

(3.1
T r a
_ 1 . dn+] f '{\E) i i
f[f}szjixlflxg'}+m —olF—@) — o L€ [a, B].
j‘:
Let us now integrate Eq. (3.1) over an interval from a to b. For n even one can show that

(Ralston, 1965) [9]

Lb e Z] o (@) f (2) do (3.2)

'I d'i"[-'l'
(n+2) dlﬂfi / Rlas e

and for n odd

b LY (3-3)
/f[:c}d.r:Z] () f (;) dz

1 f(n) ;
HTL kg dx.
{?L—I—I} gzt f cnliE=2

We will now see that from these two expressions we can formulate the commonly
encountered quadrature formulae for numerical integration.




3.1.2 Trapezoidal Rule

Let us start with the simplest quadrature formula, namely the case when n = 1. We
consider the interval x € [0, h] with, as earlier, h = x; — x; _,, x = th and x; are nodal

locations along the x axis. Since n = 1 is odd, we use Eq. (3.3), that is

+ S (3.4)
— =
Ble o
REEO
=~
g g
B ST

The next step is to substitute our definition of the linear Lagrange polynomial and
recognizing that f{x;) is a number (the value of f{x) at the specific locations x;) and can be

taken out of the integral, we obtain,

h—=x ke . (3-5)
/m dx—(/ . '-)f{an Aﬁd-’u £ (1)

o g]p:— (z — h)dx.

Now we perform the integrations appearing on the right-hand side of Eq. (3.5) and
obtain

fh h — R W ( z? ‘h " h? oG9
$£ | L — - — — TN L Y Y
0 h 2h /1o 2h 2




h‘TEﬂ _(2‘2 ‘h_h (3.7)
fmhm “\2r /10 T2

Lg% (3.8)
)1 6 ; :}?? ) f (x —0)(z—h)dz

2)! T i

1 dgf [:.?” h " ‘

T (@) da? /{; (7 — hz) dz

. df(n) (2 ha? ih

B [2:" dﬁfg 3 2 o

—o(w).

Substitution of these integrals into 3.5 provides us with the final form for the integral

foh f(-'”) dz

A (3.9)
/ f(x)dx
0

I h 3
= Ef(U)+ Ef(h]+0(h )

. . o . h
Equation 3.9 tells us that we can obtain an approximation to the integral fo f(il:) dx
as the weighted sum of the \hfalues at the end points of the interval, namely f{0) and f{h)
with weighting coefficients 2 * An alternative interpretation is that the integral is

approximated by the arithmetic sum of the values at the ends of the interval, multiplied
by the interval value h. Now let’s extend the concept to the case of three nodes.

3.1.3 Simpson’s Rule

In the case of three nodes, n = 2. If we assume h to be a constant, the interval over which
we are doing our integration becomes x € [0, 2h]. Since n is even, we use Eq. (3.2), that
is



2h (3.10)
/ T (&) dx
0
2h

=/ 1G5 (z) £ (z0) + 5 () f (z1) + 65 (2) [ (22)] d
0

1 df(n)
g | )
(24+92) dx*

To get a flavor for the process involved in evaluating the terms in Eq. (3.10) , consider
the first term in the the first integrand appearing on the right-hand side of this equation,
viz.

2h
/ T(x — o) (X —21) (£ — 22) dz.
0

(3.11)

2h
I
2h
/D 22 ) dx)f (%)
=T (x —x1) (x — x9) ]
d>
/D | (xp — x7) (X — X;) 1(‘-)f{xn]

e P S e 2 T
dx X,
/ f %)

(=h) (—2h)
1 [+ xZ x2 =
= —_— |- — — X — 4+ XXX X
212 |3 15 25 1X2 D)f(n}

(1 [1er® 127 2413 240°
_(2n2_ & ® & @ 6 Dﬂx”}

1 (2,2\ &
= e— _'I“' = = H
27 (3* ) 3/ o)

The integral in the error term becomes



oN (3.12)
/ x“(x—=h)(x—2h)dx
0
2h
= / 2 (x* — 3hx + 21*) dx
0
2h
- / (x* = 3hx® + 2x°1%) dx
0
x> 2h?
=[=- —J - ¥
5 3 ) .
325 _ 481° 5 16h°
5 4 A
4
= —Eh
Combination of these integral terms yields
(3.13)
[ (. S o 1
[’L?ffl—— o)+ 4f (x1)+ f )]+ — h? -
f J [f (@o) +4f (21) + [ (z2)] -1!('15) o
e

B 51 [f (w0) +4F (1) + f (22)] + O (R®) .

. . . 2h .
Equation 3.13 states that we can obtain a value for the integral fo f(z) dzx using

three nodal values of f{x), that is f{x,), f{x,), and flx,) that is O(h>). Thus we observe that

the use of additional nodes increases the accuracy of the numerical approximation; of
course it also requires more computational effort.

3.1.4 General Form

The general form of the above is

f f(z dl—Zij ;)

H; = h,AH"j

(3.14)

d* f (n)

P—E h!k.‘—:-i I
! dxz*

where



k=n+1 ifnisodd

k=n+2 ifnis even.

n A Wo | W1 | Wo | Wy E,

TR —1/12
2| 1/3 1 4 1 —1/90
3 | 3/8 1 3 i ] —3/80

3.1.5 Example using Simpson’s Rule

(3.15)
(3.16)

(3.17)

As an example, let us perform the integration as seen in Fig. 3.1 . The exact value for this

integral is

]

/' (22 +x +1) dx = 14.666.
1

(3.18)

Let us use a second degree polynomial such that n = 2. Then from Eq. (3.16) we have k =
2 + 2. We see from Eq. (3.14) that if we use a second degree polynomial, there should be
no error since the fourth derivative of our integrand is zero; let’s see if this holds for our

example. From Simpson’s rule

/_ (F+x+1)dx

1

=h %f (xp) + %f(xl} g %f[xi}]
()5 ()

= 14.666.

Thus, as hypothesized, the integration is exact.

(3.19)
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Figure 3.1: Function to be integrated and integral value.

3.1.6 Gauss Legendre Quadrature

In this subsection we look at a quite different method of integration that we will need
later in our discussion of isoparametric finite element (see Section 8.3 on page 211) and
finite volume methods (see Section 9.2.5 on page 256). This method, called Gauss
Legendre Quadrature, can be presented at various levels of sophistication. The following
approach is consistent with our needs.

Assume the integral of interest can be approximated as

(3.20)

h "
f@dx~ Y cf (x,),
i i=1

where both the coefficients c; and the locations x; are unknown. We will now determine,
using two terms of this series, the values of ¢;,c, x;, and x, that exactly integrates an
equation of the form

f(x) =ay +a,x +a,x* +a;x°. (3.21)

Substitution of Eq. (3.21) into Eq. (3.20) gives us

b b
fydx= [ (ay+a,x +ayx* + a,x° )dx.
i i

The exact solution to this equation is

(3.22)



b 2 _ 2 33 4 4
f(x}d.x:a,:,{h—a)—m-l(h zﬁ )+a2(h Sﬁ )+a3(h 4ﬁ )

From Eq. (3.20) we have, forn =2

(3.24)

b 2
f@ydx = ) of (x;) = o/f (x1) + cof (%2).
a i=1
Using now the definition of f{(x;) from Eq. (3.21), we obtain for the two values of x;

Cof (X)) + 6of (%) = ¢y (ag + a1, + %5 + a3%; ) + ¢, (g + Ay X, + @yX5 +asx; ) .

Rearrangement of the terms in this expression yields

Cof (%)) + Gof (%) = g (€1 + ;) + a4y (C1X) + Co%o) + a4y (€ xX] + Cox5) + a5 (2] + 6,%7)

We now have two equations that both must be satisfied, these are Eq. (3.23) and Eq.
(3.24). For this to be true

C+c;=b-a (3-25)
B —qa?
C1Xq + Ch Xy = )
- B -
L1II-I + f.'zx% = 3
3 3 b —at

Equation (3.25) represent four non-linear equations in four unknowns. Solution of these
equations yields

e b—a (3.26)
2
o B
“ 2
b—a 1 b+a
x.l: —_

+
2 ﬁ 2

xﬁ:h—a 1 +b+.:1.

- 2 ﬁ 2
Substitution of these values into Eq. (3.24) yields the integration formula we seek.

In application, the general form of the approximation is modified to accommodate
integration limits defined by a = —1, b = +1. This is the form we will use later in the book.




In this case, the coefficients in Eq. (3.26) become

. _b—a_l (3.27)
=g
b—a
n = :-l
A

1
r =——
1 /3
1
g — ——_
v 3

In Table 3.29, are tabulated the values of ¢; and x; for an = 1, 2, 3, 4. In our work we will

need to calculate multidimensional integrals. The formula for two dimensions is a
straight-forward extension of the one-dimensional case and is for

JH T f,y) dedy

f_] f_jf[:rﬂy}d;rdy:chidjﬂx:__yj}

i—1 97—1

(3.28)

where n and m are the number of integration points in x and y, ¢; and d; are weighting
coefficients and f{x;, y;) is the value of the integrand at the specific points

x; € [-1, 1], y; € [-1, 1]. In this formula we introduce dj and yjto denote values
equivalent to ¢; and x; but taken in the y coordinate direction. In our above example we

considered a cubic polynomial which we observed was exactly integrated with an n = 2.
This is consistent with information presented in Table 3.29. In general, the
polynomial that will be exactly integrated by n points is of degree of 2n - 1.
Notice that there are + and — values for x; so the number of points being considered for,

say, n = 2, is two and for n = 3 is three.



i | Polynomial degree | +u; & (3-29)
1 Linear 0.000 | 2.000
2 Cubic 0.577 | 1.000
3 Quintic 0.775 | 0.556
0.000 | 0.889
4 Septimal 0.861 | 0.348
0.340 | 0.652

Example Gauss Integration

Consider the integral we used as an example in Subsubsection 3.7, that is

]
e (3.30)
/ (22 + 2+ 1) dx = 14.666.
1
Step One: Change Variable Limits,
Change the limits of integration to [-1, 1] using the following equation:
|
and verify the transformation is correct.
Ifx=1,
|
x==(2-4)=-1. (3.32)
2
Ifx=3,
x:1{6—4}: : (3-33)

Now the integral becomes

3 s 1 (3.34)
/ (22 +2z+1) .z:/ (x* +5x+7)dx. 534
1 A

This is the interval from -1 to 1, we stated that we needed to apply Gauss Legendre
Quadrature as it is used in this book. For convenience define



X=(x"+5x+7). (3-35)

Step Two: Evaluate Series

i Z FIIX (xf) - (3.36)

If we choose n = 2, we have

- ZL}X ('ﬁ,) (3:37)

=1x [(0.5??)3 +5x0.577 + ?] | {{0.5??}2 —5%0577+7
—EeE

The integration is exact because n = 2 will exactly integrate a cubic and our function is
quadratic.

2
=1

L



3.2 Chapter Summary

Polynomial approximation theory is used in this brief chapter to integrate functions
numerically. The two methods discussed are the Newton-Cotes quadrature and the
Gauss-Legendre quadrature. Common formula, such as the trapezoidal rule and
Simpson’s rule are described and examples of their application provided. An example of
the application of the Gauss Legendre method is also provided. The material in this
chapter demonstrates that integration of polynomials can be done easily using
numerical strategies based upon polynomial approximation theory.

3.3 Problems

1.

Use the trapezoidal rule to evaluate the integral of sin 8 from 0 to ;7 and check to see
if the error obtained is consistent with the theoretical limits.

Use Simpson’s rule to integrate sin 6 from 0 to s, compute the error in the numerical
integration and compare this error to the theoretical limits.

3. Develop the one point integration formula for the linear equation f{x) = a, + a,x.

4. What is the value of the truncation error generated when one applies Simpson’s rule
(3-38)
2h TR
: : K 4 . 1 1 h°d*f (n)
zldr=h| =flzg) + =f 1)+ =f (z ) v " T 8 REH
| @ de=h (3 @)+ 3F @)+ 3F @) - g
when f(x) is given by f{x) = a + bx + cx* + dx3?
5. Use Simpson’s rule to evaluate the integral in Eq. (3.39) and check to see if the error
obtained is consistent with the theoretical limits.
(3-39)
/ (x* +x + 1) dx = 14.666
Simpson’s rule is given by Eq. (3.38).
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Chapter 4
Initial Value Problems

In this section we are interested in expanding the idea of solving differential equations
using the finite difference method we first introduced in Chapter 2 on page 2. More
specifically we will focus in this chapter on solving ordinary differential equations such
as we first encountered in a preliminarily way in Subsection 2.4.2. We will begin this
section with equations of the general form

du 1
T =ft)  tefab). (4.1)
Since Eq. (4.1) is a first-order equation, it requires one auxiliary condition for its

solution, in this case an initial condition since the independent variable is time. A
suitable condition is of the form

u (tg) = g (4.2)

where t, is the initial time and u, is a specified known value of u(t). It is assumed that
flu, t) is also defined and continuous for all t € [a, b]. Formulating a forward difference
approximation of i—‘; appearing in Eq. (4.1) yields (see Section 2.3 on page 37)

[

_ u(t,)—u(, 24 (x (4.3)
du = i) ! )+l L (f = ti11)
dt |y, I 2 df2 |y
where
|h =1;+1-— tz'.| (4-4)

Note that we know this is a forward difference because our point of reference for the
approximation is at ¢; and we are looking forward to the value at t; , , to create the

1+1
approximation.

Substitution of Eq. (4.3) into Eq. (4.1) gives

du
(E _f(“! f))

b ] —uft
p 1t ]h u(t;) —F )

(4.5)

ri
1 d%u(x) ;
2' dfz x:"_f‘

=

or, rearranging

Wty ) =u(t)+nfu),t)+0(°) (4.6)



If we neglect the truncation error, we obtain the Euler Forward Integration Method,

that is

Wppg =8tk F{f {f.r'r”.-'}

(4.7)

where u; is the approximate solution to u(t;). Examination of Eq. (4.7) reveals that one

can step through time explicitly, one step at a time, that is the value of u

obtained from the known values at u;. The process gets started using u,, which is known

from the initial condition.

4.1 Euler Forward Integration Method Example

Let us now see how we can apply the above concepts. Consider the equation

du 09

_— = = —] i

T e T AU
H{0) =],

which has the solution ([4], p. 115).

u(t) =(1+207%,
From Euler’s method Eq. (4.7) we obtain

W= M hf {”;ir f."} -
Substitution of our definition for f{u, t) from Eq. (4.8) gives

U, =u-nh 0.9 u,
i+1 — ¥y 1+21{',{ i

h=0.02

For our example consider

such that Eq. (4.11) becomes

1y =1y — 0.02 (12—;) 1.

After imposing the initial condition, that is
uy =1,
we can write Eq. (4.13) for the first time step as

0.9

| = 1-0.02 (m

) 1 =0.982.

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

If we continue this process over several time steps with each newly calculated value



depending only on the preceding time step, we obtain the values in the following table.
Here we present, column-wise from left to right, the elapsed time at the beginning of
each time step, the computed value of u;, the exact value of u(t) at time t; and the error

as calculated as the difference u; — u(t;). Note that the error reported in the fourth
column is cumulative and getting larger as time increases.

t U; u(t;) E(t)

O  1.000 1.000 0

0.02 0.9820 0.9825 — 0.0005

0.04 0.9650 0.9659 — 0.0009

0.06 0.9489 0.9502 - 0.0013

0.08 0.9336 0.9354 - 0.0018

0.10  0.9191 0.92123 — 0.0021

0.20 0.8402 0.8594 - 0.0192
0.30 0.7862 0.8093 - 0.0231

4.2 Convergence

There are three key properties of numerical approximations like that considered above
that need to be addressed. If these three conditions are not met, the numerical
approximation is of little practical interest. These properties are convergence,
consistency and stability and we will consider each in turn below.

Convergence Definition

A numerical method applied to a given differential equation is termed convergent if,
assuming no computer round-off error, the numerical solution approaches the exact
solution to the differential equation as h — o.

(4.16)
. s v B0 a0 nop ma
lim wu; =u(t;) where (h)=—— ¥Vt €[a.b].

h—0 (i—oo) T

The above means that as the time step h gets smaller and smaller, the calculated value u;
approaches the exact solution u(t;).

With this definition in mind, we now examine the convergence properties of the Euler
method for this example. From the governing equation we have

diu (4.17)
e £3. 4,
di_ fll f{” { n'}-’ J'}

and from Taylor’s theorem we know



N Ed‘}-u
T

du
b Y=ty +h—
u(ti) = u () +

(4.18)

& € [t ti] -

=5
. . . . . duif)
This expression can be rearranged to provide an approximation for % . We have used

the forward difference approximation in the preceding example, that is

U = U; + h@ (419)
i+1 i : dt
di; Ui — U (4.20)
d h
It is important at this stage to realize that u(t;) and u; are different as are £l and 4.

et p Af

2

The value u(t;) is the exact solution evaluated at the time t;. The value v; is the value of
the function as computed using a first-order difference approximation for Eq. (4.17).

Thus u; inherently contains any errors that have evolved during the calculation of u,, u,,
Us, ...u;. As a result the accumulated error in the solution can be determined at time ¢; , ,

by subtracting u(t; , ,) from u;  , Let’s do the subtraction, that is subtract Eq. (4.18) from
Eq. (4.19). We obtain

du du (4.21)
Uppg —u(t, )=, —ut)+h—| —h—
i+1 l|[.'+l]|I i ( r} At : At :
IR du
21 d}‘-? t=E,
or, using the information from Eq. (4.17) to replace the first derivative in this expression,
we obtain
Mg = U(by) =, —w () + R [f (t,0) = f (1, u ()] (4.22)
IR
2! df? |,
Now, let us define the error terms as
Ep=rmg— willy). (4.23)
Substitution of these definitions into Eq. (4.22) and defining
_ 2 dhu (4.24)
2! di? 1=k,

we obtain



iv1 =& +h|[f (i wi) — f (6 —w (&) + E. (4.25)
We now require the use of the mean value theorem which states the following:

Given a function f{t) is continuous on the closed interval [a, b], and a < b, and that
that f(t) is differentiable on the open interval (a, b), then there is a point c in (a, b)
such that

df| _fb)-f@) (4.26)
dt|.  b—-a

In other words, there exists a point c in the interval (a, b) such that the line joining the
function values at the endpoints of the interval [a, b] is parallel to the tangent at c. (see

Fig. 4.1).
)

secant between gand b

tangert ate ¢
&

i

I

o ¢ b

Figure 4.1 Illustration of the mean value theorem. The line connecting the endpoints of
the curve is parallel to a tangent of the curve at some point c in the interval a — b.

Now we employ the mean value theorem, Eq. (4.26) , using b = u(t;) and a = u; to write

(4.27)
, w . df s , L o
Fltau(ts)) — f (i us) = — u(ts) —wg], Wi € [ug,u(t)],
dH ':ft:')ﬁ:' 'I‘;_"Y'_’} :
or
: (4.28)
N 3 df
f(ti-u(_t.i}}—thi.ui) = £;

du -[ﬁi i)

Notice the appearance of the mean value 1, in this expression.



Substitution of Eq. (4.28) into Eq. (4.25) gives

df (4.29)
By = Ear b R— g, + FE.
du | (t;m:)
Let
_ 49 (4.30)
R du (t.7)
such that
Ei——H =£; -+ hpff.i —+ I, (4.31)

To see how the error evolves over time we now make a series of calculations while
advancing through time using the following relationship:

gie1 =¢&; (1 + hp)+ E. (4.32)

This will allow us to see what happens to ;. , as we proceed step-wise from the initial

conditions. Here we are considering the special case of p and E constant (which they are
not).

We begin by using the observation that when

i=0, (4.33)
Uig = U (fy) = Ug. (4.34)
Then, by successive substitution we obtain using Eq. (4.32) the following sequence,
o =0 (since u;—q — u(ty) =0) (4-35)
eo=E[1+hp] +E (4.37)
=E[2+ Ip]
e3 = E[2+Mhp| [L+hp] + E (4.38)
= 3E + 3Ehp + EL?p?

= 3E [1 + hp| + EW°p?,



e, = [3E[1 +hp] + EW°p?| [L +hp] + E (4.39)
= 4E + 6Ehp + AEW*p* + ER°P?,
€ = {I + 1} E+ D{Eh}, (4.40)

where all the terms of power higher than h are smaller than O(Eh) and are omitted.
Now recall from Eq. (4.24) that

E=0(K) (4.41)
and that

TLE—F-]:tﬂ.—"IE—Fll'h (4.42)
We can now introduce Egs. (4.41) and (4.42) into Eq. (4.40) to give an expression for ;|

1

b, —1
" %E + O (ER) (4-43)
fr+l 3
~ L it 2105 12) 4.0 (17)
~ O (h) +

The above development shows that the total error is one order lower than the
local error (that is the error per time step). Notice that as h goes to zero, .;, , also goes

to zero, thereby illustrating convergence for the Euler forward integration method.

4.3 Consistency

We will now look at the issue of consistency which, simply stated, is the requirement
that the approximating equation approach the original differential equation as the
increment h approaches zero. Let’s consider an example. Given the equation

I (4.44)
l (fﬁ) w(t;) +nf (t ;) + E— TR
e !
or, dividing through by h, we get
w(tiey) —u(t;) il h d2u (t) (4.45)
h VT ol g
Ej’h

then if E/h vanishes as h — 0, (which it will do because E/h =O(h*)/h = O(h)) so h



appears only in the numerator of E/h), we say the difference equation is consistent
with the differential equation, viz.

(4.46)
, w(tig) — w(t;) , _ h d?u(zx) | du (t;) . _
lim - — ft; u) — —=————— == — ft;.u).
ik ( K fltaw) — 5~ |, Fra AU
Thus, given Eq. (4.46) we have shown that Euler’s method is consistent, that is the

difference equation becomes, in the limit as h — 0, equal to the original differential
equation.

4.4 Stability

The last property to consider is stability. It determines whether, as one advances
through time, the numerical solution behaves as expected (stable) or alternatively
generates an ever-increasing error due to round off in the computer (unstable). Clearly,
an unstable difference equation is of no practical importance.

As an example, consider the approximation to the following equation

du (4.47)
— = ou
dt
given by
i1 —uz; =ahy; te0,0] R=EL+1-1t) (4.48)
Assume an exact solution, free of round-off error, is given by E}} .Then 7j satisfies
U, — U, =ahu,. (4.49)
Now subtract E}r} from u; in Eq. (4.48) to give
Wi =g — (W, —1)=oh(u,—1u,). (4.50)
Let
e, =u; — U (4.51)

be the round-off error committed at t;. If ¢ increases as i increases we have a problem.
Let’s take a look at what happens to E as 1 increases. To do this we first write Eq. (4.50)
as

Eé—'l — El_'i = ﬂ'hgt' (4-52)

or



Eipi=[1ah)e;. (4.53)

Now consider the cumulative effect of this error as we proceed through time.

¢ =(1+al)e, (4.54)
€., =(1+al)e,, (4.55)

=(1+ah) &,

Fa'+3 =1+ "Ih}ﬁ#E (4.56)
= (1 +ah) &y
= (1 +ah)’%....,
and in general
Cin = (1+ )€, (4-57)

Examination of Eq. (4.57) reveals that to assure no exponential error growth, the
following inequality has to hold,

|IT+al| <1. (4.58)

This we consider to be a stable approximation, conditional on the requirement

expressed in Eq. (4.58).
4.4.1 Example of Stability

To further illustrate the concept of stability we will consider the following example
which assumes a = -1 in Eq. (4.58). We have

11+ah| =1+ (=1)k) =|L-H|. (4.59)
For
1-hl <1 (4.60)
we deduce that
SRl (4.61)
which requires
h<2, h=0. (4.62)

Thus the approximation of Eq. (4.57) is conditionally stable, that is it is stable
provided h < 2 (since h must always be greater than 0).

4.5 Lax Equivalence Theorem

To determine convergence using the above strategy, one needs to know the solution of



the equations beforehand, but the reason we are trying to find the solution numerically
is because the exact solution is not, in fact, generally known. Fortunately, there is a
theorem that helps; it is the Lax Equivalence Theorem and it states ([Lax and Richmyer,
1956]):

Theorem 3 Given a properly posed initial value problem and a finite-difference
approximation to it that satisfies the consistency condition, stability is the necessary
and sufficient condition for convergence.

This is a very important result from a practical perspective because it states that , if we
can determine consistency and stability, which do not require knowledge of the exact
solution, we can establish convergence.

For the sake of completeness we are now going to provide some very well known, very
specific methodology for solving initial value problems that are widely used, these are
known as the Runge—Kutta formulas.

4.6 Runge-Kutta Type Formulas

4.6.1 General Form

To illustrate the concepts behind the Runge—Kutta methods, we will consider the
equation of interest to be

du _ (4.63)
T = f(u,t).

The general form of the Runge—Kutta type formula for this equation using a two—term
expansion is

Uiy = U; + aky + bk, (4.64)
where
ky =hf(u,t) (4.65)

4.6.2 Runge-Kutta First Order Form (Euler’s Method)
In Eq. (4.64) let a = 1 and b = 0. Substitution of these values into Eq. (4.64) we get

g =4+ I{f (1, 1) (4.67)
or, rewriting this expression

. s — U,
.r+l}I i :f (1, f;.:] . (4.68)
I

This is the forward finite difference approximation we derived earlier and denoted as the
Euler method.

4.6.3 Runge-Kutta Second Order Form



Now consider the extension of the above method to a two—step scheme. Consider once
again the equation

du (4.69)
— =f(u,ft).
Let the coefficients in Eq. (4.64) take on the values

== lxg a=73=1. (4.70)

Using these values in Egs. (4.64 — 4.66) we obtain

1 1 .
U, =Uu+ Ekl + Ek;._ (4.71)
where
ky = If (u;, £;) (4.72)
as before and
ko =nf (u; + ky, t; + 1) (4.73)
which, when substituted into Eq. (4.71) gives
1 r : , (4.74)
Uis1 = U; + > [hf (wits) + hf(us + hf{u;. t:i} ti + R))].
Example of Runge-Kutta Second Order Form
Let us now consider an illustrative example in which we consider the equation
% —tan@)+1, te[1,1.075], (4.75)
with initial condition
u; =1, (4.76)

and h = 0.025. Since the interval is of length 0.075, there will be three time steps. The
equation to be used is Eq. (4.71). We will proceed by calculating k, and k, and then

substitute these into Eq. (4.71). With u in radians we obtain for k, and k,
= 0.025(tan {]) +1)
= 0.025(2.56)

= 0.064,



ky = hltan(ug + ky, ty + 1) + 1]
= [tan((1 + 0.064),1.025) + 1]
= 0.025[tan (1.064) + 1]
= (0.070.
Substitution of these values into Eq. (4.71) we obtain

1 1
Uy = Uy + Eh + Ekz

=1+ 10.064 + l0.0?0

2 2
= 1.067.

Now, for step two, we obtain
ky = hf (uy, )
= 0.025[tan (1.067) + 1]
— 0.025(1.81+ 1)
= (0.070,
ky = hftan (uy + ki, 8 + 1) + 1]
= hftan((1.067 + 0.070),1.050) + 1]
= 0.025[(tan(1.137) + 1]

= 0.079,
1 1
Uy = Uy + Ekl + Ekz
= 1.067 + %0.0?0 + %U.F’Q
= 1.14.

And finally, for step three, we have
ky = hf (uy, 1)
= 0.025[tan (1.14) + 1]
= 0.025(2.17 + 1)
= 0.0794,

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)



— h[tan((1.14 + 0.0794) ,1.075) + 1]
0.025[(tan(1.22) + 1]

= 0033
Uy = Uy + %h + %kz (4.85)
=114+ %0.0?94 + %0.0933
=1.23.
The analytic solution to this problem is
05(u+In|sinx+cosx|)+ 0338 -t =0 (4.86)

and for t = 1.075 we obtain u = 1.23 so the solution is exact to three significant figures.

Geometric Interpretation

We will now use Fig. 4.2 to look at one way to explain the difference between Euler’s
method and the Runge—Kutta method. The Euler method uses the equation

Ui =1+ If (u; ;) (4.87)

1,

e
¢ I
Figure 4.2 Schematic visual representation to assist in the explanation of the difference
between Euler’s method and the Runge—Kutta method.



which, using the original equation Eq. (4.17) is equivalent to

du (4.88)
=t +h—|.
i ! d.f ;
Thus the Euler method projects from u; to u; , , as represented by the curve P,.

The Runge—Kutta method uses

h (witi) | hf (ui +hf (ui i), ti +h) (489
Ité+-| = Uy -+ - .

2 2
T, ey ", &
" -
Py Py
-
»
Fs

which we can interpret as follows: the P, term is the equivalent of the Euler method. The
term P, is equivalent to

d dit du (4.90)
Pa=h—(u,+h—|)t +h ) =h—
oty (H?-i—.?df ,-)”+I) =

which is i—‘; evaluated at the end of the interval, i.e. at t = t, + (i + 1)h. The Runge—Kutta
[

+1

method uses the average of P, and P, to yield

LBy P (4.91)
T2
which are the slopes at ¢; and t; , ,. Thus the Runge—Kutta method uses the arithmetic
mean value of the derivatives evaluated at the end points of the interval.



4.8 Chapter Summary

The solution of initial value problems using numerical approximations is the focus of
this chapter. The three fundamental properties of a numerical approximation, namely
consistency, convergence and stability are presented and examples are provided to assist
in understanding these concepts. Euler’s classical method along with Runge—Kutta
formulations are also described.

4.9 Problems

1.

Consider the equation

du
mii = (.
i +u

Since this is a first-order equation in time we need an initial condition. Assume the
initial condition is

u{0)=1.
Further assume that you are going to solve this equation using the forward difference
scheme
M, — I
om0,
1
and you are using a value of h = 3. Calculate the first five time steps and observe
whether the approximation is stable or unstable. Now do the same calculation using

h = 3/2 and make the same observation. How is this result consistent with the theory
presented in this chapter?

You find it necessary to forecast the rate of heating of a widget. The governing
equation is

aT ‘ (4.92)
s 3T =0 te(0,0¢), (Bis real)

where [ is an empirical constant and is positive. You decide to use the difference
formula:

Tﬁ B Tﬁ ” (4.93)
= | 0

where h=t; - t;_, and t; = th. Show how you determine the stability of this scheme
and describe what the stability constraints are.

Include the following steps:

1.

a. Define your error term and represent it as e;;



b. Substitute the error into equation 4.7;
c. Show how the error evolves over each time step;
d. Determine the requirements on f and At for stability.

2. What is the difference between the error of the approximation and the round—off
error?

3. Will the number of significant digits in the representation of a number affect the
stability of an otherwise unstable scheme. In other words, can you use a computer
which represents numbers with more bits to overcome stability problems?

4. In the truncation errors involving h, for example in Eq. (4.3), it is assumed that h < 1
so that has the power of h increases, its magnitude decreases. What happens when h
> 1? How then do you demonstrate consistency or establish the error of the
approximation?
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Chapter 5
Weighted Residuals Methods

We are now going to discuss the concept of the method of weighted residuals
which, along with the interpolation theory presented above, will allow us to create an
array of different numerical techniques. To start the discussion we consider the equation

% =f(x) x€[ab]. (5.1)

From Lagrange interpolation (see Section 1.8, page. 14) we can write the approximation
to u(x) as

s (5.2)
u(x) = Zf},-{x]u},- + E(x)
r=
or
u(x)=1i(x)+ E(x). (5.3)
where
(5-4)

fi{x) = Z fj,- (x) ;

j=0

and {;(x) is assumed to be a linear Lagrange polynomial with n + 1 nodes on the interval

x € [a, b]. Substitution of Eq. (5.3) into Eq. (5.1) gives
dit (x) _ dE(x) _ (5.5)
dx =fAE== dx ()

where R(x) # 0 and is defined as a residual error or just a residual. The residual is
the difference between the value of the differential equation using the exact solution u(x)
and the value of the differential equation when we use the approximate solution ii (x).

Let w;(x), 1 = 0, ..., n be a set of weighting functions. At this point, we have not

specified what they might be, but we assume they exist. Next, multiply the residual R(x)
by each of the weighting functions w;(x), and integrate each of the resulting products

over the domain of interest. Now, for each weighting function w;(x), i = 0...n, set the
result to zero. Using mathematical notation we have

/R (x)w;(x)dx=0 i=0,1,2..,n x € |[x=ax,=b. (5.6)

4

This weighted residual relationship is sometimes written using inner-product notation
as



(5.7)
/R(’LJ wile)de={Riz) jwylz)) =0 1=0,1.2,..n z € [xro = a,z, = b]

where ( - ) denotes the inner product.
Next substitute Eq. (5.5) into (5.6) to get

du () . 2 , e (58
d—'—f{x} w; (x)dxr =0 e R (o R
! T

If we introduce the definition of ii (x) found in Eq. (5.2) into Eq. (5.8) we get

(5.9)
Eijimjuj—fL:c) i (elde =0 §=0,1,2,..n5
T =D

Since the variables u; are simply numbers, we can take them out of the integration and
obtain

(5.10)
Zuj/ () w; | dx—ff i(z)dz=0 1=0,1,2,,..,7.

Examination of Eq. (5.10) reveals that we have n + 1 equations, one for each value of i =
0, 1, 2..., n. Each equation has n + 1 unknowns, u(xj),j =0, 1, ...n. So, at least in theory,

once we select the form of the functions w;(x), we should be able to solve for the n + 1
values of u;. Different Lagrange polynomials {,(x) and different weighting
functions w;(x) will give different numerical methods. Once we have calculated
the u; values we can use Eq. (5.4) to obtain ii (x) anywhere in the interval x € [a, b]. We
will consider a number of different forms for the weighting functions and thereby derive

a corresponding number of numerical approaches. We will start with the ‘“finite volume’
or ‘subdomain’ method.

5.1 Finite Volume or Subdomain Method

To obtain the finite volume method (also known as the subdomain method) we select as
our weighting functions

0 % (5.11)
I; X€E (X —3,%+3
oo (o) = ;E 3
0, X & | S S+ 5



which are illustrated in Fig. 5.1. In terms of the local coordinate system, that is the one
tied to the element, we have

o x € [0,0.5] (5:12)
0X)=7 o x € [0.5,1.0
and
o (5.13)
e x € [0.5,1.0]
wiX) =19 o x €[0,0.5
Wo (ﬂ( ) W, (X)

L N =
H_r-"'
T
s

1

: 'ZU & /?1

it1

Figure 5.1: Representation of the finite volume weighting function.

Next we decide on the polynomial functions which we wish to use in approximating u(x).
We will call these approximating functions basis functions. As noted earlier, we will
initially use the linear Lagrange polynomials shown in Fig. 1.10 on page 18 as our basis
functions. In the following representation of our approximating function ii (x) we

replace u(x;) with simply u; to simplify notation. With this substitution we obtain
for the approximation defined in the local coordinates y

. (5.14)
fi(x)=Y ¢(u y €1[0,1].

j=0

The linear Lagrange polynomials are given by



: F=g
Zoly =2 (5.15)

L1 — Ao
and
) =
£1(x) = _U (5.16)
A1~ Xo

The x and x coordinates are defined by Eq. (1.89) on page 16 and in Fig. 1.10. The
combined weighting and basis functions are shown in Fig. 5.2. Keep in mind that we are
using two terms to describe the discretization of the x axis. On one hand, we have the
finite element, this is the distance between any two nodes in a system characterized by
linear basis functions. On the other hand we have the finite volume which is
characterized by the segment of the x axis under the finite volume. So, in Fig. 5.2 an
element e; would be characterized by the segment from node x; _, to node x; and the
finite volume associated with the node at x; would be the segment defined by
X=X Xp—X;

> T3

w(x)

I
1 k -
T

o
¢
#

L
L

h h

Figure 5.2: Weighting function w;(x) and basis function {,(x) in global and local
coordinates.

5.1.1 Example

In this subsection we will consider an example of the application of the finite volume
approximation to the equation



dut (x 1
{}4—:;(,1'):] x €[0,1] (517)
dx
u()y=u, =2. (5.18)
The analytic solution for this problem is

ulz) =1+ exp(—z). (5.19)

We first write the residual approximation
dit (x) (5.20)

+ii(x)—1=R().

Next,s we write our linear Lagrange basis functions for two elements (3 nodes). Each
element will be of length e; = 0.5, 7 = 1, 2 as will the middle volume. The volumes at each

end of the domain are smaller because they are truncated by the existence of the
boundaries.

From the method of weighted residuals (Eq. (5.6)) we have (see Fig. 5.3):

1.0 . (5.21)
/ R(x)w, (x)dx=0 =2
0

w(x)

-1 X; 'Tf*f
0 0.25 0.50 075 1.0
-+ B sk >
e €i+1

Figure 5.3: Weighting function and basis function for finite volume method example.



In the example discussed in this section the subscriptsi—1,=0,i=1andi+ 1= 2.

Let us examine the weighting function w(x); it has the value of 1 only over one-half of

element 1 and o elsewhere. Thus, since the integrand is defined only over the first half of
the first element, the integration needs to be performed only over the first half of the
first element, that is

1.0 (5.22)
f R (x) wy (z) dx
0

0.50 0.75
:] Riz)dx —/ R (z)dx
0.25 0.5

=l

For weighting function w,(x), we have non-zero values of this function over half of the

first element and half of the second as shown in Figs. 5.1 and 5.3. Thus integration is
required over this interval that spans parts of two elements, that is

1.0 (5.23)
f R (x)wy (z)dx
0
0.50 0.75
= ] R(z)de + ] R (x) dx
0.25 0.5
=)
Finally, for w,(x) we have integration over half of element 2 only, that is
1.0 \ \ (5.24)
/ R(z)ws (z)dx
]
1.0
— / R(x)dz
0.7a
=]

We now perform the integrations, one element at a time. Note that each complete
weighting function generates one equation. This means that the equation for one
weighting function will contain integrals from more than one element. In the case of a
one-dimensional problem such as we are considering here, there will be two element
integrals for each weighting function. In two dimensions we will see that there are
several element integrations per weighting function.

Because the first weighting function w,(x) occupies only the first element, a complete

equation is therefore obtained by integration only over the first element. The
appropriate integration therefore is



/“--"-5 — /“-25 (dﬁ : 1) ; (5.25)
x)dx = == kil x
0 0 dx
0.25 d{d‘ {if‘l

= /D‘ ( 7 o + c:‘,:,z.',]) + (E“l + rflnl) - ]} dx
B /0.25 r de p dl’fl p 1 .
= g -“D v + 0 +”-1 T + LT - X
—/ME -1 —1+_h—:r: +u 1+E —1- dx
s I h "\r ' h |

0.25 ny 0.25 0.25
1 - =
s _x+};x_f +_1 x+x_ -
I 2 /4 h 2 0

= 11y (=5/16) + 1, (9/16) — 1/4
= 0.

or

uo (—5/16) + u1 (9/16) — 1/4 = 0.

This is our first finite volume equation.

