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Preface

The purpose of this book is to provide an introduction to finite difference and
finite element methods for solving ordinary and partial differential equations
of boundary value problems. The book is designed for beginning graduate stu-
dents, upper level undergraduate students, and students from interdisciplinary
areas including engineers and others who need to obtain such numerical solu-
tions. The prerequisite is a basic knowledge of calculus, linear algebra, and
ordinary differential equations. Some knowledge of numerical analysis and
partial differential equations would also be helpful but not essential.

The emphasis is on the understanding of finite difference and finite element
methods and essential details in their implementation with reasonably mathe-
matical theory. Part I considers finite difference methods, and Part II is about
finite element methods. In each part, we start with a comprehensive discus-
sion of one-dimensional problems before proceeding to consider two or higher
dimensions. We also list some useful references for those who wish to know
more in related areas.

The materials of this textbook in general can be covered in an academic year.
The two parts of the book are essentially independent. Thus it is possible to use
only one part for a class.

This is a textbook based on materials that the authors have used, and some
are from Dr. Randall J. LeVeque’s notes, in teaching graduate courses on the
numerical solution of differential equations. Most sample computer program-
ming is written in Matlab®. Some advantages of Matlab are its simplicity, a
wide range of library subroutines, double precision accuracy, and many existing
and emerging tool-boxes.

A website www4.ncsu.edu/~zhilin/FD_FEM Book has been set up, to post or
link computer codes accompanying this textbook.

We would like to thank Dr. Roger Hoskin, Lilian Wang, Peiqi Huang, and
Hongru Chen for proofreading the book, or for providing Matlab code.

X
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1

Introduction

1.1 Boundary Value Problems of Differential Equations

We discuss numerical solutions of problems involving ordinary differential
equations (ODEs) or partial differential equations (PDEs), especially linear
first- and second-order ODEs and PDEs, and problems involving systems of
first-order differential equations.

A differential equation involves derivatives of an unknown function of one
independent variable (say u(x)), or the partial derivatives of an unknown
function of more than one independent variable (say u(x,y), or u(t,x), or
u(t, x,y,z), etc.). Differential equations have been used extensively to model
many problems in daily life, such as pendulums, Newton’s law of cooling,
resistor and inductor circuits, population growth or decay, fluid and solid
mechanics, biology, material sciences, economics, ecology, kinetics, thermo-
dynamics, sports and computer sciences.! Examples include the Laplace equa-
tion for potentials, the Navier—Stokes equations in fluid dynamics, biharmonic
equations for stresses in solid mechanics, and Maxwell equations in electro-
magnetics. For more examples and for the mathematical theory of PDEs, we
refer the reader to Evans (1998) and references therein.

However, although differential equations have such wide applications, too
few can be solved exactly in terms of elementary functions such as polynomials,
log x, e*, trigonometric functions (sinx, cosx, ...), etc. and their combina-
tions. Even if a differential equation can be solved analytically, considerable
effort and sound mathematical theory are often needed, and the closed form
of the solution may even turn out to be too messy to be useful. If the analytic
solution of the differential equation is unavailable or too difficult to obtain, or

! There are other models in practice, for example, statistical models.
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Figure 1.1. A flowchart of a problem-solving process.

takes some complicated form that is unhelpful to use, we may try to find an
approximate solution. There are two traditional approaches:

1. Semi-analytic methods. Sometimes we can use series, integral equations,
perturbation techniques, or asymptotic methods to obtain an approximate
solution expressed in terms of simpler functions.

2. Numerical solutions. Discrete numerical values may represent the solution
to a certain accuracy. Nowadays, these number arrays (and associated tables
or plots) are obtained using computers, to provide effective solutions of
many problems that were impossible to obtain before.

In this book, we mainly adopt the second approach and focus on numeri-
cal solutions using computers, especially the use of finite difference (FD) or
finite element (FE) methods for differential equations. In Figure 1.1, we show
a flowchart of the problem-solving process.

Some examples of ODE/PDE:s are as follows.

1. Initial value problems (IVP). A canonical first-order system is

d
< —t(ty), ¥(t0)=vo; (1.1

and a single higher-order differential equation may be rewritten as a first-
order system. For example, a second-order ODE

' (1) + a(0)u (1) + b(1)u(r) = f(1),

u(0)=up, |u/(0)=vo|. (1.2)
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1.1 Boundary Value Problems of Differential Equations 3

can be converted into a first-order system by setting y;(#)=wu and
»(t)=u'(1).

An ODE IVP can often be solved using Runge-Kutta methods, with
adaptive time steps. In Matlab, there is the ODE-Suite which includes ode45,
ode23, ode23s, odel5s, etc. For a stiff ODE system, either ode23s or odel5s
is recommended; see Appendix for more details.

. Boundary value problems (BVP). An example of an ODE BVP is

W' (x) +a(x) (x) + b(x)u(x) =f(x), 0<x<lI,

(1.3)
u(0)=ug, |u(l)=ul|;
and a PDE BVP example is
Uy + Uy, =f(x,v), (x,y)€Q,
oy =f(x%,), (%) (1.4)

u(x7y>:u0(x7y)’ (x,y)eaQ,

where u,, = g—fgg and u,, = %, in a domain €2 with boundary 0f2. The above
PDE is linear and classified as elliptic, and there are two other classifications
for linear PDE, namely, parabolic and hyperbolic, as briefly discussed below.
. BVPand IVP, e.g,

U= auyy + f(x,1),
u(07 t):gl(t)v u(l,t):gz(t), BC (1.5)
u(x,0) =up(x), IC,

where BC and IC stand for boundary condition(s) and initial condition,
respectively, where u; = %.
. Eigenvalue problems, e.g.,

u”"(x) = Au(x),

u(0)=0, u(1)=0. 0

In this example, both the function u(x) (the eigenfunction) and the scalar A
(the eigenvalue) are unknowns.
. Diffusion and reaction equations, e.g,

%:V-(ﬁVu) +a-Vu+f(u) (1.7)

where a is a vector, V- (8Vu) is a diffusion term, a- Vu is called an
advection term, and f(u) a reaction term.

08:59:40, subject to the Cambridge Core terms of use,
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6. Systems of PDE. The incompressible Navier—Stokes model is an important
nonlinear example:

p(u+ (u-Vu)=Vp+ pAu+F,

(1.8)
V-u=0.
In this book, we will consider BVPs of differential equations in one dimen-
sion (1D) or two dimensions (2D). A linear second-order PDE has the following
general form:

a(xay)uxx + 2b(x,y)uxy + C(x,y)uyy
+d(x, y)ux + e(x, y)uy + g(x, y)u(x,y) =f(x,) (1.9)

where the coefficients are independent of u(x, y) so the equation is linear in u
and its partial derivatives. The solution of the 2D linear PDE is sought in some
bounded domain €2; and the classification of the PDE form (1.9) is:

e Elliptic if b> — ac < 0 for all (x,y) €,
e Parabolic if 5> — ac =0 for all (x, y) € ©2, and
e Hyperbolic if > — ac >0 for all (x,y) € Q.

The appropriate solution method typically depends on the equation class. For
the first-order system

Ou Ou

the classification is determined from the eigenvalues of the coefficient
matrix A(X).

Finite difference and finite element methods are suitable techniques to
solve differential equations (ODEs and PDEs) numerically. There are other
methods as well, for example, finite volume methods, collocation methods,
spectral methods, etc.

1.1.1 Some Features of Finite Difference and Finite
Element Methods

Many problems can be solved numerically by some finite difference or finite
element methods. We strongly believe that any numerical analyst should be
familiar with both methods and some important features listed below.

08:59:40, subject to the Cambridge Core terms of use,
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1.2 Further Reading 5

Finite difference methods:

e Often relatively simple to use, and quite easy to understand.

e Easy to implement for regular domains, e.g, rectangular domains in Carte-
sian coordinates, and circular or annular domains in polar coordinates.

e Their discretization and approximate solutions are pointwise, and the
fundamental mathematical tool is the Taylor expansion.

e There are many fast solvers and packages for regular domains, e.g., the
Poisson solvers Fishpack (Adams et al.) and Clawpack (LeVeque, 1998).

e Difficult to implement for complicated geometries.

e Have strong regularity requirements (the existence of high-order derivatives).

Finite element methods:

e Very successful for structural (elliptic type) problems.

e Suitable approach for problems with complicated boundaries.

e Sound theoretical foundation, at least for elliptic PDE, using Sobolev space
theory.

e Weaker regularity requirements.

e Many commercial packages, e.g, Ansys, Matlab PDE Tool-Box, Triangle,
and PLTMG.

e Usually coupled with multigrid solvers.

e Mesh generation can be difficult, but there are now many packages that do
this, e.g., Matlab, Triangle, Pltmg, Fidap, Gmsh, and Ansys.

1.2 Further Reading

This textbook provides an introduction to finite difference and finite element
methods. There are many other books for readers who wish to become expert
in finite difference and finite element methods.

For FD methods, we recommend Iserles (2008); LeVeque (2007);
Morton and Mayers (1995); Strikwerda (1989) and Thomas (1995). The text-
books by Strikwerda (1989) and Thomas (1995) are classical, while Iserles
(2008); LeVeque (2007) and Morton and Mayers (1995) are relatively new.
With LeVeque (2007), the readers can find the accompanying Matlab code from
the author’s website.

A classic book on FE methods is Ciarlet (2002), while Johnson (1987) and
Strang and Fix (1973) have been widely used as graduate textbooks. The series
by Carey and Oden (1983) not only presents the mathematical background
of FE methods, but also gives some details on FE method programming in
Fortran. Newer textbooks include Braess (2007) and Brenner and Scott (2002).
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2

Finite Difference Methods for 1D
Boundary Value Problems

2.1 A Simple Example of a Finite Difference Method

Let us consider a model problem
M,/(X) :f(x)a 0<x<l, u(O):ua, u<1):ub>
to illustrate the general procedure using a finite difference method as follows.

1. Generate a grid. A grid is a finite set of points on which we seek the function
values that represent an approximate solution to the differential equa-
tion. For example, given an integer parameter # > (0, we can use a uniform
Cartesian grid

xi=ih, i=0,1,...,n, hzl.
n
The parameter n can be chosen according to accuracy requirement. If we
wish that the approximate solution has four significant digits, then we can
take n =100 or larger, for example.
2. Represent the derivative by some finite difference formula at every grid point
where the solution is unknown, to get an algebraic system of equations. Note
that for a twice differentiable function ¢(x), we have

o o(x — AX) = 26(x) + ¢(x + Ax)
Ax—0 (Ax)z

Thus at a grid point x;, we can approximate u”(x;) using nearby function
values to get a finite difference formula for the second-order derivative

u(x; —h) — 2u(x;) + u(x; + h)
h? ’

u// (xi) ~
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10 Finite Difference Methods for 1D Boundary Value Problems

with some error in the approximation. In the finite difference method, we
replace the differential equation at each grid point x; by

u(x; —h) — 2u(x;) + u(x; + h)
2
where the error is called the local truncation error and will be reconsidered
later. Thus we define the finite difference (FD) solution (an approximation)
for u(x) at all x; as the solution U; (if it exists) of the following linear system
of algebraic equations:

=f(x;) + error,

u, — 201+ U,
GT =f(x1)

Uy —2U, + Us
-z = f(x2)

U, —2U;+ Uy
2 =f(x3)

Ui1 —2U; + Uiy
2 ~ :f(xf)

U,_3 —2U,_»+ U,_

220 Ut )
U,_»—2U,_1+u

Note that the finite difference equation at each grid point involves solution
values at three grid points, i.e., at x; 1, x;, and x;, 1. The set of these three
grid points is called the finite difference stencil.

3. Solve the system of algebraic equations, to get an approximate solution at
each grid point. The system of algebraic equations can be written in the
matrix and vector form

2L 1T 0] TG —ua/l® ]
R Us f(x2)
F R Us f(x3)
= _ 2.1)
®—% » U2 S(xn-2)
i L =2 U] [f(a1) — /1]
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2.1 A Simple Example of a Finite Difference Method 11

The tridiagonal system of linear equations above can be solved efficiently
in O(Cn) operations by the Crout or Cholesky algorithm, see for example,
Burden and Faires (2010), where C is a constant, typically C=5 in this case.

4. Implement and debug the computer code. Run the program to get the output.
Analyze and visualize the results (tables, plots, etc.).

5. Error analysis. Algorithmic consistency and stability implies convergence of
the finite difference method, which will be discussed later. The convergence is
pointwise, i.e., %gr(l) lu(x;) — Uil|oo = 0. The finite difference method requires

the solution u(x) to have up to second-order continuous derivatives.

2.1.1 A Matlab Code for the Model Problem

Below we show a Matlab function called two_point.m, for the model problem,
and use this Matlab function to illustrate how to convert the algorithm to a
computer code.

function [x,U] = two_point(a,b,ua,ub,f,n)

S Rt Rt Rt Rt R R R Rt R R Rt R R Rt R Rt Rt e
% This matlab function two point solves the following %
% two-point boundary value problem: u''(x) = f(x) %
% using the centered finite difference scheme. %
% Input: %
% a, b: Two end points. %
% ua, ub: Dirichlet boundary conditions at a and b %
% f: external function f(x). %
% n: number of grid points. %
% Output: %
% x: x(1),x(2),...x(n-1) are grid points %
% U: U(1),U(2),...U(n-1) are approximate solution at %
% grid points %
R Rt e Pt e et et PR et Rt e L et

h = (b-a)/n; hl=h*h;

A = gparse(n-1,n-1);
F = zeros(n-1,1);

for i=1:n-2,

A(i,i) = -2/h1; A(i+1,1i) = 1/h1l; A(i,i+1)= 1/h1;
end
A(n-1,n-1) = -2/hl;

for i=1:n-1,
x(i) = a+i*h;
F(i) = feval(f,x(1));

09:05:56, subject to the Cambridge Core terms of use,
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12 Finite Difference Methods for 1D Boundary Value Problems

end
F(1) = F(1) - ua/hl;
F(n-1) = F(n-1) - ub/hl;
U = A\F;
return
55 --------- End of the program ---------------—----------

We can call the Matlab function two_point directly in a Matlab command
window, but a better way is to put all Matlab commands in a Matlab file (called
an M-file), referred to here as main.m. The advantage of this is to keep a record,
and we can also revisit or modify the file whenever we want.

To illustrate, suppose the differential equation is defined in the interval of
(0, 1), with f(x)=—n?cos(rx), u(0)=0, and u(1)=—1. A sample Matlab
M-file is then as follows.
$%%%%%%% Clear all unwanted variables and graphs.

clear; close all

$%%%%%% Input

a=0; b=1; n=40;
ua=1; ub=-1;

$%%%%% Call the solver: U is the FD solution at the grid
points.

[x,U] = two_point(a,b,ua,ub,'f',n);

o\°

0. 000000000000000 0.0000000000000000
$%%%%%%%%%%%%%%% Plot and show the error %$%%%%%%%%%%%%%%%%

o\

plot(x,U, 'o'); hold % Plot the computed solution

u=zeros (n-1,1) ;
for i=1:n-1,

u(i) = cos(pi*x(i));
end
plot (x,u) %$%% Plot the true solution at the grid

o\

)
S

o

points on the same plot.

o\°
o°

$%%%% Plot the error

figure(2); plot(x,U-u)

norm (U-u, inf) %$%% Print out the maximum error.

It is easy to check that the exact solution of the BVP is cos(mx). If we plot

the computed solution, the finite difference approximation to the true solution
at the grid points (use plot(x, u, 0’), and the exact solution represented by the

09:05:56, subject to the Cambridge Core terms of use,
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2.1 A Simple Example of a Finite Difference Method 13
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Figure 2.1. (a) A plot of the computed solution (little ‘0’s) with n =40, and
the exact solution (solid line). (b) The plot of the error.

solid line in Figure 2.1(a), the difference at the grid points is not too evident.
However, if we plot the difference of the computed solution and the exact solu-
tion, which we call the error, we see that there is indeed a small difference of
0(1073), cf. Figure 2.1(b), but in practice we may nevertheless be content with
the accuracy of the computed numerical solution.

Questions One May Ask from This Example:

e Are there other finite difference formulas to approximate derivatives? If so,
how do we derive them? The reader may have already encountered other
formulas in an elementary numerical analysis textbook.

o How do we know whether a finite difference method works or not? If it works,
how accurate is it? Specifically, what is the error of the computed solution?

e Do round-off errors affect the computed solution? If so, by how much?

e How do we deal with boundary conditions other than Dirichlet condi-
tions (involving only function values) as above, notably Neumann conditions
(involving derivatives) or mixed boundary conditions?

e Do we need different finite difference methods for different problems? If so,
are the procedures similar?

e How do we know that we are using the most efficient method? What are the
criteria, in order to implement finite difference methods efficiently?

We will address these questions in the next few chapters.
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14 Finite Difference Methods for 1D Boundary Value Problems

2.2 Fundamentals of Finite Difference Methods

The Taylor expansion is the most important tool in the analysis of finite
difference methods. It may be written as an infinite series
h? -

u(x ) = u(x) + bl (x) + ' (x) £+ E”(k) (xX)+-  (22)

if u(x) is “analytic” (differentiable to any order), or as a finite sum

2 k
u(x +h) = u(x) + ' (x) + %u”(x) +- %u(k) &), (2.3)
where x<&<x+h (or x+h<&<xif h<0), if u(x) is differentiable up to
k-th order. The second form of the Taylor expansion is sometimes called the
extended mean value theorem. As indicated earlier, we may represent deriva-
tives of a differential equation by finite difference formulas at grid points to get
a linear or nonlinear algebraic system. There are several kinds of finite differ-
ence formulas to consider, but in general their accuracy is directly related to the
magnitude of /4 (typically small).

2.2.1 Forward, Backward, and Central Finite Difference
Formulas for v (x)

Let us first consider the first derivative «/(x) of u(x) at a point X using the
nearby function values u(x 4 /), where 4 is called the step size. There are three
commonly used formulas:

~u(x+h) —u(x)

Forward FD: A u(x)= . ~u (X), (2.4)
Backward FD:  A_u(x)= u(x) = Z()_C ) ~u (X), (2.5)
Central FD:  ou(x) = " 1) 2_14”()_{ =M u&). (2.6)

Below we derive these finite difference formulas from geometric intuitions and
calculus.
From calculus, we know that

(%) = }llg(l) u(x+h)— u()_c)

Assume |A| is small and #/(x) is continuous, then we expect that w

is close to but usually not exactly /(x). Thus an approximation to the first
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2.2 Fundamentals of Finite Difference Methods 15

derivative at x is the forward finite difference denoted and defined by

A u(z) = “EF h})l —4) ), @.7)

where an error is introduced and />0 is called the step size, the distance
between two points. Geometrically, A ;u(X) is the slope of the secant line that
connects the two points (X,u(x)) and (X + h,u(x + h)), and in calculus we
recognize it tends to the slope of the tangent line at x in the limit # — 0.

To determine how closely A u(X) represents u/(X), if u(x) has second-order
continuous derivatives we can invoke the extended mean value theorem (Taylor
series) such that

u(x + h)=u(x) +u'(x)h + % u" (&) W2, (2.8)

where 0 < £ < h. Thus we obtain the error estimate

_ u(x +h) —u(x)
h

1
E/(h) — 1l (%) = 5 () = O(h) 29)
so the error, defined as the difference of the approximate value and the exact
one, is proportional to s and the discretization (2.7) is called first-order accurate.
In general, if the error has the form

E(h)=CHW, p>0, (2.10)

then the method is called p-th order accurate.
Similarly, we can analyze the backward finite difference formula

u(x) —u(x —h)

A u(x) =" AR,

h>0, 2.11)

for approximating u/(x), where the error estimate is

u(x) —u(x —h) 1

Ey(h) =" —d(@) =5 (O h=00),  (212)

so this formula is also first-order accurate.

Geometrically (see Figure 2.2), one may expect the slope of the secant line
that passes through (x + A, u(x + h)) and (x — h,u(X — h)) is a better approxi-
mation to the slope of the tangent line of u(x) at (X, u(x)), suggesting that the
corresponding central finite difference formula

X+h) —u(x—h)
2h !

su(x) = X4 h>0, (2.13)
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16 Finite Difference Methods for 1D Boundary Value Problems

Tangent line at X

X—h X X+h

Figure 2.2. Geometric illustration of the forward, backward, and central
finite difference formulas for approximating ' (X).

for approximating the first-order derivative may be more accurate. In order
to get the relevant error estimate, we need to retain more terms in the Taylor
expansion:

u(x +h) = u(x) + h (x) + 1u”(x)h2 + 1u”’(x)h3 + iu(4) ()4

2 6 24
1 1 1
u(x —h) = u(x) — hu' (x) + Eu”(x)h2 — gu’”(x)h3 + ﬁu(“) (X)h* + -,

which leads to
E0<h) =

MR ISR ()=l @R = 00R) (.14

where - - - stands for higher-order terms, so the central finite difference formula
is second-order accurate. It is easy to show that (2.13) can be rewritten as

su(x) = HEF h)z_h“(x = _ % (A+ + A,> u(X).

There are other higher-order accurate formulas too, e.g, the third-order

accurate finite difference formula
Ssu(%) = 2u(X + h) 4+ 3u(x) —66hu(x —h) +u(x —2h) . (2.15)

2.2.2 Verification and Grid Refinement Analysis

Suppose now that we have learned or developed a numerical method and associ-
ated analysis. If we proceed to write a computer code to implement the method,
how do we know that our code is bug-free and our analysis is correct? One way
is by a grid refinement analysis.