Although it is not really necessary for a one-dimensional problem such as we are
considering here, in order to get accustomed to using the local coordinate system x, we
now consider the above 1ntegrat10n using x. The first step is to transform Eq. (5.22) into
a form that employs x. Since y is a function of x, we can write il (x) in terms of x to give

0.5
dx dil () dx dx (5.26)
R —dy = + 11 -1 ) —dy
A () dy % A ( dy dx 10 dy

i (x)
where we recall that now the value of h is 1.0. The next challenge is obtalmng T -. We

know from Eq. (1.89) on page 16 that is

x= XX X, + X~ Xo (5.27)

X1—Xo Xi—Xo
so we can differentiate x to get, after rearranging,

dx _ % —% (5:28)
dy 11—

_h

==

Similarly, j—” = 1/h.Thus Eq. (5.26) becomes (using the definitions provided by Eqs
a



(5.15) and (5.16))

0.25 - 05 /a5 ¥) dy dx

/D R{x)dx_/u (_dx ==+ ()—1) X
/D( 1 + i (y) — l)hdx
0 dy I

0.5 ) )

o I d.x

051 r1df, (%) 1 1{:\:}

/D _”D(h 5 +7 ()) (.F_ i +7 (I))—llhdx
05 r 1 1
[ B )52 ()0

0.5 0.5
(g, (sl A ]

|u0(_11!j;2 1/2—2) (L —)—1/2]1/2

= Uy (=5/16) + u, (9/16) - 1/4

=)
which is the same result as we obtained in Eq. (5.25). Notice the change in the limits of
integration due to the fact that we are now integrating over x rather than x.

(5.29)

n

—X

For the second weighting function w;,(x), two elements are involved. For element 1 we
have for the global system

0.5 0.5 -~
/ R(x)dx:/ (d“{ﬂ u{r}—])
0.25 0.25 d
:/‘ ( = +.¢‘,:,(x})+zl<dd D o (= }) ‘ﬁ.‘x
- 1 h-x 1
= e [ T nt
=iy | —— ) +u (]1 s
. 16 "\16/) 4

and for the local system (using the definitions of £,(x) and £,()) given in Egs. (1.91) and
(1.92) on page 17)

(5.30)




(5.31)

.1.0 1 ] :
1 de¢ L di- )
= / (— 0 (x) uo + Lo (x) ﬂ-{)) + (— L (x) u1 + 41 (x) uT) - 1} hdx
- X h dx

ug (lM + o (_X)) + Uy (i 24 %) + & ('X)) - 1} hdx

h dy h dx
01.0 g . . 3
1 -1 1 —x 1 1 X )
. — — |+ —=| +uy — — = = hd
[ (=[G (F) 2]+ [G) ) =3] -}
; 2 Y
2

1.0 1.0
h
0.5

For element 2, we note that at the local level the integrals are the same as for the case
shown in Eq. (5.29), although the values of the coefficients are now u, and u,,.

We now combine the information regarding w,(x) from both element 1 and element 2.
We need both of these integrals to give us the complete integral for w,(x) and we need
the complete integral to form the equation for w,(x) Thus, combining the integral in Eq.

(5.29) and (5.31) we get

0.50 0.75
/ R(:c}d1+f R (z)dx
0.25 0.50

0.5 1,0
:f R.(x}dx+f R(x)dx
0 0

.50

1.0 : 0.5 :
du(x) dx Nl du(x) dx g L \ed®
= — ) —1 | —dx+ s N—1)—d
_A\ ( dy dzx +u(x) dx x 0 dx dzx +u(x) dyx X

-5

(5.32)

= [uo (—=7/16) + uz (11/16) — 1/4]|

e=]
+ [u1 (—5/16) +us (9/16) — 1/4]]
e=2
The two integrals in Eq. (5.32) constitute all the information associated with weighting

function w,(x). Thus, we can set their sum to zero and get a complete equation, that is



(5.33)
05 0.75
f RL:c)d1+/ R (z)dx
0.25 05

= [up (—7/16) +uy (11/16) — 1/4]|  + [ug (—5/16) + us (9/16) — 1/4]|
e=1

_& e=2
=)
Now consider the last weighting function w,(x). We have only one integral because
w,(x) only appears in the last element. We therefore obtain
(5.34)

1.0

f-“ du dy 2\ dz
= R 1 — 1) —dx
05 \dxdzx dx
1.0 WA
du(x) 1 :
_/0.5 ( TR u(x}—l) hdyx
1.0 1 4 q '
1d¢ ) 1 df;
:f [(f_ O(X uo—'—CD (}J 0) —|— (— I(X)ul Cl (}JU]) —1:| hdx
05 1 dy h dx
1.0 1 r 4
1 dbo (x) : 1déy(x) . _
= — +Llol(x) | + — ~+ €1 (x) ) — 1| hdyx
/0.5 [uo(h dx Om) - (h- ix lm) }u
1.0 F E
1 -1\ 1-—x 1 1 X :
= , — —— )4+ 4y — — =1 —15 hdy
Lo A lG) () +552 #n [(R) (5) #53 -1o
: X

1.0
N h
05 0.5

| [ B
1 1 ¥ 1 4 1 1 L i e
2 )= = =+ (=42 =1/281/2
{uo K BT 2) ( oh 2 8)}—'—“1 Kh- 2) <2h+8)} / } "
u.

Since this is all the information we will obtain using w,, we can write

1.0 (5.35)

/ R (z)dx
0.75

= u1 (=7/16) +up (11/16) — 1/4
= 0.

We now have three equations, Egs. (5.25), (5.33) and (5.35) in three unknowns, u,, u,,
and u,, which can be written as



(5.36)
[un (=5/16) + 1y (9/16) — 1,’4] loqo=1D

(110 (=7/16) + 1y (11/16) — 1/4] |y + [11y (<5/16) + 11, (9/16) = 1/4] |, =
[y (=7/16) + 11, (11/16) — 1/4] |, = 0.

Let us write this as a matrix equation

= X p E (5.37)
; = i
L& 16 0 tf
Zu’s ol -]
16 16 - 16 ﬁ'f U %
Ly e 1~ =
0 1& 1a = 4
However, we have information on u, from Eq. (5.17), namely that u(0) = u,, = 2. Thus we

can replace u,, with 2. Now, since we know u, we can multiply the first column by 2 and
place the result on the right-hand side of the equation. The result is

= 1 2 (5.38)
= T g 2 1 .’Lz(m)
] e Hy | = - + 2.1. :
lb_llb ﬁ U, L

16 16 i 1

Since we know the value of u,, we do not need the first line of the matrix and so we
remove it along with the first column, which is also no longer needed, to obtain

& u (5.39)
L i]20- 1]
la 16 4

uy | 1.60 (5.40)
u, | | 138"

With these values of u;(x) and u,(x) we can write from the Lagrange expansion

from which we get

fi(x)="¢h(x)ug+ £ (X)) + &5 (X) Uy (5.41)
= £ (X)(2) + £ (x) (1.60) + 7, (x) (1.38)

where the x-dependent Lagrange may span two elements. Thus we can obtain a value for
the approximation ii (x) anywhere in the domain of interest. From the analytic solution

we have

u(0.5) =u; =1+exp(-05)=14+0.61=1.61 (5.42)

and

u(l0)=u, =1+exp(-1.0)=1+037 =1.37. (5.43)



Location u(x) ii (x) error
x=0.5 |1.61 1.60 0.01
x=10 |1.37 1.38 o0.01

The numerical and analytical solutions are remarkably close given only a three volume
approximation was used.

While the above approach to setting up the matrix equation seems like an appropriate
way to proceed, this is not the way the problem is solved in practice. Rather, each
element is allotted its own 2 x 2 matrix which is called the element coefficient
matrix. The elements of the element coefficient matrix are the integrals identified with
that element. To see how this works first refer to Eq. (5.36). Note that there is notation
indicating from which element each coefficient is obtained. The information in the first
row of this equation comes from element 1, the second row from elements 1 and 2 and
the third row from element 2. In the following we collect the information from each
element.

The element-defined terms in the equations must be (and have been) summed to form
complete equations identified with a volume. For example to have all the information
associated with volume weighting function w, we need to sum the information in the

second row of the matrix associated with element 1 and the first row of element 2 in the

following Eq. (5.44):

_ = o _5 9 ; (5-44)
= (.2 7 E |

i u ’
—iE 48 U7 —36 18 Uo

Element 1 Element 2

Let us sum all the coefficients in both matrices that are associated with each unknown
value of u;. We get

- 2. 0 (5.45)
16 16 iy
_F (E _ 1) N |
16 \16 16/ 16 1
_z S|
0 14 1A
which is identical to the left hand side of Eq. (5.37). The 3 x 3 matrix in Eq. (5.45) is

called the global coefficient matrix. With this information, the equations can be
formulated and solved as seen in Eq. (5.37) through (5.40) above. In practice each
element coefficient matrix is generated and then the information is transferred from
each one to the global matrix.

Recall that we performed the integrations using the local y coordinate system. To do
this, we needed to know the relationship between the location of the nodes in the global
x and local x coordinate systems. This relationship is determined through the use of a
table or map such as shown below. For each element the correspondence between the
locations of the node numbers in the global and local coordinates are provided.



Element 1 Element 2 (5.46)
node (x) | node () | node(x) | node (x)
Ly )u} T ;"u}

L1 X1 Lo X7

5.1.2 Finite Difference Interpretation of the Finite Volume Method

Consider an interval x € [x, = 0, x;, = 2h]. (see Fig. 5.4). Then the integrals appearing in
the preceding example (Section 5.1.1) for the case of w, are

2h 2h ¢ dii(z) (5.47)
f R(x)wdz = / ( -+ ul(x) — '1) wy(x)de =0
0 0 dx

2 g (3/2h s
dii(x) B dil(x) , 1 (5.48)
A . wy(x)dx = A’;)_ T dx = 5 (1y — 1y)
2h (2/2)h 1 3 1 (5.49)
/ fi(x)w, (x)dx = / fi(x)dx = gl + Fiw + gl I
0 hi2
2h (3/23h (5.50)
/ (1) (x)dx = / (Lldx=(1)h.
0 hf2
Combining the integrals we get
2h
dil (5.51)
/ ( ) + it(x) — 1) w, (x)dx
0 dx

8 4

Now divide by h, multiply above and below by 2 in the second term, and rearrange the
result to get

= %(Hz —up) + (11.'[. + §u1 ¥ %uz) = (1)h.

_ (5.52)
o — g B 1 G \ 2h (1)
— — {Up Uy T Us ) — — |
2R 8 2B
I\\'_--‘.‘[‘._-""l e oo -
second-order correct FD of Z integrated average of u over 2h

Therefore, the finite volume method can be interpreted as being composed of a second-
order correct finite difference representation of the spacial derivative and a numerical



estimate of the function integral fzhoudx.

ﬂ(x) I(I) 1!‘1(.1:} l(x)
N AR
\“lh }/‘\‘\/ 4/

~

E.f‘l €,

Figure 5.4: Diagrammatic sketch for representing finite volume formula as a finite
difference formula.

5.2 Galerkin Method for First Order Equations

In the Galerkin finite element method we simply change the weighting function w;(x) to

be the same as the interpolation or basis function. In other words we let the weighting
function be a Lagrange polynomial. To illustrate the concept consider the equation

% ~f(x)=0 x€[xy=a,x,=b (5.53)
and the boundary condition
u(0) = ug. (5.54)

From the method of weighted residuals we have

/ R(x)w;(x)dx =0 i=0,..,n. (5-55)

where



Rey < BE o (550

Let the weighting function be defined as

w; (x) =7; (x) (5.57)
and let us approximate u(x) as
: (5.58)
ui{x) = 0ix) = Z zrjr-.c"’j (x).
=1
Then we can substitute Eq. (5.58) into Eq. (5.55) to obtain
(5.59)
: [d ] ’
/R[:}:}wi (&) de = f G i v e v e
: | dz i :
" i ( -
:f BT b il
| d= |
= dujl; (z) .
=f{ M58 )| 6 (@) dz
: dx ' '
7=0
= di; () - |
— ujf [ Jz[ix' L {'1,]] dx — / Fle)d; (x) ds
=0 ax -
=dk- § = O un
Let us assume that we will use linear Lagrange polynomial basis functions and three
elements. Then n = 3 (four nodes) and we can write Eq. (5.59) in matrix form as
~ _ (5.60)
i de’ | (x de’, (x de5(x
/ d‘ S (x)dx [ L0 o (x)dx [ = 58 ¢, () dx [ £ (x) dx e
fr,z’r“i;t]f()drjrd'r"[r]f(}dxfdr‘(rjfl() f 3ix]f (r)dr "
/ ""””““_’& (x)dx [ ‘*"“’fz{ x)dx [ i, “)fa( x)dx [ “’”3‘”#‘ (x) dx || 2
f r,ir:;i;ufq (T)l‘i f c;.".-"’,['r]ff,,q }{i f r:l'r‘ Lrj fq :id f dr&ju]fq (x) dx Hy
[ f )£y (x) dx
_|JF@e @ax
[ fx) £, (x)dx
| JF @) £5 () dx




Consider next the span of the weighting functions. The span is the number of elements
over which a Lagrange polynomial is defined. When linear Lagrange polynomials are
used as weighting functions the Lagrange is usually defined over two elements, one on
each side of the node. This is not true for the first or last nodes (at x, and x,,) which span

only one element. The resulting equation is found below as Eq. (5.61)). Notice that in the

second row, for example, there is a zero in the fourth column. This is because the

weighting function {,(x) does not reach the fourth node, that is the one at x, In fact, the
maximum number of non-zero coefficients we will see in a row in a problem of this kind

is three and they form a band around the diagonal.

[ 22t @dx [ 23 @dx 0 0
J 28, ydx [ 907 (xdx [ D0 (x)dx 0
0 [R@ [ TR0 @dx [ TR0 () dx
0 0 f d-";ixjf_q (x) :j!xf %fg (x) dx
[ [ f(x) £, (x)dx
_ ff(x)f'l (x)dx
| @@ dx
| [ f(x) €5 (x)dx

el emant 2

element 1

|;.Vn Ll Lo Xl Ao

_ (5.61)

1
1
1y
Uy

Figure 5.5: Global and local basis functions (Lagrange polynomials) for four-node

problem.

Now we can focus on the integrals that remain. For weighting functions that span at

most two elements we break the integrations into two one-element integrations.

Examination of Fig. 5.5 will facilitate understanding the step that takes us from Eq.



(5.61) to Eq. (5.62) below. For completeness we also express this matrix equation using
Lagrange polynomials defined in terms of y. We obtain

(5.62)

1 af )] 1 dly(x)
o L A o TYCO 2 0 0

1 aly(x) dx yodx g
0 dx a@CI{X-'dde =

1 afy \
+ _jrn ;X)‘ Eéfu (x) :_;d?{

1 dig{x) 4. 1 diyf
) Dby, () ax] Jo %y () Lax| 0

e=2
1 ary \R\dxg Vd
1 dly(x) a b S Ehx)de| 1 aty(x) 4
0 fo 200 8xp, (y) do -2 [l g, () de
1] dy dz = 1 dig(x) d (1] dyx dz L
R I
1 dfaix) 1 dbqix) d \
0 0 Jo SHEEH (N dz o Jo T @t ( ey

Jo F () €0 (x) Zdx i

=
=

Jo F ()6 (x) Ldx . + o £( jcg(xm:*a:x

=
-

Jo F00 8o (x) Zdx - +f; flx)t(x) 2 x|

&

e
B
%)
e — |

Jo £ 006 00 Fdx] __

Since integration is only over elements, e.g. spacial increments of [x, x,] or [x,, x,], the
Lagrange polynomials are all of the same form for this problem

o Ja xel01] (5.63)
fj{x]_{fu(x) yelo1]

We now generate the element coefficient matrix for element 1 that contributes to the
matrix on the left hand side of 5.62

, : : (5.64)
f:]l dfu[ﬂf}{ [.I ) dax f;-:]l df;r[r‘t?}{u [I} dr 5-64
1 {ITD[I}I 5 r1 dly(x) .
fxﬂ 2208 () dx fru 2 () da
element 1
or using local coordinates
f Li‘l"'”fl,{:ld D{ }t.i.ld fl i?l'l""l':..;'r.:'II-'I| D{ }:.11' (565)
0 & 0 dy
dy
D!‘-”.Jl:f] ﬂ r,fJ. 1 l‘:l'fﬂ.],’:l El' t‘fr g
f';] dy dl d j';] dy dx { }

For element 2, we get



el . ra dl
|- 1"1”’{' (x) dx jrl 2"?: (1 () dx
| - ﬂl"ﬂ{ (z) dz f:lz —r”z (s (z) dx

5
element 2

or

dto () dy dx 1 dey (o) dy m
f.:ldf,mn{}dfg'? Zo(X) =

de'y(y) lﬁ' L‘h 1 rﬁ'."‘,(}’,'l |:'|' r,'h
fo i il Sy TR S =

(5.66)

(5.67)

As noted the element matrices are the same for elements 1, 2, and 3. This would not be
the case if the nodes were not equally spaced since the value of h would change from

element to element and this would change the value of the integrals.

As an example of the integration protocol, consider the evaluation of the following two

terms that appear in element matrix 1. For the first we have

/T dLr £y (x)dx

- [ () (55)

o x . 2\/
B (_E+ZF:—)

L

—]+§
.
2

or in local coordinates

(5.68)



de| (x) d (5.69)
: ; £o {}'}

L%

/(‘T)()( )(%)dx
- [ (F) ()
(F+%)l

- 0
=

2
and for the second we obtain
ndey(x) (5.70)
£odx
/:r. : dx = °
h
@) (52)e
o \Ii h
T 2]
h 2n2l,
=§
B 2
_1
2
Expressing the above in local coordinates we can write
at, () dy (5.7
/n oI £o(x) —dx

() (5 (2)o
(

1
——X\ga
1)"f




Performing similar integrations for the other elements of the element matrix we obtain

_1
5
1
2

o
element 1

L0 | = | =

(5.72)

and assuming f{x) = a, we get for the term on the right-hand side of Eq. (5.62) (because

we assumed a to be constant over an element)

nfﬂ o (x) d:“‘"::f;.L

fg] 7 (x) 4o f}J ko—fD ()€ (
Jo £ )@ (%) d‘”dx

nfﬂ i_‘“hdf}(
ufﬂ ){"hdk nfﬂ : —*hdx
afﬂ )“hdx &fﬂ Ehdyx

i “fu Thdx E
: _
(=) ni
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If we now replace the integrals in Eq. (5.62) we obtain

X) 2

f[; f {X ﬁ \-'de}L f{} }L\:I {TJ( }dﬁffkj

f.i' X

(5.73)
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1 1 T T B [ ho
_? il 2 1 ? : = 2
3 (@=2) 3 0 ||wm |_|he
0 3 (3-3) 7 || fic
(a3
L0 0 -3 3 JLlu] L[5
or
Pl 2 ] [ ha ] :
;3 ? 0 g % (5.75)
-5 0 5 0flu | | ha
0 -3 0 2||u| |ho
0o 0-fi|lml |F
The manner in which the element matrices are organized to produce the global
coefficient matrix in Eq. (5.74) is illustrated in Fig. 5.6. Each element matrix is indicated
by the dashed perimeter.
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Figure 5.6: Arrangement of element coefficient matrices to form a global matrix. Each
box with a dashed perimeter is an element coefficient matrix.

Another way to look at this information is shown in Fig. 5.7. In this rendition one can see
the interconnectedness of the information from element to element.
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Figure 5.7: Selection of matrix elements to illustrate overlap of element information.

To permit a comparison with the analytic solution let u, = 1, a = 2 and h = 3; then we
have

.- (5.76)
0 1/2 0 ” (3)(2) + 3
~1/2 0 172 up | =|[ (3)(2)
Ly 17 (3)(2
0 —1/2 1/2 us 12
or
Uy 7 (5.77)
u, | =113
s 19

If we now enter these coefficient values into the approximating series for ii (x) the result
is

it (x) = £y (¥) + 7€, (x) + 1365 (x) + 1965 (). (5.78)
The analytic solution is

u{xy=2%+1. (5.79)
If you select an x value at a node such that only one term in Eq. (5.78) is non-zero it is

easy to see that the solution is exact. This is to be expected since the solution is a linear
function of x. so it can be exactly represented by a sum of linear Lagrange polynomials.

5.2.1 Finite-Difference Interpretation of the Galerkin Approximation



If one expands the matrix product appearing on the left-hand-side of Eq. (5.74) it is seen
that the result is a series of finite difference approximations to the first derivative. In
viewing the following, keep in mind that each equation is identified with the node that
corresponds to the equation. For example, the first equation is identified with an
approximation centered at node zero, the second at node 1 etc.

U] — U st (5.80)
% = a forward difference
o — T :
ad el fo a centered difference (5.81)
2h
Us — U ; .8
M o a centered difference (5-82)
2h
Ue — L~
% = a a backward difference. (5.83)

From the above we observe that, but for the first and last nodes in the sequence, the
finite element approximation in this particular case is equivalent to a second-order
correct finite difference scheme.

5.3 Galerkin Method for Second-Order Equations

Consider the second-order equation

d?u (x) du (x) (5.84)
—a T8t x) =0 x € [x, x,]
1 (0) = uy, (5.85)
dui (x) _ (5.86)
dx 'Tln' .
As earlier, let the approximation for u(x) be defined as
i (5.87)
wla ) ms () = Z uzk. (o)
j=0
Let us define the residual associated with Eq. (5.84) as
d?it (x) dit (x) (5.88)

o+ 81— 8l (1) = R().

As in the case of first-order equations, from the theory underlying the Galerkin finite



element method we use the basis function as the weighting function to define the
residual. We obtain

/- R x) ¢ (x)dx=0 i=0,1,..,n (5.89)

In

Substitute Eq. (5.88) into (5.89) to obtain

/‘ : (d—u(x) +g dit (x) + gl {x}) £(x)dx=0i=0,1,..,n. (5.90)

dx? L dx

Consider the second-order derivative term in this expression. There is a problem here
because, if one looks at the behavior of the second derivative of a linear Lagrange
polynomial, one observes that at a node the derivative is discontinuous. While such a
discontinuity can be accommodated, it is not convenient to do so.

In

To avoid this problem we proceed as follows. Using integration by parts for the
interval x,, to x,, we have

(5.91)
n o o diex) - /1‘” div (x) d€; (x)  d2ii (x) .
/_T‘,] dx ( dx fé{x)) He= 3 ( dx dx L 2 £;(x) |dx i=0,..n

but
;. dii (x dii (x T 92
/ i( {)f}{x} dx:( (]f,-(x) | (5.92)
x, dx dx dx B
Now let’s consider the right-hand-side term in Eq. (5.92). First we expand it to give
dii (x) (5.93)
— L i=0
= (@)1,
dii (x) w4 (5.94)
TJ, x|y i=0,..,n
and
dit (x) : (5.95)
7 £a(X) |, 1=mn
Notice that while there are n + 1 possible terms in Eq. (5.94), only two survive Eq. (5.95).

This is because the values of {,(x) for i # 0 or n vanish at x = x, and x = x,,, the endpoints
of the interval. Combination of Eq. (5.92) and Eq. (5.91) gives us



o du(x) = di (z) dl; () (5:96)
/xu e /xn de  dx

du () e
dI fﬂ [_‘TJ -TCI

Let us now use Eg. (5.96) to rewrite Eq. (5.90) as

e | e %

(5.97)
= di (z) di; (z) dii (x) : 3
/ (— ) Falt, +g1——Li(z) + gotu(2) i () | do
- dx dax dax
du (x) : du (x
+ —ln () |2 f (B) oy =T #=10,. .7
d,_T T ( / |£:-_ d‘f 0 o
Expanding the approximation if (x) and combining the last two terms we obtain
(5.98)

. (@ da@) @),

di T :
+ | — (z =l =00
d'i'. Fip
Now consider element-wise integration of the terms in Eq. (5.98) assuming g, and g, to
be given constants. For the first element we obtain
J 5:99)
- O dx dx U dx dx

de
+81 (”n (x} £o(x) + dx(x}fn (x))

+87 (17 (I) £o(x) +u 61 (x) € (x))]dx

or, using local coordinates



fl [—u dry (o) dy dty (o) dy i Aty () dy A€o (0) dy (5.100)
““dy dx dy dx ' dy dx dy dx

u(x}dx 2 dfl(x)dx
+$1 ( B £o(X) + i Efu (2{))

dx
+2 (1€ (x) €0 () + 161 () €0 ()] —d}{

If we consider one term in Eq. (5.100) at a time we can evaluate the integrals defined in
the local y coordinate system. In the case of the weighting function £,(x) we obtain for

the second-order terms,

dey (x d;{ Aty (x) d}r d (5.101)
dx

(( i) (15)) 3

Ay .h

D

and

dey (x d;{ dey () dy d (5.102)
dy dx dy dx dy

L
L

¥ 1

~ o

For the first-order terms and using the weighting function £,(x) we get

/ de’y () dy (5.103)
0

— 7 —d
iy b o (%) X

1

1\N1=xn
= —1= ) ——=dy
A( h) T 1

and



/ dt’y (x) dx , (} (5.104)
: dy  dx ol
= 1 11y 1-xn
ot EET e
I ol
B 2 |y 2
Finally for the zero order terms we obtain
1
i dx (5.105)
/ 0200 0) iy
F1- I b ;{ h

] I

x 1 h
=(:f—x +§)h|é=§

and, finally

(5.106)

At this point we have evaluations for each term in Eq. (5.100). To see how this fits into
the scheme of things, we now generate an element coefficient matrix. Since each element
has two nodes and each node is identified with both an equation and the approximation
of the unknown value of ii (), each element coefficient matrix will be 2 x 2. In looking

at the element coefficient matrices remember that the rows are associated with the
weighting functions and the columns are associated with the unknown u; values. Thus

the first rows of the following matrices are associated with the weighting function ¢,(x)
and the first columns are associated with the term in the expansion of fi () associated
with u,:



1 de’ ) dy e () dy de” () dy e, (x) dy (5.107)
dy dr dy dx dy dx dy dx @{f‘
dfoly) dy de,(p) dy de m dy df, () dy dy £
dy dr dy dx dy dx dy dx

df t;fJ rif df UJ d;f
== =l e ) dx |

L‘h
+ : —
/I:Iv gl _de1(.?rJ ff"l.-" ]_( } dfl(.?rj :'ll.?' (x) ij X
2 / ! . 20 (0) %0 () 1 (:f)-f"n (x) | dx dy.
NG AL )] dy ”

It is now possible to provide numbers for the coefficients in Eq. (5.107) using Egs.
(5.101) through (5.106). The result is

1 (5.108)

1 11 Ao h
RE T R . 1 |+ i 2
3 3 & 3

h T h Nz
As long as the elements remain the same length and the functions g, and g, remain

constant, the above element matrices are all that is needed since each element matrix
will be the same. One simply uses the same element matrix for each element along the
interval x = x, to x = x,,.

Now consider the last term in Eq. (5.98) for the special case of the equation written for
the weighting function {,(x). Only information in element 1, the first element, has a

contribution to this equation, viz.

dit (x)
.4
( R («T])
But since £, is unity at x,

dil di (2
( r;ix] 2, (x)). il (x)

Y, dx

(5.109)

Xp

(5.110)

'TII

is associated with the flux evaluated at the boundary, it is a flux-
Xg
type boundary condition. Thus, a second type ( also know as a Neumann or flux
boundary condition), is imbedded in the equation approximation directly.

. di
Since the term (d—u )
X

Let us now return to our original problem. For interior nodes (not including the
boundary nodes of 0 and n) we have, using Egs. (5.90) and (5.91)

(5.111)

Tn dit (x) d; (2 dii
[ ((5240) 52 ) o2

In

and after substitution of the approximation in Eq. (5.87) into Eq. (5.111) we get




(5.112)

n—1
e dis(z)dbidz) di; (:1:)
- - . -t g ' Eila) €z} ) d
THJA < T dn TN g (@) + ot (x) bi(2) | de

= 0 IS PN o R 3

For node zero we have information only from the first element

X) d¢, d.f x \ \ (5.113)
Z”/ ( 7 ef;;[r}) [(Sl {}JFSzf}(x)) fn[x)] dx—

dii (x) (5.114)
( dx ° ¢ }) il
Similarly for node n we have
ch X, dﬁ'}- (x) d7 (x) (5.115)
Z u; - = )+
i e dx dx

=0

This provides us with n + 1 equations in n + 1 unknowns, which we can assemble into a
matrix equation of the form (after accommodation of boundary conditions)

dn (5.116)
[aggag; 0 00 0 0 (fu] da |
Mgy 00 0 0 ||y 0
0 Ay apa,0 0 0 (| 0
0 0 0 0 - = 0
0 00 0 0
Q" 0 ke 0
| 0 0 0 0 0a,,,,a,, ||u, _d
dx

where



o=/ (- + i, () + gats () ) dx

: dx dx dx
=" = (5.118)
u;, = fi(x;).
From Eq. (5.86) we have
1 (0) = uy (5.119)
dii (x) _ (5.120)
dx |

where u, and ;," are given. Substitution of this information into Eq. (5.116), then
multiplication of the known value u,, by column 1 and transfer of this information to the

right hand side of the equation, and finally elimination of the first row and column,
provides

Pt 00 3 @ 0 0 5% —ayty | (5.121)
Ay Ay s 00 0 0 ||y 0
0 apapnay, 0 0 0 | ug 0
0 0 - 0 0 = 0
0 00 - 0 0
0 0 0 O - 0
| 0 0 0 0 O0aypyyay, ||u, | [ -

As shown earlier, the necessary integrations can be performed in the local y coordinate
system using linear Lagrange functions {,(x) j = 0, 1. The integrals for each term,

defined in the global coordinate system are presented below for each of three cases
depending upon the matrix indices. These are the same integrals we evaluated earlier in
Egs. (5.107) and (5.108) using local coordinates, but now we have combined information
from the two elements associated with a common node to get the equivalent global
values. This is evident from the fact that the limits of integration in the following
equations are from - h to h and therefore represent a span of two elements.

For the second-order term we have:

(5.122)

h de (x .
/ e }d.f?(x)dx
. dx dx

hodri(x) dy, (™, . (5.123)
o, dx  dx I



hdE(x) de; (x) 1 (5.124)
_ _,f H i u &
[;,, dx dx ax h >
h def, (x) ge. (5.125)
0 dx dx i
0 dfi(x)dr; (x) 1 (5.126)
! i . .
— d = — = T=1=MH.
[;? dx dx g I J=t=m
For the first-order term we have
hoodeé(x) & (5.127)
—7; (x)dx 1 <1
[ s timix=-%
h df. (x) o (5.128)
/ g a’ C()dx=0 j=i §j#n0
~h
h o de (x) g o (5.129)
Lgl#fﬂ(ﬂf}dﬂf =5 j>i
h d.rf’ X _ (5.130)
[s 1Dy war =& joi=o
dt; (x) - A (5.131)
/ Q— f{x)dx_ 5 =
For the zero order term we have
gl o (5.132)
gzz." (x)¢;(x)dx = — 6 j<i
i h h 2 (5.133)
/ ngj{x)ff’{-{x}dx:g; +g; = g; j=i i,j#n0
~h
h eQh (5.134)
/hngj(x]f{-{x}dx:? gt
N (5.135)

h
/ £ (x) ¢; (x)dx = = j=i=0
0 3



b @h (5.136)
/ Sifj(x)Ci()dx ==~ j=i=n
—h ’

As noted earlier, the coefficients of the known state-variable values (first column of the
matrix) are multiplied by the known state-variable values and the result is placed on the
right-hand side of the equation. The redundant first column and first row in the matrix
equation are then removed. Subsequent substitution of the integral values into the
resulting element coefficient matrices, and then into the global coefficient matrix, yields
the specific form of Eq. (5.121) appropriate for the general form of the problem being
considered, that is

_ | (5.137)
2io4Xt lyn o 0 0 0 0 0
: %‘+q—h i S PR L 0 0 0 0
! : 'lFE 7 Q3Fz hz i ZE-J? 1 7 -k
0 ol R oo (et et B ipeier ) 0 0
0 0 - 0 0 X
0 0 0 0
0 0 0 0 :
1 _ & &t _1_ &, g
i R 2% TRT TS
[, ] (%—Q—j‘ﬁ—‘%)un
L] 0
Ha D
| 0
0
0
_”n | i
To come up with some concrete numbers we assume the following: h = 1; g, = 1;
g, =05 u;=1; j—: = 0; n = 3. The resulting set of equations is
Tz,
| i o i (5.138)
—21+ _;1 1+E+LE 10 : 1, -1 (1—14—%)
1_E+E —21+§1 ]+§1+E,1 U, | = 0
= R = = [
0 I 3 0
-166 158 0 1, —0.58 (5.139)
0.58 -1.66 158 ||u, |= 0
0 058 -0.33 ]| us 0

with the solution



T
(11, 1, u5) " =1[0.234, -0.121, -0.213]" . (5.140)
The analytic solution is
u(x) = exp(—z/2)[cos(x/2) + tan(x/4 + 3/2)sin(x/2)] (5.141)
and a comparison of numerical and analytical values is presented in the following table

Location Analytical Numerical Difference

x=1 0.200 0.234 0.036
x=2 - 0.158 - 0.121 0.037
x=3 - 0.241 - 0.213 0.028

This is not a bad (but not great) result considering the number of nodes appearing in the
approximating equation.

5.3.1 Finite Difference Interpretation of Second-Order Galerkin Method

In this subsection we will show how the finite difference and finite element
approximations for the second-order equation considered above are related. Let us
consider each term in the second row of Eq. (5.137). After each term is divided by h and
the final expression in Eq. (5.144) is multiplied above and below by 2 we obtain

d2u (3 .
; F:} ~ Fll (ty = 2t5 + ti3) (5142)
X 1
du (x) gyl gl (5.143)
: o —ee 0 :
81 0y TR R

":uh .
gl (x) ~ % {Hl -+ 41:1 + ”3) — g_; {”1 g 4“2 g ”3} ;I_I: (5.144)

Combination of these terms yields

(5.145)
1 g1 ga 2h
—(uy — 2us +uz) + =— (uzg —uy) + —(uy +4dus +uz)— =20
h2 " - ' 2h 6 - " 2h
" - g s L "y
v " ~
Centered FD Centered FD Averaged Simpsons rule for f:_"f‘cf g-udzx

From this equation we see that each full equation (not the ones associated with the end
nodes) consists of a second-order correct finite-difference approximation to both the
first and second-order terms in the original differential equation. For the zero-order

term the value of f:z 14X is obtained using Simpson’s rule divided by the the length
of the interval over which the integration is being performed, that is 2h.

5.4 Finite Volume Method for Second-Order Equations



We have seen how to formulate the finite volume approximations in one dimension for
first-order equations. We now extend that work to consider equations with second

derivatives. Consider once again the equation

d?u (x) du (x)

2 T8y +gux)=0 x € x:xn,x:xn]
u(0) = uy
Lo -
dx .T“ N .

From the method of weighted residuals we have

/ Rx)w,(x)dx=0 i=0,1,..,n

Ip

where the weighting function w(x) is, as earlier, defined as (see Fig. 5.8)

I h
1 XE X —3,%+3
w; (x) = 2 z
0 XE|x—3,%+3

0 a h b 2h

¥
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(5.146)

(5.147)

(5.148)

(5.149)

(5.150)



Figure 5.8: Basis functions Fj(x) and weighting functions w,(x) for finite volume
method.

The residual is defined as earlier as

d?ii (x) dit (x) (5-151)
2 T8 Ty + goft (x) = R(x).

Substitution of Eq. (5.151) into Eq. (5.149) gives

(A2l dil .
/ ( 4 (7) + 8 1) + gt {x}) w,(x)dx=0i=0,1,..,n (5:152)

dx? dx

Let us now apply integration by parts to the second-order term to obtain

/ " (d—ﬂ(x) +gldf; ix) - {x}) T (5.153)

- dxz

g dii (x) dw; dii
= /T {(— ?ix) ﬂ;f}) + [(g1 :;ix} + g, {x}) w; (x)} } dx

dil (x) i1 (x)
2 ™ = il
= =01 ..n

Consider the second-order term integrated over the first element, that is

h A (x) diw. (2 .
_ /’ it (x) dw; (x) . (5.154)
g dx dx

Iy

The term of special interest is

dw; (2
w; (x) =01 (5.155)
dx

The derivative of a step function such as w; is defined at the point x = a (as shown in Fig.
5.8) as

d“w{} (T} (5.156)
— S P o
Iz (r — a)
and
dwq () (5.157)
o +6(z —a)

dx



where §;(x — x;) is the Dirac delta function. The definition of the Dirac delta function
is such that

= (5.158)
/ F)8@—a)=f(@).
Thus
h g
dii (x) n.’n (x) (5.159)
_ SIS
-/D. dx [ { ﬁ}] dx X=a
h .
dii (x) _ dii (x) (5.160)
— d(x —a)] dx
/l.'_'l’ [ { }] dx x=a
If we now introduce our approximation for u(x)
1 (5.161)
u(x) mii(x) = 2 ;€' (x)
j=0
into the right-hand side of Eq. (5.160), the term — d;% can be written
dii (x) dey (x) de’y (x) (5.162)
s d'x . = — ’HD dx + “'J_ dx - 5

Let us now consider the terms which, in our Galerkin development, gave rise to the
imbedded second type boundary conditions. These are, for one element of length h

dit (x) p 3 (5.163)
= w; (x)[; i=0,1
which upon expansion gives
dit (x dit (x di.‘ 2 dﬁ X 16
dx 07 gx h dx |p
. , 4 . n g ; 16
du () (2) |n du () ‘ di () . du(z) (5.165)
wy () |g = ' = J= -
dx ° dr |n dx o dr |
r,z’uix,l dfi(x) . .
Note that the terms [U} G (0) vanish because w,(x) |, is 0 and w, (%),
[ |:|
is 0.