Grid refinement analysis can be illustrated by a case where we know the
exact solution.! Starting with a fixed A, say #=0.1, we decrease / by half to

1 Of course, we usually do not know it and there are other techniques to validate a computed solution to be
discussed later.
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2.2 Fundamentals of Finite Difference Methods 17

Grid refinement analysis and comparison

T T T T T T

10() - -

Slope of FW and BW = 1

1074

Error

1076

Slope of CT =2

10—10 -

10—12 I I I I ! !
10712 10710 1078 107¢ 1074 1072 10°
Step size h

Figure 2.3. A plot of a grid refinement analysis of the forward, backward,
and central finite difference formulas for #/(x) using the log-log plot. The
curves for forward and backward finite difference are almost identical and
have slope one. The central formula is second-order accurate and the slope
of the plot is two. As / gets smaller, round-off errors become evident and
eventually dominant.

see how the error changes. For a first-order method, the error should decrease
by a factor of two, ¢f. (2.9), and for a second-order method the error should
be decrease by a factor of four, c¢f. (2.14), etc. We can plot the errors versus
h in a log-log scale, where the slope is the order of convergence if the scales
are identical on both axes. The forward, backward, and central finite difference
formula rendered in a Matlab script file compare.m are shown below. For exam-
ple, consider the function u(x) =sinx at x = 1, where the exact derivative is of
course cos 1. We plot the errors versus /4 in log-log scale in Figure 2.3, where
we see that the slopes do indeed correctly produce the convergence order. As
h decreases further, the round-off errors become dominant, which affects the
actual errors. Thus for finite difference methods, we cannot take / arbitrarily
small hoping to improve the accuracy. For this example, the best / that would
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18 Finite Difference Methods for 1D Boundary Value Problems

provide the smaller error is 1~ /e = V1016 ~ 1078 for the forward and back-
ward formulas while it is 1 ~ /e ~ 107 for the central formula, where € is the
machine precision which is around 10~'® in Matlab for most computers. The
best /1 can be estimated by balancing the formula error and the round-off errors.
For the central formula, they are O(h?) and ¢/h, respectively. The best /1 then
is estimated by 4> = ¢/h or h= /e. The following is a Matlab script file called
compare.m that generates Figure 2.3.

o°

Compare truncation errors of the forward, backward,
and central scheme for approximating u'(x). Plot the
error and estimate the convergence order.
u(x) = sin(x) at x=1. Exact derivative: u' (1) =
cos (1) .

o° o o

o

clear; close all
h =10.1;
for i=1:5

I~

P
w N
I

sin(1) - sin(1 /h - cos(1);

h;
= (sin(l+h)-sin(1))/h - cos(1);
( h))
(sin(1+h) -sin(1- h))/(2*h) cos (1) ;

[o T i VIR U]

en

format short e % Use this option to see the first
$ a few significant digits.

a = abs(a); % Take absolute values of the matrix.
hli = a(:,1); % Extract the first column which is h.
el = a(:,2); e2 = a(:,3); e3 = al(:,4);

loglog(hl,el,hl,e2,hl,e3)
axis('equal'); axis('square')
axis([le-6 1lel le-6 1lell)

gtext ('Slope of FW and BW = 1')
gtext ('Slope of CD =2")

o\°

0000000000
66600006000

o\°

$%%%% End Of Matlab Program %%%%%%%%%%%%%%%

o\°

$Computed Results:

o\°

h forward backward central

o\°

.0000e-01 -4.2939e-02
.0000e-02 -2.1257e-02
.5000e-02 -1.0574e-02
.2500e-02 -5.2732e-03
.2500e-03 -2.6331e-03

.1138e-02 -9.0005e-04
.0807e-02 -2.2510e-04
.0462e-02 -5.6280e-05
.2451e-03 -1.4070e-05
.6261e-03 -3.5176e-06

o\°

o\°

o\°
AR DNUR
N U RN

o\°
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2.3 Deriving FD Formulas Using the Method of Undetermined Coefficients 19

2.3 Deriving FD Formulas Using the Method
of Undetermined Coefficients

Sometimes we need a “one-sided” finite difference, for example to approxi-
mate a first derivative at some boundary value x = b, and such approximations
may also be used more generally. Thus to approximate a first derivative to
second-order accuracy, we may anticipate a formula involving the values u(X),
u(x —h), and u(x — 2h) in using the method of undetermined coefficients in
which we write

U (X) ~yu(x) + yu(x — h) + y3u(x — 2h).
Invoking the Taylor expansion at x yields

Yu(X) + Y2u(X — h) + y3u(x - 2h)
2 3
=) + 92 ({0) — ) + Sl 3) = )

2 3
+73 ((u()‘c) — 2t (X) + %u"(ic) - 8Zu’”(;‘c)) + O(max |y |h*),

which should approximate /(X) if we ignore the high-order term. So we set

N+1n+13=0
—hy, = 2hy; =1
Wy, +4h*y3 = 0.

It is easy to show that the solution to this linear system is

_3 _ 2 _1
71_2}17 Y2 = h’ /73_2h7

and hence we obtain the one-sided finite difference scheme

u’(ic):%u()?) — %u(}?—h) + iu(%—Zk) + O(h?). (2.16)

Another one-sided finite difference formula is immediately obtained by setting
—h for h, namely,

U (X)=——u(X)+ - u(x+h) — %u(?ﬁ—%) + O(h?). (2.17)
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20 Finite Difference Methods for 1D Boundary Value Problems

One may also differentiate a polynomial interpolation formula to get a
finite difference scheme. For example, given a sequence of points (x;, u(x;)),

i=0,1,2,...,n, the Lagrange interpolating polynomial is
" (x—x)
_ j
Zl x, where I,(x)— . H m s
J=0j7i '

suggesting that u/(X) can be approximated by

X an ZZ/

2.3.1 FD Formulas for Second-order Derivatives

We can apply finite difference operators twice to get finite difference formulas to
approximate the second-order derivative u” (X), e.g, the central finite difference
formula

ALA u(®) = A, M= Z(X )
o fu(x+h) —u(x)  u(x) —u(x —h)
T h < h a h )
u(x —h) = 2u(X) + u(x + h)
- -
= A_A u(x)=6%u(X) (2.18)

approximates 1" (x) to O(h?).
Using the same finite difference operator twice produces a one-sided finite
difference formula, e.g.,

A+A+u()—c) — (A+)2u()_c) _ A+ U()_C + h) — u()_c)

h
Ll fu(x+2h) —u(x+h)  u(x+h) —u(x)
T h ( h a h )
u(x) —2u(x + h) + u(x + 2h)

= i , (2.19)

also approximates u” (x), but only to first-order accuracy O(h).
In a similar way, finite difference operators can be used to derive approx-
imations for partial derivatives. We obtain similar forms not only for partial
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derivatives uy, uyy, etc., but also for mixed partial derivatives, e.g.,

5x5y”()_ch_’)
Cu(x+hy+h)Fux—hy—h)—uXx+hy—h)—ux—hy+h)
a 452

0*u
~ 55 2.2

if we adopt a uniform step size in both x and y directions. Here we use the x
subscript on d, to denote the central finite difference operator in the x direction,
and so on.

2.3.2 FD Formulas for Higher-order Derivatives

We can likewise apply either lower-order finite difference formulas or the
method of undetermined coefficients to obtain finite difference formulas for
approximating third-order derivatives. For example,

u(x —h) = 2u(x) + u(x + h)

ALSu(x) = Ay

2
—u(% — h) + 3u(®) — 3u(x + h) + u(x + 2h)
" — h 4 (=
:u(x)—i-iu (X)+---

is first-order accurate. If we use the central formula

—u(% — 2h) + 2u(x — h) — 2u(X %+ 2 2
R LI

then we can have a second-order accurate scheme. In practice, we seldom need
more than fourth-order derivatives. For higher-order differential equations, we
usually convert them to first- or second-order systems.

2.4 Consistency, Stability, Convergence, and Error
Estimates of FD Methods

When a finite difference method is used to solve a differential equation, it
is important to know how accurate the resulting approximate solution is
compared to the true solution.
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22 Finite Difference Methods for 1D Boundary Value Problems

2.4.1 Global Error

IfU=[Uj, Us, ..., U] denotes the approximate solution generated by a finite
difference scheme with no round-off errors and u= [u(x), u(x2), ..., u(x,)] is
the exact solution at the grid points xy, x», .. ., X,;, then the global error vector
is defined as E = U — u. Naturally, we seek a smallest upper bound for the error
vector, which is commonly measured using one of the following norms:

e The maximum or infinity norm || E|| - = max;{|e;| }. If the error is large at even
one grid point then the maximum norm is also large, so this norm is regarded
as the strongest measurement.

e The /-norm, an average norm defined as ||E||; =), A;|e;|, analogous to the
L' norm [ |e(x)| dx, where h; = x;1 | — x;.

e The 2-norm, another average norm defined as ||[E[> = (3_; hilei*)
gous to the L? norm ( [ |e(x)|? dx)'/2.

12 analo-

If ||E|| < CH, p >0, we call the finite difference method p-th order accurate.
We prefer to use a reasonably high-order accurate method while keeping the
computational cost low.

Definition 2.1. A finite difference method is called convergent if llir% |E|| = 0.
n—

2.4.2 Local Truncation Errors

Local truncation errors refer to the differences between the original differential
equation and its finite difference approximations at grid points. Local trunca-
tion errors measure how well a finite difference discretization approximates the
differential equation.

For example, for the two-point BVP

'(x)=f(x), 0<x<l1, u(0)=uy u(l)=uy,

the local truncation error of the finite difference scheme

Ui —2Ui + U
- 2 =/ ()

at x; 1s

u(x;i —h) —2u(x;) +ulx;+h .
T,= ( ) }EZ) ( )—f(xl-), i=1,2,...,n—1.

Thus on moving the right-hand side to the left-hand side, we obtain the local
truncation error by rearranging or rewriting the finite difference equation
to resemble the original differential equation, and then substituting the true
solution u(x;) for U;.
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We define the local truncation error as follows. Let P (d/dx) denote a
differential operator on u in a linear differential equation, e.g.,

y . d &
e Pu=frepresents v’ (x)=f(x)if P — d

=—an
dx dx?
e Pu=frepresents v + au’ + bu' + cu=f(x) if

ax )~ dv dx? dx
Let P, be a corresponding finite difference operator, e.g, for the second-order
differential equation u”(x) = f(x), a possible finite difference operator is
u(x —h) = 2u(x) + u(x + h)
2
More examples will be considered later. In general, the local truncation error
is then defined as

P<d> il +a(x)i2+b(x)i+c(x).

Plzu(x) =

T(x) = Pyu — Pu, (2.21)

where it is noted that u is the exact solution. For example, for the differential
equation u”(x) =f(x) and the three-point central difference scheme (2.18) the
local truncation error is
u(x —h) = 2u(x) +u(x + h)
2
u(x—nh) —2u(x)+ulx+nh
= ( ) h<2 )+l ) — f(x). (2.22)
Note that local truncation errors depend on the solution in the finite difference
stencil (three-point in this example) but not on the solution globally (far away),
hence the local tag.

T(x) = Pyu— Pu= —u"(x)

Definition 2.2. A finite difference scheme is called consistent if
lim 7(x) = lim ( Pyu — Pu)=0. 2.23
lim 7(x) = lim (Pyu — Pu) (2.23)

Usually we should use consistent finite difference schemes.