We now formulate the coefficient matrices for Eq. (5.153). We assume that the values for
each element coefficient matrix are



Element 1

(5.166)
Up U1
h dig(x) dwy(zx) 5, h dey(z) dwg(z) 5.,
-'l_d!: dx dx CET:JL h_aL( dx dx dl
+ g1 0x|d1+J Js o (z)dx | +g1 L2 dx + g0 [y (1 (z)dx | wo (2)
h digix) dwy(x) h dty(z) dwy(z) 5,
h dl 0. dx dx h(EJL i ¥ O. dx dx hdl
+o1 [, 2 de+ g, [ b (x)de | +g1 [ S de+ g0 [ (2)de | wy ()
which can be transformed using Egs. (5.154) through (5.160) to give
Element 1
(5.167)
o 1
dégiz) hodiglx) dé1(z) | h diiix)
il it S 1 ol Ll L ' | i 5 \ -
= Fa1 [, dz ] T I dx+
a il a i :
+92 [, lo(x)dx g2 [, 1 (x)dx wo ()
difgix) dfg(x) y Eff]_:.l':l. hfif]l.‘r.\ =
T dx ‘|‘Q f dx d'l T dx ! "‘Q fa dx d‘?‘
—rgqf fﬂ ) da —|—Q'3f £y () de wy ()
or in local coordinates
Element 1
(5.168)
Up Uq
dlaix) dy S5 odlp(x) dx d disi(x) dy 09(1‘5 x) dx d
(:!x E0r+{1f0 g’x Ea‘_id‘l éx EO_"_Q"[ éx u:*C:l:did?t
+Go fo (o (x) & ®dx +9o f{, €y () o= d,\ wo (X)
dlgix) dl 3 di xldxd _dd xldx| 4+ déy(x) dx d
- coix dx | o 9 fog = d:r:d;d -;.x dw | . 1fDa CJI})L dx d;d/\
: \
+92 Jo.5 o (X) Sxdx 400 [ b \J B 0X w1 (x)
For element 2 we have
Element 2
(5.169)
U1 Uo
2h dfy(x) dwi(x) r’h di-{z) dwylzx)
hb 1Cd:t: dx d‘l_ - b f,dI dx d"‘l’_'_
a1 dl'x'dafgofh (1 (z)dx 1fhd“x'd1 +Jr~,fh (> (z) dx wy ()
qh dflu:mdzm,;rld“ 9?1 dt"n.:cldu,zlx\d
- hr)h fz T dw o) “Jn, e dw I+
a1 S +qofb 61 (z) dx be 28 da +J>fb €y (z)dx | wy(x)




or again using Egs. (5.154) through (5.160)

Element 2
(5.170)
1 Uo
déy(z) : b déi(x) 5 dia(z) b disix)
e B B e o dx b 4 & 0T
b \ P P
+go fh {1 (x)dx +go fh (o () dx wq (x)
dfi(z) 2h dii(x) ;.. dls(z) . 2h dis(x) 5 .
dx ‘ T O fb da dz dx b T 1 fb dx dz
2h 5 2k . 5 o
+92 [, 0 (x)de +g- [, (2 (x)da ws ()
In local coordinates we have
Element 2
(5.171)
U (15
dfo-:x dy 0.5 dlg(x) dy dz dfyix) dx U 5 dfy(x) dy da
—ax d:c|9_ a1 )y dx d_Td dx 4z, -0 dx do dx IX
+go fo {o )‘I—CE}L +g>fﬂ {4 I,\I' d}L wo (X) |
dfo(x) dx 1 dly(x) dx d _dly(x) dx| df xldxd
- ;x H ; 1f0' col‘;k d:rd;d'\ ;’D\. dx 0:’ T 61 fD' 1 dxdid
+J°fo-fo[>\3 e ax +J>fm-(1 (X) g dk w1 (X)

One observes that, as in earlier examples, given h is the same in the two elements, the
element matrices in local (and also in global) coordinates are identical.

Now we combine the two matrices given by Egs. (5.167) and (5.170) to create the global
matrix. We could also have used the element matrices in local coordinates, that is Egs.
(5.168) and (5.171)




(5-173)

B dla(x) ; déi(x)
dx -:1_'_ dax Ll
a dig(x) dflwﬁ 0
1Jo —aw g1 fc:
92 [, Co(x)d ggfﬂ 51 :L}d’a
dlg(x) déy dls(z)
dx a+ T dx ﬂ+ dx E:-+
R dfg(x) dfllxl . b dfa(x)
g1 [, B det gy [7 D dryt 91 Jy le*
h \ 3 ik
g0 [ o () da g9 fa {1 (z) dx+ J)fh (> (x) dx
déiix)
il
o)
1Ll ;x dr+
b
g2 fh fl () dr—
dfy{x) _dla(=) |
dx b+ dx b :
2h déi(x) ;.. 2h dis(xz) 7.
9 fb‘?h dx dl_l_ g1 fb-)h dx d‘l+
i g [y G (x)dx g [, lo(z)dz |
fi _ du(zx) =]
Ug il
dicl x) dit(x)
T |n T |n
| U2 | dulx)
I 4z |pon il

5.4.1 Example of Finite-Volume Solution of a Second-Order Equation

Consider the following equation:

d* d |
;;gx} & i‘;ix) +05u(x)=0 x e€[x=0, x=2] (5.173)

u(0) =1 (5.174)



(5.175)

di (x) —0
dx =2 o

Using three nodes and the finite volume method we will determine the solution at x =
0.5

x
g 176
/ Rx)w;(x)dx=0 i=0,1,2. (5:176)
I
The weighting function is, as earlier, defined as (see Fig. 5.9)
. 4 (5.177)
1 XE |Xp=ic Xt
w; (x) = ; F
0 X & x?-—f?-,,x,--l—g
Fy
-

e, €,

Figure 5.9: As presented earlier, basis functions Ej(x) and weighting functions w,(x) for
the finite volume method.



The residual is defined as earlier as

d%ii (x) N dit (x)
dx? dx
Substitution of Eq. (5.178) into (5.176) gives

2 2
/ (.si a(x) +dﬂ{:€}+05mx))w{_{x}dx:0 i=0,1,2.
0

+0.50 (x) = R(x).

dx? d>

Let us now use integration by parts to obtain

/* (d—ﬂr(x) +S1M + gyl {'f}) w; (x) dx

d dx
/ ’( i d:,u ) ( 1&’:’;::} + &0 (X)) w; (X)‘ dx +
dfl {x}r} 3 df {x} _ -
“Zwl, - = 2wl =0 =012

Consider the second-order term integrated over the first element, that is

" dn (x) dw, (3
—/ PO I, =01,
g dx dx

The term of interest is

dw; (x) .
=0 1.
dx -
It is defined as
duwg (X)
==8(x-h/f2
= (x—1/2)
and
dw, (x)
=4+8(x - /2
= +8(x - /2)

Substitution of Egs. (5.183) and (5.184) into Eq. (5.181) results in

(5.178)

(5.179)

(5.180)

(5.181)

(5.182)

(5.183)

(5.184)



P du ()
g dx

dly () i

¥

(10

dax

P di ()
dzx

(“D

— U1

dty ()

[—60 (z — h/2)] dx

)

dx

z=h/2

61 (z — h/2)] dz = —

dlo (x)
dx

—|— (5]

iy ()
dx

Consider now how to represent the terms

which expanded out, give

and

dii (x)
dx

dii (x)

dil (x)
dx

dil (x)
dx

dii (x)
dx
dii (x)
dx

wy (%) [g

" dil (x)

©)

h dx

1]

h dx

h

)

w; (x)[3 i=0,1.

" dii (x)

xr=h

(1)

0

(0)

0

du(x)

dx

/9

x=h/2

(5.185)

(5.186)

(5.187)

(5.188)

(5.189)

If the term represented in the first line of Eq. (5.188) appears on the left hand side of the
domain of interest, it represents a second or Neumann type boundary condition. If a

term like that found in Eq. (5.189) is located on the right-hand side of the domain, it also
represents a second or Neumann type boundary condition.

Finally, consider now the terms



(5.190)

de

0.3 B — 0.3
(0.5) 1 /D : hxzix+[[l.5)u1 /D -
(0.5) (115) (3/8) + (0.5) (1) (1/8).

We now formulate the coefficient matrices for Eq. (5.180) that is.

h hf2 hf2
/ (0.5) ii (x) wy (x) dx = (0.5)/ it (x)dx = (0.5}/ Uy (x) €y + 1y (x) €} (x)dx
0 0 0

Element 1
(5.191)
Up Uq
déplx) | Y dfq(x) Ea
- los - az g5
2 (diag(x) |, 1 . o fdéy(x) | 1 o . s
ks ( =+ 50 [;r}) de | [, ( L2+ 2l (a J) dr | wp ()
dfy (=) dfy(x)
— - — =+
o Jos 2% insx
déog(x) 1 b déi(z) |, 1 r 8 - . 3
fD y ( ;x + 5o (2 J) dx fﬂ . ( = il {;m) dx | wy(z)
which in local coordinates becomes
Element 1
(5.192)
ug 111
dlg(x) dx ) aé; (x) dx Q.
dy dx 0.5 dy dx 0.5 3
0.5 fdlgix) d 1 v\ d 05 (dly(x) d 1 ron Y d )
§ 2 (%%—E—E(u[m) e OX £ (é—'ﬁd—’;—!—gﬁ [_J\J) X | wo (x)
dlyix) dx| Y dfy(x) dx A
Todx dw g o Todx dmy T
1 [(dbg(x) dx | _ 1 (dty(x)d 1 ) d
£ ( ;Xx =X 4+ 20 [,\JI) ;d),_ b ( ';f;lux =+ 3¢ [;U) axax | wi(x)

Consider also element 2
Element 2



(5.193)
U1 Ua
dfy(x) ‘ 5 dfz(x) N
dr |, . dx =
1.5 1.5
1.5 (=) . 5 1.5 a{m) . \ .
¥ 7 (d‘{;—xx + 34 [:1‘_}) dz | [, 7 (diéf %(g [_-.1‘]) dz | wy (z)
df1(x) dizix |
T dx ; __+ T dr | -+
5 1.5
2 ) \ 2 - b-az) \
fl.a (dééf' EE %{-l [;fj) dx fLa (d{éf + 15(; t:;:J) dr | we (x)
which using local coordinates yields
Element 2
(5.194)
U1 U2
dfol_x.‘d_x dfi(x) d_?k|
dy dzx ¥ dx d:r|D 5
5 P e .. 05 (i) dx | 1p () )
-+ 85 ( ;).(x j—_’; - %{9 [)\j) ﬁ—;d}k +4 ( dxx % — %{1 {)L,I) j—icf)\ wo (X) |
dlo(x) dx déi{x) dx|
Cax dzg Todx dr g
1 [ dlo(x) dx | : 1 (dli(x) dx . 3 o
+ s ( o I 1+ 1 [‘Aﬁ) j—;dk +[is ( dxk-% + 344 uu) g—;d)‘ w (X)
Since the element matrices are identical in local coordinates (because the space
increment is constant) we will consider only the element 1 matrix hereinafter.
We first introduce the local Lagrange polynomials and the derivative transforms
evaluated for this problem into Egs. (5.192) and (5.194) to obtain
Element 1
(5.195)
) U
Iy 71 P TEY
IR BN GIGE:
-2 1 I ¥ E (R . ¢ D 1 '17 ; i ¢ i s ’
Lo (Al +30-x)) G)dx | fo~ (3] 5] + 5:60) () dx | we(x)
I Tl iy 7
(1) (1) (—1) (1) +
| = r; 1 4 1 p _ i 3 r \
B+ 10 —x0) (x| (I E+260) (dx [w (0
Element 1
(5.196)
(i) 25
=1 (1420 —x))dx | 1+ 3 (1430 de | welx)
1 ;—fﬂ__j (—1+ % (1—x))dx ex] fua% (1+ % (x))dx | w(x)




Element 1

Up U4

1+ +

1

16

Wy

: 1
i iy |

3

e
' 16

uh

_1_£+E 1432 +E
1 1 1 3
]_E+E ( 1+:+E)_+( 1-=4 )
0 Tome: S
- i _
d'.\.":l
_| | _a
- d.\.'l oi!':r.l
_ di
| x|y

or, adding up the components of each term we get

-2 25 o0 g
16 —26 25 U1
0 9 —5 Ug

dx

die

2

Now we impose the boundary conditions and reduce the matrix to get

| o 5] 1] 5

P[]

(5.197)

(5.199)

(5.200)

Taking the inverse and rearranging the equation we arrive at the solution for u, and u,

that is

] - s o |
uy | (=26)(=5) = (9)(25)

a] = =855 0]

=5 =25
-9 -26

e

(5.201)

(5.202)



-0474 (5.203)
—0.853|"

To obtain a solution at i (0. 5} you use the approximation for the first element, that is

i1 (0.5) = £5 (0.5) 1y + ¢4 (0.5) 14 (5.204)
or
f1(0.5) = 1/2uy + 1/2u, (5.205)
=(1/2)1-(1/2)0.47
=1.

The analytical solution is

u(z) = exp(—=z/2)[cos(z/2) + tan(r /4 + 1)sin(z/2)]. &>

This gives
u(x =05)=-0.129 (5.207)
u(x=1)=-0.802 (5.208)
u(x=2)=-0122 (5.209)

A comparison between the analytic and numerical results is given in the following table.
x Analytic Numerical Difference
0.5 —0.129 0.265 0.384
1 |-0.802 -0.474 0.328
2 -1.22 - 0.853 0.36

and in Fig. 5.10
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Figure 5.10: Graph of the analytical solution to Egs. given in Egs. (5.206)—(5.147). The
black dots are the computed values using three nodes (two element) and the finite
volume method.

This is not a particularly impressive result and this is due to the form of the function u(x)
and the way the third term in the differential equations is approximated numerically . To
provide confidence that the algorithm provides a solution that does, indeed, converge to
the correct solution as h approaches zero, we plot in Fig. 5.11 the relationship between
the error between the analytical and numerical solutions and h as h decreases. It is
evident from this graph that the method is second-order accurate (the slope of the line is
2.0) and the error is decreasing as the square of h as expected. See Section 4.3 on page
69 for a discussion of convergence.



Error

1073 1072 10°
Step size h

Figure 5.11: Plot of the error between the analytical and numerical solutions as the
space increment h is reduced. The slope of the line is 2.0 demonstrating that the method
of solution (finite volume) is second-order accurate.

5.4.2 Finite Difference Representation of the Finite-Volume Method for
Second-Order Equations

Consider the equation written for the weighting function w,. It is formed by the middle

row in Eq. (5.172), that is

(5.210)




Upon integration we obtain

l—i'i—}!z iy + 2+D+@ Uy + 1+£+h2 »=0 (5211
h 2 8h) ° I s /v \n " 2n " o8h '

Rearranging this expression we get
1 i 6 |
{EED—EEL] —'—Mjf——{U)— UD?—h(g 0 ;—EH] o 3

d1v1de this equation by h we have

(5.212)

L g (L, .6, 1 2 _
F (Ug — 2U71 +— Us) T E Eh — ILUJ— gltg gih T EHQ E =

il '\-F"

centered FD centered FD

)

e
integrated average of u

We see from Eq. (5.212) that the finite volume method applied to this one dimensional
equation is equivalent to a second-order difference approximation for the second and
first derivatives and an integrated average over the two element interval for u(x). One

feature of the integration formula is that with the 2 B ;1" ; welghtlng there is more
emphasis put on the diagonal element of the matrix that with the 2 =k %, é weighting of
Simpson’s rule encountered in the Galerkin finite element method.

5.5 Collocation Method

5.5.1 Collocation Method for First-Order Equations

In this section we introduce the collocation method. As will be seen, this is a very
attractive method inasmuch as it is not necessary to perform any integrations. The
downside of the method is that it requires the use of Hermite polynomials, rather than
Lagrange polynomials as basis functions for second-order derivatives. In the case of
first-order equations as considered in this subsection, we will not require Hermites. So,
starting with first-order equations, let’s get started. Consider the equation

d .
I;( ) +gux)+f(x)= u(0)=u, x¢€l0,1]. (5.213)
As usual, let u(x) be represented as
u(x)=1ii(x)+ E(x) (5.214)
and
(5.215)
it (x) = Z I, f

j=0

Further, let the residual R(x) be defined as



dit (x) . (5.216)
R(x) = e + gil (x) +f (x).
X
From the method of weighted residuals
(5.217)

1
/ Rx)w,(x)dx=0 i=01,..,n
0

The bounds on the integral stem from the definition of the domain as presented in Eq.

(5.213).

Let us choose the weighting function w;(x) to be

w; () =6 (x — ;) (5.218)

where § (x — X;) is the Dirac delta function. This choice defines the collocation
method .

From the definition of the Dirac delta function, ()we can write the following

(5.219)
1 1
/ Rix)w; (z)dr = / Riz)d(z—&;)de—=R(x;)-
0 0
Then our equations for the collocation method are obtained from
R(z:)=0 i=0,1,..,n (5.220)

where X; are called collocation points. Optimal accuracy is achieved by letting
the collocation points be the Gauss points. These are the same points introduced
in our discussion of Gaussian —Legendre quadrature integration in Section 3.1.6 on page
59. The required point values of these points are tabulated in reference books.

Next substitute for R(x) using Eq. (5.216) to give



1
/ R(xz)d(x —Z;) dx
0

:f du—”—~gu(m) + f(z)d(z —Z;) dx
0

(5.221)

i
du () :
= —’—~gu(ﬂ—i—f(ﬁ = |EE = (N .Y
dx s e
Now substitute the definition of ii (x) using Eq. (5.215) to give
' ::f'.f (x) (5.222)
E U, +g.rf (x) +f(x)=0 i=01,.,n
x=F,
We can now write Eq. (5.222) using matrix notation as
(aya, 00 0 0| _Hl 11 —e, — gl i (5.223)
Ay Ay A3 0 0 0 ||, —,
0 0 0 -
0 0 0 -
| 00 0 0a,,yya, ||u.| |  —€ |
where
dt; (x) ‘ (5.224)
ﬁ.!;ii = dx +gf; {I} _
X=x;
and
e; =f (%) (5.225)
After substitution of the values of #,(x), Eq. (5.223)
2 (5.226)

fi(x) =Y wt;(x).

j=0

Now evaluate R (¥;) i= 0,1 at the Gauss points and set the result to zero for each point.

We obtain

R(x)=0 i=0,1

(5.227)



or

dii (x) 0.9 s (5.228)
+ i (x =0 i=0,1.
’ dx 14+2x (*x) 3
Next substitute for it (x) using Eq. (5.226) to get
B d¢; (x) (5.229)
i 0.9 s
U; + 2 =] g:=10"7:
JI;:ED ! dx 1+ 2x ! ( ) %;
| /
N\ 0 VAR :,’J’
-\. "4' -u.IIL ‘J
| \ )JJ ‘I. 4
'\ r’ , /
\\- ';i "‘\‘\‘L )‘r
b 4 X,
FE ity
e / |
! \_\ (JF k‘m
__,' \"& {’r .,
’:,'l' '\,\.\\ Jr./ \"'t‘
l—= o - 9
0 Xi=q 05 Xi=l 1 0 Y
i | e= 2
() | 2 7
- IHF -

Figure 5.12: Element array for collocation method explanation.

Now, using the Gauss Legendre integration points selected from Table 3.29. Because our
basis functions are piecewise linear we require one Gaussian point per element and
these points are located at X; = 0.25 and ¥, = 0.75 (keep in mind that the table
assumes a [ — 1, 1] coordinate system for each element). From Eq. (5.229) we obtain the
following matrix equation:



dfo;x:_'_ dhu:s:_n,_ d.!‘g-:x_ll_
dx dxz ! dr '
L) lo(x) | z=025 i {1 (x) |lz=0.25 &fz ()

142z 142z 1+2x £=0.25 %
dfox‘.‘r_l_L df:li:r_l_‘_ df:nﬁx1ﬁ,_
dr ' dx ' dx
0.9 £ o) . — 0.9 f ) - — 0.9 o) _
| { —5-Co (z) } #=0.75 { Erm A cd } £=0.75 { —5-02(z) [lz=0.75

Up

Uq — l 0 :| .
0

Uo

Notice that this is a rectangular matrix, a phenomenon identified with collocation. No
integrations appear in Eq. (5.230), so the coefficients are easily evaluated by inspection
of the function values via Fig. 5.12. We obtain through substitution of the collocation
point locations

_ 13 L5 (5.231)
D.SLE DL:J'-:'E 0 I
05 )\ =05 o| T0
1+2(0.25) L+2(0.25) _
e ==t 0
0 E e 1y
| 1+2(0.75) 1+42(0.75)

or

17 23 o |[™| To0 (5232
0 -1.82218 z'l =lo)|"

The rectangular form of the coefficient matrix would normally be problematic, but we
have a solution to the problem. We now impose the boundary condition which states
that u,, = 1. After multiplying the first column by this value and transferring the

information to the right-hand side we have

23 0 J[w]_[-(-1n@m] &
=1.82: 2.18 us | 0

which is a solvable system of equations. From this equation we get
uy | 0740 (5-234)
w, | = 0618

’ul } B ’U.?Szl (5.235)

while the analytical solution is

5] - 0.609



which is quite accurate considering we are using only three nodes.

5.5.2 Collocation Method for Second-Order Equations

In this subsection we will extend our discussion of the collocation method to consider
second derivatives. It is at this point that we will need to introduce the Hermite
polynomials as basis functions. The Hermite polynomial was introduced earlier in
Subsection 1.9 on page 20.

Consider now the second-order equation

d2u(x) du(x) (5.236)
i:5 =)
2 + T + 0.5u (x)

Following the strategy we used in the preceding subsection, we define our weighted
residual operator as

1 1
/ R (x) w; (:c}d:r-:f Riz)olz—Z;)de=R{z,)=0 4=40,..,n
0 0

where the residual is defined as

P | di(x) (5.238)

R({x) = 0.5 (;
) dx? dx oot

from which we get

d?ii (x) N dii (x)
dx? dx

We see immediately that if we use linear functions to represent u(x) we will have
difficulty because the second derivative is zero at the collocation points. Your first
inclination probably is to use quadratic Lagrange polynomials, since their second
derivatives will be defined everywhere except at the end-of-the-element nodes. However,
one cannot ignore these end points since the collocation method does not have
restrictions on where the collocation points should be. As noted earlier, the simplest
answer is to use Hermite polynomials which we introduced in Section 1.9 on page 20,
that is use

(5.239)

+ 0.5 {x}] =0 t=01.,n

du:, (5.240)

Zh ::c}uj—l—h, (x)
3=0

(see Fig. 5.13) which provides us with 2(n + 1) unknowns. The Hermite basis functions
are defined as



h.? (x) = (f'l,- {x})z (1 -2 (’r - xj) %) (5.241)

and

h} (x) = (zf':,- {x}z) (x — xjr-) (5.242)

where, for convenience, the Lagrange polynomial approximations are used in the
definition.

L

TR
A SNR(H

-
=
.

Figure 5.13: Cubic Hermite polynomials.

To make the notation tolerable, let us define the following operator:

d?(-)  d()

+ —4+05().
dx? dx ¢)
where you can replace the dot with any suitable function, for example u(x). Using this
operator, and assuming two collocation points per element, our collocation equations
become

(5.243)
L()=

L(@); =0 i=0,1,..,2n-1) (5.244)

or



(5.245)

d
Zh p)u;+hi(@) =L || =0  i=0.1,..,(2n—1)
dx &

which gives us 2n equations, which as we will see, is the number we need after
implementation of boundary conditions.

If we now write Eq. (5.245) for the specific system of functions and collocation points
shown in Figs 5.14 and 5.15 as a matrix equation. we obtain

;g @) |y, LRy ()5, LW ()5, Lhf () |5, O 0 | (246
Lhg (%) |z, Lhy (x) |5, Lhi () Is, Lf.r.;t ), O 0 5
0 0 Lhy (x) |z, Lf.ré (x) Ix, Lh'i' (x) |z, Lhi (X) |3,
0 0 LLT':' (x) |1 LI.ID (x) Ix, Lh'i' (x) [z, Lh.i (x) |z,
N
ditg
3 0
1, 0
% 1*~lo
dx
15 0
drez
| dx
where
2l (x)  dhl (x) (5.247)
L[ @) s, = dij + ;x +15 (x)| Iy,

Note that the Hermite polynomials are defined element-wise and that the collocation
points X; and X; are in element 1 and X3 and X; are in element 2.
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Figure 5.14: Hermite function h°; (x).
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Figure 5.15: Hermite function h'; (x).

Assume that the boundary conditions on this problem are

u(0)y=u (5.248)
du(x)|  _ du (5.249)
dx |, dx’



Then Eq. (5.246) becomes, after reducing the set of equations to accommodate these

boundary conditions

_L(_hé(x}

LY LM @), 0 L] G250
L(hy(x)) 5 L(h @) Iz, L7 () 5, 0 1
0 L (h @) Iz, L (B5(@) |z, L (1] (D) |z, %
0 L (1 @) I, L (1 @) 1s, L (1 ) I, || 1
[ L U!S (x)) |i-,ﬁ |
L (1 ) l7
| L(h)(x) ijﬁ
L (1 @) 15, 2 |
or
[A] {u} = {f} (5.251)
from which we get formally
=[A]" {f}. (5.252)

Substitution of {u} into Eq. (5.240) gives the required approximate solution across the
entire domain:

Let us now apply the collocation method to the equation we used earlier, namely

du(x) du(x) u(x) (5.253)
0 + = > =0 x€[x=0, x=2]
u(0)y=1 (5.254)
dir (x) ~0 (5.255)
dx x=2 .

To solve this problem we will introduce the coordinate system — 1 < £ < 1 which is
the same coordinate system we used in our discussion of Gauss-Legendre quadrature
integration (Section 3.1.6 on page 59, but there we used the x notation. In this

coordinate system, the collocation equations become, for a problem involving only three
nodes (two elements)



L (.hé (’é]} |z ) L ('FI? (Eu-}} |x,(g; L (h% {EJ}) |i—1(.§J 0 % (5.256)
L (715 (&) lxe) L (71 (8)) Iz,) L (1 (8)) |55 0 iy
0 LM ®) lay LM @) I L5 ©) Irg || 2
0 L (”—g (E}} E (E) L “*? {EJ}) |5 (E) L (hé (é)) |i'4[£] u-z
[ L (1)) |51 |
| L ®) l5,u
T L @) ),
|L(n () 15,2
where
@) 4¢) ()
L= — ¥ =45

Note that the Hermite polynomials have a very simple form in this & coordinate system,
that is

19(8) = 7 (6~ 1P +2) (5257)
1 (E) = ~7 E+1PE-2) (5258)
BE =5 E+)E-17 (5:259)
HE =2 E+1°E-1). (5.260)

To approximate Eq. (5.253) we will need the first and second derivatives of Eq. (5.257)
through Eq. (5.260), that is

dhg (&) di (8) g zdhg (&) (5.261)
dx de dx = dE

dhi (&) dhi (§) g 2@?:5‘ (€) (5.262)
dx  de dx = dE

dhg (&) dhy (€) de 255;:3 (&) (5.263)

dx  de dx = dg



dhy (&) dhy (€) de zdnj{ (&) (5.264)

dx dE dx  dE
and
dzhg (E) B dghg (€) dede dzhg (E) (5.265)
2x d2& dxdx 42
d*n ® _ a1 (2) de dg _ 45121;? (€) (5.266)
d?x A2 dxdx d?E
dzhé (5} _ d? hﬂ () de de _ 4d2hé (€) (5.267)
d?x a2 dxdx d’E
dzhﬁt {5} _ d‘h (€) dede dihﬁt (€) (5.268)
d’x 2 dxdx 2k
where the first derivatives are, from Eq. (5.257) through 5.260
andE (5.269)
- 1)y +2 H(E-1
F = |E U H2EHE-D)
dnd (&) 1 (5.270)
1\ 1 2 §Y.
=1 [ET D 2E-D6E+ )]
dhl (&) (5.271)
0 _ Bl _ 132 E_
E = s |e-v+26+DE-1))
dhl (&) (5.272)
L™ =2+ +2¢E-D(E+1
=8| 26D E+D)
and the second derivatives are
a*h (£)  q (5.273)
d;?— = RE-D+2{E+D+¢E-D}]
10 () (5.274)

1|
=g REFD+2(E-2+E+ DY



7 () (5.275)
v s lpe-ne2(e+ D+ E-D)

dc?
O _hpeine2ie-n+EsD o
ds2 8
1 (&) ) we have, using the definitions presented above,

For terms such as L { hu

(v -

(B2
2€-1D)+2{(€+2)+(E-1}H )

:
1t
I : :
+3]E-1?+26+2¢-1| @
]
2

1 =N i
I'f—IJ [f"‘zll

(5.278)

L(rEf) =—7RE+D)+2{E~2) +E+D) @)

(E4-1) P2 (g —2)(Exd)

(2)

B o
1L§+1J (& 21]

- ._ \ _ o (B279)
L(h(€)) =3RE-D+2{E+ D+ E- DI Q)
- :Lf 12 4+2(£41) (£ - 1)} 2)

S
1[h T 2
5 g[f"‘]“f—lj}




(5.280)

| =

1

L(R(©))=3RE+D+2{E-D+E+DHA

o

T 2 : )
relE+’+26-nE+1] @
ATk 0 (£ 2 1)2

The matrix equation that one obtains after evaluating Egs. (5.277) through (5.280) at the
two Gauss Legendre points, that is at § = £0.577 (see table on pg. 8.1) and at the end
points x = 0 (where € = —1 in the first element) and x = 2 (where € = 1 in the second

element) is

55 05 15 0 | 55 (5.281)
~452 —0.628 —0.345 0 w, | | -252
0 -402 -452 -0628 ([ [T] o
0 201 0761 0.0448 || = 0
The solution to this problem is
(2] r_0.-28 (5.282)
iy | | —0.804
du | =1 0976
is -1.22

and it is compared with the analytical solution in the following table:

Function Location Analytical Numerical Difference

dup X=0 - 2.80 - 2.80 - .000

dx

u, x=1 -0.801  -0.804 - 003

duy

=y x=1 -0.965 -0.976 - 0.011
X

u, x=2 -1.22 -1.22 o)

This is again a remarkable result considering that only two elements were employed.



5.6 Chapter Summary

In this chapter we introduced the key elements underlying the theory that we will use for
all of the numerical methods presented in this book, except finite differences. The key
concepts are the weighted residual formalism and the use of polynomial approximation
theory to represent the unknown and sought-after solutions to differential equations and
their associated boundary conditions. By selecting different definitions of the weighting
functions in the weighted residual formulations, the Galerkin finite element method, the
finite volume method and the collocation method are defined. The programming
strategy that is generally used to implement these methods is based upon the concept of
first evaluating the integrals that are required by the formulation at the element level
using a local 0 < y < 1 coordinate system. Thus there is generated an element coefficient
matrix for each element. The information from each element is then collected to form
the global coefficient matrix that is actually used to solve the problem. To tie the various
methods together, the Galerkin finite element and finite volume methods are interpreted
in terms of finite difference formulae. Examples for each numerical approach are
presented and their results compared to those generated analytically.

5.7 Problems

1. Consider
"“{’5} +0=0 xe[01] (5:283)
u(0)=1 (5.284)
Q=2 (5.285)

Calculate the value at u(1) using the finite volume method and one element.

2. Consider the equation

d?u 3 286
u{ﬂ:r} i xe[0,1] (5.286)
dx*

u(0)y=1 (5.287)
du(x) —0 (5.288)
dx =1 o

Use the finite element method with three nodes to solve for x = 0.5.

3. Assume we have an integral of the form

/-* dd (L) (5.289)
]

dx.
dx *



Transform this integral into local 0 < y < 1 coordinates and evaluate the integral.
. (r)

/ ﬂl (r)

0 1

Figure 5.16: Sketch of finite volume configuration for solving problem 1.

Consider the equation

dit (x) (5.290)

+ux)-1=0 x€]0,1]
w(0) =2

Solve this equation using both the finite difference method and the finite volume or
subdomain method and compare the results for the analytical solution

u(x) =1+exp(—x). (5.291)
You will use 17 nodes. In the case of the finite difference method represent the u(x)
term as u;. and a backward difference approximation. Alternatively, you could
imagine you are standing in the middle between two nodes and define 1! =

(1404, ) . . . .
% . as the approximation You can also use a second-order finite difference

approximation for the first derivative.

To do the finite volume model:

1.

a. create the element coefficient matrix; it will be 2 x 2 and the same for every
element.



b. create the global matrix by using a strategy that relates the global node numbers
to the local node numbers

c. impose the boundary conditions
d. solve the problem

Now, plot the solutions for the two finite-difference methods, subdomain method and
the analytic solution. Compare the relative errors of the three methods and discuss why
they are different.

5. Consider the equation

d*u(x) . (5.292)
2

Develop the Galerkin finite element representation of this equation at the node i in
Fig. 5.17. Do the following;:

a. write the weighted residual approximation using the linear Lagrange polynomial
as the weighting function

b. substitute the above equation replacing u(x) by ii (x) into the weighted residual
formulation

c. apply integration by parts to the second-order term yielding an integral of the
product of two first-order terms and two boundary terms (ignore the boundary
terms)

d. introduce the definitions for ii (x), that is introduce the Lagrange polynomial
expansion.

e. write the element matrix equations with the coefficients in the matrix presented
in symbolic form, that is show them as integrals with appropriate integration
limits.

f. assemble the global matrix equation using the information generated in the
preceding step.

Note: Do not do anything in local coordinates and do not do the integrations

@ O 9.

X

1 2
Figure 5.17: Nodal arrangement used to solve problem 5.7.
6. In Section 5.3 on page 102 we developed the solution to the problem



d?u (x) N du (x) LU (x)

=0 x<[0,3
e dx |2 BN
u{0)=1
du (x)
=0
dx 3

with analytic solution

u(x) = exp (—x/2) [cos(x/2) + tan(n/4 + 3/2) sin (x/2)].
The problem is to determine how your numerical solution to this problem changes as
you change the value of h. Please do the following;:

a. Create a Matlab code that solves the above problem using the Galerkin finite-
element formulation shown in Section 5.3;

b. Solve the same problem using h = h/2, h/3, h/4, h/5; you should have a common
node at x = 1.0 and 2.0;

c. Determine the error at x = 1 and x = 2 for each spacing;

d. Plot the log of the error at x = 1.0 and 2.0 versus the log of the spacing and
calculate the slope. The slope of this line relates to the order n of the error of the

approximation, that is O(h");
e. What is the order of the error, that is, what is n.

f. Explain why a cubic Lagrange polynomial cannot be used for the collocation
solution to a second-order equation and a cubic Hermite can.

g. What are the advantages and disadvantages of using two finite elements with
three linear basis functions versus one element using three quadratic basis
functions.

h. The finite volume method is said to exactly preserve local mass conservation
when solving the time independent convective-diffusion equation, that is

d*u Lat _ o (5.293)
dx? dx
The reason for this lies in the fact that the finite volume boundaries have the
same value of the derivative approximation j—“ on each side. Show why this is the
=

case.
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Chapter 6
Initial Boundary-Value Problems

6.1 Introduction

In this chapter we are interested in solving problems that have both a spatial and
temporal component. As a point of departure, let us consider the equation

%n (x, 1) + d—iu(x,f} =0t€[,=0,t,=T) x€[A, B]. (6.1)

A typical initial condition for this equation would be to specify the state of the system at
some time designated as zero such as

s 0) = 1 (x) (6.2)

and a typical boundary condition that could be a function of time as

u(0,t)y=uy (t) t=0. (6.3)

6.2 Two Dimensional Polynomial Approximations

To achieve this goal we need to extend our early Lagrange polynomial approximation
strategy to consider two dimensions, namely space and time. To this end we define the
following quantities:

x€E [x,:, =a, x, = h] (6.4)

H

t€ [ig=c, t,=4d] (6.5)

m

n = degree of the Lagrange polynomial in space, that is £; (z)" (6.6)

m = degree of the Lagrange polynomial in time, that is £; (¢)™ 6.7)

b P (6.8)

t = jAt (6.9)

Note that this means that to define the Lagrange polynomial £’ (z) there are n + 1
nodes in the x direction between a and b. Similarly, to define the Lagrange polynomial in
time ﬁ;n (t) there are m + 1 nodes in the time dimension between c and d. The

appropriate approximation for f{x, t) is obtained by taking the product of these two
functions, that is



n

fFan=Y i 20 " B (%)) + En (610)

=0 =0

where E,, is the error term. Let

f(z,t) = ZZfﬂ{x}fm e, 5:) .

=0 j=0

(6.11)

A pictorial representation of £ (z) ﬂ;-n (t) is found in Fig. 6.1 for the case of n = i and m
=].

Figure 6.1: A conceptual representation of the function E"i(x)fjm(t). The dots represent
nodes and the maximum function value is unity.

Recall the definition

p, (x) = H:Zg (x —x) (6.12)

where IT; is the product operator. Using this notation we can write the form of the error

E, ., in Eq. (6.10) as (see [1])

pn(@) 8" VF(EH)  pm(t) 3™ Vf(z,n) (613)

(n+1)! Ozintl) (m+ 1)1 8tlm+1)
?n{x}ﬁ’m {f} 3|_n+]: 8f|m+]:f[f; .
(m +n +2) 9zt g 1 (857

le< € & <b e<n o <d)

B () —




6.2.1 Example of a Two Dimensional Polynomial Approximation

Now we consider an example that illustrates the approximation of a function in two
space dimensions using Eq. (6.11). We will consider the representation of exp (x, t) over
[-1, 1] x [-1, 1] with m = n = 2 and Ax = At = 1 (see Fig. 6.2). From Eq. (6.11) we have for
the representation of exp (x, t)

(6.14)
exp (z, 1) Z Z exp (z;, -}ff (z) *‘f (t) + Enp
=0 j5=0
where
£2 (x) = -r{x 1) (6:15)
£ {x} -r(x +1). (617

The functions 5? (t) have an analogous form in the time domain.

O
(_131)

ILO

(1,0 @ @

At

1r0 0 y
(g ) (T

Figure 6.2: Nodal array template for determination of g :f_p {I, t}. A value of exp (x, t)




is required at each nodal location and these values are used in Eq. (6.19).

If we neglect the error term and substitute the definitions of the Lagrange polynomials

into Eq. (6.14) we obtain

(6.18)
exXp (z.t) =
%3: (x—1) {%1‘ (t—1)exp(—1,—1)—(t+1)(t—1)exp(—1.0) + %t (t+1)exp {—LT_J} =
(6.19)

[ 1
(-1 te—1) br[r— Jexp (0,—1) — (¢ +1) (¢t — 1) exp (0, U)—Et{t+l}exp{0 J}:—
Ea‘[;}:+lj 5“1‘.—lJexp|;l.—l_}—[_t+l}[,t—]}exp{'l.[]}+§t{t+lJexp[].lJ

where the exp (x, t) values in the expansion are those found at the nodes. Thus Eq. (6.19)
allows the determination of the value of exp (x, t) anywhere in the area
x € [-1, 1],y € [-1, 1] based upon the point values at the nodes as indicated in Fig. 6.2.

6.3 Finite Difference Approximation
Following the logic we used earlier for one . dimensional problems, we now formulate the

approximation of a derivative of f{x, t) defined in two dimensions, for example,

E% f (x, ). Consider the segment of the grid shown in grey in Fig. 6.3. This area can be

expressed as

[a,b] = [x; %;11] (6.20)

[e,d] = [t b | - (621

The approximation of ;—’l -f (I ok ;‘) over this rectangular area can be obtained directly by
differentiation of Eq. (6.10). We obtain

Zun=-3 3%

i=0 =0

.(”" ) f ( f) + d—iE”m (6:22)

which, when customized for our problem, becomes



C)f (J’f.f‘} C)(E [.’l“l 8(.3-+-1 [.I‘J :
EEE— = Fimate)—=—"—" €l ifteig,t)——=1 )
3;]: T f 23 b3 ) 8;1 x;j(j’_rf' t+1+ b7 ) 3;}. Iij\j}
, COG(x)
+ J(Zisti41) i ‘ Civ1 (t5)
o
3 Pt :—‘ N N
T (@154 B . j4+1 145 v ij)
Substitution of the definitions of the Lagrange polynomials yields
(6.24)
af (z.y) 1 ti—tiyx 1 petins
o = [ (. t5) T 4 fmis1at5) - i
£ x5t i — Tjaq f'j tj—i—'l Lig — Iy tj — ffj_;_]
1 t; — &
i f (Fatza) :
i — i1 Cj41 — by
\-_V_—"
=0
_ 1 f sy d ‘
+ f(Ziv1.t541) s =y
Tit1 — Xiljt1 — L dx
=0
Upon substitution of nodal coordinates we get (note that p, = (x — x,)(x — x,))
(6.25)
d . .
gf [‘Tg'ttjj =
g [F ey — Floait)] +
p1 (xs) 8% . . . B .
Qli 5537 (& (s — @) + (@ — i+ 1) | 2=F(Et) [+
- T
=0
™M [T J C) C)' 52 C)? [f \:I] ( ) |,' " f {\{;.r .r\]
5 a0 | P \5i) 7 | (% — &) + (% — Tita) 1) =
2\ dz dx? a2 L TN P - '
\_\,D_.f 2 i
=0 since %pl[ti |=0
1 a3 97 ;
iy () )l =2 = T E T ) s

AN 108 812
=0



After defining Ax=x;, , — x;and At = t;, , — t; we can write

J J
%f (x!_! f,r') = ﬁ [f (X;'+1;fj) = (x{-, fj-)] + O(Ax). (6.26)
Similarly one can show that
S (i) = 3 I (5ot ) =F (xo;) | + O @0, (6.27)

/

® ® I +1 ®

Y

—— @ -

X

Figure 6.3: Computational molecule for Egs. (6.26) and (6.27) shown in grey.

iy ity




Figure 6.4: Computational molecule for node location i, j associated with Fig. 6.3.

A computational molecule (or template) of the approximation shown in Egs. (6.26) and
(6.27) is found in Fig. 6.3. The gray area is the area represented by this molecule.

6.3.1 Example of Implicit First-Order Accurate Finite Difference
Calculation

Consider the type equation presented above, namely

du(x,t du (x, t .
b Gl (6.28)
dx ot
and impose the following initial and boundary conditions
u(x,0)=0 (6.29)
u{0. ) =1. (6.30)

Now evaluate Eq. (6.24) at location 7 + 1, + 1, that is evaluate ﬁ_ﬂ (x;; T f‘j +1) . Also

. d . .
obtain :}” (x,-ﬂ, f_.f+1) .Leti=0,1,2andj = 0, 1, 2. Also assume Ax = At = 1. For
convenience, define p = % = 1. The finite-difference expression for Eq. (6.28)

using the node x; , , t; , , as the point of reference is

(6.31)

Uip1,jr1 — Uigf N Ui i1 — Ui
At Ax

The computational molecule for this expression is found in Fig. 6.5. Rearranging Eq.
(6.31) we obtain

= 0.

1 0 (6.32)
Wifl 41 = - Uitl,5 + 7 Wi j+1
e i I T ™




ij+1 . i1t

. O
i+1,]

Figure 6.5: Computational molecule for implicit backward in time and backward in
space first derivative approximations.

Time Step One

Consider the nodal arrangement in Fig. 6.6. Along the x axis the values are known for
the o level time step, t = jAt = 0 from the initial conditions. Thus there is a value of 0
associated with each of these nodes. For the left-hand boundary, x = 0, the values are
known for all time by the boundary condition; therefore the value at x = o for all time is
1. So, the first value we actually need to calculate is at node 1, 1. The equation is

6.
) = 5 ag 5o (6:33)
1 1
=50 +; Q)
_1
&
Now that we know the value#/, | = % we can proceed to node 2, 1. The equation at node
2,11s
1 1 6.
Uy = o + 5l (6:34
1 1/1
==M+=0[ =
2O +3 (2)
-
=71

This completes the calculations for time step one.



A

Figure 6.6: Values assigned at beginning of calculation sequence for example problem.

Time Step Two

We are now on the third row of the computational molecule at location t = 2. The first
unknown value moving left to right along the line at t = 2 is

1 1 (6.35)
'”'J_,E = EHL-J_ + EHD.-E

G
= (§)+E(1)

and once the value at u, , is known we can proceed to u, , where the equation is

e | L2 2l



1 (6.36)
Hnn = —la1 + =l1n
2.2 7 2,1 7] 1,2

_l(l)+l(§)
2\4 2\4
1
7
We have now completed two time steps. The solution for each time step is shown
graphically in Fig. 6.7

1

1 [ 1, 1)

0 1 v

Figure 6.7: Solution to finite difference approximation after two time steps have been
executed.

6.3.2 Example of Second Order Accurate Finite Difference
Approximation in Space

We will now consider the possibility of representing the space derivative in the example
problem using a different spatial approximation. Consider once again the type equation
presented above, namely

ou(x,t adu (x, t 6.
(Ll &) o 2], te0,2] (6:37)
at ox
and impose the following initial and boundary conditions
u(x,0)=0 (6.38)
{0ty =1. (6.39)

We now need to select a suitable finite difference approximation to this equation. Let us
use the following centered in space and backward in time approximations



LTS R N Uiy jv1 = Wimgj (6.40)
At 2Ax

or, upon rearranging so the unknown information is on the left hand side of the equation
and the known information is on the right,

=0

Ug j+1 . Uil 541 — Ui1, 41 Ui (6.41)

At 2Ax T RE

The template we wish to use for this equation is shown in Fig. 6.8 where the unknown
values are located at filled in circles and the known information is at the open circles.

. i—1j+1 . fJj+1 . F-Edafd

X M s
L

Figure 6.8: Computational molecule for an implict first.order accurate finite difference
calculation in time and a second-order accurated approximation in space.

Step One
Write Eq. (6.41) for the special case of At = 1 and Ax = 1 as shown in Fig. 6.6 which is
Hq i Ml Mg (6.42)
1 2¢1) 1

Now we use the fact that the initial condition is given as u(x, 0) = 0 which implies that
u, , = 0. Because the boundary condition is u(0, t) = 1 we have Uy, =1 Introducing

these conditions into Eq. (6.42) we obtain

uy; =1 g (6.43)

+ = =
1 2(1) 1
We cannot write an equation for node 2, 1 using Eq. (6.41) because there is no node to
the right of node 2, 1 which would be the 7 + 1 node in Eq. (6.41). Thus Eq. (6.43) has two

unknowns. How can we solve this equation? One strategy is to use a backward in space
approximation for node 2, 1. A suitable expression is



Uy =1y Uy —Hy, (6.44)

+ =0
At Ax
which for our specific case becomes
Mo ~Wag: . Magi—lh, 6.
] : -+ 1 — O ( 45)

This would provide two equations in two unknowns which can be solved. This is an
implicit approximation. An implicit approximation requires that one solve an
equation involving both the current state of the system and the later one. This requires

the solution of a system of equations, and in this case the set of equations can be written
in matrix form as

| (6.46)
_Lx ﬁ 0 u(0,0)
. B .4 i
Az . 28w i
0 ——f; s Us 1
A
__}‘—t 0 0 u (0,0) u(0,0)
ST 1 ﬁ 0 U1 1 == f 110J
1 0 = s 1 u(2,0)
B

where the term identified as A represents the space derivative and the term identified as
B the time derivative. Note that some unknown variables have been replaced by known
values represented by initial and boundary conditions.

Since u(0, t) is known to be 1, the first column can be multiplied by this value and the
first row and column now contain no useful information and can be eliminated to give

0 . Uq 1

2 -

T - B | e
A A 2 1

(6.47)

Mg = -
A
= 0 1 U (52=) (1)
_ At 8 | . 1,0 e oA ) L) .
0 ﬁ U2 1 Up2.0 1 - 0
B ¢

The term C now contains the information about the boundary condition.



I
Now collect all the information regarding the unknown vectorl i 11 ] to the left-hand
21
side of the equation to yield

0 all. %D " y
U2+ [52) ][5 3 (o

We now substitute the specific values for Ax = 1 and At = 1 to give
1 1 1 1
il o0 ] = a8 e+ (G0
= & s Uz 02| %0 0
i t
1 05] [uyq| _ % 0o " L (6.50)
1 057 [uy,] _ 3 (6.51)
-1 2 1y 4 0
iy | i 2-05|(05| (04 (6.52)
1| 251 1 0| [02]°

Now let us calculate the next time step. This is done by substituting the newly calculated
solution into Eq. (6.50) to get

105 u, | _ [0 [04 .
1y 4 0 % 0.2
which simplifies to
1 05 | 109 (6.54)
1| (02"

We can solve this equation by taking the inverse of the coefficient matrix and we obtain
for the unknown values u, ; and u, ,

1 (6.48)
+ [(E) (1)] .

0

or

which yields

l (6.53)

=ikal—



ugg | 1 |2 —05 0.9 0.68 (6.55)
1 1 0.2 | | 044 |-

U2 1 2.0
This ends the calculation for the first time step and the process is repeated until the
target time period is completed.

In the above example we have introduced two ideas we will use again later. The first is
the concept of introducing the specified value boundary condition (first or Dirichlet
type) by using a value of 1 on the diagonal of the first row. The second is reducing the
matrix rank by removing rows and columns through the process of the accommodation
of the boundary condition.

6.4 Stability of Finite Difference Approximations

Several approaches exist to determine the stability of a numerical scheme that involves
derivatives in space and time. The approach we will employ is called the Matrix
Method. Consider the equation

e 6.56
w71 O i T x€[0,L] te[0,0) o
ot ox?

with boundary and initial conditions (note that this is second order in space, so we will
need two boundary conditions in x as well as an initial condition)

i 0) = i (x) =0 (6.57)
u(0,t) =u, ()=0 (6.58)
u(L,t) =0. (6.59)

In this development we will employ, as an example, an explicit forward difference
approximation in time and a centered finite difference approximation in space.
Introduction of these approximations yields the finite difference equation

1 1 (6.60)
5 [u (x;rfm) — U (x;-, f?)] T [n (xm,fj) - 2u (x,-, fj,-) +u (x,-_l, fj-)] .
To simplify notation let

gl (6.61)
Ax2
and rewrite the finite difference formula as
Wipp1 =T i+ (A =2nu; +ru;q; i=0,1,..N. (6.62)

Now we write the matrix form of Eq. (6.62) for the j + 1 time step. After imposing the
boundary conditions (remember the boundary conditions are zero so no term appears
on the right.hand side to identify them) we have



(6.63)

U 541 [1 == 2?"] T 0 0 0 0 0 Uy 5
U9 jo1 7 (1—2r) 7 0 0 0 us ;
U3 511 0 r (1—2r) » 0 O 0 ug ;
— 0 0 0 0
0 0 0 . 0
0 0 0 0o . - : .
| UN-—1j4+1 | | 0 0 0 0 0 » (1-2r) | [ un—1; |
We can write Eq. (6.63) symbolically as
{u}ip = [A] {u};. (6.64)

Assume an exact solution, free of round-off error is given by {E} - Note that this

vector contains the values of u;

i j+1 at all nodes, except the Dirichlet boundary nodes, at

time (j + 1)At. Since { u} j+1 is a solution to our equation we can write

{i},, =1A1{#},. (6.65)

Now subtract Eq. (6.65) from Eq. (6.64) to obtain a measure of the error or difference
between the exact and computed values, that is

{u- H}H_l = [A] {u - ”};' (6.66)
Next define this error as
(e} = {u - 1.'}“1. (6.67)
We can now rewrite Eq. (6.66) as
{E}j+1 = [A] {E}j- (6.68)

Assuming no further errors are committed, other than the round-off errors that exist at
u, we have

{5}1 = [A] {E}'D (6.69)
(e}, = [A]{e}; = [A]? (e}, (6.70)
(6.71)

(e}; = [AY {e)o

which illustrates how the error {e}; changes as the solution advances through time.



In the next step we analyze the behavior of this scheme through the use of eigenvalues.
Assume: (1) there exist N — 1 different eigenvalues of [A], thatis A, s=1, 2, ...,

N -1 and (2) there exist a set of linearly independent eigenvectors, {v},s=1,..., N - 1.
Using these eigenvectors as a kind of basis, we can write

N-1 (6.72)

(e}o = D c (o)

s=1
where c,, s = 1, ..., N — 1 are numbers. Note also that by definition

Now substitute Eq. (6.72) in Eq. (6.71) to obtain

; i (6.74)
(e}; = [AY {e}o = [AY D} c {o);.
s=1

We now proceed through a series of apparently unrelated steps in pursuit of a specific
result. We begin with the modification of Eq. (6.74), that is

e (6.75)

{E}j = [A]Jr z Cq {E:}::

s=1

N-1

= [A}V [A] Q. c. (v,
s=1

N-1

=[A" X c[Al{wl;.
s=1

Note that we can use Eq. (6.73) to modify the last expression, that is



| 1.-*\:_1 _ 1:‘»"—1 (6.76)
(AP > e [Al{o}, = [AP T > cors {v),
s=1 s=1
N-—-1
=[AP 7’ [A] ) cade {v},
s=1
N-1
= [A] 2 ) caA, [A] {v},
s=1
N-1
— [*“1];_2 Z {‘,5)\3 {U}s

s=1

N-1
=[A]" ) csX {v},.
s=1

So we have

0 i ] (6.77)
(e); = [A]" X, &N {o),.
s=]1

Examination of Eq. (6.77) indicates that the error {e}; will grow if the eigenvalue A; is
greater than 1.

The matrix [A] is known to have the eigenvalues
. n ST
A =1-=4rsin° ( ) (6.78)
5 2N/

where N’ is the maximum number of nodes. Thus to assure stability

b <1 (6.79)

or



. ST N | (6.80)
1—4?“51112(_ ) <1
2N
which translates into
L s ST 3 (6.81)
—131—4?“5111‘( ):1
IN'

ST
INT'
lower bound we have

Because 51112 (

] is always positive, the upper bound is always satisfied. For the

_ _ . o [ 8T (6.82)
5 Lfil—J:-rsur( )
L= 2N/
; .9 [ ST (6.83)
= - 2< Ar 5111‘( )
2N/
i i D ST (6.84)
:}254:«*5111‘(_ )
2N’
2 . (6.85)
= ; : Zr
4 sin? (o)
1 (6.86)

2 sin? (2%}

The worst case scenario is when

o ( ST | (6.87)

S ON =— ]

Then the constraint on stability is, according to Eq. (6.86)
r < 1 (6.88)
2

Recalling the definition of r (see Eq. (6.61)) we obtain

At i 1 (6.89)
Ax2 ~— 27

Equation (6.89) states that to assure stability, the time step must be related to the space



. Ax?
increment such that At < =

6.4.1 Example of Stability

Caseofr=1

Consider the approximation for

ou(x,t) *u(x,t)
ot ox?
provided in Eq. (6.62) for the case of four nodes in space, namely

=0 x=[0,1] t=1[0,2/9]

Uijp1 = Tl i+ (1. 2¥) Ui+ T =042 el

with boundary and initial conditions

u{E0)y=10
u(0,t)y =1
u(l,t)=0.
The problem is defined in Fig. 6.9
rl 1 0
20 @ < O (&
(0,2) (1,2) (2,2) (3,2)
1 0
19 @ O e @
(0,1) (1,1) (2,1) (3,1)
Al
1 0 0 0
'@ ) @ /e
(009 (10 (2,0) x "(3,0)
Ax
0 0.33 0.66 1.0

Figure 6.9: Nodal array for the finite difference solution to Egs. (6.90)—(6.94).

(6.90)

(6.91)

(6.92)
(6.93)

(6.94)



The template or computational molecule for the finite difference approximation to Eq.
(6.90) given by Eq. (6.91) is shown in Fig. 6.10. As the calculations proceed, only the
shaded node is unknown, that is the clear nodes are known from the preceding time

level.
@,

- s

i-1,j
Figure 6.10: Computational molecule for the Euler (forward difference) approximation
to Eq. (6.90) given by Eq. (6.91).

Step One (j =0)
Substitution of j = 0 into Eq. (6.91) yields

i,j e

U1 = []TI X Uz p — {lj Xy g+ (1) X Up,0 — 1 (6.95)
0 0 i

U1 = (1) x ugp — (1) X U290 + (1) X u10 =0 (6.96)
0 0 0

where the values under the variable names indicate the current value of those variables.

Step Two (j = 1)

U2 = (1) X ug1 — (1) X U171 +(1) X up1 =0 (6.97)
S et S e
0 1 1
uga = (1) X ug1 — (1) x us1 + (1) X ug,1 = 1. (6.98)
N~ — R
0 0 1

Step Three (j = 2)



Uy 3= (1) X g — (1) X Uy 5 + (1) X ugg =2 (6.99)

— N~ —
1 0 1
usz = (1) X uga — (1) X w20 +(1) X w12 = —1. (6.100)
N — N
0 1 0

The solution for the first three time steps (j = 0, 1, 2) is shown in Fig. 6.11. It is clearly
unstable.

y

0 033 066 1.0

Figure 6.11: Explicit unstable solution for time stepsj = 0, 1, 2.

Caseof r=1/4

Now we reduce the value of r to r = 1/4. The calculations follow:

Step One (j =0)

1 1- 1 1 (6.101)
U1 = (—) X Uo g + (—) X Uy g+ (—) X Ugo = —
’ 4 N 2 ol e 4 — 4
D E -

0 1
1 1 1 (6.102)
Uo1=|—-] XUgo+|= ]| XUpg+|=-] Xt10=0
0 0 0

Step Two (j = 1)



1 1 1 3 (6.103)
i = | -l X uwg-F i) Xta+ ) %2 =5
o= (3) xoma+ () xoma+ (3) 220 =
0 =
K]

1 1 1 1 (6104)
1 = -] X1 + | =] XUq+ | = '
2,2 (4) L (2) i (4) 16
0 0

Step Three (j = 2)

1 1 1 31  (6:108)
uUi.g = (1) ug 2 + (§> 1.2+ (I) up2 = 61

(1 1 1 1 (6.106)
Uog= | —|usa+ |z Jurz+ |~ ] 2= —
0 1 k]
16 3

1

H (.35

0l |
0 033 066 10

Figure 6.12: Solution for first three time steps for cane of ¥ = % :

It is clear from Fig. 6.12 that the solution is stable.

While these two examples do not prove that the constraints on r are necessary, they do
suggest that to be the case.

6.4.2 Example Simulation



Let us assume we have the following equation and boundary conditions

pFet) _ oc(xh) (6.107)
ax2 ot
with
c(0.t) =co; =0 for all j (6.108)
('_:}C {L.tJ E}ca j
——— =—>==0 forallj
dx ox Bihesc
e(x,0)=e;0=0 1dor all i, 2 +£0.

A centered in space, backwards in time finite difference expression for this equation is

Cirtjrl — 2‘“-;‘,_;41 TC+1 Gij G (6.109)

D, = =

(Ax) At
We assume that there are four nodes equally separated by distance Ax . The second
through fourth row of the matrix equation for this problem are obtained using Eq.
(6.109) for nodes 1, and 2. The first row is used to accommodate the first type (Dirichlet)
boundary condition and the last for the second type (Neumann) boundary condition
which is obtained by using a backward difference in space approximation for the
expression appearing in Eq. (6.108), that is

(6.110)
T 11 ' D_Q e D 01 8 C0,5+1
Ba)t " (A T A(ASF 1 C15+1
g D; éjx D (Az)? ; (Az)? (CZJ—O—T
: Aa Az A Lo
17 [o o o 0177 0 7
lo| [0 x 0 O 6] repenli s
|0 0 0 3; O C2,j+1 — €2,
(o] [0 0o o0 0]] 0 _

Collecting the coefficients multiplying the unknown vector at time (j + 1)At on the left,

hand side of the equation we obtain



1 0 0 0 5 6.111
) -2 1 1 0 Co+1 (6.111)
fan T A A T L |G
0 D (Ax) “'m.-f At D; (Ax)® €2,j+1
0 0 = = €341
L Ax Ay HL -
0 00 00 0
1
_ 0 o 0 At 0 0 C'l,’i;
0 00 i €y,
0] [oo 00]LO
where the first and last rows provide for the boundary conditions. Now we begin
calculating. Since c; ;is zero for j = 0 we have
F 4] 0 0 0 7 (6.112)
L-‘
, P o & 1 0 01
i'l:ﬁlx:l'| .'l:‘.:,uf. Ab ?r!!:ﬂn.l':lz . t‘],l
0 il e B W P i
i axy faxf At Tiaxf || 21
0 0 e | oL €31
= Ax Ax A
Bl 00 00 0
1
_ 0 B 0 ¥ ? 0 C1
0 00 T 0 1] C20
0] oo 0o0]|LO

The initial conditions can now be employed to replace ¢, , and ¢, , with known values to

yield

1
0
0

0

1 0 0 0 : (6.113)
1 g 1 0 ‘o1
Tax? T '(axy At  (axy? : : €11
0 D (Ax) A & Ciaee || €21
0 0 =t = €3

) ) Ax Ax -

00 00(|ro

1

B 0 = {1] 0110

00 0[O

t
00 00]LO

Assume that we solve these equations for time step 1 and proceed to time step 2. The
resulting equation is the same as the above but for the updated ones in time

concentrations:



1 0 0 0 7
1 -2 1 1
L AxY) ,u'ml_le_E _;iqu]: 1 01
¢ Dir faxy A T A
Lo o . =
1 00 00]Iro
|
o 05l (05 .0 Oifing
0 00 i Co1
0] Joooo|LO

Repeating this process one more time we obtain for time step 3

1 0 0 0
1 2 1 1
i Ax) “'c.i-.xfl-}_ At _? (Axy’ '1 01
¢ iy D“"T‘i e (Ax)
o0 -1 L
1 00 00T
1
_|0 ” 0% 00]c,
0 00 ﬁ Ca
0] Jloo 0o0]|LO

and so on.

6.5 Galerkin Finite Element Approximations in Time

In this section we extend the ideas introduced in Section 6.3 to consider a time-

Co3
Ci3
€23
€33

(6.114)

(6.115)

dependant Galerkin finite-element formulation. We will consider the same equation as

6.107, but assume D = 1, that is

ou(x,t) o*u(x,t)
ot m:

with initial and boundary conditions

H{E Oy = i () =0

0 xe[01]

1(0,t) = uy ()

u(l,t) =u,(f).

(6.116)

(6.117)

(6.118)

(6.119)

We begin with the definition of the approximating function for one element; this is
similar to Eq. (5.58) on page 95, but in this case ii (x, t) is a function of both space x and



time t. We first represent u(x, t) as

wix ) =80 +Ex1) (6.120)
and then define i (x, t) as follows:

(6.121)

a(x,f) = ) u(h) £r (x).
j=0

Note the structure of this expression. Where we have previously had constant
coefficients u; we now have functions of time uj(t). We could have used another strategy

in which we represent the time dimension using a Lagrange polynomial f? (t) and our
approximating expression would be

mn (6.122)
g S ay  PT (F) :
{xE. 1) = E uils (1) 65 (),
3=0
but the strategy presented in 6.121 is a more commonly used approach.

As earlier, we now apply Galerkin’s method of weighted residuals for one element, again
using the basis function as the weighting function. We obtain

(6.123)
&i(z,t) &% a(z,t)\ ., . _
— — =5 £l dy =1 FESE {1 PS8
4 ot Ox?
Using integration by parts on the second-order derivative results in
(6.124)
ou (z,t) d(} (x) Lt du (x, 1‘}{ (st du 0 (2) 6 il

dx — de——1_; (x) |g = s LN -

O dz L g " Ox .

We now substitute Eq. (6.121) into Eq. (6.124) to obtain, once again for one element,

o} aer 2L du; (t _ T .
Zuj £) .L{.—I—Z th ) /C;‘f;—’“d —)—f"[")u}:(}. A 1 V.
7=0 e

A G ox

Examination of Eq. (6.125) reveals that it is similar to earlier Galerkin finite element
expressions but for one important detail. Both the function u(t) and the time derivative
. . duglt) oy .
of this functlon,T, appear in this equation. In other words we have a set of n + 1
2

ordinary differential equations in time. If we assume a value for n, say n = 1 for linear
Lagrange functions, we can look at multiple elements by changing the notation to



N

J=0

where N is the total number of nodes and (x) is the node-wise defined Lagrange

(6.126)

N s
oL, dt; du; (t) ou , . -
7 [t}f B L dz +;7dt ﬁfj(ﬂ-da. -5 iz J8=0, i=0,1,...N

polynomial; that is each £,(x) ranges over multiple elements (in this case, two). Since Eq.
(6.126) now represents a system of elements with N + 1 equations in N + 1 unknowns, we

can write it in matrix form

[A] {u(8)} + [B] {d”{”} +{f} =0

where the coefficients of matrices [A] and [B] are defined as

ap app; 0 00
Ay Ay A3 0 0
0 a3 a3 a3, 0
o s o
0 0 0 -
0 0 0O
| 0 0 0
Chiles O 0 O
by byy by3 0 0
0 bap bag by, O
B =
0o o0 o0 -
0 0 0 O
| 0 0 00
[ apiy | [0
0 0
0 0
| anoant [ 0]

where, as we saw earlier,

0

0
0
0

0 Oay_1no Ap_1n-1 ]

0 by_1n—2 Bn-1.n-

- o e B - I

s N e B s Y
oo o oo

N-—
di,

¢
[ “2

3
iz

dt

= { T

dt

1]

(6.127)

(6.128)



1 d.r:"}- de, (6.129)

1 = — it
T Jy dx dx
Ly (6.130)
b = / £t dx
g T
u; = u;(t). (6.131)

Where there is one or two second type or Neumann boundary conditions we also have
i d'} 1 (6.132)
defined as non-zero in either the first or last row of the vector of known values, f,

depending upon whether the Neumann condition is specified at the first or last node,
respectively. Otherwise f; contains information on Dirichlet boundary conditions (such

as in the above example).

So the question arises as to how to efficiently treat the time derivative. We will consider
two possibilities.

6.5.1 Strategy One: Forward Difference Approximation

Let us approximate i—? by a forward difference approximation
&
} A} = {uly (6.133)
k

dut (£)
{ dt At

Then substitute Eq. (6.133) into Eq. (6.127) to obtain from

[A] {1 ()] +[B]{ f{f}}Jr{f}:U (6.134)

the expression

(6.135)

[A] (1}, + [B] - “*j‘l +{f}=0.

Note that the spacial approximation involving [A]{u}, is evaluated at the time t = kAt.
We now rearrange this equation to give

[B] {1}y = ((B] — At[A]) {u}; — At {f}. (6.136)

Because the coefficients

=1 (6.137)
b, = / ¢4 dx ¥



create a tridiagonal [ B] matrix, Eq. (6.136) constitutes a system of equations. The
solution of the problem is written formally as

()41 = [BI™ ([B] - At [A] {u}, - At {f}). (6.138)

An important observation is that although we are using a forward difference equation,
which in the case of finite difference approximations yielded one equation in one
unknown, here, as noted, we have a matrix equation. This is due to the fact that the
matrix [B] is no longer diagonal. In other words, the three elements in each row of the
matrix [B] tie adjacent nodes together. The consequence of this from a practical
perspective is that, although the method is explicit, with its stability limitations, it is
nevertheless necessary to take an inverse of matrix [B] to get a solution.

6.5.2 Strategy Two: Backward Difference Approximation

In this approach we employ a backward difference in time approximation

Ui )

Then from Eq. (6.127) we have

[A] {u (1)} +[B]{ } {f} 0 (6.140)

b = {”}A (6.139)
LR+J.J At

which becomes
{t}ppq — {u} (6.141)
[A] {1} + [B] ——— +{f} = 0.
We can rearrange this equation to give
(Af[A] + [B]) {1}y, = [B] {u), — At {f}. (6.142)
We can rewrite this expression as
[C] {1}y = [B] {1}, — At {f} (6.143)
where
[C] = (At [A] +[B]). (6.144)

One can formally obtain as a solution for {u}, , ,, thatis

(#}pq = [CT7F ([B] (u}, - AL {f}). (6.145)

As noted earlier, the formulation that generates Eq. (6.138) is explicit. That is the space
derivative is at the old time level j and the solution is computed at the new time level j +
1. This formulation is conditionally stable, that is there is a restriction on the value of

r= %, although we do not prove it here. On the other hand, the formulation that
x=



generates Eq. (6.145) is implicit. The space derivative approximation is at the new time
level. It is unconditionally stable.

If the [ B] matrix were to be diagonal, that is there are non-zero values only along the
diagonal, then, as before, the explicit formulation would be very efficient, involving one
equation in one unknown for each row of the matrix equation. However, it is not, so a
complete matrix solution is required.

On the other hand, the implicit formulation shown in Eq. (6.145), which requires a
complete matrix equation solution, is unconditionally stable and therefore one can move
forward in time with larger time steps. In essence, the advantage of the explicit
approximation in the finite difference formulation (where we have one equation in one
unknown for each node), is normally not transferable to the finite element case.
There is a procedure called mass lumping which we discuss later in Section 10 on page
273 that allows for a more efficient solution to the explicit formulation equations.



6.6 Chapter Summary

In this chapter we introduce the extension of spatial approximations to include time
dependence. Using polynomial approximation theory we create finite difference
formulae that address transient one space- dimensional partial-differential equations.
This is followed by a discussion of stability including illustrative examples of how an
instability can be exhibited. The Galerkin finite element method is then reformulated to
consider time dependent problems in which both forward and backward in time finite
difference methods are presented.

6.7 Problems

1. Consider the segment of the grid shown in gray in Figure 6.3. This area can be
expressed as

[a,b] =[x, X;11] (6.146)

[f.", ||:-"'J] = [f;, 'fj+1] : (6.147)
Obtain a finite difference approximation to ;—’lf (x ok Jr-) over this rectangular area.
Begin with Eq. (6.10)
n m "
d i (x) a
—f(x,t)= ™ (¢ (x-,f-)+—E
dlf{ ) E;:ED ot -"()‘f el gk ==

and customize it for this use. Then use the definitions of the Lagrange polynomials to
obtain the finite-difference form.

ot (6.148)

2. Consider the type equation

Fu(x,t)  ou(x,t) . (6.149)
0x2 ot
and impose the following initial and boundary conditions
u{E0)=10 (6.150)
u(0,t) =1 (6.151)
w2, 1)y =10. (6.152)

Now approximate Eq. (6.28) at location i, j + 1 using a backward difference in time.
Leti=0,1,2,andj = 0, 1, 2, where x = iAx and t = jAt. Also assume Ax = At = 1, such

that p= ﬁf — ] The finite difference expression for Eq. (6.28) using the node

as the point of reference is

xi,tj +1



Mijg = Uip Mgy — 2000 + U 50 B (6.153)
At Ax2

The computational molecule for this expression is found in Figure 6.13. Calculate the

values of u at time levels At and 2At. Here you have an ambiguity at u;_, ;. Assume

the initial condition as the boundary condition at this node to resolve this. Should
this scheme be stable? How do you know?

® ., @ _J

= ] IHI'
Figure 6.13: Computational molecule for Eq. (6.153).

. Consider the type equation

u(x, t)  oulx,t) = (6.154)
ax2 o

a. obtain a finite difference form of Eq. (6.154) at location 7, j + 1/2, that is, evaluate
I'.F

—= U (x!-, Sy

3 £y

Write the finite difference equation at the point (i, j + 1/2) (see Fig. 6.14).

b. obtain the finite difference form of 2 i (x- t. Loy ﬁ) }



) ® @)
- b =
t i-1j+1 ij+1 .+
0 O o )
i~ i i+1,f
0 X

Figure 6.14: Computational molecule for problem 6.14.

4. Consider the equation

ou(x,t 2 .
(x,f) 4 w(,f) =0 (6.155)
ot ox2
with boundary and initial conditions
I O) = i () =0 (6.156)
w0,y =u, ()=0 (6.157)
u(L,ty=0 (6.158)

If you employ an implicit backward difference approximation in time and a centered
finite difference approximation in space, you will obtain

(6.159)
é [ (s ta) — i d;)] =
'_\1;5? [ (i b508) = 20k, Bt ) —wl@isin i)l -0 (AL, '_\.1?2) :
To simplify notation let
At (6.160)
"= Az

The task is to show that the above formulation is unconditionally stable. To achieve
this note also that given a matrix [A], eigenvalues A, and eigenvectors {v}, the

following relationships hold:



[A] {a}s = ‘}“\ {a}s (6.161)

a 1

[A] 1 (v}, = = {v]. (6.162)

A, )
and that
. - 87T (6.163)
As =1+4 rsin (2 _!) ,
5. If you were to approximate the equation

@ + E;@ =10 (6164)
dat ax

using a backward in time, backward in space approximation, you require one
boundary defined at x = 0 and one initial condition. What would happen if you were
to apply a second boundary condition at the terminal end of the interval? What
would happen if you used a central difference approximation for the space derivative
and a boundary condition at the terminal end of the interval. To make these
determinations, generate a nodal array with one element in the vertical (time)
dimension and three in the horizontal (space) dimension and the computational
molecule for both formulations and use this information in your explanation.

6. Approximate the equation

ou  *u (6.165)

— +a— =0

ot ax-
using three nodes and a centered finite difference approximation in space and a
backward finite difference equation in time for the central spatial node. Now do the
same problem using a linear finite element in space and backward difference in time
formulation for the central spatial node. What is the fundamental difference in the
algebraic equations and describe what you think this means in terms of how the time
derivative is handled.

7. Write the finite difference approximation at the location x = iAx and t = At/2. for the
equation

ou +aalz: _o. (6.166)
ot ax2

Hint: you will need the space approximation at both the t = 0 and t = At levels.
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Chapter 7
Finite Difference Methods in Two Space

In this chapter we will consider the finite difference approximation to a steady-state
(time-independent) problem a two-space dimensional system. The “type” equation we
will initially consider is the Poisson’s equation

Fu(x,y) u(x,y) QET) (7.1)
+ = X, ).
ax 5] 2 Y
Since this equation is second order in both x and y, we need two boundary conditions for
each coordinate direction. Thus we have, for example,

ul(z.y) =up (z,y) z,y € 09, (7.2)

o . o : . (7.3)
—ulx.y) = —1u (. 9) z,y € 00
B -\ y e 1 (L. Y y y

o0, + 09, = 02 (7.4)

where u,(x, y) and 3 111 (x, 1) are known functions and the notation 9Q, and 0Q
ax £ Yy

denote the portion of the perimeter as indicated in Fig. 7.1.
Q.

11

Q)

by
X :

Figure 7.1 Domain of interest regarding the boundary conditions specified in Eq. (7.2)



through 7.4.

For the case of rectangular elements and a finite difference approximation, the two-
space dimensional case is analogous to the two-dimensional space-time case see Eq.
(6.10). One simply replaces the time coordinate with a second space coordinate. The
approximating function over three nodes becomes

1. .1 (7.5)
u(xy) = D, D ! () €7 @) +Epm

i=—1j=-1

which is illustrated in Fig. 7.2 for the case when the superscripts n and m (the degrees of
the Lagrange polynomials in x and y, respectively) are both 1. Figure 7.3 presents the
quadratic basis function defined over one element. Notice that we have hijacked the
subscript i. Earlier it was identified in general with a node, but in the case of weighted
residuals, also the weighting function. Now it represents the x coordinate for the node 1
only, that is x = iAx but there is no reference to its use as an index for a weighting
function. We will only use i in this way in this section and redefine it in the following
section. Note that along both the x and y directions the function is linear, but in the
diagonal directions it is a quadratic because of the product Eli(x){’jl(y). We can use these

functions to represent the first derivative, but for the second derivative we need to use at
least a quadratic-second degree Lagrange polynomial. If we differentiate Eq. (7.5) twice
when n = m = 2 and evaluate the result at point x; = iAx and y; = jAy we obtain

1 & (7.6)
ot

ey A

Figure 7.2 Diagrammatic representation of the function Ell-(x)fjl(y).



Figure 7.3 Quadratic polynomials in two dimensions. The circles are the nodes and the
black circles indicate the location for which the polynomial is defined, that is, the
location at which it equals unity (modified from [Felippa, 2015]).

and

az_]: = LE Uij1— 21.‘!-",- + U i1 + iin,j' (7.7)
ﬂlj (Ij,lf}} ﬂ.y t ,ﬁy’

Substitution of Egs. (7.6) and (7.7) into Eq. (7.1) yields our two-dimensional finite-
difference approximation of Eq. (7.1) which is given by

(7.8)
1 . 1 :
m [B0g g 3= Qui_j + Hi+1,j] =+ I_jg [ut',j—l — Zui,j 55 ui-.,f+1]
5 5 |
+ aygE-:'_lj &5 @Ez',j = Q (2:.Y;5) .

If we neglect the error E; ; this equation becomes

(7.9)
1 1
Agz Mi1d = 2y Huingl + g (uig 1 — 20 +uigl = Q (i 45)



and the computational molecule for this equation is given in Fig. 7.4. In this figure, the
weights for each of the nodal values of ; , etc. are shown assuming Ax = Ay =1

o

il

-\
1 F=l g \Mfifﬂj i+i,j

i i—1

Figure 7.4 Computational molecule for Eq. 7.9 where Ax = Ay = 1.

We will now consider an example to illustrate how this equation is used when a cross-
derivative is involved. Consider the generalization of Eq. (7.1). This type of equation
arrises when the coefficients in the equation a tenors, that is

(7.10)

il

2 (x,1 a f oulx, a [ du(x & (x,1
1‘.1'—j} + ﬂ.‘.‘ i M + ﬂhr.\.' e —‘f} + ﬁhf —J}
ax? Y ox dy oy ox Yo ay?

where coefficients are known constants. Now the finite difference approximation is a
little more complicated. We begin by writing the second degree Lagrange approximation
for ii (x, 1f) viz.

(7.11)

@ (z,y) = Z Z’u AW 53 () &’E ().
i=0 ;=0

Now we differentiate this expression with respect to x and then y to get



ou (z,y) .- L0 () o, (7.12)
s => > ul@iy) —5 6 )

i=0 j=0 Ox
ou(z,y) ik 8{2( ) (7.13)
{ ZZH ey ( ) ——— 5
1=0 3=0

Next differentiate Eq. (7.12) with respect to x and Eq. (7.13) with respect to y.
Performing these actions we get

(7.14)
0%u (z,y) L () 5
- Z{}}Z%u 20 Y5) —5— 45 (V)
=0 7
82w Lx y) i 7 9° (2 (v) (7.15)
ZZH .y ) 0 () ——— 557
1=0 7=0

We can now reverse the procedure and differential Eq. (7.12) with respect to y and Eq.
(7.13) with respect to x. When this is done one obtains

5? - )98 (@ L2 (y) (716)
U xgﬂ ZZU{11 1(1) J{J,

dydx e dx dy
ae2 ( a2 ) (7.17)
8u Lll‘y} ZZT {i {T\.' 7 {y
L - .
dxdy = o Ay
We have evaluated these derivatives above in Egs. (7.6) and (7.7) and we found
du®(zy;) L o 79
i == A2 (Ui1,5 — 2Ug 5 & u'-z—i.j]
dii2 (;, yj_} 1 (7.19)

$ 1 e 1
[wi g1 — 2uij + uij-1].

dy? B Ay?

The cross derivatives are a little tricky. One can show by expanding the derivatives found
in Egs. (7.16) and (7.17) that the complete expansion will consist of nine terms, one for



each of the nine nodes found in the Fig. [?]. However, all but four of them vanish
because of the nature of the nature of the functions. They are zero on at least two sides of
the square and, therefore their derivatives are zero along the tangent to those sides.
What remains are the terms

i (x,y) (7.20)
oxay
o2 (x) 967 (Y) a2 (x) 00}, (V)
u (xa'—:l;l{;i—l) 3 fdy +u (xf_uym) e 3y +
or2 (x) 07, () a2 (x)9f7, ()
! (xf'+1’1{f+'l) > rdy W (x”'“yf-l) e fay

The various derivatives found in this equation evaluated at (x;.y;) are as follows:

i {’t’} | — _i (T i xi} (J:' - x."+1} ‘ (7.21)
gy 1 X, _.:]x (=) ( X — %) "
_ [ (x—x)+ (x=x1) ]
{1’.‘ g} - (x? 1= ri+1} &
— X = Xip
{xf._.l — _‘X."I.] {x;i—'l — x{._'__l)
. —Ax
T 2(AxY)
-1

2Ax



- o - (7.22)
iffﬂ )], = i( (X —=x_1)(x—Xx;) )]
ox g _dx (x,r'+'1 .l l} ( i+l } x;

| mxy+x-x) ]

| {x-"+1 = x:i—l} {x."+1 E x."]