If |T(x)| < ChP, p >0, then we say that the discretization is p-th order accu-
rate, where C= O(1) is the error constant dependent on the solution u(x). To
check whether or not a finite difference scheme is consistent, we Taylor expand
all the terms in the local truncation error at a master grid point x;. For example,
the three-point central finite difference scheme for «”(x) = f(x) produces

u(x —h) = 2u(x) + u(x + h) K @)

T(x)= 2 —u'(x)= Eu (x)+---= O(hz)
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24 Finite Difference Methods for 1D Boundary Value Problems

such that |T(x)| < Ch?, where C=maxo<.<| |5u™®(x)] — ie., the finite
difference scheme is consistent and the discretization is second-order
accurate.

Now let us examine another finite difference scheme for «”(x) = f(x), namely,

Ui —2Ui1 + Uig _

2 f(x,'), i:1,2,...,n—2,
U,_» —2U,_1 +u(b
22201 100 _ i, ),

The discretization at x,,_ is second-order accurate since 7(x,_;) = O(h?), but
the local truncation error at all other grid points is

u(xi) = 2u(xi1) + u(xip2)
2

i.e., at all grid points where the solution is unknown. We have lim;,_,o 7(x;) =0,
so the finite difference scheme is consistent. However, if we implement this
finite difference scheme we may get weird results, because it does not use the
boundary condition at x = a, which is obviously wrong. Thus consistency can-
not guarantee the convergence of a scheme, and we need to satisfy another
condition, namely, its stability.

Consider the representation

T(x;) = —f(xi) = O(h),

Au=F+T, AU=F =  A(u-U)=T=-4E, (224)

where E=U —u, 4 is the coefficient matrix of the finite difference equa-
tions, F is the modified source term that takes the boundary condition into
account, and T is the local truncation error vector at the grid points where
the solution is unknown. Thus, if A4 is nonsingular, then ||E|| = ||4~'T| <
|A=1|||IT||. However, if 4 is singular, then ||E|| may become arbitrarily large
so the finite difference method may not converge. This is the case in the
example above, whereas for the central finite difference scheme (2.22) we have
|E|| < ||4~"|| A* and we can prove that || 4~!|| is bounded by a constant. Note
that the global error depends on both | 47! and the local truncation error
vector T.

Definition 2.3. A finite difference method for the BVPs is stable if 4 is invertible
and

|47 <C, forall 0<h<h, (2.25)

where C and A are two constants that are independent of 4.
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From the definitions of consistency and stability, and the discussion above,
we reach the following theorem:

Theorem 2.4. A consistent and stable finite difference method is convergent.

Usually it is easy to prove consistency but more difficult to prove stability.
To prove the convergence of the central finite difference scheme (2.22) for
u"(x) =f(x), we can apply the following lemma:

Lemma 2.5. Consider a symmetric tridiagonal matrix A € R™" whose main
diagonals and off-diagonals are two constants, d and «, respectively. Then the
eigenvalues of A are

i .
)\j:d—i—zaCOS(rH_l), ]:1,2,...,71, (226)
and the corresponding eigenvectors are
P wkj
x;(zsm <n_|_1>, k:172,...,n. (227)

The lemma can be proved by direct verification (from Ax’ = \;x/). We also note
that the eigenvectors x/ are mutually orthogonal in the R” vector space.

Theorem 2.6. The central finite difference method for u"(x)=f(x) and a
Dirichlet boundary condition is convergent, with || E| s < || E||» < Ch/%.

Proof From the finite difference method, we know that the finite difference
coefficient matrix 4 € R"=D*("=1) and it is tridiagonal with d=—2/h> and
a = 1/h?, so the eigenvalues of 4 are

2 2 7\ 2 .
Aj:_hj + ﬁcos <I’l> :ﬁ (COS(W]}Z) -1 ) '

Noting that the eigenvalues of 4! are 1/);and 4~ ! is also symmetric, we have?
1
min ||
- % 1
~ 2(1 —cos(wh))  2(1 — (1 — (wh)2/2 4 (wh)* /4! +---) ~ 7%
Using the inequality |47 ||oo < v/n — 1|47 ||, therefore, we have
vn—1
2

s

1472 =

Elloo <[4 loo [ Tlloe < vV = TIA™ 2 [ Tlloo < Ch* < Ch,

AP |

enti -2 -
2 We can also use the identity 1 — cos(wh) =2sin® 5" to get |4~ 1||; = T (EEE s =N
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26 Finite Difference Methods for 1D Boundary Value Problems

since v/ — 1~ O(1/v/h). The error bound is overestimated since we can also
prove that the infinity norm is also proportional to 4> using the maximum
principle or the Green function approach (c¢f. LeVeque, 2007).

Remark 2.7. The eigenvectors and eigenvalues of the coefficient matrix in (2.1)
can be obtained by considering the Sturm—Liouville eigenvalue problem

W' (x) = =0, u(0)=u(l)=0. (2.28)
It is easy to check that the eigenvalues are
Ne=—(km)?, k=1,2,..., (2.29)
and the corresponding eigenvectors are
ug(x) = sin(kmx). (2.30)
The discrete form at a grid point is
up(x;) =sin(kwih), i=1,2,....n—1, (2.31)

one of the eigenvectors of the coefficient matrix in (2.1). The corresponding
eigenvalue can be found using the definition Ax = Ax.

2.4.3 The Effect of Round-off Errors

From knowledge of numerical linear algebra, we know that

o ||A|2=max |\| = h% (1 —cos(m(n—1)h)) ~ ;—2 =4n?, therefore the condi-
tion number of A satisfies r(A) = || A||2]| A=Y ~ n?.
e The relative error of the computed solution U for a stable scheme satisfies
U — u]

W < local truncation error 4+ round-off error in solving AU=F
u

< 147 HIT] + CemlAllllA~" e

< Ch? + Cg(n)% €,
where g(n) is the growth factor of the algorithm for solving the linear system of
equations and e is the machine precision. For most computers, € ~ 1078 when
we use the single precision, and e ~ 10716 for the double precision.

Usually, the global error decreases as /& decreases, but in the presence of
round-off errors it may actually increase if / is too small! We can roughly esti-
mate such a critical /. To keep the discussion simple, assume that C~ O(1)
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and g(n) ~ O(1), roughly the critical 4 occurs when the local truncation error
is about the same as the round-off error (in magnitute), i.e.,

1 " 1 1
~ —€ — ~N — — —
W2 h o el/4

h2
which is about 100 for the single precision with the machine precision 10~3
and 10,000 for the double precision with the machine precision 10~'®. Conse-
quently, if we use the single precision there is no point in taking more than 100
grid points and we get roughly four significant digits at best, so we usually use
the double precision to solve BVPs. Note that Matlab uses double precision by
default.

2.5 FD Methods for 1D Self-adjoint BVPs
Consider 1D self-adjoint BVPs of the form

(p(x)u (x)) — g(x)u(x) =f(x), a<x<b, (2.32)
u(a)=u,, u(b)=uy, orother BC. (2.33)

This is also called a Sturm—Liouville problem. The existence and uniqueness of
the solution is assured by the following theorem.

Theorem 2.8. If p(x) € C!(a,b), q(x) € C°(a,b), f(x)€ C(a,b), q(x) >0 and
there is a positive constant such that p(x) > po > 0, then there is unique solution
u(x) € C*(a, b).

Here C%(a, b) is the space of all continuous functions in [a, b], C'(a, b) is the
space of all functions that have continuous first-order derivative in [a, b], and
so on. We will see later that there are weaker conditions for finite element
methods, where integral forms are used. The proof of this theorem is usually
given in advanced differential equations courses.

Let us assume the solution exists and focus on the finite difference method
for such a BVP, which involves the following steps.

Step 1: Generate a grid. For simplicity, consider the uniform Cartesian grid

b—
xi=a+ih, h= na’ i=0,1,...,n,

where in particular xo =a, x, =b. Sometimes an adaptive grid may be pre-
ferred, but not for the central finite difference scheme.

Step 2: Substitute derivatives with finite difference formulas at each grid point
where the solution is unknown. This step is also called the discretization.
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Define x;, 1 =x;+h/2, so Xiyl

difference formula at a typical grid point x; with half grid size, we obtain

— Xx,_1=h. Thus using the central finite
2

/ o /!
Purd ) TPy i) oy py 4 B
7 i i) — I i

where p,. 1 =p(x;, 1), qi=q(x:), fi=/f(xi), and E! = Ch?. Applying the central
2 2

finite difference scheme for the first-order derivative then gives

u(Xiy1)—u(x;) M(Xi)*;l‘(xifl)

Py T —p
e 7 — — qu(x;) =/ (x;) + E} + E},

fori=1,2,....,n—1.
The consequent finite difference solution U;~u(x;) is then defined as the
solution of the linear system of equations

Pivt Uirt = (Pisy +piy) Uit piy U _ (2.34)
/’12 —d4i Ui —fi>
fori=1,2,...,n— 1. In a matrix-vector form, this linear system can be written
as AU =F, where
_ N -
_Pl/zthz/z —q P;#
l% _173/22;175/2 — 1%
A= ,
I Pnzza/z _pn73/22;pn71/2 — Gt |
- - [ P12Ua 7
U f(x2)
Us f(x3)
U= , F=
Un—2 f(xn—2)
Pn—1/2Up
[ Un-1] |/ Conr) = F

Itis important to note that A is symmetric, negative definite, weakly diagonally
dominant, and an M-matrix. Those properties guarantee that 4 is nonsingular.
The differential equation may also be written in the nonconservative form

p)u” +p'(0)u' — qu=f(x),
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2.6 FD Methods for General 1D BV Ps 29

where second-order finite difference formulas can be applied. However,

e the derivative of p(x) or its finite difference approximation is needed and
e the coefficient matrix of the corresponding finite difference equations is no
longer symmetric, nor negative positive definite, nor diagonally dominant.

Consequently, we tend to avoid using the nonconservative form if possible.
The local truncation error of the conservative finite difference scheme is
Piru(xipt) — (py1 +pp)u(xi) +p; 1u(xi)

T= 0 i h; 2 —2 — qu(x;)) — fi. (2.35)
Note that P (d/dx) = (d/dx) (p d/dx) — q is the differential operator. It is easy
to show that |T;| < Ch?, but it is more difficult to show that || 4~!|| < C. How-
ever, we can use the maximum principle to prove second-order convergence of
the finite difference scheme, as explained later.

2.6 FD Methods for General 1D BVPs

Consider the problem
p()ud” (x) + r(x)u (x) — g(x)u(x) =f(x), a<x<b, (2.36)
u(a)=uy, u(b)=up, orother BC. (2.37)

There are two different discretization techniques that we can use depending on
the magnitude of r(x).