B X; = X;_q
(%2 — %) (%1 —73)
_ Ax
- 2(Ax?)
1
2%
Similarly, for the y direction we get the following using a similar reasoning
1 (7.23)
dy Jr—]_ {\ } |I_|l'I
(7.24)
dy Jr+1 .|'; ) |'f

Substituting the above derivative approximations into Eq. (7.20) we get

(7.25)
%u(z,y)

ﬁxay -z:-._yj-
1

. —1 — =1 1
ul\xi_lyj_ﬂ (2‘31&) (2_\@[) —!-U{Ei—'l.'yj—l—'lj (2_\’3) (2Ay>
( 1 ' ) . 1 —1

5 (7.26)
&;;:;;y) % - 4,;;&1; (1-‘ (x,-_-pht;f-_l)) -1 (xa'—'LfI;'_,'+1) +u (xa'+1»l{a+1) -1 (x;ﬂ,%_])

To get the final form of the approximation we combine Egs. (7.19), (7.18) and (7.26) to
get

1
2Ay




(7.27)

(7.28)
Uz . ! Gy, ‘ [ I
AgZ Mitts = Waig T uicr]+ 05 i — 2wy +uiial+
a;ry r I ¢ ¢ 4 1
-l i g i) i e ) — i (B, w5 g )]
4&3:&3; U\Z; 7 ( i T+ ) 7+ ( 1+ ]
a.
yx [ : : it : ) ! : : 1
——— [u(@ip1: Y1) — w(Tit1. ¥5-1) Fw(ic1, y5-1) — w(@io1, Y1)
4AyAzx (@it1, Y5+ = J (i 7 (2 i+1)]
=40
If we assume Ax = Ay = a,, = @, = @, = a,,y = 1 the computational molecule for this
cross-derivative bearing equations is given in Fig. 7.5. Notice that now there are nine,

not five, nodes in the molecule. The cross derivative added four. From a computational
point of view this is not a good thing. The matrix used to solve a problem with this
formulation will have four extra bands parallel to the diagonal and this means
significantly more effort is needed to solve the resulting set of equations when standard
matrix algebra methods are used.

=1

1 5
yi—l,;‘+1 \/ i.j+1

OO O

) () =
2 T U i 2 i+1,7-1

Figure 7.5 Computational molecule for Eq. 7.28 when we assume Ax = Ay = a,, = a,,, =
a

yx = ayy= 1.

7.1 Example Problem



Consider the problem defined by equation

s (7.29)
2“ {xry) eg @H(X}l{) =1
shown in Fig. 7.6.
vl 0 0
2 @ & O
(0,2) (1,2) (2,2)
1 0
1@ o O
(0,1) (L1) (2.1)
Ay
1 0 0
] ’. 0 - 0 -
0 Cn0 P .
Ax
0 | 2
Figure 7.6 Grid for the example considered in Section 7.6.
Assume boundary conditions
(0,1 =1 (7.30)
2, =0 (7.31)
u(x,0)=0 (7.32)
u(x,2)=0. (7.33)

The finite difference expression for this problem is obtained directly from Eq. (7.8) by
assigning the appropriate nodal identifiers. Because only the node (1, 1) is unknown in
this problem (the rest are known from boundary conditions), the difference equation is

1 1 (7:34)
A2 [0 = 2014+ 14a0] + =5 110 = 210 + 113 ] = 1.

Ay

Substitution of values known from boundary conditions yields



1—12 121, +0] + % [0-2u;, +0] =1
which simplifies to
—du,, =0
and finally
1, =0.

If we assume there is no flux, that is, Q = 0 we get

% 1-2uy, +D] + % [U —2uq, +D] =:0

which reduces to

and

u =174

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)



7.2 Chapter Summary

In this brief chapter, we introduce the concept of representing a two-dimensional
problem using finite difference approximations and present an elementary example.

7.3 Problems

1. Consider the finite difference mesh indicated in Fig. 7.7. The equation of interest is

Fu  tu (7.41)
e
oxr  ay?
with boundary conditions
u(0,1) =1 (7.42)
ou(4,y) 5 (7.43)
dx
ou(x,0) 0 (7.44)
ayyf
ou(x,4) 0 (7.45)
aiyf
Do the following:
a. Write the finite difference expression for Eq. (7.41). You should have five terms in

your approximation.

b. Write a finite difference approximation for the Neumann boundary conditions

(Egs. (7.43)-(7.45)).
c. Write the finite difference equation for Eg. (7.42). You now have enough
equations.

d. Substitute the information from steps 1b and 1c into step 1a.
e. Solve the resulting equation for the unknown nodes.

2. The approximation of u for the case of the two-dimensional element shown in Fig 7.7
is written as

ﬁ 2 2 ‘ (7.46)
u(x,y) ~it(x,y) = Z z ;€ ()6 (YY)

=0 =0

where the #,(x) and {,(y) are quadratic Lagrange polynomials defined as



£y (%) = (X —xq) Ex —X) (7.47)

£, (x) = (X —Xp) (X — X3) (7.48)

£, (x) = (X —Xp) (x — xq) (7.49)

¥

4 z >
7 g
) %) @
i
4 5 f
7] i) @&
1 2 3
e @ ®
X
y P i
2 L) ®
P, Y 5
D (D @)
P! N &
D, —
(0.0) (1.0

Figure 7.7 Mesh and nodal arrangement for problems 1 (panel a) and 2 (panel b).



3. You are to obtain the finite difference representation of

821 (7.50)

Oz0y
Please proceed in the following steps:

a. Differentiate Eq. (7.46) first with respect to y and then the result with respect to
x. You should have nine terms. of the general form

‘ i (7.51)
oy ('}(':E (T‘:l 6‘(_;. V)
Bz Ay
b. Place these into Eq. (7.46) after differentiation and evaluate the nine terms using

Eq. (7.47)

c. Replace the various spatial increments with the values from the above figure, that
is x, — x, = 1 etc.; be careful with your signs.

d. Now evaluate the result at the center node u(1, 1), since that is where you are
writing the approximation

e. The result should be

(Ugp —tgp = pg + 1ty ) /4 (7.52)

{ﬂ-z:z —Up2 — U2 + ug;gj I;"'al. (7.53)
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Chapter 8

Finite Element Methods in Two Space

8.1 Finite Element Approximations over Rectangles

In this section we extend the one-dimensional finite element method of approximation
to two space dimensions. We begin with rectangular elements because our earlier theory
lends itself most readily to this approach. We begin by once again considering the

Poisson’s equation on a rectangular domain

Fu(x,y)  Fu(x,y)

+

ulx.y) =ug(x.y)
ulz,y) =u (z.y)

a0, + 90

e

oQ,

=Q(x,y)

x,y € 00,

x,y € 0,

20 §)

X

Figure 8.1: Definition sketch of the region of interest for Eq. 8.1.

oQ,

(8.1)

(8.2)

(8.3)

(8.4)

Q)

We now digress briefly to introduce some notation. As we have done earlier, let us begin
with the approximation of u(x, y) by it (x, /). We will use the same point of departure as

we used for the finite difference approximations in Chapter 7, that is



(8.5)

T

w(z,y) =D > ui il (z) ()

i=0 ;=0

where we assume we are working with Lagrange polynomials of degree n and m. But
now we make a change in notation which, while not critical for our current discussion of
rectangular elements, will be essential when we talk about triangular elements in the
next section. The strategy is to replace the i, j notation for a nodal location in two-
dimensional problems with a single index.

Earlier, in the case of problems defined in one space dimension, there was no ambiguity;
the i, j index played the role of both nodal identifier and nodal location through the
relationship x = iAx. and y = jAy. However this is all about to change. To make a long
story short, we will replace the double i, j subscript notation for a node location (that is
based on the idea of i associated with a row and j associated with a column) with a new
P, index where a in this instance could take on the value i orj... The i, j notation was

convenient because it identified the node by the value i, j and also identified its location
x = iAx and y =jAy (assuming Ax and Ay are constant everywhere.

Note that p, does not, in and of itself, tell you where the node p,, is located. We need
additional information. For example, we need to know that node number p_ is located at
Xp_+ Wy In other words we need a table that relates our node number p to the its
location in terms of x, and y,,. The index p_ is simply a nodal number and, in general, x
# p,Axand y # p Ay.

To solidify this idea, consider the node located at p, in Fig. 8.2. Unless we know that p,
is located at location (x, y.) = (1, 1) the knowledge that p, = p. is meaningless. Whereas,
using 1, j notation we would know both that the node is identified by the unique values of
i =1andj = 1, that is if we have " (x)¢,"(y) we know it is located at (1, 1). Somehow
using the single index does not seem like progress, but let us go a little further.
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Figure 8.2: Single digit numbering for the finite element method of solution.

Let us take a look at how we would describe a Lagrangian polynomial using this
notation. First of all, the Lagrangian polynomial now needs only one subscript to be
identified uniquely . Because any two-dimensional Lagrangian is the product of a one
dimensional Lagrangian in x and another in y, we can write

Cilx,y)=2¢,(x)¢;(y). (8.6)

This holds as long as the index i refers to a node, irrespective of where that node is
located.

To make the value of Eq. (8.6) unique, we need to know where the node i is located. To
illustrate our point, assume function {,(x, y) is identified with a node located at D5 =

(x5 y). Then we know from our earlier discussion that the Lagrange polynomial is
identified with a node located at (x,, y.) = (1, 1). If we know this information and the
mesh spacing, we have a unique representation of {(x, y) provided we have similar

information about all the nodes in the neighborhood (because all connecting node
locations are part of the definition of 35(x, y)). For the case in point, those are all the

nodes appearing in Fig. 8.2.
In summary, if you have a Lagrange polynomial (or its derivatives) with subscript i, you

need to know where node i is located. A table will tell you that node i is located at
location p; and that location p; is X, » . - You will see that you will need to have this



location information when you need to evaluate {(x, y) when, for example, you need to
calculate an integral to obtain a coefficient.
It is helpful at this point to compare Fig. 8.2 with Fig. 7.6 to see the correspondence

between the two notations. Employing the double index notation, the approximating
function #1 (x, 1) shown in Fig. 7.6 is

= (8.7)

=3
i =Y 3 ut ()
i=1

=1

and for the grid shown in Fig. 8.2, which uses only one index we have

k=9 (88)
fi(x,y) = Z w0ty (x,y) .
k=1
We have used the index k in Eq. (8.8) to avoid confusion with the use of the index i in
Eq. (8.7). These two expressions, Eq. (8.7) and (8.8), represent the same information in
the special case of rectangular elements, provided the relationship between the index k
and the location p; is provided. So, in the future, when you see an index i or j you must

identify each with a unique location p; or p; in order to proceed. Note that both indices i
and j can take on the same p, value since either i or j (or both) may be identified with

location lfl‘?;.n s Up,, } 3

With the notation issue behind us, let us proceed by stating the residual, which is
obtained by replacing u(x, y) with it (x, I/) in Eq. (8.1), that is,

~

. (8.9)
si(x, ) —Q(x,y) =R (x,y)
The appropriate weighted residual formulation is
(8.10)
/R(’l ylé(z,)dt=0 i=12,..,.N
0
where N is the number of nodes. Now, substitute for R(x, y) from Eq. (8.9).
(8.11)
a2 a2
— 1 (z, w(z,y) — Q (x. bi(z,y) =0 i=12,....N
f{alallag(‘y y)| i (=, y) _

Next employ Green’s Theorem (two-dimensional version of integration by parts ) to the
second-order terms. We get



(8.12)

a . a 9 o |
— | Gz, y)—& (z;9)+—09(x,9)—& (2. 9y + Q{z,19) &:(=,9) | d2

+f O (@ y)dt=0 §i=1,2,.,N
amn

where df is taken along the side Q) in a counterclockwise direction. We will explain how

to handle the term
/ @z‘ x, ) de
di} an

later on page 191. Substitution for ii (X, 1/) yields

(8.13)

N .
o) d s, a .
/;— [E uj{%{j [::c.y)a £ (z,v) é’yc (e yjay{i Lx.y}}

i=1

% s du o )

+Q (z,y) (; (z,y) dQ +/ —— 4 (w,y)dt=0 i=1,2,.. N.
- - _ a0 aﬂ

Keep in mind that we are now using single valued indices so the subscripts i and j are
now referring to basis functions and weighting functions located at nodes i and j.

Let us assume we are working with the same problem presented earlier and reproduced
as Fig. 8.2. We now write Eq. (8.13) for this problem

(8.14)
9 . ,
0 d o d ;
_ (oY) =—; (2 Q(z.y); (z.y) 0
/Q L;juj{dxfj{a. yJax( (z.y)+ j([&ya([11}+v[l y) i (x yJ]d

i
+ | Ti(zy)dt=0 i=1,2,...9.
an On

The matrix form of this equation is



_”11 A, 0 a,a5 0 0 0 O 1 fi (8.15)
(y) gy g3 fpy (a5 1y O 0 0 ] 11y fa
0 apap 0 azsay, 0 O 0 [ u; fa
0

g Ay 0 ayags 0 agy agg lig fi
51 A5 53 Agy Ags Agg A5y 55 59 || Us | = | J5
0 agag 0 ag ag 0 aggag || Uig fe
0 0 0 apazs 0 appaz 0 || u; f7
0 0 0 agy ags ag agy agg ago || ig fa
0 0 0 0 agag 0 aggdg || s fo

or in more simplified notation.

[A] {u} = {f} - (8.16)
The elements of the coefficient matrix [A] are defined as follows
(8.17)
= [ (S0 2O+ 20, (5 b))
£
(8.18)

fi :/Q(x,u} ¢; {x,y}dﬂ_/ @fs (x,y)dc.
5 - aq Nl ;

The information appearing on the right-hand side will be known from a specification of
Q(x, y) or, as will be seen later, by boundary conditions. Now consider the evaluation of
the integral appearing in Eq. (8.17). In our earlier work (see Section 5.2 on page 94) we
performed the integrations over the elements. We will do the same thing here. We
rewrite Eq. (8.1

< 9 9
ﬁ'.';r': - FE/ ( "f {T 1”’ ( ;lf'] & Ej‘fnr (x;l-’} 5_ny (x;lf}) dQ{’

where the integration is now over element Q,.

(8.19)

Consider a typical element such as shown in Fig. 8.3; in our case it happens to be a unit
square, but that is not necessary. Note that element numbers are shown circled. The
contribution of this element for node (i, j) is

(8.20)
—/ (a z‘ (x, l,r} £ (x, )+ —f (x, 1) f,— (x,y))dﬂ-l i=1,254,7j=1254
QI

We can expand the definitions of the basis and weighting functions using Eq. (8.6) to
give



(8.21)
d d 7,
-/ | |2 (4,0060) 20,0+ 2 (4,640) 2 €0 4| doy
i=1,254 j=1,25,4

This looks like a backwards step, but, as we will see in a moment, it actually simplifies
our development.
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Figure 8.3: Finite difference grid of two-dimensional problem in space.
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Figure 8.4: One local element defined in £, nlocal coordinates.

To set the stage for what follows, we will change direction and consider the case of a
generic element with node numbering 1, 2, 5 4 shown in Fig. 8.3. There are a lot of
numbers in this figure, so let us take a minute to clarify them. The ones and zeros
around the outside of the array of nodes are the boundary condition values. The
numbers to the lower right of the nodes are the node numbers; they go from 1 to 9. The
numbers in the circles are the element numbers. There are four of them and the one in
the lower left of the figure is shaded. At the far left and bottom of the figure are the
distances along y and x, respectively. The ranges are x € [0, 2] and y = [0, 2]. Then the
translation in numbering between our actual or ‘global’ element and out generic or
‘local element’ is given in the following table. Take a moment to study this little table.
In the first row are the nodes defined in the local coordinate system (, n)). In the second
row are the corresponding values in the global coordinate system. Thus, for example, if
you look in the second column you see that the local node 1 corresponds to the global
node 1 but in the case of column 4 the local node 3 corresponds to the global node 5.

The integrations we need to perform to employ the Galerkin finite element method can
be accomplished for this element using local coordinates x for x and 7 for y (see Section
1.8 on page 14 for an introduction to local coordinates):

Local |1 [2]3] 4 (8.22)
Global (1 (2| 5| 4




2, 13) 3, dr . dt
/ f ( €7 (x) €7 (n ]8—1) (EJ_ [€r (x) €1 (n ]3,1) d;kd d;;ffi’?

3 c)r;r dr = dy
— 16 ) Er ()] = ) | = [z (x) € —dx—=d
—1 2 3,4 I— 143,44

Expanswn of the derivatives and noting that since xy and 7 are orthogonal so that terms
such as — [f ] (x}] = 0, yields

(8.24)

dx d .. Ix\ dz , dy
ff( [y /\']{J{HJ(S—) (a_fﬂﬂ]f;fma) d—d‘ d?}dn

an dn\ dx . dy
ff(—[h (M€ (x) 5 )( lr ()] €1 (X d)dldxdndn

= 1. 294 J—=12.38.4.
Notice the subtle difference between Egs. (8.23) and (8.24).

Consider, as an example, the term associated with I = 1, J = 1, that is

(8.25)

adx d ox\ dx . dy
/ / ( 16 nl&},) (é‘l 6 0] 6 € \Jé?:r)d ax dr,‘rdn

- dn d . on\ dx  dy
/ f (_ [{:1 [??‘:' (,1 _) (d_T} 1 (m ]{1 (X)) — % ) adl?ﬁdn

From the definitions of the Lagrange polynomials in local coordinates (see Eq. 5.15 on
page 85) we have, after performing the required differentiations,

—1 O 1
/ f (—{"1 (n) — ) (Tfl (17) T) ?:E)L-Td?;r

—1 X 1 1
/ f (—51 (x) —) (Tfl Ud) Td}ﬁdﬁ

or, on further substitution

(8.26)



: : (8.27)
Pv=1.. (A%,
ff( l—mT) (Tul—ryf)Td)wdn
— 1 e 1 1
— Sy | v v o ey V—dyv—d
/ﬂ/ﬂ (1( Ju_l)(_ln )\J)]fk.l n

which reduces to
1 1 (8.28)
—/ f (1—mn)(1 —n)dydn
0 0

1 1
—/ f (1—x)(1—x)dxdn.
0 0

Evaluation of the integrals gives the (1, 1) entry of the local coefficient matrix, that is

LB Ay, 9 (8.29
3 3/ 3

As a second example, consider I = 1, J = 2. which produces an off-diagonal coefficient.

From Eq. (8.24) we get

(8.30)

ox\ dx ., dy
/ f (— [€a (x)] f«;(?ﬂ—) ( [€1 (x)] €1 (m) clz,) d_xd’}”d_ndn
an dy
/ / (— f)[? fo[}.ﬂ ) (8?? [{1 ]fl —) (E d”dﬁ'
A.galn we substitute for the definitions of the Lagrange polynomials and differentiate to
give
: : (8.31)
I | 1
lo (1) = €1 ()= | =dx=d
//(M‘r )( [nl)]q]n
131 1
/ / ( {5 }J—)( (1 (x) - )TEEXTd”

which upon further substitution yields,



1 pl - : - : (8.32)
. ANt JEX 3 d
—1/ jﬂ<}[1—ﬁJi>(.1{I—HJT>TdkTm?
1 1 —1 1 1
e ) | = =) ) odvsd
f/(l Ml)(l[ H).l JL.I n

which simplifies to
g (8.33)
/ / (1—m) (1 —n)dxdn
0o Jo

1 1
—jwf (x) (1 —x)dxdn
0 0

and finally yields, upon integration,

(l AT (8.34)
3 6] 6

If we perform similar integrations for the remaining nodal combinations in this element
we obtain the local coefficient matrix which we provide as a table. For convenience in
this table we have identified the nodes in row 2 and also in column 5

J (8.35)
1 2 3 4
70 I S A U I T R
21 %] 3|9
1213 il2]1
AEAEAEEE
I 125,
() 3 (=) 3
The form of the matrix is
2 1 1 17 (8.36)
3 6 3 &
1 2 1 1
B ia iy O
i 1 2 4
i ¢ 4 5
| 5 8 5 Al

All the element matrices will be the same in this case so we can construct the global
matrix using the local-global coefficient transformation table, that is the table shown as
Eq. (8.37). To be sure we understand this table, let us take a minute to examine it. The
second row contains the nodal locations expressed in terms of global coordinates (see



Fig. 8.5). The last column on the right contains the element numbers. The third row
contains the local coordinate node numbers in element 1 corresponding to the same
nodes defined in the global numbering system. For example, global node 5 shown in the
second row corresponds to the local node 3 identified in the third row with the local
coordinate system for element 1. Since this mapping from global node numbers to local
node numbers is a basic concept, the reader is encouraged to review this paragraph

until it is clearly understood.

Global
2 X |4 | &5 |6 3
112 4 [ 3
Local 1] 2 4| 3
1. | 2 4
1. | 2 3

Element
1

fu Lo MO

(8.37)
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Figure 8.5: Figure used to relate the location of nodes in the local and global
coordinate systems.

The global matrix is shown in Eq. (8.38). Let us see how it is obtained. Consider the (1,

1) coefficient in Fig. (8.38). This coefficient is associated only with global node 1. We first
locate the element in which global node 1 is located (please refer to Fig. 8.5). We see that
it is in element number 1. Next find the local node that corresponds to the global node (1,
1) in local element 1; it is local node 1. So the value we seek to fill location (1, 1) in the
global matrix is the coefficient (1, 1) in lojcal element matrix 1. Equation Eq. (8.35) or Eq.

(8.36) tell us that the value we seek is — <. Since node 1 in the global matrix appears in

only one elegnent, the information in location (1, 1) is all that is available. Thus placing
the value — in the global matrix at location (1, 1) completes the operation to fill this

global coefficient location.

The global location (2, 2) is different because it involves information from both elements
1 and 2. This is because the weighting function for this node spans both elements. Thus,



to obtain this coefficient, it is necessary to use the table in Eq. (8.37) for element 1 and 2.
For the first element we see that global node 2 corresponds to local node 2. Therefore we

r
need to take the value (2, 2) from the element coefficient matrix and this is again == and
place it in global matrix location (2, 2). -

But we are not finished. We now need to obtain the contribution from element 2. Global
node 2 in element 2 is local node 1 as seen from the table in row 4, column 3. Going to

Eq. (8.36) we again find in element (1, 1) a value of — % . We need to add this to to the

a2 - ]
global coefficient location (2, 2). Thus we have = from element 1 and == from element

2

2 which gives a total of (—% = —% )which we found in the global matrix at

location (2, 2). It would be prudent for the reader to try and obtain the global coefficient
(2, 5), which involves yet another concept:.

L L )
2-lo-t-toooo (8.38)
frtlao 00

=1 2 y L A
S8 W
T 31' 1 ql 83 1 T 1 1

[Al==}=3 55 =3 =5 575 "375 3
0 1.1 -1 ¢ _1_1
6 0 0 el g 2l
00 o_1_1_12 &1

3 T ,.T r:'u?-_l 2r:'u
| 000 0-3-¢ -§3.

Consider now the integral associated with the right-hand side of our matrix equation the
includes the source term Q(x, y), namely

fi= / Qx, 1) ¢; (x.y) dQ (8.39)
Q

which, assuming Q(x, y) constant over the element, is for our local element

1 1 (8.40)
' , Cdx o dy
fr= Qf f €1 (X,m) ——adx——dn.
o Jo dx "~ dn

Consider the case of I = 1

: (8.41)
I = Q/I /l (1 (x, 1) didxd—'yff?? )
o Jo T dx Tdn



or, substituting for {,(x, y), we obtain

l—ﬂ//ﬁ (x) €1 ( ‘J—dx dan.
dx " dn

Upon substitution of the definitions of the Lagrange polynomials we get

1 1 da dy (8.43)
Y =) —an) ()= —d d
f1 Aﬁt x) ( n}dkxdnn

. 1 (8.44)
, . dx d
fi=0 U (1 —x}—dx} U iy —yd??]
0 dx 0 dn

Integration of this equation provides our final result, namely

fL:Q(%) G):% (8.45)

In general we also have a term of the form (see Eq. (8.18)) which represents a Neumann,
second type or flux boundary condition, that is,

/ My (x,y)de. (8.40)
a0 an

Writing this integral in local coordinates we obtain for integration along the i direction

(8.42)

or

i 1 dy (8.47)
s B St g
an |, 1(x:m) R
or
(8.48)
ou . dy
— (r (x) €y (n) —=dn.
an ), 1(x)¢r(n) s i

Let us select I = 1 to provide a concrete example



(8.49)

du . 1 dy
= —F§ , 1 — —=d
> l{X}A (1—mn) o
ou n°\ |1 dy
i N
on ) ( 2 )ﬂ dn

I
| Y
= | £
o
2| =
~—

Note that the value of £,(x) at x = 0 is unity and thus the (1) in the last equation. Eq.
(8.49) states that one half of the flux entering the side of the element of length 1 is
allocated to node 1. The other half would be allocated to the adjacent node along the
external face of the element being considered. The f{(), ) vector is obtained by
examining all the nodes in the global system, that is

2T [ foe ot (xy)dt ] (8.50)

5 3,

i iy 31:? (x J'r)

E fr;z =5 (x,y)de

= o i s (x,y)df
i} = Fﬂ; —| fo 5t5(x,y)ae

% = %fﬁ (x,y) d¢

= fon 267 (x,y) d¢

o, b

= S ﬁf g (x,y)d¢

2

_Lf_ i }Hf (x J'r)

If we combine the information prov1ded above about our approximation of Eq. (8.1), we
obtain the matrix equation



(8.51)
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Application of the boundary conditions gives



o L o
_;. __LE 01 —g —@ 01 g 0 0 _1_ (8.52)
—= 2 ———=—=—= 0 0 0
6 3 6 3 3 3 0
0 —= = 0 -=-—=0 00
1 ?S 4 %Uh 11 g 0
6 3 3 3 % 3 k
I 2 & fetnm 8 2 i
e A e W S || N
3 6 , 33 , 3 6 1
D 0 @sese 2 g
I S 0
0 0 0 =2 =2 == == = —=
3 3 3 63 6 0
L0 G0 0 =g=g = F
il I/ :ﬂ; £ (x,y)de
%_] s :ﬂ—:.ﬁ (x,y)d¢
2| | e mpac
%} i :ﬂ_:f? (x,v)d¢
%_] Ji :ﬂ—nfs(x,y)df
_ii‘_ _ﬂm%fq(x,y}df‘_
which simplifies for this simple case to
—8u; =-1-1-1+4+3Q/1 (8.53)

where the surface integral associated with this equation (Eq. (8.53)) is zero because 25(x,
y) is zero along the external boundary.

Assuming Q =1
us; = 0. (8.54)
This is the same result we obtained with the finite difference method.
If we assume Q = 0 we have
3 (8.55)

u

5= 8
which compares with 1i5 = é obtained using the finite difference method. The secret as
to why these solutions are different lies in the way that the source term Q is handled. In

essence we use a point value at the center node for the finite difference representation
and an averaged value in the finite element formulation. This will be better understood



after reading the following discussion on how the finite difference and finite element
methods differ for this problem.

To see how the finite difference and finite element approximations are different we
expand the equation for u, to obtain

(8.56)
1
5 (uy + w9 + ug + uy — Sus + ug + ur + ug) = QAxAy.

We now modify this equation through addition and extraction of these eight values to
give something that resembles a series of second derivative approximations, that is

(8.57)
l Wi f i
G (w1 — 2uo + ug) + 4 (ug — 2us + ug) + (w7 — 2us + ug)]
1

I

1 [

—_ — |
1 I

(Lu — 2uq + ’u?} +4 (UQ — 2us + US} — (ug — 2ug + Hg}]

= —QAzxAy.
Next we multiply and divide the first term by Ax*and the second by Ay>. The result is
Ax? [(uy =20y + 1) d(uy —2us + 1) (Uy — 2ug + 1g) (8.58)
o - + + 1
6 Ax? Ax? Ax?
N Ay? [ (g = 2uy +uz) N 4(1.'3 —2us +ug) (13— 2ug + 1)
6 Ai? Ay? Ay?
= —QAxAy
The next step is to divide the equation through by AxAy to yield
(8.59)
1 Azx? (21 — 2uo + us) " 4 (ug — 2us +ug) | (u7 — 2ug + ug)
AzAy 6 Ax? Ax? : Ax?

+ 4- - —
AxAy 6 T

1 Ay? [(u1 — 2us +u7) (uo — 2us +ug)  (uz — 2ug + uo)
Ay? Ay? Ay?
i 2y

We now simplify and rearrange the terms multiplying the contents of the square
brackets. The result is



(8.60)
1 Az {{m — 2ug + ug) 4 4 (ug — 2us +ug) | (ur — 2ug + ug) ]

2Ay 3 Ax? Ax? ; Ax? J|
1 Ay | (ug — 2ug + ur) " 4(1@ —2us +ug)  (uz — 2ug + ug)
2Ax 3 Agy? Ay? Ay?
.

Finally, we recognize that the multipliers of the second derivative approximations are
those used in Simpson’s rule. We take advantage of this relationship to give the
following equation.

(8.61)
1 Az |(u; —2ug +ug) 4(ug —2us +ug)  (ur —2ug + U ) |
2Ay 3 [ x? 4 Ax? - Ax?
1 Ay [(ug — 2ug +uy) (49 —2us +ug)  (uz — 2ug + ug)
T 2Az 3 [ Ay? L Ay? B Ay?
£@

~ i Ty : anzuz Al
R 2Ay Jo angyi 2Az J, 8y2(xi s

Equation 8.61 states that the finite element formulation for the problem analyzed
produces a discrete equation that uses the finite difference approximations to the second
derivative terms defined in one coordinate direction averaged over the coordinate
direction orthogonal to that of the derivatives.

The template for the finite element algorithm described above is found in Fig. 8.6. It is
made up of the template for the x-derivative (Fig. 8.7) added to the template of the y-
derivative (Fig. 8.8).
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Figure 8.6: Finite element mesh with weights.
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Figure 8.7: Finite element template for x-derivative.
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Figure 8.8: Finite element template for y-derivative.

8.2 Finite Element Approximations over Triangles

Consider once again the equation

(8.62)

& &
axi”(x’y} + ai—ﬁu(x,y] =Q(xy) xyeEQ

defined on the irregular domain illustrated in Fig. 8.9. As earlier, the interior of the
domain is defined as Q and the perimeter as 0Q

. 8.6
u(x.y) = ug(x.y) x,y € 004 (8.63)
(L 3) = (E9) T,y € 09, (8.64)

I + 9Ny = 9. (8.65)



0Q2

X

Figure 8.9: Region of interest for the triangular finite element method. The area is Q
and the perimeter is 0Q.

We begin the analysis by defining the approximating function applicable to this
problem, that is

(8.66)

1:11 Eujujg,tj

In this expression we have replaced our Lagrangian basis functions with a new
functional form @;(x, y). This is a polynomial basis function defined on a triangular
subspace which we denote as a triangular finite element. The triangular element
discretization of the domain shown in Fig. 8.9 is shown in Fig. 8.10.



element

v

X

Figure 8.10: Array of finite elements which discretize the area Q. Note that the
boundary of Q, denoted as 0L, is subdived into linear elements 0Q, that are also the

sides of the interior triangles. Observe that nodes are located at the vertices of each
element.

The triangular basis function for a typical node is shown in Fig. 8.11. Note that, as usual,
the basis function is unity at the node for which it is defined and zero at all other nodes.
In Fig. 8.12 we show the set of three basis functions for the three nodes in the triangle.
Note that everywhere they sum to unity. It is important that the elements be numbered
in the counterclockwise order for the formulae to be presented below for integration to
provide correct answers.
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Figure 8.11: Triangular basis function for node I. The patterned inclined plane is the
function denoted as the ‘basis’ and the corresponding element is the solid surface in the
x-y plane identified as the ‘element’.



Figure 8.12: Diagrammatic representation of three triangular basis function, one for
each node of the triangle. Note that the values of the triangles sum to unity anywhere on
the triangle.

8.2.1 Formulation of Triangular Basis Functions

Consider one basis function, for example the one located at node I in Fig. 8.11. Note that
this triangle employs the local indices I, I + 1 and I + 2. Thus the index I can take on any
of the nodal values in global coordinates shown in Fig. 8.10. To be more specific, if we
consider the shaded element in Fig. 8.10 we could choose I to be node number 1, 3, or
10. If we chose I = 1, then I + 1 would be 3 and I + 2 would be 10.

In developing the equations for the triangular basis functions we will require, as noted
above, that they be unity at the node for which they are defined and zero at the other two
nodes in the triangle. In other words we have for the basis function at node I

¢r (zr,y1) =1 (8.67)



¢r (r41.9r41) =0 (8.68)

¢r (xr42,y142) =0 (8.69)
where the notation ¢ (x;, y;) denotes the value of ¢; at the nodal location (x;, y,).

To begin our development, note that the equation of a plane defined in the x — y
coordinate system is

o1 (z,y) =azx + by + c. (8.70)

If we now evaluate this expression at each node, we have
or(zr,yr) =axyr +byr +c=1 (8.71)
Gr(Try1,¥r41) = axyrpr +byrp1 +¢c=0 (8.72)
Or (T1+2:Yr4+2) = azrio +byrio +c=0 (8.73)

which can be written in matrix form as

; (8.74)
T Ur 1 a 1
Trr1 Yry1 1 b1=10
Trio Yr4+2 - & 0
or, written symbolically
[P1{q} =1{8}- (8.75)
The solution to this equation gives the expression of ¢,(x, y):

(8.76)
ilienlin= x(yre1 — yr42) + ¥ (Trye — xry1) + (Trayrss — Treoyren)
8 S det [P]
where det [P] is the determinant of the matrix [P]. A similar formulation leads to
equations for ¢;, ,(x, y) and ¢, ,(x, y), that is

: . (8.77)
s (gl z (Y12 — yr) + y(zr — zry2) + (Tr42yr — T1yry2) (2.9) € []

det [P]

and



(8.78)

z (yr —yry1) + v (@ry1 — zr) + (2ryrq — xryayr) ) e [

det [P]

It turns out that there is a simple integration formula for triangular elements as defined
above; the formula is:

drip (2 y) =

(8.79)

. ! | |

Ty LT ,mI+2 Mr.mMry 1My 9.
f_l')I f.‘?I+-E ( d ;j_l. . oI
G (mp+myiq +mpio +2)!

where m; is the power to which the ¢; polynomial is raised. For example in the integral

(8.80)
f HIL’JI IHI—I—Ed""F
2.
my, my, ., and m;, , are all unity, while in the integral
(8.81)
f I!".-'!J‘Ifl,".)ffl;")j'_zdﬂe
0,
or, written slightly differently,
8.82
;2,0 . 1 40 ( )
r"}Ir'}I—F.E {:JI—I—E “ug
2.
my, my, , and m;, , are 2, 0, 1 respectively.
The area of the triangle A is given by
1 (8.83)
2
Integration Example
Consider the following integral
(8.84)

Integral = / o7 (z.y) dQe.
Q.=A.

Since the function .; appears alone in the integral, m; =1, m;, , = 0, and m;, , = 0. Using



Eq. (8.79) and recalling that the factorial of zero is defined to be 1, we obtain

(8.85)
/ Op (2,y) dQe
2,

24, Vondbamd
(1+0+0+2)!

8.2.2 Example Problem of Finite Element Approximation over Triangles

The equation of interest is, once again,

w(x,y) + ; su(x,y) =1 (6:80)

B

where (see Fig. 8.13)

u(x,y) =1-0.763x x,y € oQ, (8.87)
u(x,i) =1-038x x,ye€dQ, (8.88)
u(x, ) =0 x,y € dQ,. (8.89)

These boundary conditions were selected to simplify the calculations by having the area
of each triangle be unity and while letting the Dirichlet boundary values vary linearly
along the sides of the triangle.
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Figure 8.13: Illustration of triangle used as example in this subsection.

We begin by selecting our approximation for u(x, y) as

4
Ji= Z u;d; (2, 9)
7=1

where the basis functions ¢;(x, y) are defined using Egs. (8.76) — (8.78). As earlier, we
now define the residual by substituting the approximation i (X, 1/) into the governing
equation, in this case Eq. (8.86) and obtain the residual R(x, y)

(8.90)

"

Using Galerkin’s method we weight the residual by the same set of functions we are
using for the basis functions, that is ¢;(x, y) i = 1, ..., 4, and integrate each of the four

products over Q = Q, + Q, + Q.. The result is

(8.91)

(8.92)

f R(z.y)d; (z.9)d2=0 i=1,..,4.
0

Substitution of Egs. (8.90) and (8.91) into (8.92) yields




(8.93)

= g L |
L Zuj (@@j (z,y) + aygf,.-;j (x.y}) — 13 ¢, (z,y)d2=0 i=1,...,4.

i=1

We now apply Green’s theorem to Eq. (8.93) to obtain:

(8.94)
d d d _
— U . Y)+ —. (2.y) =—0. (x,y) | d©
Z;]( JJ} b, (2, y) gy %7 (&) 5,9 ( y?)
_ ;o M, = ;
— / (1) &; (z,y) d2 — f — o, (2. y)dl A= Be—
0 aa On
The equations represented by Eq. (8.93) are of the form
Ay Gyp 3 Ay || Ty h (8.95)
Ay Ay A3 Ay |[ Uy | | fo
31 f3p 33 A3y || Ha f3
Ay Ay gz Ay | Hy fa
or
[A] {1} = {f} (8.96)
where the coefficients in Eq. (8.95) are defined using Eq. (8.94) as
i / dq)_.f (I, y) dq)? {x;:ll.l"} 2 a{I]J, (I,y] @d)f. (x’ l"} dﬂg (8.97)
g = — )
3 o= Ja, ox ax oy oy
(8.98)

: ot (x, 1) :
s e / (1) ¢ (x, ) d2,.
J ; /1!-1 on d gﬂ Q, i

Note that Q is now represented explicitly using the individual elements denoted by the
index e. The basis functions are identified with the element over which the integration is
being performed. For example when integrating the basis function defined for node 1
over element 3, ¢,(x, y) would appear as ¢,(x, y) defined over element 3.

As in our earlier example on page 189 we need a transformation table. Using the I local
index notation introduced for triangles we have

Global
1 2 3 4 Element
I I+1 I+2 1



Local| |I+1 I I+2 2
1 I+1 I+2 3

Again take a moment to review this table. The global node numbers are provided in the

second row and go from 1 to 4. From the third row we find that the I node for triangle 1
was selected as the global node 1. Once this decision is made, the other two local nodes,
namely I + 1 and I + 2, are automatically assigned to global node numbers 2 and 3,
respectively. We know this order to be the case not only because of the table, but also
because we know that we must number the nodes in each element in counterclockwise
order.

Element Coefficient Matrix

Because we are using triangles, as indicated in the above table, there will be three nodes
for each element and therefore the element coefficient matrix will have nine entries, that
is

Ay A1 Appgn (8.99)

Apeq 1 A4 4042
Apio,0 Ap42,041 Ap42 142

The corresponding coefficient matrix for element 1, using global numbering would
be

fdyq Ay 893 (8.100)
Ay = |y @y, 053
f3) A3 33

as can also be seen from the above table. The integral associated with coefficient a,, in

the matrix defined by Eq. (8.100) is obtained from Eq. (8.97) using the local I
numbering system:

(8.101)

B oy 10 e s 18 .}a,( hes
i — Q7T Y) ——Pr T, — Pr\TY) —Pr T, d L.
3 oz 1 -J'axf- Y, ay-fk JayI. Y,
2d]
The next step is to use Eq. (8.76), reproduced below, to obtain the derivatives needed:

Z (Y141 — yi42) + v (zr42 — xr41) + (141Y142 — Zry2yr41)
det [P]

from which we obtain upon differentiation

o7 (z,y) =



(8.103)

1% 5 o g (Y141 — Yr+2)
dx 1\ det [P]
and
8.
a (110 — Z141) (8:104)
Z 6y (z,y) =
Ay det [P]
where
X oy 1 (8.105)
[P] =] %141 Yy 1
X2 Yz 1
We now substitute Egs. (8.103) and (8.104) into (8.101) to get
(8.106)

—f — o (2, y) —¢; (2.y) + =—0; (. y) — 0, (z,y) | O
(2 e 1)) &£, T a» R (18] €T, A
o gr T J'@I'I 70 Oy £ ! dy ! '

—1 _ . . Yy
R Pe———. / ((yr+1 — Yr+2) (Y1+1 — Yr42) + (Tr30 — Trp1) (Trge — 2141) ) AL
(det [P])” Jo,
Using our global-local coordinate table, and recalling that
det [P] = 2A, (8.107)
this term becomes
(8.108)
1 - ’ \ -
s / (Y11 — Yre2) Wre1 — Yreo) + (Trp0 — @r41) (Tryo — Tryq)) dQ
(det | P])” Jo,
1

= = f (2 — y3) (Y2 — y3) + (x3 — 22) (23 — 25)) A
193]

4A2
= ——= ((yo —y3) (Y2 — ¥3) + (T3 — X2 (X3 — X)) dQ2
—1_“15 Ql
== : (( ) )+ ( To ) (x "9))
=14 ((¥2 —¥3) (Y2 — ¥3) + (T3 — T2) (T3 — T2))
| = : :
~ =g ((—0.76) (—0.76) + (1.31) (1.31))

As a second example of element integration, let us evaluate coefficient a,, of element 1.



The required integral becomes

- [ (S b @+ T ) 2

From Egs. (8.76) and (8.77) on page 198 we have

d B (Vi1 = Vir2)
Eq}f (xfy) - det [P]
d . (.xr+z —0s )
@‘1}1 (x,y) = det [P]

P AV =)

d _ (% = %pp0)
a—y‘bm (x,y) = Tdet [P

The required integral becomes (recalling that the area of each triangle is, for

convenience, designed to be unity)

/ 8 ) d (.0) P
— — — D &, + —a@r T Y) —
s, 521 (z.y oz TI+1 Y) By Ty By

¢'1+1 (x U))

bri1 (@, yf:) do

(8.109)

(8.110)

(8.111)

(8.112)

(8.113)

(8.114)

21

1 - , _
S e——— ((yre1 — Yr+2) (Wr4o — Y1) + (Tr40 — Try1) (X1 — Tr40)) dQ
(det [P])? /9_1 " 1
1
= ——— ((yr+1 — yr42) Wrra — 1) + (Zrye — zr41) (2r — 21 Jl/ dQ
(det [P])’ ; ¥ ( i
=1 ((yra1 — yrae) (Yrao — yr) + (1o — xr11) (X — 2110))
Aj
= — (2 —y3) (Y3 — 1) + (23 — 22) (21 — 23))
44,
1 . . .
= 1 ((—0.76) (-—1.61) 4 (1:31) [U’}]
= —(.286.

Global Coefficient Matrix

When calculations such as shown above are completed for each of the nodes and each of
the elements, the following element coefficient matrices are generated



11 Q12 413 0.573 0.286 —0.85 (8.115)

15 oo dag =t 0.286 0.57 —0.856
31 g2 O3z —0.85 —-0.856 1.1

element 1

8.116

S B % 173 —0.868 —0.868 ]
og laa oy — —0.868 0.573 0.286
43 g2 (] —0.8685 0.286 0.573

EEE?nznt 2

_ _ (8.117)
11 Q13 Q14 0.573 —0.849 0.276
31 (lgg (O34 = — —0.549 1.71 —(0.868
aaq gz CGqq 0.276 —0.868 0.673

element 3

The next step is to assemble the global matrix by taking the coefficients for each node
from all the elements and adding them together as illustrated below

(8.118)
11 Q12 13 Q14
a1 Q922 23 Q24
31 Q32 33 «aA34
41 Q42 043 G4y
0.573 + 0.573 0.286 —0.859 — 0.849 0.276
_ 0.286 0.570 + 0.573 —0.856 — 0.868 0.2586
B —0.859 - 0.849 —-0.856 —0.868 1.71+1.73+1.71 —0.368 — 0.868.
0.276 0.256 —0.868 — 0.868 0.573 +0.573

1.14 0.286 —-1.70 0.276
0286 1.14 —-1.72 0.286
—-1.70 —-1.Y2 5.16 -—1.74
0276 0.286 —1.74 1.15

Before we can solve the problem, we need to evaluate the forcing function

. a . (8.119)
/ (13 ¢, (z,y)dQ — A a—::r_.-'}t- (z.,y) dl
0 LY :



which is the same as

f . (2, y) dO f i Y
() I P oL T __f.".i'i o
i@y ot (@

£ . |
. i du
— Z/ ; {I. yJ al) — / P l-[.j:" yj dl.
e=] . o 2

From Eg. (8.85) we have

A (8.121)
E 'y b {—) o =
o, (x,y) dE) = 3
ﬂ. .

so we can rewrite Eq. (8.120) for each node (again keeping in mind that the area of each
element in this problem is unity).

(8.120)

3 Jii (8.122)
i f ¢1 (x,y) d2 — / — ¢y (x,y) dl
E.='l. Q. | a0 on
Ai 443 du :
= s 5= = %, Yy} dl
3 3 /Em 8?1”1 (z.y)
2 o ,
= - f o) (e.y) dl
3 aq On '
3 i (8.123)
9 = | b (z,y) dY — — g (. y) dl
h=2 ﬁ e .[99 on”2 DY)
Ai ;—12 au

—gab pielh  j. Sy dl
3 3 éﬂa é2 (@y)

2 d :
= f jr}lg (z,y)dl
3 srOm



3 g (8.124)
f3 = Z‘L ¢3 (z,y) dQ — Lﬂg”z (z,y)dl
e=1"%"""e
ou

3 a0 On
3 5 (8.125)
= :',:’JE (:l? \.ld\.-— —, (2. y) dl
=3 [ stevde- [ oy
As 4‘-13 du
=i — . dl
. 3 ‘/C:}ﬁ 8'?’1”_1 (1 (yj
2 ou

Thus, the right-hand side vector becomes

= o : it 12
/i #—Joa %”’1 (z.y)dl o
f2 | _ | 5= Jaq gi*‘.?g{ y)dl
f3 0
| Ja | £ % faﬂg by (z,y)dl

You may be wondering what we will do with the normal derivative appearing on the
right-hand side of Eq. (8.126). As you will see, if we need it, it is provided as a boundary
condition. If we do not have a derivative-type boundary condition, this term will not be
needed.

Solution of Equations

The matrix equation now becomes



(8.127)

1.14 0286 —1.70 0.276 iy W [ 2 — [on iy (my)dl
028 1.14 -172 0.286 ur |1 % [ Sy (zy)dl
-1.70 -1.72 516 -1.74 ug | 2+0

O ) 1 7 1K 2 %ﬂ | i
0.276 0.286 -1.74 1.15 s 2 — [on 320y (z.y)dl

Application of boundary conditions provides the following:

(8.128)
114 0.286 —1.70 0.276 _ é—fm@_gm (z,y) dl
| 0.286 Ll Eif2 2B | _| 3 —faﬂg—grﬁ@ (z,y) dl
-1.70 -1.72 5.16 -—-1.74 ug =40
0.276 0.286 —1.74 1.15 0 %— fan RN (z,y) dl
which can be reduced to
— (5.16)uy = [(-1.70) (0) — (1.72) (1) — (1.74) (0)] + 1 (8.129)
or
_0.72 (8.130)

— 14

1 -
LT

Notice that the equations containing the derivative on the right-hand side have been
eliminated by virtue of the specification of the function value of u(x, y). Thus, because
we did not have any Neumann boundary conditions, the equations containing this
information disappeared by virtue of the alternative specification of the Dirichlet
condition. We will see in the next subsection what to do when there is a Neumann
condition specified. The complete approximation for u(x, y) for this problem becomes

(8.131)
Z uj P, {'1?

(0) 61 (013) + (1) b2 (5,3) + (0.14) 85 (,3) + (0) 4 (2 3).

8.2.3 Second Type or Neumann Boundary-Value Problem

In this section we will modify our earlier problem presented in Section 8.2.2 to consider
a Neumann boundary condition. The problem definition is provided below:

n

(8.132)

u(xy) =1

where (see Fig. 8.13)



% u(x,y) =1 x,y €0 (8133)

u(x,y) =0 x,y €0Q, (8.134)

u(x, ) =0 x,y €dQ, (8.135)

where we have assumed that nodes 1 and 2 are associated with 9€2,. The only changes we

need to make to our earlier formulation is to modify the right-hand side to accommodate

the new boundary conditions. The new boundary specifications are shown in Fig. 8.14.
We first write the earlier formulation

(8.136)
I 0%4 (2 i
114 0.28 —1.70 0.276 Uy %—Ua"an‘“ (z.y)d]
0.286 1.14 —1.72 0.236 wp | _ | 2 [[p250 (@9)d]
~170 <179 6516 —L;74 ug | | 50
0276 0.286 —1.74 1.15 Uy 9 Q%4 (.0 dl
| 3 —|f3 an V4 (2, y) ‘ |

The terms of interest are in the boxes in Eq. (8.136).

3

V

(0.0) R (2.63.0)

'
*

+T
Figure 8.14: Repeated for reference, illustration of triangle used as example in this



subsection, that is Section 8.2.2.

Consider the term associated with the first row, that is the equation identified with node
1 and therefore weighting function 1. The first thing to note is that the triangular basis
function shown in Fig. 8.11 is a linear Lagrange polynomial along the side of the triangle.
Thus the following holds

) . )
/ a—:;f_-='i'1 (z.y)dl = / @:: @4 (z,y) dl.

o

(8.137)

If we assume — constant along the boundary segment 8Q, which is the normal

e
procedure in linear triangular elements, it can be taken out of the integral and we obtain

ou ( du e
—(J xX. () xr. P
90, on y)d 8?1 901 15 Y

(8.138)

The function ¢, (x, y), which is defined only along the boundary 0, of the triangle, will

be a linear Lagrange polynomial. We use the symbol o to denote distance along this side.
In other words o is the one-dimensional coordinate defined along the line 0Q, Using

this notation we obtain

B - (8.139)
a (1 LD‘}dE

ou o — 09 dl
on 80, 01 — 09 |

where o, and o, are the locations of nodes 1 and 2 in the ¢ coordinate system. In Fig. 8.11
we see, for example, that o, and o, could correspond to nodes I and I + 1 and the
integration would be performed along the line connecting them. Integration now yields



(8.140)

ou (o9 —oq)
an 2
The interpretation of Eq. (8.140) is that the the portion of the contribution of ‘;ﬁ
[ 1
it 02

5 Thus the integral in the first row on the right-hand-side

K
of Eq. (8.136) will take on the value presented in the last line of Eq. 8.140. The
coordinate o, is determined by inspection from Fig. 8.14 to be 2.63 length units (see the

associated with node 11is

length of the side of the triangle along x) and ‘;ﬂ = 1. Thus we have
[

dii o 2.63 (8.141)
e iy | Yohembdrs I [ 1
on 2 () 2

A similar argument can be used to obtain f a4 . and this turns out
g 90, on (Do (_:1 y fg) dl

to be the same value, namely 1.32.

We are now in a position to modify our matrix to accommodate the boundary
conditions. We obtain



(8.142)

1.14 0.286 -1.70 0.276 uy % ~1.32

0.286 1.14 —1.72 0.286 upy | £ —1.32
-1.70 -1.72 516 —1.74 uz | 50

0.276 0.286 —1.74 1.15 0 2 [oq SEoy (2, y)dl

You will notice that the integral in the last row remains unevaluated. We will see in the
next step that the reason for this is that it will not be needed. Using the information from
the Dirichlet boundary condition that u, = 0, as we implicitly did in the last example
Section 8.2.2, we can multiply this value by the last column of the matrix, put the
resulting information on the right-hand side of the matrix equation, and eliminate the
last row and last column of the matrix. Note that we now have three unknowns since
nodes 1 and 2 are not specified u(x, y) values. Simplifying Eq. (8.142) we have

114 0286 170 [u,] |3 -132+(0.276)(0) (8143)
10286 1.14 —1.72 || u, | =| % —1.32+(0.286) (0)
— — T3
1.70 -1.72 5.16 || us 34_0_{]_?4)[[]}
or
114 0.286 ~1.70 |[u,] [-0.654 (8.144)
—| 0286 114 -1.72 || u, | =| —0.654

~1.70 —1.72 5.16 || |

Taking the inverse of the coefficient matrix, that is

1.14 0286 -1.70 " [2251.10 1.11 (8.145)
0286 1.14 -1.72| =|1.10230 1.13
=1.70—1:72 516 1.11 1.13 0.934

we can solve Eq. (8.144) directly as follows:

1y 2.251.10 1.11 || —-0.654 (8.146)
i, | =-|1.10230 1.13 || —0.654
1, 1.11 1.13 0.934 1
1.09
= 1.09
0.53

Thus the solution to our problem is [u,, u,, u3]T = [1.09, 1.09, 0.53]7 where T denotes,

transpose.

To understand the results, one must remember that the vector n associated with ‘;ﬂ is
[



outward directed. Thus, if u is a state variable, such as mass, there is mass attempting to
enter the system along-side 9Q,. Thus we would expect that the values of u near 0Q,

would be higher than further away, say, at node 3. However, we also have a flux Q = 1
exiting the system that must be satisfied, in part through inward flow along the
boundary. Node 4 must remain at zero because that is the fixed boundary condition
value for u at that node.

If we assume that Q = o, that is there is no source term in the equation, we get

1.14 0.286 -1.70 || u4 0—-1.32 +(0.276) (0) (8.147)
-10286 1.14 -1.72 || 1, =] 0—-1.32 4+ (0.286) (0)
-1.70 -1.72 5.16 || 13 0+0-(1.73)(0)
or
1.14 029 -1.70 || 1, -1.32 (8.148)
-1 029 114 -172 || u, |=]| -1.32
=170 =1.72 5.16 || u, 0
or
1y 225110 1.11 || -1.32 (8.149)
u, |=-—1110230 1.13 || -1.32
U3, 1.11 1.13 0.934 0
or
1y 442 (8.150)
u, | =| 448
Ha 295

One now observes that the slope of the surface has changed. The high side along 0Q, is

even higher since this is the side from which the mass flows inwards. If the domain were
rectangular, we would expect a uniform slope across the domain from the left to the
right. However, the domain is triangular and so the surface is not perfectly flat, but it is
close.

As a variant on this example, let us see what happens if we again remove the uniform
flux, that is let Q = 0, but also reverse the sense of the flux boundary condition, that is
set

%H x,y) = -1 x,y €0 (8151)

u(x,y) =0 x,y €0, (8.152)

u(x,1) =0 x,7 € 0Q,. (8.153)



The matrix equation becomes

1.14 0.286 —1.70 || 1, 0+ 1.32 + (0.276) (0) (8.154)
—-1 0286 1.14 =172 || u, | =] 0+ 1.32 4 (0.286) (0)
-1.70 =1.72 5.16 || us 0 — (1.73) (0)
for which the solution is
i, (2251.10 1.11 |[1.32 (8.155)
u, | =-|1.102.30 1.13 || 1.32
Uy 1111130934 || ©
[ 442
= —| 449
2.96

or (u;, u,, uS)T = —(4.42, 4.49, 2.96)T. One now observes that the slope of the surface has
changed. The low side is along 9Q, since this is the side from which the mass flows

outwards. If the domain were rectangular, we would expect a uniform positive slope
across the domain from the left to the right.

8.3 Isoparametric Finite Element Approximation

In this section we will introduce the concept of isoparametric finite elements. These
elements are characteristically irregular in their geometry. They are essentially deformed
rectangles. However the concept can be further extended to allow for sides that have
curvature. They are useful in some specific engineering applications. A necessary tool for
understanding this concept is the idea of a ‘natural coordinate system’ which is a special
form of local coordinate system and which we will now introduce.

8.3.1 Natural Coordinate Systems

One Dimensional Natural Coordinate Systems

A natural coordinate system is a local coordinate system (see page 16) which is special in
that it permits the specification of a point within an element by a set of dimensionless
numbers whose magnitudes never exceed unity. Consider the information presented in
Fig. 8.15. The variable x is a global coordinate and L is a local coordinate which is
also a natural coordinate. Notice that any point along the indicated interval [x,, x,]

can be specified by a number whose absolute magnitude does not exceed unity in the L
coordinate system.
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Figure 8.15: Illustration of the natural coordinate system, L.

Our first task is to determine how to relate the natural and local coordinate systems one
to the other. From Fig. 8.15 we observe the following: a point x,, somewhere within the

interval (x,, x,) is related to a point L, located in the interval ( - 1, 1) by the expression

Xy LP (8.156)
X —x; 1-—(-1)
ot
R
In general, for any x, we have
x—x, L-(=1) (8.157)
X — X4 2 ]

We can solve for x in Eq. (8.157) and obtain

L+1 8.158
. (3, — %,). (8.158)

X = x-l_ +
A little algebra gives

X = % [2%¢) = Lx; —x; + (L + 1) x;]. (8.159)

We now rearrange the terms in this expression with malice of forethought to give

r=2(1-Dx+ 21+ D, (8.160)

Eq. (8.160) can also be written as

(8.161)

2
x= Y x; (L)
=1

where



1-L 8.16
b1 (L) = —— (6162

141 8.16
b L) = 3= (6:168)

Let us now look more carefully at the function ¢,(L). We observe the following:

o (L=-1)=1 (8.164)
¢ (L=1)=0 (8.165)
¢, (L=-1)=0 (8.166)
p,(L=1)=1. (8.167)

It appears that the values of (L) satisfy the requirements of basis functions for the

interpolation of the coordinate x in terms of the end points of the interval (we did
something similar in Section 1.5 on page 4 )!

Two-Dimensional Natural Coordinate Systems

The one-dimensional transformation just presented was rather straight-forward.
However, the two-dimensional version is a little more complicated. The local and global
elements are shown in Figs. 8.16 and Fig. 8.17, respectively. Now let us examine the
relationship between them. To be a one-to-one transformation we will require the
following;:

Node Number Local Coordinate (8.168)
1 — (—1,—1)
: _ (1, 1)
3 — (1;1)
4 — (—1;1)

where the symbol — is to be interpreted as ‘corresponds to.” Building upon what we
learned from our one-dimensional example, namely Eq. (8.161), we want to be able to
determine the coordinates of x and y within the global element using a relationship of
the form:

4 (8.169)

T = Z: z;0; (&,7m)

1=1



4 (8.170)
Y= Z y'i‘f’i {‘5 1’?) .
=1
(L) (L.1)
$ Qs
BB
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Figure 8.16: Local element in local § — 17 coordinate system.
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Figure 8.17: Isoparametric element defined in local (£, ) and global (x, y) coordinates.

We will return to this relationship shortly. However, for now let us consider a different
strategy for representing x.

Let us impose the constraint that a line that forms an element side that is a straight line
in the global coordinate system is also a straight line in the local coordinate system. If
this is to be true, we need to be able to have x vary linearly along § and y vary linearly
along 7. A function of § and 7 that varies linearly along € will have the form

X = oy + 05§ + agn + oy En. (8.171)

To see that this equation satisfies the requirement of being linear along &, substitute n =
1. This gives

X=o0 + 0,5+ a, + o,k (8.172)

which is a linear function of €. Similarly if we substitute n = —1 we have

X=0 + o8 — oy — k. (8.173)

Both Egs. (8.172) and (8.173) provide a linear change in x with a linear change in €, thus
satisfying the requirement that an element side that is linear in the global system is
linear in the local system.

One can, using a similar argument, show that the appropriate form of the interpolator
foryis

¥ =Py + B + PBan + Byén. (8.174)
It can be shown that when § is + 1, y is a linear function of 7.

We would like to find out what the values of a and [ are. To achieve this we impose on
Egs. (8.173) and (8.174) the requirement of one-to-one correspondence between the
nodal locations in the global and local coordinate systems as shown in the above table.
We obtain by substituting the corresponding values of x, §, and n into Eq. (8.173) the
following matrix equation for the unknown values of ¢;i = 1, ..., 4:

(2] [l & om &m || ea ] e
Lt 1 o L & 1y &me .
3 1 & m3 &37m3 as

p < | L&y My &amy | | Q4

Substitution of the local coordinate values for £ and n we yields



. a - DI i (8.176)

T 1 -1 -1 1 v

Lo o 1 1 -1 -1 ko

xzz | |1 1 1 1 Qa3
| Ty | L1 =1 1 =1 ] | o |

Inverting the coefficient matrix provides the solution for {a}’, that is,

AN
J
3,0
(2,3)
2,0
11.78)
1,0
0
n 4 .:1
i e 11,1
X
10.2p,0.25]
1 2
O
|_1J_]v] [1'_]']
§
oy 1 111 % (8.177)
x| 1|-111-1}|=x

og| 4|-1-111 ||zl
oy 1 -11-1||x,

Recall from Eq. (8.169) that we can express x as a function of the nodal coordinates via
the expression



Xy (8.178)

X
X = [(I]l {E_”, rl}rq)l' {E.l."'rl}.-'q)?' {ér rl).’q)‘l (;.ﬂ'rl)] xi
Xy
and from Eq. (8.171)
oy (8.179)
— > = L7]
X = []-r e M n._)'l'l] o
Xy

But, we have another representation of the a vector from Eq. (8.177), so we can
substitute that relationship into Eq. (8.179) to obtain

1 111 X, (8.180)
_] 5 “ -111-1 X7
X—a[]-;‘wnrbrl] -1<11 1 X
I -11-1{f[x

We now examine Egs. (8.178) and (8.180) and see that both of these equations describe
the behavior of x. Thus we can equate their right-hand-sides to give the relationship

§ LI s i | (8.181)
1 =1 1.1
[q)l {E.vrl}fq)l (E.ur rl}f'q)? (ér I-I).-'q)-‘-l (;,l])] = 1[]-!";'“! ::,I]] _1 _1 ] 1
1 -11-1

To obtain further insight into this relationship, consider the functions ¢,(§, ). We have

from Eq. (8.181)

b1 &) = T D) = D) - W) () + &l (8.182)
& %il—i—nﬁm)
g l=E (1=
_( 2 T)
(8.183)




8.18
$a (£, 1) = (1+5+n+m} (8.184)

_ 1+¢ 14+n
B 2 2
; ko 2
Dy 8.M) = 1[1 —& = EN

-(55) (%),

The above functions are called Coordinate Transformation Functions.

(8.185)

Example Problem

Consider the point located with the X in the lower panel of Fig. 8.18. The goal is to find
the global coordinate location for this point. The first step is to write the general form of
the global-local transformation. One obtains global coordinates in terms of the global
coordinate node locations and the local coordinate transformation functions as

4 (8.186)

= Zi"--i*’.-""i LE; ?F)

i=1

(8.187)
= E Yi®; {g
1=1
Next substitute for the x; and y; values to get
(8.188)

z=0[¢py (£, )] + 2Py (§.1)] + 2[P3 (€, m)] + 04 (£, 7)]
which gives, using Eqgs. (8.182)—(8.185)

(1+0.25)(1 - 0.25)] 5 ’(1 +0.25)(14+025)] (8.189)

] = 1

E=0.25,q=025 4

= 0.468 + 0.781 = 1.25.
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Figure 8.18: Element in local and global coordinates used for example problem. The &
in the lower panel maps to the X in the upper panel via Egs. 8.186 and 8.187.

Similarly for the y, coordinate location

(8.190)
y=1[py (&) +0[ps (&) +3 [Pz (&.m)] + 2[4 (§:m)]

(8.191)
V|

E=01.25,q=0.25

(1 -0.25)(1 — 0.25) (1+0.25) (1 + 0.25) (1 - 0.25) x (1 + 0.25)
+3 +2
1 4 1

= 0.141+1.17 + 0.469 = 1.78.

So, the calculations indicate that the location (&, n) = (0.25, 0.25) maps to (x, y) = (1.25,
1.78). as shown in the upper panel of Fig. 8.18 Now that we have the coordinate
transformation functions, let us consider the basis functions.

=1

8.3.2 Basis Functions



As usual, we are seeking to represent our approximating function i (x, 1/) by a series
employing the product of coefficients and basis functions. Consider for example the
approximation of u(x, y) over one element

(8.192)

._‘|_
w(z,y) = upty (£,7)
k=1

where (&, n7) are the basis functions. To ensure that a function is approximated linearly
along a linear side (see Eq. (8.172)) we consider the relationship

. g . : 8 5 (8.193)
W, = Qi + 09§ + a3 + Qi€ = O s

Consider as an example the conditions that apply to basis functions in general and y, (¢,
n) in particular, namely that

vy (§1.m) =1 (8.194)
and

5 g (8.195)
Y1 (£5:Mp) =0 me= D Gl >

Combination of these constraints with the definition provided in Eq. (8.193) yields, for
W, (& M,

(8.196)
[ vy (§.m1) ] (1 & oy & || e | R
V1 (ma) | _ | 1 & Mmoo £omo gy | _ | O
Uy (£3.m3) 1 &3 m3 &3m3 Q31 0
| V1 (Eaemy) ] LY €y oMy Eumg | Lo ] [ O]
or
(8.197)
EAGRDIE (1 -1 -1 1 ][ on | e, 4
W lEatls) ¢ 1 T =1 =l ag; | 1 0
Vi(émg) | |1 1 1 1 az1 | | O
| Y1 (84:M4) | 4 = L ==L § | i | 0




Solving for the a vector we obtain

G _ 5 B g 2 (8.198)
Q11 1 1 1 1 1
k91 o 1 — l l l — l D
31 g =l T 1T 1 0
¥ 41 l —J l — l D
=
|
l—i
L 4 .
From Eq. (8.193) we have for y, (&, )
Y1 =11 + o +agn+ andy (8.199)
or using Eq. (8.198)
y (8.200)
T I
A el =L
In order to demonstrate a concept, we now rearrange this equation to give
(8.201)

i

v1==(1-§—n+&n)

2] = =] =

. & e o
Ll—ﬂ‘ﬂﬁ{l—ﬂ)-

Thus we see by comparison of Eq. (8.201) to Eq. (8.182) that ¢,(&, 1) and w, (¢, n) are
identical. Thus @&, n) (or , (£, n))) is both the coordinate transformation function and
the basis function.

8.3.3 Calculation of the Jacobian

To see how to use the isoparametric element we will address an example problem.
Consider the equation

"

iy d d
u {xﬂf} 5 d‘yzu (xry) - a”(xflf) - a_yu (x;ln") =0.

Using our standard approach we can write an approximation for u(x, y) as

(8.202)

2



(8.203)

T
y) = E ujd; (z,y) .
1=1

From Galerkin’s method we have
(8.204)
oz a” :
/( i (x, y)+ n(x y}——n(x Jf)——u(x J}) b (x,y)dQ=0 i=1,...n
o\ o2 oy

Application of Green s theorem to the second-order terms yields

(8.205)
/ atfi y) 8 (2, y) 8{[:5 "ra b ( 'r. A0
—ri——k —i -\ . FE e " —)- . e
4 al J a:r ] JJ' ay \ y, ay g\ y;
& . : a . ; :
L (au (. y) Q; (2. y) + %-u (,y) (x5, y}) df)

ou(z,y) | | (8.206)
= — gy =0 =154
aa on

Substituting Eq. (8.203) into Eq. (8.204), and introducing the local indices I and J, we
get for each element that consists of four nodes

(8.207)

g O e O
= E Uy —H ( ?”Efﬁf{ }—I—EU 75N ﬁ_j” {E,m)
d % T
+£%wmwMW+%wEmw@w}m

— 38 gy (E;m)dl =0 I=1,..,4
a0

where n is now the outward-directed normal to the element face. Notice that this is not
an equation equal to zero because we are considering only one element and we would
need to sum the information contributed by all the elements associated with node I
before we could write an equation for node 1.

Typical integrals in Eq. (8.207) are of the form



/Q (%‘I}; (&n) %4}; (€ n)) dQ (8.208)

and
ad (8.209)
[ (Zoennen)do
Q, X
Let us see how we evaluate these integrals. Since
=E(x, 1) (8.210)
and
=n(x,Yy) (8.211)
from the chain rule we have
a 5 (ET ady (€, ) gy N ad; (&, m) ay (8.212)
TV T & oy &
b S fb,r &) ox i dd; (E,n) ay (8.213)
—4; E,n)=— _
! o ay an
We can assemble these equations into matrix form to obtain
ddy (E,m) dx dy ey (E.m) (8.214)
aE _ o ax
dy(Em) | — [ rJE ri;;l? ] ek, &)
) dn f]l'l cy
By convention we define the Jacobian matrix [J] as
dx oy (8.215)
m=| 2
o
such that
by &m IylEm) (8.216)
dE _ dy
ditm | T U] rJdﬁ,-tEJnJ
o dy
However we see in Egs. (8.212) and (8.213) that we need terms of the form
P (8.217)

5207 (&1)



and

d _
b 5(&:m).

dy

To obtain this form, we need to take the inverse of [J] to yield

ey (E.m) dipy(Em)
dx — -1 o

b (Em) | = U] dipy (E1)
ey dn

Computing [J]~ ! we have

1 r]:|,I _rJi
I = [ ", g].

det []] B
Combination of Egs. (8.219) and (8.220) ylelds
iy (E,) 1 dy dy by (E)
ax € aE i
ay r}‘l'| b an

The next problem is to determine how to get the Jacobian matrix [J]?
Recall that

4
':Z 1”1{3; n)
g

and

4
Y= Z yror (€,m).
I=1

We can now use the relationships in Egs. (8.222) and (8.223) and write

(8.218)

(8.219)

(8.220)

(8.221)

(8.222)

(8.223)



Z’II 7 (&.n)
I=1 65
]fl ) 1{1 )
1 s n, Lo 1 1)
1 | :
1 (1 +?ﬂ} + x4 {1 ¢—1 —?’H}

+J?3|:

8?; ;:Lj O (£.7m)

= %3 [— (—1 —i—f)} + T2 [I (=1 - 5}}

1 | .
1( =)

o

(1 +EJ} + x4

e | =

—|-:133[

4
8y 8 i o i
o ;Z:l U1 5g P1 (€7

1 1
= Y1 [lk—l +?ﬂ] + ¥ [1(1 —'T?}}

T | i i
+ y3 {1{1 —!—?})] T Y4 [1(—1 _?F)}

(8.224)

(8.225)

(8.226)

(8.227)



(8.228)

yr—n (&.7m)
dn ;

= U4 {1 (&— U] + Yo {I[—l—a:’} i

: : 1 :

We can now evaluate the Jacobian. We have

(8.229)
a dy : : 1
& :1{{—1%1} (1-m) (1+n) f__—'l—n)} 22 v
2 & | T4 (¢-) (-1-§ (1+9 (-9 5w
Ty Y4
One can also show that
and
; ; 8.
dor ] _ [Py 0z 0z dy (8231
et | g — — -
o on o0& In ¢

We are now in a position to evaluate the integrals of interest. Consider as an example

(8.232)
d o o 9
D o dady.
,/g:ye (8 ¢z (&:m) 9z br (§sm) + ﬁy”J (&£.m) y“I (€, ;u?}) zdy

We can write the integral in natural coordinates using Egs. (8.212)—(8.221) and Egs.
(8.230)—(8.231) as




(8.233)

/ 8 [f [ ) + : (& ) _E'] (& ] lxd
—D ? —D il - — il Dy .7 axr
3 i --'II 31 I :'I a g\ } SI I\s ?-I y

f / h W (&) %
Tt O bk
det [J] 36 ” O 7 ) £

¢ b (£.1)
det _J] (c}f—' ¢r(&m) 5, Ef:"-rp 6‘?;." \ 3

1 o, .. @t 8, 2 )
S det [J] _ﬁf_“J [6*?” C}_n E a_n'(-}J \&.n) a_g

1 d ox o da
det [J] ( dchI{f n— an +8_?;r“1[£ n) {%) det [J] d&dn.

The challenge now is to evaluate the integrals appearing on the right-hand side of Eq.
(8.233). This is accomplished using Gauss—Legendre Quadrature introduced in Section

3.1.6 on page 59.

8.3.4 Example of Isoparametric Formulation

Let us consider the problem of solving for the temperature distribution in the x - y
plane. The problem is defined in Fig. 8.19. The governing equation is

K (aZT N aZT) _0 (8.234)
ox2  ay?
with boundary conditions

Tx,y) =6 x=0 ye€[0,5] (8.235)
Txy =12 x=20 ye€]0,5] (8.236)
9T _0 y=0 xe (0,20 (8:237)

dn
aT (8.238)

— =0 =5 3 0 20).
an Y x € (0,20)
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Figure 8.19: Finite element mesh for the example problem considered in Section 8.3.4.

Galerkin Formulation

Let us assume the temperature can be represented by the series

&
T(x;],r’) = Z T:fd}_ll' (x.ry) .
j=1
Define the residual
FT T
— 4+ =R(x,vy).

From the Galerkin method we have

/R(x,y)q)?- (x,1)d2=0 i=1,.,6.
Q

Expanding R(x, y) we have

82T 9T -
/ + ¢, (z,y)d2=0 <:=1,...,6.
)

oxz2 = Oy?

Substitution of 8.239 into 8.242 gives

G 2 02 ., '
didilE Gy . 0°¢; (z,y)
. J Lt “ J i =
E -J: T..’l‘ ‘/r; ( 52 o; (&:m) + ayg @4 (‘{; n)
j= L

(8.239)

(8.240)

(8.241)

(8.242)



We can now apply Green’s theorem to modify the second derivative terms and obtain

6

80, (,9) 8; (a,y)

1y Ay 3
flpy fyy fpy
{31 3y 33
g1 Ay 43
0 0 as
0 0 ag

- Z - 8(_;.-;3' (. y) D (z,y) e
= gl Az Az

dy

a: 00 0]
a,, 0 0
3y (a5 dag
gy g5 Ay
5y g5 5g
Agy g5 gy

Y

Since we know from the boundary conditions that

and

we can reduce the coefficient matrix to give

=] 7] - 2]

Although it may not be obvious, we can show from symmetry that

and from geometry that

34

=y

3 =l

(8.244)

ar
) dQ—é—f —¢; (z,y)dl=0 i=1,..,6.
an On '

This set of equations can be written in global coordinates as

h
f
fa
fi
f5

fs

Ay Ty + a3 Ty +as5T5 +az T
Ay Ty +apT) +aysTs+aT, |-

(8.245)

(8.246)

(8.247)

(8.248)

(8.249)

(8.250)
(8.251)
(8.252)
(8.253)
(8.254)
(8.255)
(8.256)

(8.257)



With these considerations in mind, we are left with the coefficients

{31, A3y, 33 A3y (8.258)

Consider coefficient a,,:

d, di. .
a5 :/( by Iy " by ad)'q)dﬂ. (8.259)
o\ ox ox ay oy

The integration for this coefficient is restricted to element 1 because nodes 1 and 3 are
only connected in element 1 as seen in Fig. 8.19. We now do the integration over only
element 1 and we do this in the local coordinate system. The process is as follows.

Transform Integrals to Natural Coordinate System

The relationship between the natural and global coordinate systems for the first element
are provided in the following table:

Local Global (8.260)
lor (—1.-1) 1
Z2or {1, —1) 3
3or (k1) 4
4or (—1.1) 2

Consider, for element 1 in natural coordinates, the integral (see Section 8.3.3 on page
219 above for insight into how this is done)

/ (a{bl (E, 1) 94, (E,n) + d¢, (§,n) 9, (E,n) J0 (8.261)
Q. dx ox ay ay o

dipy (2.n)

We need functions of the form defined in natural coordinates. We start with the

g
relationship derived from the chain rule, that is,
kb (1) ax dy o (£.0) (8.262)
L = & £ i
’lhfr(‘g*ﬂj o ﬁ E fjd’.r[éuﬂ]
o in o ay

From Eq. (8.229) on page 222, reproduced below, we can write the coefficient matrix in

Eq. (8.262) as

dx dy Xy 1 (8.263)
koo | _Ll[E1+n) A=n) Q+n)(=1=-n)| |21,
22|41+ (-1-9 A+9 (1-9) || X
an odn %, ¥y



So, for the particular case of ¢,(&, 1) we substitute Eq. (8.263) into Eq. (8.262) to obtain

(8.264)
d¢,(E.n)
d o
3@‘1&:"3! EE
dn
0 0 5ot
1[(-1+n) (1-n) @Q+n) (-1-m ]| 10 0 || 252
4| (m1+8) (-1-& (a+¢& (1-¢ 10 5 _5‘&*:6;5-”-'
0 5
or

8¢, (£.m)
Bmlgnl

q

{1 —THHUl—rU —.—?;r (10)
(—=1—¢)(10) + £) (10)

b iEn)

:]I'|

Similarly we have

ek (E,1)
i}g ik
f.kl'ﬁzl:_g_,ﬂj % E

dn

H[

Taking the inverse of the Jacobian matrix we have

16

rkh] l:-';qu
L] -
[ fkhﬂJ‘L:ule :|
dy

= =
i O

|

and.

~ 200

(8.265)
(1 +n"r[5‘:+:'—'1 — 1) (5) ] [ B¢y (Em) ]
s 5 9¢,(£.m)
[1 + g { ] ch [J) i 7
o0 o] [ o0 (8.266)
ax
0 10] dpyiEn) | -
ay
20 0] [ 2= (8.267)
0 10} apaicn) | -
r}y
10 g7 [ 2w (8.268)
g
[ El} E] [‘H’ﬂ&u‘ﬂ]
2 n

chpy (5,1)
o
en



ckpo(E,1) 1 0 dip-(Z.n) (8.269)
dx - [ dE
dpa(Em) | T 02 dip-(Em) |
ey 5 en
This is the relationship we need to transform our derivatives in Eq. (8.261) so they are in

the form we need.

To see how this is done, we return to our integral of interest, that is

(8.270)
9p1 (£:m) 9¢s (§:7) " Oy (£:1) O3 (€:1) |
.y dx dx Ay Ay e
which becomes, using Egs. (8.268) and (8.269) as follows:
(8.271)
90 { ,n) 9o (&, 7) 3*’.-*"1 (£.m) 9ds (€. 1) 40
. x dx dy dy s
1@(:1 (£.71) 13(; (£.7m)
& 5 &
§: i—aﬁ” [é'm 2992 (&)} gt [J] dédn
b Jn b  0Jn 3
and det [J] is given by
(8.272)
q 1120 0
fal o 1o
g i
-« 5 § ]
25
= ?.