1. Central finite difference discretization for all derivatives:

Di Vict Zhlzjl + Ui + 7 U’th Ui _ qiUi=fi, (2.38)
for i=1,2,...,n— 1, where p;=p(x;) and so on. An advantage of this
discretization is that the method is second-order accurate, but a disadvan-
tage is that the coefficient matrix may not be diagonally dominant even if
¢(x) >0 and p(x) > 0. If u denotes the velocity in some applications, then
r(x)u/(x) is often called an advection term. When the advection is strong
(i.e., |r(x)| is large), the central finite difference approximation is likely to
have nonphysical oscillations, e.g., when r; ~1/h.

2. The upwinding discretization for the first-order derivative and the central
finite difference scheme for the diffusion term:

Ui —2Ui+ Uiy ; Ui — U;

pi 2 T = qiUi=/;, if r; 2 0,
s h21+ iy, i ; =l qUi=f, ifri <.
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30 Finite Difference Methods for 1D Boundary Value Problems

This scheme increases the diagonal dominance of the finite difference coef-
ficient matrix if ¢(x) > 0, but it is only first-order accurate. It is often easier
and more accurate to solve a linear system of equations with diagonally
dominant matrices. If |r(x)| is very large (say |r(x)| ~ 1/h), the finite dif-
ference solution using the upwinding scheme will not have nonphysical
oscillations compared with the central finite difference scheme.

Note thatif p(x) =1, r(x) =0, and g(x) <0, then the BVP is a 1D Helmholtz
equation that may be difficult to solve if |¢(x)| is large, say gq(x) ~ 1/h?.

2.7 The Ghost Point Method for Boundary Conditions
Involving Derivatives

In this section, we discuss how to treat Neumann and mixed (Robin) boundary
conditions. Let us first consider the problem

u'(x)=f(x), a<x<b,
W (a)=a, u(b) =uy,

where the solution at x = @ is unknown. If we use a uniform Cartesian grid x; =
a + ih, then Uy is one component of the solution. We can still use the central
finite difference discretization at interior grid points

U1 —2U; + Ui, )
! hzl T —f i=1,2,...,n—1,
but we need an additional equation at xo=a given the Neumann boundary
condition at a. One approach is to take

U — U -Up+ U, «
— AT _Z 2.39
7 o or n b (2.39)
and the resulting linear system of equations is again tridiagonal and symmetric
negative definite:

_ o )
_hlz 1112 Uo h
1 2 1
2 TR R U f(x1)
& -5 & ) S(x2)
_ ' . (2.40)
hiz _h% hiz Un—2 f(xn72)
1 2 up,
i w el LU o) = 55 |

However, this approach is only first-order accurate if o £ 0.
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2.7 The Ghost Point Method for Boundary Conditions Involving Derivatives 31

To maintain second-order accuracy, the ghost point method is recommended,
where a ghost grid point x_j=x9 — A=a — h is added and the solution is
extended to the interval [a — &, a]. Then the central finite difference scheme
can be used at all grid points where the solution is unknown, ie., for i=
0,1,...,n— 1. However, we now have n equations and n + 1 unknowns includ-
ing U_1, so one more equation is needed to close the system. The additional
equation is the central finite difference equation for the Neumann boundary
condition

U —U_;
2h

which yields U_| = U; — 2ha. Inserting this into the central finite difference
equation at x =g, i.e., at xo, now treated as an “interior” grid point, we have

=aq, (2.41)

U -20p+U
1 h20 l:fo’
Uy — 2ha — 22Uy + Uy
hz :ﬁ)7

—-Up+ U o fo «
o2 h

where the coefficient matrix is precisely the same as for (2.40) and the only dif-
ference in this second-order method is the component fy/2 + «/h in the vector
on the right-hand side, rather than «// in the previous first-order method.

To discuss the stability, we can use the eigenvalues of the coefficient matrix,
so the 2-norm of the inverse of the coefficient matrix, ||4~!||,. The eigenvalues
can again be associated with the related continuous problem

W' (x) = =0, «(0)=0, u(l)=0. (2.42)
It is easy to show that the eigenvectors are

up(x) =cos (%x + k7rx> (2.43)

corresponding to the eigenvalues A\, = — (7 /2 + k)2, from which we can con-
clude that the ghost point approach is stable. The convergence follows by
combining the stability and the consistency.

We compare the two finite difference methods in Figure 2.4, where the
differential equation u”(x)=f(x) is subject to a Dirichlet boundary con-
dition at x=0 and a Neumann boundary condition at x=0.5. When
f(x)=—n?cosmx, u(0) =1, t/(0.5) = —, the exact solution is u(x) = cos mx.
Figure 2.4(a) shows the grid refinement analysis using both the backward finite
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(a) Grid refinement analysis and comparison (b) x 107> Error from the ghost point method

-0.5
The first-ordér method: slope = 1

Error

The ghost ppint method: slope = 2

2.5
107 107 1072 107! 10° 0 005 0.1 0.15 0.2 025 0.3 0.35 0.4 0.45 0.5

The step size i X

Figure 2.4. (a) A grid refinement analysis of the ghost point method and
the first-order method. The slopes of the curves are the order of convergence.
(b) The error plot of the computed solution from the ghost point method.

difference method (bw_at_b.m) and the ghost point method (ghost_at_b.m).
The error in the second-order method is evidently much smaller than that in
the first-order method. In Figure 2.4(b), we show the error plot of the ghost
point method, and note the error at x = b is no longer zero.

2.7.1 A Matlab Code of the Ghost Point Method

function [x,U] = ghost at b(a,b,ua,uxb, f,n)

©9999000000000000000000000000000000009090900000000000000000000
OCO0OO0OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
% This matlab function two point solves the following %
% two-point boundary value problem: u''(x) = f(x) %
% using the center finite difference scheme. %
% Input: %
% a, b: Two end points. %
% ua, uxb: Dirichlet and Neumann boundary conditions %
% at a and b %
% f: external function f(x). %
% n: number of grid points. %
% Output: %
% x: x(1),x(2),...x(n) are grid points %
% U: U(1),U(2),...U(n) are approximate solution at %
% grid points %
2290909090 0000000000000090900000000009000000000000000000000000000909
OO0OOOODOOOOOOTOOOOOOOOOOOOOOOOOMOOOOOOOOOOOOOOOOOOOOOOOOOOO©OOOO©OO™©
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2.7 The Ghost Point Method for Boundary Conditions Involving Derivatives 33
h = (b-a)/n; hl=h*h;

A
F

sparse(n,n) ;
zeros (n,1) ;

for i=1:n-1,

A(i,i) = -2/hl1; A(i+1,1i) = 1/h1l; A(i,i+1)= 1/h1;
end

A(n,n) = -2/h1;

A(n,n-1) = 2/h1l;
for i=1:n,

x(i) = a+i*h;

F(i) = feval(f,x(i));
end

F(l1) = F(1) - ua/hl;

F(n) = F(n) - 2*uxb/h;
U = A\F;
return

2.7.1.1 The Matlab Driver Program
Below is a Matlab driver code to solve the two-point BVP

u'(x)=f(x), a<x<b,

u(a) =ua, u' (b) = uxb.

$%%%%%%% Clear all unwanted variable and graphs.

clear; close all

%$%%%%% Call solver: U is the FD solution

for k=1:5
[x,U] = ghost_at b(a,b,ua,uxb,'f',n);
$ghost-point method.
u=zeros(n, 1) ;
for i=1:n,
u(i) = cos(pi*x(i));
end
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34 Finite Difference Methods for 1D Boundary Value Problems

h(k) = 1/n;
e(k) = norm(U-u,inf) ; %$%% Print out the maximum error.
k = k+1; n=2*n;

end

log-log(h,e,h,e,'0'); axis('equal'); axis('square'),

title('The error plot in log-log scale, the slope = 2');
figure(2); plot(x,U-u); title('Error')

2.7.2 Dealing with Mixed Boundary Conditions

The ghost point method can be used to discretize a mixed boundary condition.
Suppose that au/(a) + Bu(a) =~ at x =a, where o # 0. Then we can discretize
the boundary condition by

U - U
o—F—

U —
T + BUy=",

and substitute this into the central finite difference equation at x = x( to get

(- 2) vt mUi=ho+ (2.44)
1 B 1 f
or <—h2 + h) Up+Ui=5+ lh (2.45)

yielding a symmetric coefficient matrix.

2.8 An Example of a Nonlinear BVP

Discretrizing a nonlinear differential equation generally produces a nonlinear
algebraic system. Furthermore, if we can solve the nonlinear system then we can
get an approximate solution. We present an example in this section to illustrate
the procedure.

Consider the following nonlinear (a quasilinear) BVP:

— —u"=f(x), O<x<m,

u(0)=0, u(m)=0.

(2.46)
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2.8 An Example of a Nonlinear BV P 35

If we apply the central finite difference scheme, then we obtain the system of
nonlinear equations
Ui—1 —2U; + Uiy
2
The nonlinear system of equations above can be solved in several ways:

e Approximate the nonlinear ODE using a linearization process. Unfortu-
nately, not all linearization processes will work.

e Substitution method, where the nonlinear term is approximated upon an
iteration using the previous approximation. For an example, given an initial
guess U (x), we get a new approximation using

UFtl _ okt 4 il
e S VU =S (), k=01, (248)

involving a two-point BVP at each iteration. The main concerns are then
whether or not the method converges, and the rate of the convergence if it
does.

e Solve the nonlinear system of equations using advanced methods, ie.,
Newton’s method as explained below, or its variations.

In general, a nonlinear system of equations F(U)=0 is obtained if we
discretize a nonlinear ODE or PDE, i.e.,

Fi(Ui, Uy, ..., Uy,) =0,
FZ(U17U27"'7Um):O7
(2.49)
E‘i’l(UlvUZv"')(]m):Ov
where for the example, we have m=n — 1, and
U_1-2U;+ U .
F(UL, Uy, ... Up)= 2L 220 Dl qp roy = 1,2, n— 1.

h? !
The system of the nonlinear equations can generally be solved by Newton’s
method or some sort of variation. Given an initial guess U(®) the Newton
iteration is

Uk = y® — (gu®y))~1rut) (2.50)

or

JUH)AU® = —F(U®),
k=0,1,...

Ukt =y  AUK |
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(a)

(b)

-5

Initial and consecutive approximations 2 x 10 The error
2.5
Initial
2 E=1.854¢—4
1.5
10
1
Last
0.5
0
0 I I I I I I I I I I I I
0 0.5 1 L5 2 25 3 0 0.5 1 1.5 2 25 3

X

X

Figure 2.5. (a) Plot of the initial and consecutive approximations to the
nonlinear system of equations and (b) the error plot.

where J(U) is the Jacobian matrix defined as

[ OF) OF; OF;
oU; 0U;, oU,,
0F, 0F, OF,
oU; 0U;, oU,
oF,, OF, OFy,
| 0U; 0U, oU,, |
For the example problem, we have
[—2 —21*U; 1 ]
| 1 220U, 1
)=
i 1 —2-21%U,_, |

We implemented Newton’s method in a Matlab code non_tp.m. In
Figure 2.5(a), we show the initial and consecutive approximations to the non-

linear BVP using Newton’s method with U9 = x;(m —

x;). With an n =40 mesh

and the tolerance to/ = 1073, it takes only 6 iterations to converge. The infinity
error of the computed solution at the grid points is || E||oo = 1.8540 x 1074, In
the right plot, the errors at the grid points are plotted.