Perform Integrations

We now use Gauss Quadrature (see Section 3.1.6 on page 59) to evaluate integrals of the
form found in Eq. (8.271). The Gauss points are at



1 i} '
b (&) =+—, b(n)=+t— (8.273)

V3’ V3

where % = 0.5773, and the weighting function is H; =1.0 . Consider the first term in
the integral on the right-hand side of Eq. (8.271). From the definitions of ¢,(§, n) and

@,(&, ) given by
| i 1—n (8.274)
= 9 9
| ek 1 —n (8.275)
(,-"J'? = P p

we have for the first term in Eq. (8.271),

- = T [GFED G

and

(8.276)

; . . 1 .
1 { ) means that you substitute in the values € =t—into

Note that the notationz 7
83 2

E=+



the argument sequentially and sum the result. Thus there will be four terms in the
summation on the right-hand side of the above equation. Now consider the second term

on the right-hand-side of Eq. (8.271).

? 4 3 a?? : 5 8??
1 .

(8.277)

. . .
The total term is the sum of —é + E = é. We now have the value for the coefficient (13)
in the local coefficient matrix for element 1.

Matrix Assembly

If we evaluate all the integral terms for both elements, we can obtain the element
coefficient matrices.

To obtain the global coefficient matrix we need a transformation table for the global and
local nodal numbers. In the top row we have the global node numbers. In the second
row, the local element node numbers of each node value for element 1 is provided. For
example, the local node number in element 1 for global node 2 is 4. The same
information for element 2 is found in the last row.



Global (8.278)
12|34 5 6| Element
local | 1 |4 2 [ 3 1

1. 4 2 3 2

Element 1 and element 2 have the same coefficient values since they have the same
geometry and properties, that is

CORT 5/6 1/6 —5/12 -7/12 (8.279)
) oy Az oy | | 1/6 576 —=7/12 —5/12

A a3, (33 034 | | =5/12 =7/12 5/6 1/6

a, a, a0, | | -7/12-5/12 1/6 5/6

The global matrix is obtained by combining information from the two element matrices
and the transformation table. As an example, consider the global coefficient (b,,). This

coefficient is according to the table, the (a,,) coefficient of the element coefficient matrix
for element 1; this value is 5/6 and this value appears as the (b,,) coefficient in the global

matrix given in Eq. (8.280) below. Now let us consider a more interesting case. Node 3
in Fig. 8.19 lies at the interface of the two elements. Thus this coefficient in the global
matrix draws information from both of these elements. We see this in the table because
global node 3 is the same as local node 2 in element 1 it is the same as local node 1 in
element 2. So, to build the global coefficient (b,,) we need to add the (a,,) coefficient
from element 1 to the (a,,) coefficient from element 2. We obtain 5/6 + 5/6 as is seen in

the (b33) location of the matrix in Eq. (8.280).

As a final example we take the most complicated situation, the formation of global
element coefficient (b3 2 This coefficient involves information from two nodes, each

located at the interface of two elements. From the table we see that in the first element,
global node (b3 4) is equivalent to element node (a23) in element 1 and (al’ 4) in element

2. Thus we need to add these two values together to obtain the global coefficient (b
and so we obtain — 7/12 — 7/12 as seen in coefficient location (b

34)
54)-

Note that for this second-order equation both the global [B] and local [A] coefficient
matrices are symmetric and the rows and columns sum to zero.
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(8.280)

(8.281)

(8.282)

(8.283)

which after bringing information to the right-hand side of the equation simplifies to



(8.284)
5/6+5/6 —7/12-7/12][Ts] _ [(1/6)(6) + (=5/12) (6) + (1/6) (12) + (-5/12) (12)
" |-7/12-7/12 5/6+5/6 Ty~ [ (=5/12)(6) + (1/6) (6) +(~5/12)(12) + (1/6) (12)

5/3 =7/6] |1, _ 9/2 (8.285)
=776 573 || Tu) T T |9r2]
Solving for the unknown vector we get (on inversion of the coefficient matrix)
’Tﬂ B 1 5/3 ?/6‘ ’wz‘ (8.286)
T,| = (5/3)5/3)-7/6)(7/6) | 7/6 5/3] |9/2

_ 36 [(5/3+7/6)(9/2)
- 51 | (7/6+5/3)(9/2)

3 [7/1)9/1)
(17/1) (9/1)

1

which is the exact solution.




8.4 Chapter Summary

In this chapter we introduce the Galerkin finite element method. We begin with
rectangular elements. The approach used for rectangles is next extended to triangular
finite elements, a method that is somewhat more abstract than the case of rectangular
elements. The rectangular finite element formulation was next generalized to the case of
isoparametric finite element that allowed for elements that are squares in a local
coordinate system but can be deformed rectangles or trapezoids in the global coordinate
system. The integrations inherent in the finite element method are easily performed in
this local coordinate system.

8.5 Problems

1. Given a triangle with nodes at (0, 0), (2, 0) and (1, 2) as shown below in Fig. 8.20 and
the values u(o, 0) = 1, u(2.0) = 2, and u(1, 2) = 0, determine the value of u(1, 1) and
show that it is 1.0 This can be determined from the following two relationships:

3 (8.287)
il {x,:llj'} = Z H;'L." 'lix.')"1 i‘}
i=1

(8.288)

3
Y Ly =1
i=1

where L,(x, y) is a triangular basis function.

A

i
>

Figure 8.20: Triangular element and target location for problem 1.

2. Given the following equation that is used in the isoparametric formulation,



aeby(E,m) ax dy diy: (&) (8.289)

g — | & &£ Iy
apEn | = | o oo || &
o dry e dy
. . . . ] H }I . j
and the information in Figs. 8.21 and 8.22, calculate the value of x o o= nd 2
i

T

and show that they are as follows:

dr d

éé - 5 0 (8.290)
x| = 025

dnoodn

Hint: You can do this problem just through careful observation of the figures below
and the properties of basis functions, but just in case you need them here are the

equations for the basis functions: ¢;(x, y) = @;(x)¢;(y) where q);' (x) = i x 3
@& 1) = p(E);(n) where b (&) = :é_'“

' o o

O O

¥

Figure 8.21: Explanation sketch for problem 2.
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Figure 8.22: Explanation sketch for problem 2.

3. Consider the finite element array found in Fig. 8.5 the following figure. Assume the
global matrix for this problem is

1 I R
L. 325
0224
2544

and the element matrix for element e = 11is

112 (8.201)
]2
221

The transformation table is

Global 1234
Elementone 1 2 '3

Elementtwo 1 2 3

Please fill in the values for element matrix e = 2

(8.292)




1 2

Definition diagram for problem 3.

4. Given a triangle as illustrated in Fig. 8.5, with nodes at (0, 0), (2, 0), and (1, 2) as
shown below and the values u(o, 0) = 1, u(2.0) = 2, and u(1, 2) = 0, and the basis

functions

X (Vi1 =~ Yr2) ¥ (Xe = Xpa) + (¥pa¥i2 — Xrolia) (8293
L (y) = det [P]

where

A= %det [P] (8:294)

and A = 2 is the area of the triangle, show, using the above basis functions, that the
Mt (e, 1y ) . .
at the location (x, y) = (0.5, 0.5) is 0.5.

Iy

value of




L

Information pertinent to problem 8.5.

5. Given the finite element mesh in Fig. 8.5, locate and place the global nodal numbers
on the figure (in the circles). In the following table, the global numbers are in bold
and the element numbers are in italics. Remember that local element numbering (the
I, I+1, I+2) is counter-clockwise.

12 3 4 5
11 1I+1 I+2

21 I+2 I+1
3 I+2 I I+1
4 1 I+1 I+2



(1,1]

10,0] (1,0]

Illustrative figure associated with problem 8.5.

7. Consider the equation

By D (8.295)
ax

defined in the one-element domain shown in Fig. 8.23 with boundary conditions
u [:0 U} | (8.296)
u(1,0) = 0.

Solve for the value at node 3, namely u(0, 1), or equivalently u,, using a Galerkin finite
element method.
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Figure 8.23: One-element domain with the basis function at node one illustrated.
Steps
1.

2.

Write the approximation for u(x, y), that s, if (x, /) = Z?:l u j¢j (x, 1)

Generate the weighted residual equations (there are three).

3. Substitute for if (X, I/) in the weighted residual equation.

Write the matrix equatio]n symbolically, that is the global matrix (3 x 3) in terms of

the integral such as fg ?— ¢p,da, the unknown vector of values of u; and the right-
= X

hand side (which at this stage is zero).

Impose the two boundary conditions (you will now have one unknown, u,) and note

that you will now have integrals in the (1 x 1) global matrix and on the right-hand
side (two of them).

Evaluate the integrals using the geometry shown in the figure to define the
derivatives of ¢; and the relationship f Q. ida = % (you actually don’t need this last
relationship, but in case you don’t see why, here it is).

7. You now have one equation in one unknown, u,. Solve for it.

8. Check your answer by determining whether the derivatives of u(x, y) satisfy the

original differential equation.
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Chapter 9
Finite Volume Approximation in Two Space

9.1 Finite Volume Formulation

In this section we will extend the finite volume formulation we introduced in Section 5.1

on page 84 to two-dimensional problems. The system we will consider is one that allows
P u(x,y)

for a cross derivative such as  #9/  namely

a2 2 2 " o2 1
2B (o, TueD) | Fuled) |, Fey) o
+rulz.y)—Q =0 x,y €90 (9-2)

w(z,y) =up (x,y) =,y €dp (9.3)

y =ui(z,y) =z,y€dy o

INp + Ny = N (9.5)

where, as earlier, 0Qj and 0Q, are the segments of the boundary 0Q of the domain Q
along which Dirichlet and Neumann boundary conditions are defined respectively.

The formulation of the finite volume method in two space dimensions can be done using
more than one approach. The one we have selected is chosen because it is consistent
with the method of weighted residuals which we have used as the intellectual glue to
hold together the various methods we have introduced thus far. With this in mind, as in
the case of earlier methods, we begin with a representation of u(x, y) as

N (9.6)

u{r,y) idlx,y) = Zlijﬁ-"}j (z,y)
g=1

where, as in Section 8.2 on page 195, we use basis functions defined on triangular
elements.

A typical finite element arrangement is seen in Fig. 9.1. The black dots are the nodes.
The small circles are the circumcenters of the triangles. The circumcenter is the location
of the intersection of the perpendicular bisectors of each side. It is also the center of a
circle that passes through all three of the nodes of the triangular element. We will make



reference to circumcenters in the next paragraph.

Lt

X

Figure 9.1: Domain of interest subdivided into elements as part of the finite volume
formulation presentation. The small circles are the approximate locations of the
circumcenters of the triangles.

To begin the development of the finite volume approximation, a series of polygons is
constructed within the array of elements as seen in Fig. 9.2. The polygons are created by
connecting the circumcenters of each triangle. Note that the sides of the polygons are
orthogonal to the sides of the triangles and are continuous across them. The polygons, in
the absence of the triangles, are shown in Fig. 9.3. We will now discuss the rationale for
the various steps just presented and we will explain, via two examples, how to employ
the resulting finite-volume formulation.




Figure 9.2: Polygonal finite volumes generated from the finite element array shown in
Fig. 9.1.

X

Figure 9.3: Finite volume mesh after removal of the triangular elements.

Once we have the finite element basis functions defined, as presented in Eq. (9.6) and
discussed in more detail later, the next step is to write the weighted residual
formulation, that is

/ R(x,y)wx,y)dQ@ =0 i=1,2,.,N 9.7)
o

which contains the weighting function wy(x, y). The choice of the weighting function for

the two-dimensional finite-volume method is a direct extension of the one-dimensional
case discussed in Section 5.4 on page 112.

To visualize our choice, imagine extending a line of unit length vertically at the
circumcenter of each triangle as denoted by the letter C in Fig. 9.5. Connect the tops of
the resulting lines to form the polygon at a height of 1 unit (this is the surface B in Fig.
9.5). Finally stretch a hypothetical membrane over the polygon on the top and then
enclose each of the vertical lines just constructed with the membrane. The resulting
‘tower’ is the needed weighting function w;(x, y) and is consistent with the finite element

finite-volume array shown in Fig. 9.6. The projection of the weighting function onto the
x-y plane is illustrated in Figs. 9.5 and 9.6. We will learn why we have selected this
functional form for the weighting function a little later.

As we have done in earlier examples, we now expand the weighted residual formulation

of Eq. (9.1) to give



Si(zy) Pulzy) o
ammT i ﬂyy a—yz

8% (z,y) Fi(zy) -
(axyTay : 3 ny&yT + ku(z,y) — Qu; (=, y}') d(}

| S~ 3~

0 i=12 __N.

Now we apply Green’s theorem to the second-order terms in Eq. (9.8) and we get

. dulz,y) du (z, y?]) Ow; (x,y) (9.9)
- [ (o e =t P s
_ 9u(z,y) ou(z,y) | dwi (z,y)

[ (P, B B

+ L fandiz ) @b Leglide

PREY) 0 DY
k jf;*n (ﬁm oz T dy newi (z,y)ds

du(z,y) 9u (z,y)
+ [5.9 ({lyxT +Eny -nywx- {I,y}d&

—0 =12 __N

where n, and n, are the components of the vector n that is normal to Q in the x and y
directions respectively.

Consider now the information provided in Fig. 9.4. Here you see a typical finite element
with the coordinates x, y, n and T defined. Note that n is orthogonal to the side of the
finite-volume and t is tangential to it.



Jh_. +— Finite Element

X

/

" [+]
"~ Finite Volume Boundary

Figure 9.4: Coordinate system relationship associated with finite-volume formulation.
Note that the positive angle for 6 is counter-clockwise.

Next we chain out the w; derivatives with respect to 7 and n. To see how this is done,
recall that by definition

%ws (x,v) = Vw, (x,y) - i (9.10)

and

d : s . (9.11)
—w; (x,y) = Vw, (x,y) - J.
ay

The unit vectors in the x and y coordinate directions are given by i and j respectively. We
can also use the definition of the gradient operator to write it in the normal-tangential
coordinate system

Z0,(x,) = Ve, (x,) (912)
and
d
Ewi{xfy} = "'v_"'ﬂs‘;; (xf !ﬂ 5L (9-13)
where, in this case
d o .
Vo, (5,) = -0, (5, y)m + w0, (x,9) (914

and n and t are the unit vectors in the n, and 7 coordinate directions respectively.

Now we expand this relationship to give



e o B 2 3 (9.15)
= w; (x,1) = (a” w; (x,y)n + drw? (x, 1) r) 1.

We can now rewrite this expression as

a d . d : 16
el (x,1) = (aw,- (x,y)n-1+ =% (x,y)T- 1) ; (9.16)
J
—; (x, 1
Similarly, for v i ‘”We obtain
(9.17)

d_ of B o Bl i
@wé (x, 1) = (‘jl“[ﬂ.:f (x,¥y)n-j+ dTE{J'., (x,y)t ]).

As noted earlier and illustrated in Figs. 9.5 and 9.6, the weighting function wy(x, y) is a
o
w; {I Y }

constant in the 7 direction such that the terms of the form of i«
this property, the above equations become

are zero. Using

i il o s . (9.18)
= W)= iyt i S8, y) g Teed

and

B B s = (9.19)
dyd}?(xfy} a”w;{xfy}n ] a{xry}h.ﬂ;n ]

where 5(x,y)| 42 i the Dirac delta function defined along Q..



A—s

Figure 9.5: The weighting function used in the finite-volume formulation. The top of
the function is denoted by the dark-grey polygon.

Figure 9.6: Finite volume (gray) and finite elements with illustration of normal n and
tangential T coordinate directions.

Now we need to determine the product n - j. Referring to Fig. 9.4 we see that the vector



from a to c in the n direction can be expressed as

n, = {x:' T xrr.lr yn' T _I,r'.,:} - (9.20)
To normalize this vector to obtain the unit vector n, we divide by the length of n ., that
is

(X — Xo Yo — V) (9.21)

n= .
\/(xr - xrr}z & {yu - ysz}z

Thus we find the unit vector coordinates for n, to be

X =X
n-i=n, = L a (9.22)
2 2
\/{x:' - xﬂ) 1 {yr. i y.z}
and for n, to be
L4 .]'ill'.- - 1 i
n-j=n, = Ye ~ Ya . (9-23)

V& = %02 + W - 1)

Note that the above calculations could be performed using the coordinates at the
locations ¢, m, and n in lieu of ¢, a, and b with the same results.

We return to Eq. (9.10) and introduce the relationships developed above to obtain

o ' (9.24)
ou (z,y) dulz,y)\ . .
_ L [(ﬁm«;T +amy8—y (—0 I:I:__y] 55‘?;}11 i

ou (z, o (z, o iz 2
+ (aya*% +ayy%ﬁ) (=0 (z,y)[o0.)n J] dQ

+ [ (ri(e,) - Quila,)an

O (xz,y) ou (z,y) )
+/an [(a” Az T Gy dy znm

du(z,y) ou (z,y)
+(GHET+Ryya—y Ty wi(I,y]dS:U
j—19 N

where ! (x, 1) is presented in Eq. (9.6). From the definition of the Dirac delta function,
this equation can be rewritten as



(9.25)

[/ Bu(zy) aﬁ-ﬁxzy}) ( du (z,y) ou (z, 9)) 1
fagf L(am—ax —l—awy—ay | g + Oy + ayy—c‘i‘y ny | ds

+ ]ﬂ (R — Qi)

T palEsy  SlERD
—I—LQ L(am—&v —l—axy—ay i

difzy) du(ey)
(o= gt ) (e =0
i=12 N

Notice that integration is now over the finite-volume perimeter and that there are two
uses of the notation n, and n,.. One is associated with the finite volume i and the other

with the region Q.

As a final step, we introduce the triangular basis functions @;(x, y) to give the final form
we will use in the following examples

E, N a{pj (x, 1) J; (x,v) (9.26)
z Z / Ui | Apy———— +yy——— )i, ds+
a=1 JI;=1 rlﬂ:' ljx ﬁlj
ii/ | a 2 9) +a o &y) n, ds +
. _ 5
& L I W gy y
E, N
pIP R / (mb,- (x, y))wf(x,y)dﬂ— / Qu;(x, y)dQ +
e=1 j=1 £, ' Q
aft (x,1 ot (x,1
/ (au.[—ﬂ +.::I“M n,w;(x, 1y)ds +
o\ ox ooy
ail dil
i i (x,1) i it (x, v) nnleyins
o\ 7 ox oy .
— U I = 1,2,...,N.

The above development may seem a bit abstract at this point, but how we use this
information in application will be clearer after we work through the following two
examples:

9.2 Finite Volume Example Problem 1

9.2.1 Problem Definition

Consider the system of equations presented above modified to be descriptive of the



problem presented in Fig. 9.7, namely

 u i
o hy?

+xu(x,)-0Q0=0 xy€Q,

ux,y)=1 x=0, y€[0,2],
ufx,y)=0 x=2, y€[0,2],

du(x,y) _
T—G x€(0,2), y=0,
ou(x,y) _
T—D IE{U,Z}, y—z

3

*@2)

volume
volume
lements
elements MG

2
(0,0) (2,0)

(9.27)

(9.28)
(9.29)

(9.30)

(9.31)

Figure 9.7: Definition drawing of finite volume problem presented as ‘example one’ in

Section 9.2.
9.2.2 Weighted Residual Formulation

The domain of interest presented in Fig. 9.7 has four large triangular elements and
five finite volumes. The finite volumes consist of the square of area 2 in the middle
and the four triangles in the corners. In other words, there is one square volume

element and four small triangular volume elements.
We begin by employing Eq. (9.26). We have for our problem



l. T 2 TJ{”H ds

, 5
+ Z Z 1.}-/ (mb:r.’ {x, j,r}) w;(x, 1)dQ — / Quw;(x,1)dQ +
e=1 =1 ﬂr Q

dit (x, dit (x,1
/ ’ZM ”:1_ + M”"

where the number of elements identified with (attached to) each node 7, where i
identifies the finite volume of interest, is given by E;. If we write Eq. (9.32) in matrix

form we have

o2 oy (x,y) oy (x,y) (9:32)
2”," / 2— n, + —

wi(x,ds=0 i=12,..,5

[y ap azay 0w [A] (9-33)
Uy Ay Ayy O y5 (| 1y fa
(3 Azp A3z Azg Aa5 || Uz | =| f
ay 0 agay ags || uy fa
| 0 asy a5y asy ags [Lus | Lfs
The number of rows in the coefficient matrix in Eq. (9.33) is five, which corresponds to

the number of finite volumes. The number of columns is also five and represents the
number of unknown values of u; at the nodes.

At this point we realize that we actually have only one unknown, namely the value of u;
at node 3, because the values of u; at other nodes are all provided by the boundary

conditions. Thus, due to the imposition of Dirichlet boundary conditions, the rows
associated with these known values can be eliminated. As a result this system of
equations reduces to

R (9.34)
0

31 f33 33 34 U35 | | U3 | = [f?]

f—

or

(A53) (13) = f3 — (a3) (1) = (a34) (1) . (9.35)
9.2.3 Element Coefficient Matrices

The first step in evaluating the coefficients is to recognize that e = 1, 2, 3, 4 and therefore
we have four 3 x 3 element coefficient matrices of the form.



A Apgy A0 (9.36)

A=\ gy pq O
Apepy Apyo 11 A2 42
where I are local coordinates (the concept of local coordinates for triangles was
introduced in Section 8.2.1 on page 196). Recall once again that the rows represent the

nodes defining where the finite volumes are centered and the columns with the nodes
that define the location of the triangular basis functions.

The local coefficient matrix for element e is (where we again assume @(x, y) can be
represented by ;)

(9.37)

3‘4.9 i, A A, (z.y)
faﬂ (—.r e + 3, 'E-'st fan (—x x"‘iyyﬂdeﬁ
+er (ko) wrdQ) JrJrﬁ Koreq) w;dﬂ _

fa,,.,, (2%’— g + 33‘; n st faﬁ,l ( -—‘;'l Ny 4.2 ‘“ -ny) ds
+fm (K p) wrs1dQ +fm (Kdyiq) uq_uiﬂ

{faﬁf (?—5— nx—l—Tn )ds\ (faf"—’?ﬂ('%% nm—l—%;iny‘)dS\

+ fge_+ (h(sjf) wrodf) } \ + f9?+2 [:K{_.-"JI_;_-| J Wy odf) }

Joos (27522 ne + Z22 my ) ds | ]
—|—fm nm;_ﬂu;dﬂ

fam (28%:? Nz + Bcay_g ny) ds
—I—fm [MJI_,_1 wre1df}

3"".—2 2L
faneH (2 5r M= gy ”y) ds

* fnf  (Kbpys) wreadQ

The table relating the global and local numbering for the problem shown in Fig. 9.7:

If the values in the above table are introduced into Eq. (9.37) one obtains for the global
coefficient matrix elements

E
. o, (x,y) o, (x, ) (9-38)
Ay = ;/r'mg (Zla_x'ux + T ”‘J_lr ds +

/!v_f {Kq}l (x.? lf’}:' Wy (x.f y}dﬂ



& d%{r a3 (xy) 0 () (939
33 = EZ/ ( .1_ qa” l{) ds +

[ s s, i

E,
ad, (x, o, (x, (9.40)
. ; / ( ‘I)J,{ B’} n, + IM@H ) ;_JI) Joid

[ bu st e
£

41
f= [ Qu@yda (041
&
where the subscripts on the ,(x, y) values are in global coordinates.

9.2.4 Evaluation of the Line Integral

The global coefficient a,, contributed by element 1 is calculated for basis function ¢, and
weighting function w, as follows. First we substitute the values of I = 3 and J = 1 to give

/ ( %u +%n,)d (9:42)
rlﬂ.!‘ ox Jr !

9P, P, .
= /ﬁ (?‘E n,|5g + E n, |5 | ds

o, 0,
7 JORR O TN st MRS T (. 5
+/E,—a( o "B gy MyiE ) ®

where |, is the segment of side 0Q°; that is composed of the line EA.and | pr 1s the

segment along the line D E. Now we recall the definition of the the basis and obtain their
derivatives, that is

X (lf’;ﬂ = 3f1+z) +y (X0 — x1+1) =+ (x1+13h+:=_ —Xpolfp) (943

(I]I {'t',y} = det[P]

from which

by (Wi — Vi) (9.44)
ox  det[P]




and

op; (X0 — Xp4) (9.45)

dy  det[P]
Therefore, Eq. (9.42) becomes

.46
202 ~ o) |+ x4 = %2) 1y (9:49)

0
d'-.
/ﬁ det[P] ’

2(.!"’? s 1."'-4-) i,

< PRI
n )

E: EA
i = ds.
L_E det [P]
Next observe in Fig. 9.7, the location of the line that defines the side of the triangle

connecting the location of node 3, which identifies the volume of interest, and the node 1
which identifies the element basis function of interest. If we now imagine being at the
node 3 and direct our attention towards node 1, we observe that the resulting line is
given by (x; - x;, Yy, — y,). We now need the n, and n, values to complete the evaluation

associated with Eq. (9.46). From Eq. (9.22) we see that the value of n, is given by

_ X4 — X3 (9.47)

Hy|pg = - -
\/(321 =xg)" + (Y3 =Y
0-1

V(1) + (1)
=it
V2

Similarly for the evaluation of n, we have

Ya— V3 (9.48)

u.l,|ﬁ =
\/(13 = 34}2 + Yz —Vy)”
2-1

v (1) + (1)

1

i

Now we can combine this information to give




s s S| (9-49)
n|gg = (”1'|DE’”_II|DE)

of S ¥
V2 V2
But we still need to have the information relevant to side EA. Following the strategy
presented above we get

Nelgz = = (9.50)
XIEA > :
\/(xf* -x)" + U2 —yy)
_ 0-1
(1)* + (1)
_o=l:
%
and
nylez = A (9.51)
ylEA : -
(X3 —x9)"+ Wz —¥y)
_ 0-1
(1)% + (1)
__1
2
such that
n|g = (“’-x|a; '!*ylg) (9.52)

We now substitute these values into Eq. (9.42) to give



/ 2013 — Yo) Nyl + (X4 — X3) ”—H|Ed (9.53)
S

DE det[P]
2(1 1. + (x n
+/ (3 = Yy) Helgg + (Xg — X3) |E"1ds
EA det[P]

2(3 = Yo) = + (X4 — X3) ==
:/ ﬁ ﬁ dS
OE det [P]

23 = Ya) _—;l— + (X — x3) _—,:,l;

V2 V2

_|._/ ds.
EA det [p]

After substituting the coordinate locations of x;, y; we get

(9.54)
ds

203 - ya) 5 =+ (- xa}%
/D— det[P]

E
205 — yy) + (xy —x3) _—i
+/_ 4 ! ."Cds
EA
2(

det [P]
1-2) ;L+{0—1)$
:/ V2 s
= det[P]
+{0—])
/ ﬁds
E4 det[P]
2=l g

DE /2 det[P]
241
+ [ =T s
/a_a V2 det[P]

We can calculate the det [P ] from the coordinate matrix which, for this element, is
defined using the above table as

x y 1 Yyl 0 01 (9.55)
[Pl=| X1 Y 1|=|%ys1|=(14 0 1
Xip2 Yo 1 Xq Wy 1 14141

We can determine det[P] e1ther by calculation from Eq. (9.55), or from the known
relationship that det[P] = presented earlier in Section 8.2.1 on page 196. In either
event we determine that 9€t [P 1=2 4ndE Eq. (9.54) becomes



/_2 _]ds+ _2+]&,S (9.56)

Thus the line integral component of the coefficient for I + 1 = 3, J = 1 for element 1 is 1.0.

As a second example consider I + 1 = 3,J + 2 = 1 and substitute this information in Eq.
(9.42) for element 2. We obtain

/ (2%” +%” )d (9.57)
a0 ox ay y
o
) /ﬁ( aifl el ay1 '”.vb?) &
o, d(pl | ]
+/F;E(2 e |75 + d‘y Hy|ﬁ) ds
B (dei;l HylzF + I;L L |ﬁF) )AFI
o
+( ;;1 UM c]yl ”1r|FB) 'FB)
D))
2 3 5
+ [2 (_% (_

+
+

[ N
o S
,-""""l-""“\
%,
il



so the coefficient for I + 1 = 3,J + 2 = 21is 0.5 in element 2.

In this, the third example, we consider the corner finite volume, that is the one
associated with node 2, element 3, and the basis function identified with node 2, that is I
+ 2 =2andJ + 2 = 2. Substitution in Eq. (9.42) gives

d o, .58
/ (2 %HI + I]“u.“) ds. (9:58)
903 dx dy -

The finite volume perimeter of interest is

o = 2G + GB. (9.59)
so Eq. (9.58) becomes, where 2G is the segment connecting node 2 and point G,
IO5 o (9.60)
f (2—‘7% + —2?1-y> ds
803 Iz 9y

g, do.,
-[EG' ( Oz e 33; ny) ’

d .6
+/ (25‘(1)2 n, + ‘I’z”") ds. (661
GE \ O0X ay -

The normal vector to 2G is given by (see Egs. (9.47) to (9.49))

n|f o (”‘J;'Er”y'ﬁ) (9.62)
=(0,1)
and
n|=; = (JI_1.|E, n, ﬁ) (9.63)
_(_ V2 V2
= 55 |-

The next step is to obtain the derivatives of the basis function for ¢, (x, y) which we
obtain from Eq. (9.44) and 9.45, that is

oy Y5 — V3 (9.64)
dx  det[P]
1

2



and

Py  X3— X3 (9.65)
ay det[P]
= o
5
We can now evaluate the equation of interest, namely
.66
/ 2 lH + — dd) ds (9-66)
c \ ox iy "y

+ A_E (zda";u.x + i‘;?uy) ds
- (25 iz ) I
(ZEHAIUE ‘2‘;— . DE) G|
- [z (%) (1) + (—%)(0)‘ (1)
FOEE ] (F)
(22

= 0.25.

Thus, the coefficient located at I + 2 = 2, J + 2 = 2 in element 3 is 0.25.

Finally, we consider the case of the contribution to coefficient a,, attributable to element

3, thatis I + 1 =3 and J + 1 = 3 The two segments of the boundary of the finite volume of
interest are

Q> = BG + GC. (9.67)

The term of interest is



and

n|

(9.68)

", Ay
A Ach
T 3 i J 3 | W
+ {2 Ng|me + Ty, | GC|.
Ar TGO ay vGC ‘
The derivatives of the basis function (p3(x, y) are
03 Yo — Vs (9.69)
dx  det[P]
oy X5—x, (9.70)
dx  det[P]
The values of x |56 and "x/GE are computed as follows:
s s .t (9.71)
G (”1‘|EG’ "y GC)

= L ((x = x3), (Y2 — 1))

V(x = x5 + (U2 - 3)°
_ (ﬁ _ﬁ)

2 2



st 72
n|E ™ (”1'.:_,,;_!”5."&) 9.72)

= ﬁ] ((x5 = xa), (Y5 — 1))
\/(% —xa) + (Y5 — y3)°

_(v_’iﬁ)
N2 2 )

We can now evaluate our coefficient

(25 e + 52l ) [5G o7
(zi n ==+ E ", u:_) |cc|
()94
=-1-1=-2

Thus the coefficient i = 3, j = 3 of element 3 is — 2

If we evaluate all the coefficients in each element coefficient matrix we obtain for the
line-integral component:

Element 1
025 -1.00.75 (9.74)
10 =20 1.0
0.75 -1.00.25
Element 2
—-0.25 -0.50 0.75 (9.75)
050 -1.0 0.50
0.75 —=0.50 -0.25
Element 3
025 -1.00.75 (9.76)
1.0 =20 1.0
0.75 -1.00.25

Element 4



—0.25 -0.50 0.75 (9.77)
050 -1.0 030
0.75 -0.50 -0.25

9.2.5 Evaluation of the Area Integral
We need to also evaluate integrals in Eq. (9.32) of the form

/L‘:!l_ (th‘ (x,¥) dﬂ) w;(x,1)dQ = /;;_Kq)j (x, ) dQ

L

for the system shown in Fig. 9.7. As an example of how this can be done consider
element 1 shown in Fig. 9.8 which is the same as element 1 in Fig. 9.7 rotated clockwise
45 degrees so that the sides of the element line up with the x and y axes. The value of the
integral does not change by doing this, but the presentation is simplified. Let values of i
and j both be 3.

p Y

(1.4,0) (14149

Finite Volumes

o4

Finite Element

3 X
c -
Figure 9.8: Representation of the finite element configuration for calculation of the
area integral.
The finite volume of interest is the shaded square area in Fig. 9.8. In this example, the

length of the line bc is one half the length of the side ec. The basis function in element 1
identified with node 3 has a value of 1 at node 3 and zero at nodes 1 and 4. Thus, at the
point c the value of @, is 1.0, at the points b and d the values are 0.5. and at e and g the

values are 0.

Two approaches to obtaining this integral are presented. The first is based upon
geometric considerations and the second on upon numerical integration.

Geometric Approach

To obtain the integral of ¢, located under the shaded square, one first calculates the area



under the triangle Aecg. This is obtained from the equation given in Eq. (8.83) and the
integration formula 8.121 Using this information, the formula for evaluating the integral
is

detTP],.../2 (9.78)
$ydw = — 3
Q.. &
where det [P]f’fb? is the determinant of the matrix [P] defined for triangle ecg.

Next subtract the integral

/ e det[Ply, /2 1 (9.79)
3 L T —— | ——
Q. 6 24
and the integral
/‘ det[Pl /2 1 (9.80)
Py = ——— = —
o 6 24

from Eq. (9.78). The result is the portion of the integral in Eq. (9.78) under the
weighting function associated with the finite volume located at 3. This calculation
provides the element coefficient value at i = 3, j = 3. More specifically the coefficient
value is

det Aecg) /2 det Acba) /2 det Aady) /2 (9.8
i = [ byxpdo=" ng _ : )12 ( Gg)f (9.81)
ﬂl

1_025_025_1

~37 7% 6 4

To obtain the value for coefficient at i = 3, j = 4, one uses the value obtained in Eq. (9.79)
and for coefficient at i = 3, j = 1 the value is given by Eq. (9.80). Evaluation of all of the

fQ‘f ¢; (x, y) do

integrals of the form * =% for element 1 gives the coefficient matrix:

1/6 1/24 1/24 (9.:82)
1/24 1/4 1/24
1/24 1/24 1/6

Because of the geometry, the coefficient matrix for each element, in terms of the local
coordinates I, I + 1, and I + 2, is the same in this example.

Numerical Integration Approach

While the above strategy works for the topology of the special case we are considering, it
is awkward to use in a more general case. An alternative approach uses the
isoparametric transformation concept which we introduced in Section 8.3. In this
approach we transform our coordinate system from (x, y) to (§, ) where -1 < g n < 1.



The first step is to formulate the transformation equations. As earlier we proceed as

follows:

=i

x= Y xy; (&) =P(En)
=1

and

i=4

y= >y & =QEn)
=1

where, referring to Fig. 8.17 we have

ﬂ-l{é-??JZILl—a‘;}Ll—n}
Ug{ﬁr??}:1L1+*{;}Ll_??}
?;:3{2_-??}=1L1+:‘;}L1+ﬂ}

%(é-??}:lkl—fﬂl\“r?ﬂ*

(9.83)

(9.84)

(9.85)

(9.86)

(9.87)

(9.88)

For the problem at hand we need to transform our integral from the (x, y) system to the

(€, n) system. The new integral takes the form

(9.89)

g=1  pn=I
[ eewde= [ [ o pen el cnlda
03 gl Sy

where J(E, 1) is the Jacobian of the transformation and defined as

dr oy
det[J (§,m)] = det [f{% i’;] :

o

(9.90)

In our example, the square area of interest is such that the (x, y) coordinates are colinear
with (&, n). This simplifies the problem since some of the terms in the transformation

X

vanish and we get for 4



?—é =X a%W:{ (& l"I]'Jr:«tfz—'LIh (&m) +xqa—§llh En)+ Y4j:‘tl‘4 (&n) (0.9
= 1 {O= (=] +©35) (1 =) + (©35) (1 + 1) + (O) [~ (1 + )]}
= 1035 (1= 1)+ (0.35) (1 + 1)
= U—; = (0.35
f.i'i
and for %
v o : 5 ; (092
% =1 15 vy (&) +3fza_gll='2 (En) +1r’36_§1|1’3 &) +lf4a_§‘lf4 (En)
1

{O-A=-m]+0O) (1 -n)+ (0351 +n)+(0.35) [- (1 +n)]}

= Z 0N1+n)-07)1+n)
=0.

Using a similar strategy for the other elements of the Jacobian we get

035 0 (9.93)

0 0.35
The integral appearing in Eq. (9.89) now takes the form

det[]] = det ’ ] = 0.125.

=E et (9.94)
[wnax= [ [ aipen, el Ewldun

E=—1 Jn-1

&=l pn=l
= / ¢, [P (E,n), Q(E n)](0.12) dEdn.

=1 Jn-1
So, for the case of @,(x, y) = @5(x, y) we have

5=1 (9.95)
/ bs (x,y) dx = /E ¢>3[P(a,n),Q{a,r.n{n.lz:rd:dn. %95

The next step is to determine (pS[P(E, n), Q(, n)]. To do this we need to write out the
definition of ¢,(x, y) which is obtained from the definition we have used earlier, namely



x (lf’;+1 & 3f1+z) +y (X0 — x1+1} = (x1+'13f1+2 =X oY1) (9.96)
b1 (xy) = det[P] '

Substitution for the values of I, I + 2, and I + 3 from Fig. 9.8 into this expression we get

(P)(yy — 1) +(Q) (x) — x) + (X ¥y — X1Yy)  (9.97)
det[P]

$; [P (&), Q)] =

which, after providing the location values, gives

P)(\/E—U}Jr(Q}(U— \/i) +((\f§) (0)_(0}(\5)) (9.98)

det[P]

lT’B {EM l'|} =

or

P)(vV2) - (@ (V2) ©99)
(I]B {EM l]} = 7]

(9.100)

E= n=1
Lene= [ [ aeen om0

(0.125) dedn

/H_ /m{P} —{Q)(x/_ )

:[ / ( )(er;{érﬂ} Zimp, wq)){ﬂ]ﬁ}

ddn.
This looks pretty messy, but there is an easy solution to the evaluation of this expression.
Recall that we introduced Gaussian quadrature in Section 3.1.6 Let us try one Gauss
point to see how well this procedure approximates this integral. The value of the single
Gauss point is (0, 0) and the weighting is 2. Using this information, Eq. (9.100) becomes



(9.101)
=4

n=1 i=4
JRCTEE / / (me en - Zuw n}) (0.12) dedn

= 2\/5[371 W1 (0,0) + x5 (0,0) + x2y5 (0, 0) + x4y (0,0)
=1 (D.’ D) —l2y2 (D.’ G) — a3 (D.’ D) — VaWy (D.’ D)] {ﬂlz}

- 2@[(%) (0.25) + (v/2) (0.25) + (\XE) (0.25) + (ﬁ) 0.25

7]
—(0)(0.25) — (0) (0.25) — (%} (0.25) — (%) (0.25)] (0.12)
= 0.25.

This is the same value we obtained from geometric consideration in Eq. (9.81). Note that
this approach is general and holds for any finite volume mesh.

9.2.6 Global Matrix Assembly

We are now in a position to evaluate our global coefficients %31+ %33 and a,,. We do

this using the element matrices presented earlier and Table 9.1 relating the global and
local matrix coefficients. For example, the line integral global values for a,,, a,, and a,,

we obtain are as shown in the following table:

3v

Table 9.1 Table relating global and local coordinates.

Global
1 2 3 4 5 Element

I I+1 I+2
Local I+2| I I+1 2
I+2 1+1 I 3

I+1 I I+2 4

element

1 2 3 4
a,, 1.0 0.5

coefficient a,, -2 -1 -2 -1

33

a,, 1.0 0.5

34

For the area integral we get

element



1 2 3 4

a,, 0.125 0.125

31

coefficient a,, 0.25 0.25 0.25 0.25

33
a,, 0.125 0.125

The complete line-integral global matrix is

-0 075-15075 0 7
075 0 -15 0 0.5
15 15 -60 1.5 1.5
075 0 -15 0 075
| 0 075-15075 0 |

and the complete area integral global matrix is

C 033 042 0.0840.042 0 7
0.042 0.33 0.084 0 0.042
025 025 1.0 025 025 |
0.042 0 0.084 0.33 0.042

0 0.042 0.084 0.042 0.33 _

The combined final coefficient matrix is

(033079 -14 079 0 7
079033 -14 0 079
15 L& =bfl 1.7 1F |
079 0 -=1.420330.79

| 0 079 -1.420.79 0.33 |

Collecting the information from the above table and assuming k = 1, we obtain

33 = =5
ﬁ34 = 1.?5.

Returning to our equation we have
(a33) (113) = f2 — (@31) (1) — (a3,) (1)
=Su; =0-(179)1)-(1.7) (1)
1, = 0.68.

If x is taken as 0, the result becomes u, = 0.5.

(9.102)

(9.103)

(9.104)

(9.105)
(9.106)

(9.107)

(9.108)



9.3 Finite Volume Example Problem Two

9.3.1 Problem Definition

Example problem 2 is provided to illustrate the application of the finite volume
approach when a cross derivative is involved. The problem is generated by rotation of
the problem presented as example 1 and is shown in Fig. 9.9. The equations in the
rotated system exhibit a cross derivative. The solution to both the first and second
problems should be the same for the case of k = 0:

1.

(9.109)
u(z,y) u(z,y) u(z,y)
b———— 00— 41— 0 =10 e Q)
dz? > dzdy LD dy? Q T,y €
u(z,y)=1 linel—4 (9.110)
u(z,y)=0 line2-—5 (9.111)
d : (9.112)
(@) _ ¢ fine1_2
an
(9.113)
M =0 lined4-—5.
dn
.I
1.4,0) INBRY W
Furete Volvmes
Fungte Elem ent
—E ——————
N i
I i !
(0] a Il.-i.tI].h : (2.8.0] 2
! 3 " j
KoeEid e
’ :
(1.4,-".4)



Figure 9.9: Definition diagram for example two of the finite volume methods
considered in Section 9.3.

The domain of interest is presented in Fig. 9.9, and as in example problem 1, has four
triangular elements and five finite volumes. The finite volumes consist of the square in
the middle and the four triangles in the corners (note that each corner volume is actually
made up of two smaller elements).

9.3.2 Weighted Residual Formulation

Beginning with Eq. (9.109) we have, after substltutlng our approximation (X, ) for
u(x, y), applying the method of welghted residuals using wy(x, y) as the weighting
function, and finally, employing Green’s theorem to the second-order term

(9.114)

g o 8“ - B 3U S 8(-) 81;_,' 8(;'3 - s
: SRR [ - ? z - g ¥ n
ZZ’RJ‘/{;?( 1'5333 oz s 33; dx +Ae Sx dy 1'58y ay)dLH

5
_ Qw;‘dﬂ—l—/ ;' . T
an T

where, as earlier in Section 9.2 on page 246, the number of elements identified with
(attached to) each node is give by E;.

Let us now return to our example problem. We can write Eq. (9.114) in matrix form for
the problem presented in Fig. 9.9 as

[ay ap agay 0w [fi] (9.115)
Uy Ay Ayy O ay5 (| 1y fa
(31 A3y A3 A3y 35 || Uz | =| f
ay 0 agay ags || uy fa
| 0 a5y a3 a5y ag5 [Lts | Lfs

where the coefficients a; are given by

(9.116)

E.
: P, g d; g, oh: e, . g,
a.:Z/ Sk ) O s TR e ERRL sirp W B g
o ox ox ay ox dax oy dy oy

e=1
Note that each row of the matrix corresponds to a finite volume and each column
contains information from all finite element nodes connected to that finite volume.
Thus, for example, a,. is zero because the volume centered at node 1 does not have a
connection to the finite element node 5.
At this point we realize, as in the first example, that we have only one unknown, namely

node 3, because Dirichlet conditions are specified at all the other nodes and thus the
values there are known. The resulting system of equations reduces to



¥4 7 (9.117)

[”31 3y Az3 fl3g 35 || U3 | = [f?]

or

(as3) (U3) = f3 —(a31) (1) — (@3y) (1). (9.118)
The coefficient a,,, is of the form (where, as earlier, the first index, in this case 3, is the
element number and the second index 1 is the connecting node).

(9.119)

E,
ﬁgl:;/mr ({15%— ;;l}u +{ %— .Sdai;:}ny) ds.

9.3.3 Element Coefficient Matrices

Let us evaluate this coefficient for element 1. As in example problem 1, we need to

consider two sides of the finite volume centered at node 3, namely the side ab and bc.
From

ob;  Yp1 = Y2 (9.120)
dx  det[P]
kb,
we obtain for dx
oby Y3 =y (9.121)
dx  det[P]
~0-14
= i
-1
V2
Similarly,
o, X =Y (9.122)
dy  det[P]

by
which gives for 9



a1 x4 — X3 (9.123)
dy  det[P]
1-1

Il
=

where det[P] g given by Eq. (9.56).
Using Egs. (9.22) and 9.23 on page 243 we obtain

u.x|@ =~ = = _ﬁ =-1 o124
\/{x3 P (g =1t V2

il = e = 2 =0 o
\/(Ig — %)+ (3 — ¥ 2

1 — Y3 _ D (9.126)

”'J_F | R

’\/{xl_xl} +U?—"31ﬁ 2

Ya—13 (9.127)

B e ﬁ
ylbe = -
\/(xa — %)+ (= Yy \/E

We now substitute Egs. 9.121—9.127 into Eq. (9.119) and obtain for the coefficient a,, of
element 1

a31=/m|({15d‘—': 05%} i {15%’1 0.5%} Ifﬁb)::f’s

L ({5205 Y (12052 1 )

[{(1 5}( ) = {0-5)(0)} (=1) (%) + {(1-5) (0) - (0.5) (\_/—15)} (0) (%)]
() oo (2): froo-on() o4
15,

&

(9.128)

2 2
Notice that this coefficient, namely that for a,, for element 1, is equivalent to the element
coefficient at I + 1, J in element 1. Returning to element coefficient matrix 1 in example



problem 1, (the matrix noted as Eq. (9.74) on page 256) you will observe that the
coefficient at I + 1, J has the value 1.0. In fact all the coefficient values in all the element
matrices are the same for the line-integral part of problem 1 and Problem 2. In fact,
since Table 9.1 on page 249 that relates the global coordinates to the local coordinates is
the same for both example problems, the global matrix for the line-integral part is also
the same for both problems. This is a result of the peculiar nature of the specific example
problems considered here and would not generally be the case. As a result, it is not
necessary to detail the coefficient evaluation of the matrix equation for this problem.

9.3.4 Evaluation of the Source Term

The remaining term has the following form

(9.129)

fi= / Qu; (x, y)dQ
o

which for constant Q over each finite volume becomes

(9.130)

fi= ng w; (x, 1) d<.
o

As an example, for element 1 and finite volume 3 we obtain

f= Q?:/ w; (x, 1) dQ (9.131)
!

3
= Qz det[P]
where [P] is identified with element 1.

If we let Q = 0. we have for our equation

(A33) (U3) = fz — a3 (1) —a3, (1) (9.132)
(=6) (113) = 0 — (1.5) (1) — (15) (1)
1, = 0.50

which is the same answer we obtained in the original system before rotation. If we let Q,
= 1 we obtain

(9.133)

fa*—ZQ?/ w3 (x,y) df?

=

and



(a33) (U3) = f3 — a3y (1) —ag, (1) (9.134)
=6, = 2 =(1.5)(1) - (1.5) (1)
u, =0.17,

The above provides the protocol for solving time-independent problems using the finite-
volume method for problems with variable coefficients and cross-derivatives. Extension
to time dependent problems follows the strategy to be provided in Chapter 10.



9.4 Chapter Summary

The finite volume method is presented. A weighted residual strategy is used that is
consistent with the finite element method. The formulation of the element coefficient

matrices and their collection into the global coefficient matrix is analogous to the

procedure used earlier with the finite element method. Two examples are presented in
detail. The second is the equivalent of the first but for the rotation of the coordinate

system so that a cross-derivative appears in the equation.

9.5 Problems

1. Fig. 9.10 illustrates five finite volumes and four finite elements. The finite volume
associated with node 5 is square and shaded. The other finite volumes are triangular

and centered at the nodes 1—4. Assume the element coefficient matrices are as

follows (e is the number of the element)

e=1
e=2
e=3

Ay ayp 3
) yp A3
3y fdap a3
by byp by
by by Dy
b3 b3 bag
€91. €19 C1a
€1 € o3

€31 €33 €33

L-‘II'J.'l d'li dl?

e=4 | dy dydy

day dap dzg

(9.135)

(9.136)

(9.137)

(9.138)

The relationship between the global and local element node numbers is given below. The
top row of numbers are the global node numbers. The second row of numbers contains
the corresponding element node numbers for the first element, element 1 with element

entries .

1
1

Local 1

Global Element

2345
23 1(a)
3 2 2(b)

32 1 30



215 4(d

The global coefficient matrix will have 5 rows and 5 columns as shown below. Your task
is to populate this matrix with the values from the four element matrices shown in Egs.
(9.135)—(9.140). One coefficient is completed as an example:

13 + EJ'12

5 =

2. Please fill in the spaces in the columns with an X where appropriate. For example in
the first row we ask what methods generate a 4 x 4 element coefficient matrix. Finite
volume may do so and isoparametric always does, so a X is placed in the first and
third columns. A blank is not counted one way or the other.

Attribute FV FE Iso
method generates a 4 x 4 element coefficient matrix X X
uses prism with polygonal cross section for weighting function

uses basis function as weighting function

employs basis functions defined on triangular subspaces

uses basis functions defined on a natural coordinate system
approximation uses Green’s theorem (integration by parts)

elements are defined by straight lines connecting nodes

uses Jacobian matrix in formulation

conserves extensive property (for example mass)

type two (specified flux) boundary conditions are

an integral part of the approximate equation

employs the Dirac delta function in the equation formulation
approximation of a derivative is constant over an element

elements are, in general, four-sided shapes with

straight sides and no sides parallel

can easily provide small elements in the

neighborhood of singularities, for example, a well

creates a 4 x 4 element coefficient matrix

uses method of weighted residuals in formulation

FV = is finite Volume,

FE = is finite Element,



1so =

is isoparametric

1. Consider the finite volume mesh presented in Fig. 9.11 the following figure. the
letters are the finite volumes, the italic numbers are the elements and the rest are
nodes. Please answer the following:

a.

b.

In the global matrix, how many non-zero coefficients will be found in the first line
of the matrix ...
How many zero coefficients will be found in the matrix of the first line of the
global matrix equation ?
What equations (row numbers) will contain information from node 1
?
Given the equations
(9.139)
E: n
¢ (z, 9o (x,y)
>3 [ (275 e+ 5, )
e=1 j3=1 811; ’
J
E;: b
+ZZHJ’/ K5 (z, y)) wi(z,y)dQ — ] Qwilz, y)dQ+
e=1 j5=1 :
ou(z,y) Oulz,y) |
2—n, + ———n, | wi(z,y)ds

\/&;Q [ 83: x Sy y_ . { ? y}

=0 ge= 12 H £9.139)
what is the value of Eg ?

Figure 9.10: The figure illustrates four triangular elements and five finite volumes. The
finite volume associated with node 5 is shaded. The finite volume numbers correspond



to the nodal numbers and the bold numbers are associated with the finite elements.

3

Figure 9.11: Definition sketch for question 9.5.
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Chapter 10
Initial Boundary-Value Problems
In this section we will extend our two-space dimensional analysis to consider time-

dependent problems. The equation we will consider is the convective-diffusion
equations, that is

ﬁdd—? +bV?u+cVu =0 (10.1)
with boundary and initial conditions
u(x,1,0) =u; (x,y) x,y €L (10.2)
ux iy, t) =u,(x,y) Xy €p (10.3)
ou(x,y,t o (x,y,t 10.
{auj } - fdflj } LN o

We now proceed in a fashion analogous to that presented in Section 6.5 on page 158. The
first step is to define the approximation to u(x, y), namely i (x, I/)

N (10.5)
e = E u; (t) é; (z,9).
J=1
Note that the unknown coefficients u; (t) are now a function of time and the
basis functions ¢, (x, y) are a function only of space.

We now define a residual as

n‘;—‘f'; + bV + Vi = R(x, 1, 1) (10.6)
From Galerkin’s method we have
| _ i (10.7)
Rivanblesisg)dd=0 =1 ...N
0

Substituting Eq. (10.6) into Eq. (10.7) we have

(10.8)
=)

P
/ (ai o BN, g c?ﬂ.) G s =0
o ot



If we now substitute Eq. (10.5) into Eq. (10.8) we obtain

(10.9)
N S
(LTER G o S Y 4 b V24 E U4 Y ' 4O
Z d a = Oz, y) +0u; Voo, (2, y) + cu; Vo, (z, y/.) @; [z, y) dQ)
mJe\
= ﬂ 'E. = 1_, _"I'-F
o duz{t)y o &, v Bl I (10.10)
Z a——9; (@, 9) & (z,y) — bujVo; (z,y) Vo, (z,y)
j=1v% ¢
+eu; Vo, (z,y) & f:t:y;] dQ)
du ) ) (10.11)
+ —ui;'.},l,; Legidb =1 =i N
an on. '

Following our earlier protocol we now apply Green’s theorem to the second-order term
(it is also possible to apply Green’s theorem to the first order in space term). You obtain

We can now write this expression in matrix form to obtain
du (10.12)
[M] {u] +[N]{E}+{f} =0
where

(10.13)
5= —f {:b‘?’f;uj (z,9) Vo; (z,y) — eV, (2, y) ¢; (2, y)) A2
0

_ (10.14)
Ni; = f ap; (z,y) ¢; (z,y) dQ
0

A (10.15)
f; :/ —; (z,y) dl.
o

0 3'?1

Of the above equations, only Eq. (10.14) is new; the rest we have encountered earlier. Let
us consider the specific case of triangular elements. We have the following for one
element:



\ (10.16)
,/n ag; (z,y) ¢; (x,y) dQ.

Note that, assuming the coefficient a to be a constant over the element we have

(10.17)

af d; (z,y) @; (z,y) dQ.
Q.

We can integrate the term appearing in Eq. (10.17) using the relationship given earlier
for integrating terms of this kind; the relationship is

(10.18)
mrlmryilmyrio!
(mp +mre1 +mpio + 2)!

mr \ Mmra ¢ 9
/ r_.-';}n' | fr.")}-_i_ii_l (z,y) f,.-)I_QQ (z,y)de = 24
Q.

The coefficients my, m;, ,, and m;, , are for Eq. (10.17) 1, 1, and 0. The zero value exists

because we have only two linear basis functions represented in Eq. (10.17). We can now
evaluate the integral as follows.

(10.19)

f b; (x,y) &; (z,y) dQ
Q.

r_-";} (z.9) r.-’:}_.l () dS2:

I
S~

11110!
= s :
"(1+1+0+2)!
L
® 4
T 12

For the case of i = j we have



[
I
p
(]

(10.20)

The matrix equation Eq. (10.12) represents a set of N ordinary differential equations in
time. We now approximate the time derivative using finite difference methods to obtain

[M] {t}y.ar + [N] ({”}”*‘*_ {”}*) +{f} =0

At

Grouping terms we obtain

N N
(w1+ 50) b = Sl 1, - 1)

which can be simplified to read

[Cl {1} syar = {g}

_ [N]
(€] = ([M} + E)

where

and

0y = 20 fuy, - (1)

Thus we can solve Eq. (10.23) symbolically as

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)



(1}ae = e {g} . (10.26)

10.1 Mass Lumping

While the form of the [N] matrix as presented can be, and is used in practice, there are
alternative strategies. One approach is to lump the matrix [N]. Lumping is defined as

follows

(10.27)

-I'.\":I'
Niz = Z/ ag; (. y‘_‘] 0, (1 -yf] a0
) 0
.;I:-I a b

ny = 0 i#j. (10.28)

Under this strategy the diagonal elements of [IN] are the only non-zero elements.



10.2 Chapter Summary

In this chapter we extended the finite difference and finite element methods introduced
earlier to tackle the transient case.

10.3 Problems

1. Assume that you want to solve the equation, New

ﬁg—? +bViu=0 (10-29)
using linear the approximation
n (10.30)
u(z,y,t) s iz, y,t) = E uid; (z,y,t)
j=1

a. assuming you want to employ a linear approximation, that is one where there are
no second degree terms in @;(x, y, t), what two geometric forms can @;(x, y, t)

take?

b. sketch one three-dimensional finite element of each form with views showing the
x —y and x — t planes.

c. explain why the bandwidth of the coefficient matrix increases when the

. (x,y.t) is used rather

. o K b .
formulation based upon u (z, y,t) = Z;:‘l w5

ks
than « (x,y,t) = Z Y (t) ¢; (z,y) .
J:
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Chapter 11
Boundary-Value Problems in Three Space
In this chapter we will extend the concepts introduced earlier for the solution of

problems in two space dimensions to problems in three space dimensions. We begin
with the finite difference approximations.

11.1 Finite Difference Approximations

The point of departure for the approximation of three-dimensional problems using finite
difference methods is the material found in Section 7 on page 167. Eq. (7.5) which
represented a function in the (x, y) coordinate system using Lagrange polynomials is
now expanded to consider three space dimensions and is written as

u(x,i,z) = ZZZJ”

i=0 j=0 k=0

= (11.1)
y) £, (z}u FE

where k is the index and p is the order of the Lagrange polynomial in the z direction.

We can now obtain an approximation of the derivatives we normally encounter in the
solution of the spatially-dependent partial-differential equations of interest to us. For
the first order derivatives we have

du 17 T 0 (11.2)
ox|;;  2Ax | firLik ™ Mtk | F Gk
di 1 7 T d (11.3)
—] = — =W |+ =,
a]f ;Jr_R 2&3{' I if+1.k Ly 1._!’{_ djj' i)k
di 1 1. d (11.4)
s i = 5ap |Miikrr ~Uije—1| EEL},A—
and for the second derivatives we obtain
a1 1 1 a° (11.5)
ax2|.. . = Ax2 H.f—'l,jic.' xE 2“.",_,l',k g = H.r'+'l,j,k + EEI‘JJ{
4 lijk : | 5
a1 1 1 & (11.6)
ET YT | Mij—1k — 21, + Uijrrx| + d’l—ﬁE"J’"‘
211 1 a* (11.7)
22|, a2 [1-‘;,;:—1 = 2jx + Ui g | + 5 Eijge
L.k =




Now, let us use these approximations in the equation

(11.8)
CO%u(z.y. 2) ) %z y 2) u(z.y z)
o T [m,y:ZJTy-' + ey (2, Y, 2) é—yéy-'-pam (myﬂTEyJ
R oulz,y, z) du du .
—Bs (2,y,2) —5—— — 5, lfﬁ;yw‘f}a—y = 8. (z,y,2) 5~ +ulz,y,2) =0.
where a,,, ciyy, G2z, Oy, _ﬁ'y}and B, are known coefficients which may be a function

of space. Substitution of the approximations for the node (iAx, jAy, kAz) in Eq. (11.8)
yields

Qex 1.3k | (11.9)
——2" (w1 5k — 2Us 5.k + Uit j k]
AI__Q L J B o
i a5k
Yy .3, :
+ —._\_yg [H-i,j—l,k — 2u; 5. + Uz‘._j+1__k]
Qzz 5.k ¢ ;
+ o [ k1 — 25k + Ui k]
O¢ i3k
. |Uz+1 9.k Uz —1 If]
2Ax J J
3 ot
gk,
- A |“L_}!1 k Ug 51 R]
83 ..
Z1.3.2 o o
— A = [“13 k+1 — “1__};5:—1] + Ui 5k
== 4)

The computational molecule for this finite difference approximation is seen in Fig. 11.1.
The reference point is at (iAx, jAy, kAz). It is a straight-forward extension of the two
dimensional finite difference in space molecule; the only change is the number of
subscripts and the addition of the vertical space dimension. In contrast to the two
dimensional case, each equation (row) of the matrix equation will now have seven non-
zero coefficients organized into seven diagonal bands. The matrix is generated by using
the template of Eq. (11.9) for each node in the finite difference mesh. Boundary
conditions are handled in the same manner as for the two-dimensional problem.



. i,j.k—1

Figure 11.1: Computational molecule for three space dimension finite difference
approximation.

11.2 Finite Element Approximations

The extension of the two-dimensional finite element approximation method can be
approached in two ways, the choice depending upon the nature of physical system being
considered. We will illustrate the methodology using the example equation presented
above, that is

(11.10)
; &%u (z,y, 2) % (z,y, %) : \ u(a,y,2)
am[;}:.y.;)T—|—ayy{.r.y..:]a—gﬁ—l—azzﬁ:&y.:;T
; ou(z,y,2) du ; . ou
-8 (z,y,2)—————— 8, (z,4,2) — — B, (z,9.2) — +ulzx.y,z) =0.
z (@ 2) — 5 y.dey wyd;{y,

The first step is to employ the Galerkin method of approximation to obtain the weighted
residual formulation. To do this we first define a residual by substituting the sought-

after function u(x, y, z) with an approximate value (%, ¥, Z). The result is



0%u (x,y, 2) 8% (z,y, ) O%u(z,y. 2)
ST T + Qiyy (z;9,2) 8—3;9 + . (%, ¥, £) T
ou(x.y, = a 7]
—B, (z,y,2) % — 8, (z,y,2) a—: — B8, (z,y,2) 3_1j +u(z,y,2) =R(z,y.2).

The second step is to weight the residual defined in Eq. (11.11) by a test function (x, y,
z), the nature of which will be explained shortly, and integrate over the domain of
interest. The region Q(x, y, z) is now three-dimensional (see Fig. 11.2), rather than the
two-dimensional form shown in Fig. 8.9 on page 8.9. This process yields

Z

Figure 11.2: Three-dimensional region as encountered in three-dimensional finite
element analysis.

(11.12)

/ Rz, . 2)¢: (o 2) =0 i=1,.... N,
Q2

The approximating function # (X, ¥, Z) is now approximated as

N (11.13)
a2 — ZUj{'}j (z,y, 2)
j=1

where the functions ,(x, y, z) are the same as those used as the weighting functions in

Eq. (11.12). Substitution of Egs. (11.13) and (11.11) into Eq. (11.12) yields



(11.14)
a2
Z“J/ [ﬂml’:ty/ B3a? ¢; (x,y, %)
g1 -
8° a2
: ¢; (z,y,2) + a: (2, Y, 2) 53 ¢; (2,9, 2)

Cyy [:I! Y. T.JI

) 2}
—ih s {zy’*}—{ﬁ (z,9,2) — 8y (x,y, j (;}j{\;cy

- 8, lf:ry/]?—l—uf;:y z) ¢; (z,y,2) | dQ

=0 i=12 N

The next step is to introduce the finite element notation which replaces the domain Q

with a series of E finite elements. in Eq. (11.14). Application of Green’s theorem changes
the form of the second order terms in this equation. In the process, a line integral along
the boundary 0Q is created. The result is

(11.15)

Zu amf:t:yxjiq) feea) jim (z,y, 2)
= 4 15 Oz " oz

g d
+ ayy (2,9, 2) 55" {my;-ﬂa—u (z,y,2)
d

+ @z Ifsﬂ;yj\la ¢; (@, 9,2) —¢: (=,9,2)+

8

5 s &g = G o
Hole gz E{?JJ; (z,9,2) + By (=9, }a ¢; (z,y, 2

+ 8. (=,y, 2] 3 ) &; (2,9, 2)
o %
f ﬂ-nmm—wﬂz {1: y 7’)d [} 'E mt ]_:2;___,4?|"1'T
o n

We now introduce the concept of integration over finite elements where e denotes the
element number. This yields



: (11.16)
NI s .
Z Zu; Qzz, (%, Y, 2) 527 (,y,2) 5,7 (%9, 2)

B - ~
o &yye (I1y z) a_y(;}j iﬂly; ?":l a_yt;}‘-f {\Iﬂy: 3/]

o .
+ Czz, fﬂ?-?_ﬂh z) —¢; (=, Y. Z) =0 Ifﬁy z)
& 1 > ..;I % 7 # gz i E
A , A2, R
+Ba, (2,9, 2) 5-0; (2,9, 2) + By, (2,9, 2) 3" (o202
: o . i 3
+ i (x,y,2) o +ul(z,y,2)d; (z,y,2) | de—

ot (x,y, )
f an.&' ¢; (£,y,2)dw=0 2=12 _ N
an. on e ’

where the subscript e on the coefficients a indicate that they are considered as element-
wise constant values. Imbedded in Eq. (11.16) are the (x, y, z) and ,(x, y, z) basis and
weighting functions respectively.

The remaining task is to define the functions x, y, z) and j(x, Yy, z) which are defined
element-wise as was done in Section 8.2.1 on page 196. There natural choice for three
dimensional simulation is the three-dimensional extension of the triangle, the
tetrahedron. A typical tetrahedral element is seen in Fig. 11.3.

Zh Z)

ra

X X
Figure 11.3: Tetrahedral finite elements to be used in three-dimensional finite element
analysis.

To formulate the appropriate tetrahedral basis functions we follow the same procedure
we did for triangles (see Section 8.2.1). We begin by expressing the functions ,(x, y, z)

using the expression definition of a the triangular-based pyramid, that is,

¢, (x,y,2)=a; +bx +cy +d;z



and impose the requirements of a basis function, namely that ;(x, y, z) must be unity at

the node for which it is defined (here node 1) and zero at all other nodes. Thus we can
write the following set of equations for ,(x, y, z), where I is the local element index as

seen in Fig. 11.3

Pr (II. Ur- :‘I,}

Q7 (Tre1,Y, %)
NTrios Yrios 2142)

QLT3 YI+3s 2143)

The solution to Eq. (11.17) is given as

Lr Yr “I
Tre1 Yr41 2141
Lr42 Yr42 <142
Xr+3 Yr4+3 2143

T ™

o; (xvy,2) =a; + bix 4+ ¢y + d;iz

where

-

Tre1 Yr41  =1=1
ar =det | xrio Yrio Zrio
Xr+3 UYI4+3 <I1=3

1 yry  =i=i
by=det | 1 wyrio =140

Ty | 1 =1
Cf = det Trio 1 749

=

xraz 1 =r—3

rry1 yry1 1
di =det | Tryo yry2 1

Tris #iaa A

and

(11.17)
ar 1
br B 0
Cr o 0
dr 0
(11.18)
(11.19)
(11.20)
(11.21)
(11.22)



. . (11.23)
Ty yI 21 3

1
61 = det : I+1 Hrad I=1
l z7i0 Yrio =rio
I z143 wyrys zr=3

The equations for ;, ,, 1, 5, and ;, , can be obtained by rotating through the remaining

nodes and populating the various determinants using the right-hand rule. As an
example,

Lr42 Y42 <142 (11.24)
ar41 = | LI4+3 VY143 2143
Lr Yr “I

Recall that the area of an element is related to its determinant. (see p. 199)

Remember also that with triangles we had to number the nodes (corners) in a
counterclockwise manner to assure that the determinant was positive. Similarly in the
case of tetrahedral elements the numbering matters. One scheme that assures that the
determinant in Eq. (11.23) will be positive is the following: take any node location and
call it I. Now select a side and number the nodes increasing counterclockwise. For
example in Fig. 11.3 we number the side as I, I + 1, I + 2 and the fourth node, off the
plane of the others, on the opposite side of the tetrahedral element, is I + 3 In the
evaluation process, the values of I, I + 1, I + 2 and I + 3 would be replaced by global
nodal values with their associated locations when populating the determinants noted
above.

The rest of the process of formulating and solving the discrete equations follows the
process outlined in Section 8.2.1. The extension to the transient case is also achieved
using the same procedure as outlined for the triangular element case in Section 10 on

page 273.
There remains to be considered the term

ou(z.y, z) (11.25)
g _ ¢; (z,y, 2) dw.
0. an e

In the three dimensional formulation this is a integral over the boundary of the area of
interest, considered on element at a time. Consequently this integration is the same as

that considered for triangular elements. In this case, the ,(x, y, z) term is a triangle on

the surface of the domain. The integrated values are then allocated to each of the three
nodes per element.

Integrations in three dimensions can be achieved using a formula analogous to that used
for triangles. The formula is



a1 1y K !
¢ mw m:hq)mmd ey my g my 5 tmy ! (11.26)
¢y Pz i My + iy + My, 1+ 3

where, as earher, m; is the power to which the polynomial is raised



11.3 Chapter Summary

In this chapter we extended our earlier analysis of finite difference and finite element
from two space dimensions to three. The fundamental formulation in three dimensions
for finite difference is very similar to that for two dimensions. In the case of finite
elements, it is necessary to introduce a new finite element based upon the tetrahedron.
Again, the basic theory is analogous to that developed for two dimensions. Although we
did not consider collocation or finite volume extensions to three dimensions, such
extensions introduce no new concepts.
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Chapter 12

Nomenclature
Latin alphabet
E line segment connection node 2 to point G
a; known constant
Qjj matrix coefficient of matrix [A]
a,..a, a,d components of coefficient tensor

XX, 7XY, TYX,TYY

AF

b

c(x 1)

S%)
Ffx)

S (xi)

line segment connecting point A to point F
constant

known constant

coefficient in matrix [B]

constant

concentration

a constant

value in vector [e]

element number index when used as superscript

dispersion coefficient

function of coordinate x

approximation of function f (x)

function f (x) evaluated at location x;



00

F(x)

u ()

line segment connecting point E to point A

line segment connecting point F to point B

function of coordinate x
line segment connecting point G to point B

line segment connecting point G to point C
Hermite cubic basis function of type 0 at node i
Hermite cubic basis function of type 1 at node i
unit vector in x coordinate direction

unit vector in y coordinate direction

Lagrange polynomial of degree n defined at node j

characteristic length and also natural coordinate system
coordinate

power to which the function ¢; is raised e.g. @™}

degree of Lagrange polynomial in time
normal coordinate in (n, T) coordinate system
order of x

Peclet number

polynomial of degree n defined in the x coordinate direction
flow rate entering a pipe

a function of coordinate x



it (x) approximation of u (x)

U; value of variable u at node location i

v velocity

U ; value of u at location x + iAx, j + jAy

n degree of Lagrange polynomial in space

Xy X coordinate location for local element index I

yry coordinate location for local element index I

ki values associated with Runge-Kutta formulations
T temperature and also indicates

transpose of a matrix when used as a superscript

w;(x) weighting function defined in x coordinate system
w(x, y) weighting function defined in x — y coordinate system
R(x) residual defined in x coordinate direction

R(x,y) residual defined in x coordinate direction

X; nodal location 7 in along the x — y coordinate system
.Greek alphabet

pBr eal coefficient

Bi constant

op Kronecker delta

I diffusivity

O(x - x;) Dirac delta function defined for location Xi



Pi(x, y)

X

W& m);
Matrices
[A]

{3

[J]

[P]

measure of error

natural coordinate

natural coordinate
trigonometric angle
coefficient

eigenvalue
multiplication operator

density

coordinate direction for integration along a two-dimensional
element boundary

unit vector in 7 coordinate direction
tangential coordinate in (n, ) coordinate system

triangular basis function defined at node j

local coordinate

basis function defined at node j

space matrix
error vector
Jacobian matrix

matrix of nodal location information used in defining element
matrix coefficients



Expressions

Ei = U — U error between function u and its approximation i

E(0) =f(0) - P,(0) error as a function of coordinate 6

h=x—x;_, incremental distance

mathematical operator as defined

L()=28+L 4 05()

DPp(x) = = N G

x;)

Ax=x;, - X; spatial increment in coordinate x

AY=Y;, ;- Y spatial increment in coordinate y

At=t-t;_, increment in time ¢

0Q line or surface of Q when Q is an area or volume respectively

00, line emanating from node I in element e

0Qp segment of boundary of Q designated as a Dirichlet boundary
condition

0Qy segment of boundary of Q designated as a Neumann boundary

condition



Index

numerical integration common formulas, 56
approximation of a function, 4

backward dierence approximation, 36, 161
backward in time approximation, 147
basis functions, 85, 95, 184, 217, 273
Lagrange, 85
triangular, 196
boundary conditions, 107, 120, 144, 163, 273
Dirichlet, 149
Neumann, 206

boundary-value problems in three space coordinates, 279

centered in space time approximation, 147
chapter summary

chapter eight, 230

chapter eleven, 285

chapter five, 133

chapter four, 78

chapter nine, 266

chapter one, 24

chapter seven, 175

chapter six, 162

chapter ten, 276

chapter three, 62

chapter two, 46
collocation method, 123, 124

first-order equations, 123

second-order equations, 126
collocation points, 124
computational molecule, 143

conditional stability, 162



consistency
definition, 72
convergence
definition, 69
coordinate transformation function, 216, 219
coordinates
global, 196
local, 211
natural, 211
cross derivative, 262

finite volume formulation, 241

difference approximation
first derivative, 102
second derivative, 279
difference equation, 73
Dirac delta function, 113, 124, 243
Dirichlet boundary condition, 150, 263

discretization, 2

eigenvalue, 151

eigenvector, 151

element coefficient matrix, 92, 105
for triangular elements, 202
linear elements, 120

error of the approximation, 4
finite dierence formulae, 36
first-order derivative, 42, 43
Hermites, 23
quadratic Lagrange polynomial, 9

Euler forward integration formula, 68

Euler forward integration method example, 68

finite dierence approximation, 35, 169
in three space variables, 279

two space dimensions, 141



finite difference interpretation
of the rst-order Galerkin approximation, 102
of the second-order Galerkin approximation, 111
finite element
approximation in three space variables, 280
approximation over triangles, 195
example problem, 199
approximations over rectangles, 181
Galerkin approximation in time, 158, 161
forward difference approximation, 160
isoparametric, 211
basis functions, 217
tetrahedral, 283
triangular, 196
finite volume
application of Green’s theorem, 241
approximation, 239
approximation t o second-order equations, 112
example problem, 262
example problem 1, 246
element coefficient matrices, 248
evaluation of the area integral, 256
evaluation of the line integral, 249
global matrix assembly, 260
weighted residual formulation, 246
example problem 2
element coefficient matrices, 263
evaluation of the source term, 265
problem definition, 262
weighted residual formulation, 262
finite difference interpreation, 122
finite difference interpretation for second-order equations, 122
finite element and polygon domain, 240
interpretation in terms of finite difference method, 93

mesh, 240



method, 133

normal-tangential boundary condition, 242

vector normalization, 243

weighted residual formulation, 240

weighting function, 84

weighting function in two space dimensions, 240
first derivative difference approximation, 41, 102
flux type boundary condition, 106
forward difference, 35, 160

Galerkin method, 94, 159, 200
finite element approximation in time, 158
for first-order equations, 94
for second-order equations, 102
time approximation
backward difference approximation, 161
Gauss integration, 61
Gauss points, 124
Gauss quadrature, 59, 124
global coefficient matrix, 93, 120, 204, 265
global coordinates, 196
global system, 89
Green’s theorem, 184, 201, 241, 274

Hermite polynomials, 20, 127

development of expression for, 20

implicit approximation, 148

incremental distance h, 35

initial boundary value problems, 273
mass lumping, 276

initial conditions, 67, 144, 163, 273

initial value problems, 67

inner product, 84

integration

finite volume method, 251



for isoparametric finite elements, 227

formula for triangular element, 198

three dimensional finite elements (tetrahedral elements), 285
integration by parts, 103, 117, 159, 184
interpolant, 7
interpolation, 1
interpretation of finite volume method in terms of the finite difference method, 93
isoparametric finite element, 211

basis functions, 217, 218

coordinate transformation functions, 216

example problem, 223

Gauss-quadrature integration, 227

Jacobian calculation, 219

matrix assembly, 228

natural coordinate system, 211

relationship between natural and global coordinates, 225

two-dimensional natural coordinate system, 212

Jacobian, 219
calculation of, 219
Jacobian matrix, 221

Kronecker delta, 5

Lagrange basis functions, 86

Lagrange interpolation, 4, 8, 55

Lagrange polynomials, 35, 55, 96, 141, 162, 170
linear, 5, 85
local coordinate system, 107
quadratic, 8

linear Lagrange polynomial, 207

local coefficient matrix, 187

local coordinates, 88, 98, 104, 191

local Lagrange polynomials, 120

local system, 90

local — global coeffcient transformation matrix, 189

locally defined Lagrange polynomials, 96



mass lumping, 276

matrix assembly isoparametric elements, 228

matrix method of stability analysis, 149

method of weighted residuals, 83, 112, 123, 159, 183, 240
multiple elements, 14

natural coordinate systems
one dimensional natural coordinate systems, 211
two dimensional natural coordinate systems, 212
use in isoparametric integration, 222

Neumann boundary condition, 106, 206

Newton—Cotes quadrature formulae, 55

node, 4

numerical differentiation, 33
general theory, 33

numerical integration, 55

numerical solution of boundary value problems in two space dimensions
finite difference approximations, 169
finite element approximations over rectangles, 181
finite element approximations over triangles, 195
finite volume approximation, 239

numerical solution of boundary value problems in two space dimensions and time,
169

numerical solution of initial boundary-value problems, 139

numerical solution of ordinary differential equations, 67
I1, definition of, 6
quadratic Lagrange polynomial, 8

residual error, 83
round-off error, 150
Runge-Kutta
geometric interpretation, 77
second-order form, 75
Runge-Kutta
type formulae, 75



second type or Neumann boundary value problem, 206
second-order derivatives, 43
o coordinate system, 207
Simpsons rule, 57
stability, 73, 151
example of, 153
example simulation, 156
stability of finite difference approximations to boundary value problems, 149
steady state behavior, 169

subdomain method, 84

tetrahedral element, 284
three space dimensions, 279
finite element approximations, 280
finite-difference approximations, 279
three-point difference formulae, 40
trapezoidal rule, 56
triangular basis functions
formulation, 196
tridiagonal matrix, 161
two dimensional natural coordinate systems, 212
two-dimensional polynomial approximation, 139, 169
two-point difference formulae, 34

two-point formulae from Taylor Series, 37

weighting function, 83, 106, 124, 184
finite volume method, 84
Galerkin’s method, 95

Weirstraus Approximation Theorem, 3
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