03
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2.9 The Grid Refinement Analysis Technique 37

It is not always easy to find J(U) and it can be computationally expen-
sive. Furthermore, Newton’s method is only locally convergent, i.e., it requires
a close initial guess to guarantee its convergence. Quasi-Newton methods,
such as the Broyden and BFGS rank-one and rank-two update methods, and
also conjugate gradient methods, can avoid evaluating the Jacobian matrix.
The main issues remain global convergence, the convergence order (Newton’s
method is quadratically convergent locally), and computational issues (storage,
etc.). A well-known software package called MINPACK is available through
the netlib (¢f° Dennis and Schnabel, 1996 for more complete discussions).

2.9 The Grid Refinement Analysis Technique

After we have learned or developed a numerical method, together with its
convergence analysis (consistency, stability, order of convergence, and compu-
tational complexity such as operation counts, storage), we need to validate and
confirm the analysis numerically. The algorithmic behavior becomes clearer
through the numerical results, and there are several ways to proceed.

e Analyze the output. Examine the boundary conditions and maximum/
minimum values of the numerical solutions, to see whether they agree with
the ODE or PDE theory and your intuition.

e Compare the numerical solutions with experiential data, with sufficient
parameter variations.

e Do a grid refinement analysis, whether an exact solution is known or not.

Let us now explain the grid refinement analysis when there is an exact solution.
Assume a method is p-th order accurate, such that ||E,|| ~ Ch” if h is small
enough, or

log ||Ey|| ~log C + plogh. (2.51)
Thus, if we plot log || E;|| against log /4 using the same scale, then the slope p is

the convergence order. Furthermore, if we divide / by half to get || £, 5|, then
we have the following relations:

ratio =

Bl cw
~ =2P 2.52
1Bl ™ Clhjzy =2 232)

_log (IIEl|/IIEn2ll)  log (ratio)
N log2 ~ log2

(2.53)
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38 Finite Difference Methods for 1D Boundary Value Problems

For a first-order method (p=1), the ratio approaches number two as 4
approaches zero. For a second-order method (p=2), the ratio approaches
number four as /1 approaches zero, and so on. Incidentally, the method is called
superlinear convergent if p is some number between one and two.

For a simple problem, we may come up with an exact solution easily. For
example, for most single linear single ODE or PDE, we can simply set an exact
solution u,(x) and hence determine other functions and parameters such as the
source term f(x), boundary and initial conditions, etc. For more complicated
systems of ODE or PDE, the exact solution is often difficult if not impossible
to construct, but one can search the literature to see whether there are similar
examples, e.g., some may have become benchmark problems. Any new method
may then be compared with benchmark problem results.

If we do not have the exact solution, the order of convergence can still be
estimated by comparing a numerical solution with one obtained from a finer
mesh. Suppose the numerical solution converges and satisfies

Up=1te + ChP + - - (2.54)

where u;, is the numerical solution and u, is the true solution, and let ;,, be the
solution obtained from the finest mesh

up, =ue + Chl + -+ . (2.55)

Thus we have
up — up, =~ C(W — ht?), (2.56)
sy — up, ~ C((h/2) — hF). (2.57)

From the estimates above, we obtain the ratio

Up — Up, W —ht _ 2 (1 — (h*/h)p) Q 58)
wp —up, (h/2)F —h 1= (2h /R '

from which we can estimate the order of accuracy p. For example, on doubling
the number of grid points successively we have

%*:2*’: k=2,3,..., (2.59)
then the ratio in (2.58) is
a(h) —a(h*) 27 (1 =27k
i(h) — 1) _ ( - ) (2.60)
a(§) —ahr) — 1-200
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In particular, for a first-order method (p = 1) this becomes

a(h) —a(h*) 2(1—27%) 2k
it(%)—it(h*)_ 1 —21-k ~ k-1 _71"
If we take k=2, 3, ..., then the ratios above are
7 15 31
3, 3 ~2.333, - = 2.1429, 5 ~2.067,

Similarly, for a second-order method (p = 2), (2.60) becomes

(
(

=

y—a(h*)  4(1—47F) 4k

)—L?(h*)i 1 —4l-k — gk—1_71°

<

™
STy

and the ratios are

% _42, 2D s0mr6, 9B aons,

63 255
when k=2,3,...

To do the grid refinement analysis for 1D problems, we can take n=
10, 20,40, ..., 640, depending on the size of the problem and the computer
speed; for 2D problems (10, 10), (20, 20), ..., (640, 640), or (16, 16), (32,32),
... (512,512); and for 3D problems (8, 8,8), (16,16,16), ..., (128,128, 128),
if the computer used has enough memory.

To present the grid refinement analysis, we can tabulate the grid size n and the
ratio or order, so the order of convergence can be seen immediately. Another
way is to plot the error versus the step size 4, in a log-log scale with the same
scale on both the horizontal and vertical axes, then the slope of the approximate
line is the order of convergence.

5,

2.10 * 1D IIM for Discontinuous Coefficients

In some applications, the coefficient of a differential equation can have a finite
discontinuity. Examples include composite materials, two-phase flows such as
ice and water, ezc. Assume that we have a two-point BVP,

() —qu=f(x),  0<x<l,  u(0)=up, u(l)=ur.

Assume that the coefficient p(x) is a piecewise constant

{ﬁ if0<x<a,
p(x)=

(2.61)

Brifa<x<l,

03
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where 0 < v < 1 is called an interface, 3~ and 3T are two positive but differ-
ent constants. For simplicity, we assume that both ¢ and f are continuous in
a domain (0, 1). In a number of applications, u stands for the temperature
that should be continuous physically, which means [u] =0 across the interface,
where

[u]= lim u(x)— lim u(x)=u"

x—at x—a~

—u, (2.62)

denotes the jump of u(x) at the interface . The quantity

[Buy]= lim B(x)d(x) — lim B(x)u'(x)=pTuy — B uy  (2.63)

x—at

is called the jump in the flux. If there is no source at the interface, then the flux
should also be continuous which leads to another jump condition [Bu,|=0.
The two jump conditions

[u] =0,  [Bu=0 (2.64)

are called the natural jump conditions. Note that since 5 has a finite jump at «,
so does u, unless u; =0 and u = 0 which is unlikely.

Using a finite difference method, there are several commonly used methods
to deal with the discontinuity in the coefficients.

e Direct discretization if x;_y,, #a for i=1,2,... since p;_y ; is well-defined.
If the interface o = x;_; ), for some j, then we can define the value of p(x) at
xj_1, as the average, that is, p;_; » = (6~ + 7)/2.

e The smoothing method using

Be(x) =B (x) + (B7(x) = B7(x)) He(x — ), (2.65)

where H, is a smoothed Heaviside function

0, if x < —e,
1 1 .

Ho(x)= 2(1+’€“+Wsm7‘:‘), if x| <e, (2.66)
1, if x>e,

often € is taken as /i or Ch for some constant C>1 in a finite difference
discretization.
e Harmonic averaging of p(x) defined as

1 i1 1 -1
pi+;:[h/€. p (x)dx] . (2.67)
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For the natural jump conditions, the harmonic averaging method pro-
vides second-order accurate solution in the maximum norm due to error
cancellations even though the finite difference discretization may not be
consistent.

The methods mentioned above are simple but work only with natural jump
conditions. The first two methods are less accurate than the third one. The
error analysis for these methods are not straightforward. The second and third
approaches cannot be directly generalized to 2D or 3D problems with general
interfaces.

We now explain the Immersed Interface Method (IIM) for this problem
which can be applied for more general jump conditions [Su,| = ¢ and even with
discontinuous solutions ([u] # 0). We refer the reader to Li and Ito (2006) for
more details about the method.

Assume we have a mesh x;, =0, 1,...,n. Then there is an integer j such that
x; < a < xj;1. Except for grid points x; and x;y, other grid points are called reg-
ular since the standard three-point finite stencil does not contain the interface
a. The standard finite difference scheme is still used at regular grid points.

Atirregular grid points x; and x; 1, the finite difference approximations need
to be modified to take the discontinuity in the coefficient into account. Note
that when f'(x) is continuous, we also have

BJrui;x - q+u+ :/Biu;x —q u .
Since we assume that ¢" =¢~, and u* =u", we can express the limiting
quantities from + side in terms of those from the — side to get,
B~ _

/37“” (2.68)

ut=u", uf:—u + = uj{x:

The finite difference equations are determined from the method of undeter-
mined coefficients:

V-1 F ki + st — gt =Ji + G, (2.69)
Vit 1,14+ Vir 12801 + Vi1 3442 — Gt = fir1 + Cipa.

For the simple model problem, the coefficients of the finite difference scheme
have the following closed form:

Ya= (8" = Bl(xj—a)/) /D;, Yit1,1 =B /Djy1,
V2= (=287 +[Bl(xj-1 — @)/l ) /Dy, 12 = (=28 + [B](Xjs2 — @) /1) /Dy,
vj3=B7/D;, Y13 = (BY = Bl(xj01 — @) /) /Dy,
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where

Dj = + [B)(xj1 = @) (x; — @) /287,
Djy1 = I — [Bl(xj42 — a)(xj41 — ) /28T

It has been been shown in Huang and Li (1999) and Li (1994) that D; # 0 and
Djy1 #0if 3~ 5% > 0. The correction terms are:

c Cc
G=%3 (=) gr Gra=jen1 (@ = Y1) o= (2.70)

Remark 2.9. If 37 = 37, i.e., the coefficient is continuous, then the coefficients
of the finite difference scheme are the same as that from the standard central
finite difference scheme as if there was no interface. The correction term is not
zero if ¢ is not zero corresponding to a singular source ¢d(x — «). On the other
hand, if ¢ =0, then the correction terms are also zero. But the coefficients are
changed due to the discontinuity in the coefficient of the ODE BVP.

2.10.1 A Brief Derivation of the Finite Difference Scheme
at an Irregular Grid Point

We illustrate the idea of the IIM in determining the finite difference coefficients
Y,1> ;2 and 7; 3 in (2.69). We want to determine the coefficients so that the local
truncation error is as small as possible in the magnitude. The main tool is the
Taylor expansion in expanding u(x;_1), u(x;), and u(x;;1) from each side of the
interface . After the expansions, then we can use the interface relations (2.68)
to express the quantities of #™*, uf, and -, in terms of the quantities from one
particular side.

It is reasonable to assume that the u(x) has up to third-order derivatives in
(0, ) and (e, 1) excluding the interface. Using the Tailor expansion for u(x;1)
at o, we have

(1) =1 (0) + (i1 — @)1 (0) + 5 (51 — @) () + O(F).

Using the jump relation (2.68), the expression above can be written as

u(xpp1) = u (@) + (X341 — @) (g;@(a) + ;)
. _

45 (o = ) o) + OCF),
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The Taylor expansions of u(x;_) and u(x;) at « from the left hand side have
the following expression

u(x))=u (a) + (x; — a)uy (o) + % (x;—a)u () + O}, I=j—1,]

Therefore we have the following

Yiau(xi—1) + pau(x;) +ysulxie) = (v + 2 e (@)

+ <(xj—1 — )y + (X —a)y2 + g;(ml - 04)%;3) uy ()

C
+ 7341 — @) 5

1 ]
+ 5 (1= o - @2+ G G - 01 )

+ Omax | 1),

after the Taylor expansions and collecting terms for v~ («), u; (o) and u («).
By matching the finite difference approximation with the differential equa-
tion at o from the — side,> we get the system of equations for the coefficients

7;’s below:

Vil T %2+ 3 =0

B
—(or=x) i = (o= ) 2 + (1 — @) =0 2.71)

1 1 8- -
la— X121+ Sla— xj) 2 + 28+ (41 —a)?ya =67

It is easy to verify that the 7;’s in the left column in the previous page satisfy the
system above. Once those 7;’s have been computed, it is easy to set the correction
term C; to match the remaining leading terms of the differential equation.

31t is also possible to further expand at x = X; to match the differential equation at x = x;. The order of
convergence will be the same.
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Finite Difference Methods for 1D Boundary Value Problems

Exercises

When dealing with irregular boundaries or using adaptive grids, nonuniform grids are
needed. Derive the finite difference coefficients for the following:

(A4): u' (%)~ cqu(x — hy) + cou(x) + czu(x + ha),
(B): u’ (%) = aqu(xX — h) + cou(x) + azu(x + ha),
(C) : le()_c) =~ alu()"c — h]) + OQM()_C) + Oé3u()_C + hz)

Are they consistent? In other words, as h = max{hi, h,} approaches zero, does the error also
approach zero? If so, what are the orders of accuracy? Do you see any potential problems
with the schemes you have derived?

Consider the following finite difference scheme for solving the two-point BVP «” (x) = f(x),
a<x<b,u(a)=u, and u(b) =uy:

U1 —2U; + Ui
2

where x;=a+ih,i=0,1,...,n,h= (b — a)/n. Ati= 1, the finite difference scheme is

=f(x), i=2,3,...,n—1, (2.72)

U —2U,+ U
1#24-3 =f(x1). (2.73)
(a) Find the local truncation errors of the finite difference scheme at x;, i=2,3,...,n— 1,

and x;. Is this scheme consistent?
(b) Does this scheme converge? Justify your answer.

Program the central finite difference method for the self-adjoint BVP
(B)u) = y(x)u(x) = f(x), 0<x<I,
u(0)=u,, au(l)+bi'(l)=c,
using a uniform grid and the central finite difference scheme

Bip 1 (Uirr = Ui)/h = B,y (Ui = Ui1) /h
h

=) Ui=f(xi). (2.74)
Test your code for the case where
B(x)=14+x" ~(x)=x, a=2, b=-3, (2.75)
and the other functions or parameters are determined from the exact solution
u(x)=e (x —1)>. (2.76)

Plot the computed solution and the exact solution, and the error for a particular grid n = 80.
Do the grid refinement analysis, to determine the order of accuracy of the global solution.
Also try to answer the following questions:

e Can your code handle the case when a =0 or b =0?
e If the central finite difference scheme is used for the equivalent differential equation

s’ + '’ —qu=f1, 2.77)

what are the advantages or disadvantages?

09:05:56, subject to the Cambridge Core terms of use,

03



Exercises 45

4. Consider the finite difference scheme for the 1D steady state convection—diffusion equation
el —u =-1, 0<x<l, (2.78)
u(0)=1, u(l)=3. (2.79)

(a) Verify the exact solution is

—1 el -1 2.80

(b) Compare the following two finite difference methods for e = 0.3, 0.1, 0.05, and 0.0005.
(1) Central finite difference scheme:

Ui = 2Ui+ U1 Uy — Uiy

» 7 =—1. (2.81)
(2) Central-upwind finite difference scheme:
6Ui—l “2Ui+Uqp Ui— U, _ 1 (2.82)

h? h

Do the grid refinement analysis for each case to determine the order of accuracy. Plot
the computed solution and the exact solution for #=0.1, 1=1/25, and 7= 0.01. You
can use the Matlab command subplot to put several graphs together.

(c) From your observations, in your opinion which method is better?

5. (*) For the BVP

u'=f 0<x<l, (2.83)

u(0)=0, u'(1)=o, (2.84)

show that the finite difference method using the central formula and the ghost point method
at x =1 are stable and consistent. Find their convergence order and prove it.

6. For the set of points (x;,u;), i=0,1,..., N, find the Lagrange interpolation polynomial
from the formula

N N

)=S0, hx)= [ ~—2 (2.85)

=0 J=0 N TN
By differentiating p(x) with respect to x, one can get different finite difference formulas for
approximating different derivatives. Assuming a uniform mesh
Xipl = Xi=X; — Xj—1 ==X — Xo =1,

derive a central finite difference formula for #* and a one-sided finite difference formula
for u® with N=4.
7. Derive the finite difference method for

' (x) — qg(x)u(x) = f(x), a<x<b, (2.86)
u(a) = u(b), periodic BC, (2.87)
using the central finite difference scheme and a uniform grid. Write down the system

of equations 4,U=F. How many unknowns are there (ignoring redundancies)? Is the
coefficient matrix Ay tridiagonal?
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Hint: Note that Uy = U,, and set unknowns as U, U, ..., U,.

If g(x) = 0, does the solution exist? Derive a compatibility condition for which the solution
exists.
If the solution exists, is it unique? How do we modify the finite difference method to make
the solution unique?
8. Modify the Matlab code non_tp.m to apply the finite difference method and Newton’s
nonlinear solver to find a numerical solution to the nonlinear pendulum model
d*0

Ksinf=0 0<0<2
a2 + Ksin , <0 <im, (2.88)

000)=0,,  0(2r)=0,,

where K, 0, and 6, are parameters. Compare the solution with the linearized model
d’e

— + K6 =0.

dr? +
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3
Finite Difference Methods for 2D Elliptic PDEs

There are many important applications of elliptic PDEs, see page 4 for the def-
inition of elliptic PDEs. Below we give some examples of linear and nonlinear
equations of elliptic PDEs.

e Laplace equations in 2D,
Uxx + Uy, =0. 3.1

The solution u is sometimes called a potential function, because a conserva-

tive vector field v (i.e., such that Vx v=0) is given by v = Vu (or alternatively

v=—Vu), where V is the gradient operator that acts as a vector. In 2D, the

gradient operator is V =[ £, 6% J7. If u is a scalar, the Vu=[2%, g—; 17 is
the gradient vector of u, and if v is a vector, then V - v=div(v) is the diver-
gence of the vector v. The scalar V - Vu=u., + uy, is the Laplacian of u,
which is denoted as V2u literally from its definition. It is also common to
use the notation of Au=V?u for the Laplacian of u. If the conservative
vector field v is also divergence free, (i.e., div(v)=V -v=0, then we have
V -v=V - -Vu=Au=0, that is, the potential function is the solution of a
Laplace equation.

e Poisson equations in 2D,

Uy + Uy =1 (3.2)
e Generalized Helmholtz equations,
Uy + Uy — Nu=f. (3.3)

Many incompressible flow solvers are based on solving one or several Poisson
or Helmholtz equations, e.g., the projection method for solving incompress-
ible Navier—Stokes equations for flow problems (Chorin, 1968; Li and Lai,

47
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2001; Minion, 1996) at low or modest Reynolds number, or the stream—
vorticity formulation method for large Reynolds number (Calhoun, 2002; Li
and Wang, 2003). In particular, there are some fast Poisson solvers available
for regular domains, e.g., in Fishpack (Adams et al.).

Helmholtz equations,

Uy + Uy + Nu=f. (3.4)

The Helmholtz equation arises in scattering problems, when \ is a wave
number, and the corresponding problem may not have a solution if A\? is
an eigenvalue of the corresponding BVP. Furthermore, the problem is hard
to solve numerically if A is large.

General self-adjoint elliptic PDEs,

V- (a(x,y)Vu(x,p)) — q(x, y)u=/f(x,p) (3.5)
or (auy)y + (auy), —q(x,y)u=f(x,y). (3.6)

We assume that a(x,y) does not change sign in the solution domain, e.g,
a(x,y) > ap > 0, where qq is a constant, and ¢(x, y) > 0 to guarantee that the
solution exists and it is unique.

General elliptic PDEs (diffusion and advection equations),

a(x, y)itex + 2b(x, y)uxy + c(x, y)uyy
+d(x, y)ux + e(x, y)uy + g(x, )u(x, y) =1 (x,5),  (x,y) €L,
if b — ac < 0 for all (x, y) € Q. This equation can be rewritten as
V- (a(x, y)Vu(x, y)) + w(x,p) - Vi + c(x, p)u=f(x, y) (3.7
after a transformation, where w(x, y) is a vector.
Diffusion and reaction equation,
V- (a(x,y)Vu(x,p)) =f(u). (3.8)

Here V - (a(x,y)Vu(x,y)) is called a diffusion term, the nonlinear term f (u)
is called a reaction term, and if a(x, y) =1 the PDE is a nonlinear Poisson
equation.

e p-Laplacian equation,

v <|Vu|p’2Vu> —0, p>2, (3.9)

where |Vu| = | /u2 + u3 in 2D.
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n

Q0

Figure 3.1. A diagram of a 2D domain (2, its boundary 0f2, and its unit
normal direction.

e Minimal surface equation,

V. <V”> —0. (3.10)

V1+|Vuf?
We note that an elliptic PDE (P(%, %)u:O) can be regarded as the steady
state solution of a corresponding parabolic PDE (i, :P(a%v %)u). Further-
more, if a linear PDE is defined on a rectangle domain then a finite difference
approximation (in each dimension) can be used for both the equation and the
boundary conditions, but the more difficult part is to solve the resulting linear

system of algebraic equations efficiently.

3.1 Boundary and Compatibility Conditions

Let us consider a 2D second-order elliptic PDE on a domain €2, with bound-
ary 0f2 whose unit normal direction is n according to the “right side rule” (cf.
Figure 3.1). Some common boundary conditions are as follows.

e Dirichlet boundary condition: the solution is known on the boundary,

u(xuy)|8Q :uo(x,y) .

e Neumann or flux boundary condition: the normal derivative is given along
the boundary,

ou
po =n-Vu=u,=umn, +umn,=g(x,y),

where n= (n,,ny) (n2 + n =1) is the unit normal direction.
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e Mixed boundary condition:

=7(x,»)
o0

(atv ) + 5005 )

is given along the boundary 0f2.

e In some cases, a boundary condition is periodic, e.g., for Q = [a, b] X [c, d],
u(a,y) =u(b,y) is periodic in the x-direction, and u(x, ¢) = u(x, d) is periodic
in the y-direction.

There can be different boundary conditions on different parts of the boundary,
e.g., for a channel flow in a domain (a, ) X (c, d), the flux boundary condition
may apply at x =a, and a no-slip boundary condition u=0 at the boundaries
y=cand y=d. Itis challenging to set up a correct boundary condition at x =b
(outflow). One approximate to the outflow boundary condition is to set ‘?—Z =0.

For a Poisson equation with a purely Neumann boundary condition, there is
no solution unless a compatibility condition is satisfied. Consider the following
problem:

ou

AU:f(X,y), (X,y)GQ, % _g(xay)

o0

On integrating over the domain €2

//ﬂ Audxdy://ﬂf(x,y)dxdy,

and applying the Green’s theorem gives

// Audxdy = @ds,
Q o0 On

so we have the compatibility condition

//Q AudxdyzﬁdiS:/Af(x,y)dxdy (3.11)

for the solution to exist. If the compatibility condition is satisfied and 0f) is
smooth, then the solution does exist but it is not unique. Indeed, u(x, y) + C'is
a solution for arbitrary constant C if u(x, y) is a solution, but we can specify
the solution at a particular point (e.g., u(xg, yo) = 0) to render it well-defined.
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3.2 The Central Finite Difference Method for Poisson Equations

Let us now consider the following problem, involving a Poisson equation and
a Dirichlet BC:

Uy +yy =f(x,¥), (x,9)€Q=(a,b) x (c,d), (3.12)
u(x,y)laq = uo(x,y) . (3.13)

If f€ C(£2), then the solution u(x,y) € C*(Q) exists and it is unique. Later on,
we can relax the condition f€ C(Q) if the finite element method is used in
which we seek a weak solution. An analytic solution is often difficult to obtain,
and a finite difference approximation can be obtained through the following
procedure.

e Step 1: Generate a grid. For example, a uniform Cartesian grid can be
generated with two given parameters m and n:

xi=a+ihe, i=0,1,2,....m, h,= , (3.14)

yi=c+jhy, j=0,1,2,....n, hy=-——. (3.15)

N

In seeking an approximate solution Uj; at the grid points (x;, ;) where u(x, y)
is unknown, there are (m — 1)(n — 1) unknowns.

e Step 2: Approximate the partial derivatives at grid points with finite dif-
ference formulas involving the function values at nearby grid points. For
example, if we adopt the three-point central finite difference formula for
second-order partial derivatives in the x- and y-directions, respectively, then

u(xi—1,y;) — 2u(x;, pj) + u(xiv1,¥)) N u(xi, yj—1) — 2u(x;, y;) + u(xi, yjr1)
(hy)? (hy)?
it Ty i=1,...m—1, j=1,...n—1, (3.16)

where f;; = f(x;, y;). The local truncation error satisfies

(hy)* &*u (hy)* O%u 4
where
h=max{ hy, h, }. (3.18)

We ignore the error term in (3.16) and replace the exact solution values
u(x;, y;) at the grid points with the approximate solution values U;; obtained
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from solving the linear system of algebraic equations, i.e.,

Ui—1,j+ U1,y Uijo1 + U jp < 2 2 )
2 2. + . b2 _ + Ul: i
(h)? (hy)? ? T ) V=

(3.19)
i=1,2,....m—-1, j=1,2,....n—1.

The finite difference equation at a grid point (x;, y;) involves five grid points
in a five-point stencil, (x;_1,¥;), (Xit1,¥5), (Xi,¥j—1), (Xi, ¥j+1), and (x;, p)).
The grid points in the finite difference stencil are sometimes labeled east,
north, west, south, and the center in the literature. The center (x;,y;) is
called the master grid point, where the finite difference equation is used to
approximate the PDE.

It is obvious that the finite difference discretization is second-order accu-
rate and consistent since

lim 7;=0, and lim ||T]|o =0, (3.20)
h—0 h—0

where T is the local truncation error matrix formed by {7;}.

e Solve the linear system of algebraic equations (3.19), to get the approximate
values for the solution at all of the grid points.

e Error analysis, implementation, visualization, etc.

3.2.1 The Matrix—vector Form of the FD Equations

In solving the algebraic system of finite difference equations by a direct method
such as Gaussian elimination or some sparse matrix technique, knowledge of
the matrix structure is important, although less so for an iterative solver such as
the Jacobi, Gauss—Seidel, or SOR (w) methods. In the matrix-vector form AU =
F, the unknown U is a 1D array. From 2D Poisson equations the unknowns
{Uj;} are a 2D array, but we can order it to get a 1D array. We also need to
order the finite difference equations, and it is a common practice to use the same
ordering for the equations as for the unknown array. There are two commonly
used orderings, namely, the natural ordering, a natural choice for sequential
computing, and red-black ordering, considered to be a good choice for parallel
computing.

3.2.1.1 The Natural Row Ordering

In the natural row ordering, we order the unknowns and equations row by row.
Thus the k-th finite difference equation corresponding to (i, /) has the following
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(a) (b)

7 8 9 4 9 5
4 5 6 7 3 8
1 2 3 1 6 2

Figure 3.2. (a) The natural ordering and (b) the red—black ordering.

relation:
k=i+(m-1)(-1), i=12,....m—1, j=12,....n—1 (3.21)

(see Figure 3.2(a)).

Referring to Figure 3.2(a) that h, =h,=h, m=n=4. Then there are nine
equations and nine unknowns, so the coefficient matrix is 9 by 9. To write down
the matrix-vector form, use a 1D array x to express the unknown Uj; according
to the ordering, we should have

x1=Up, x2=Uyn, x3=U;3, x4=Up, x5=Uyp, (3.22)
xXe¢=Usn, x7=Us;, xg=Uxs, x9=Uss.

Now if the algebraic equations are ordered in the same way as the unknowns,

the nine equations from the standard central finite difference scheme using the
five-point stencil are

Upp +u
u
Egn.2: i (x1 —4x2 + x3+ x5) =51 — h220
1 uz) + U
1 U2
Egn.4: n (x1 —dxg + x5+ x7) =f12 — e

10:37:27, subject to the Cambridge Core terms of use,
04



http://www.ebook3000.org

54

Finite Difference Methods for 2D Elliptic PDEs

Egn.5:

Egn.6:

Egn.7:

Egn.§:

Egn9:

h2

h2

1
i (x4 —4x7 + x3) =f13 —

(XZ + x4 — 4x5 + Xg —i—xg) =fn

Ug
(x3 + x5 — 4x6 + X9) =f30 — =

Uz + Uia
2

N
(x5 4+ x7 — 4x3 + x9) =f23 — =

U3q + U43
2

The corresponding coefficient matrix is block tridiagonal,

where [ is the 3 x 3 identity matrix and

‘B I

I B I

1

B

0
1
B

)

(3.23)

hZ
hj(x6+x8—4x9):f33—
B I
1
0 7
[—4 1 0
B=|1 -4 1
0 1 -4

d n2xn?

d n2xn?

Since —A4 is symmetric positive definite and weakly diagonally dominant, the
coefficient matrix A4 is a nonsingular, and hence the solution of the system of
the finite difference equations is unique.

The matrix-vector form is useful to understand the structure of the linear
system of algebraic equations, and as mentioned it is required when a direct
method (such as Gaussian elimination or a sparse matrix technique) is used
to solve the system. However, it can sometimes be more convenient to use a
two-index system, especially when an iterative method is preferred but also as
more intuitive and to visualize the data. The eigenvalues and eigenvectors of A

04
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can also be indexed by two parameters p and k, corresponding to wave num-
bers in the x and y directions. Assume m = n for simplicity, then the (p, k)-th
eigenvector u”X has n — 1 components,

ub* =sin(prih) sin(kmjh), i,j=1,2,....n—1 (3.24)

for p,k=1,2,...,n— 1; and the corresponding (p, k)-th eigenvalue is
)\P’k:% (cos(pﬂh) — 1) + cos(kmh) — 1)) . (3.25)
The least dominant (smallest magnitude) eigenvalue is
A =27 + O(h?), (3.26)

obtained from the Taylor expansion of (3.25) in terms of 4~ 1/n; and the
dominant (largest magnitude) eigenvalue is

; - 8
)\mt(n/Z),mt(n/Z) ~ 7//?2. (3.27)
It is noted that the dominant and least dominant eigenvalues are twice the
magnitude of those in 1D representation, so we have the following estimates:

Al ~omax o = 5 e L L

Pk 2
h \ min (AWK 27 (3.28)
condy(A) = || A2[|4" |2~ = o).

Note that the condition number is about the same order magnitude as that in
the 1D case; and since it is large, double precision is recommended to reduce
the effect of round-off errors.

3.3 The Maximum Principle and Error Analysis

Consider an elliptic differential operator

0? 0? 0?
L= )
+ b@x@y +C8y2’

2
=a55 b*—ac<0, for (x,y)e,

and without loss of generality assume that @ > 0, ¢ > 0. The maximum principle

is given in the following theorem.

Theorem 3.1. If u(x,y) € C*(Q) satisfies Lu(x,y) >0 in a bounded domain 2,
then u(x,y) has its maximum on the boundary of the domain.
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Proof If the theorem is not true, then there is an interior point (xg, yo) € €2 such
that u(xo, yo) >u(x,y) for all (x,y) €. The necessary condition for a local
extremum (xo, o) is

ou ou
a(xo,yo) =0, a*y(xoayo) =0.

Now since (xg, o) is not on the boundary of the domain and u(x, y) is contin-
uous, there is a neighborhood of (xg, yo) within the domain 2 where we have
the Taylor expansion,

1
u(xo + Ax, yo + Ay) = u(xo, yo) + 5 (( AUl + 28xAyu3, + (Ay)zuﬁy)

+O0((Ax)*, (Ar)),

with superscript of 0 indicating that the functions are evaluated at (x, yo), i.e.,

0. = %(xo,yo) evaluated at (xo, yo), and so on.

Since u(xg + Ax, yo + Ay) <u(xo, yo) for all sufficiently small Ax and Ay,

u

1
5 ((Ax)zugx +2AxAW, + (Ay)zugy) <0. (3.29)

On the other hand, from the given condition
L’ =d%° + 2b0ugy + cougy >0, (3.30)

where a’ = a(xg, y9) and so forth. In order to match the Taylor expansion to
get a contradiction, we rewrite the inequality above as

2
ay\ a@ o, B0\ 0
— | Uy +24— Uy, + u
M M aOMm Vam) 7

0 0\2
Uy (o (57) N
+ <c S ELMER

where M > 0 1s a constant. The role of M is to make some choices of Ax and
Ay that are small enough.
Let us now set

Y LA i
x=1/—, = :

M Y VM
From (3.29), we know that

—u® + ==+ ——u <0 (3.32)
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Ax=0, Ay= \/(CO - ([Zfo)z> /M;

and from (3.29) again,

Now we take

WM &0 vy =

Thus from (3.32) and (3.33), the left-hand side of (3.31) should not be positive,
which contradicts the condition

(Ay)2u® 1 <c°— (b0)2> u’ <0. (3.33)

Lu® =%, + 2b0u2y + cou‘y)y >0,

and with this the proof is completed. O
On the other hand, if Lu < 0 then the minimum value of u is on the boundary
of Q. For general elliptic equations the maximum principle is as follows. Let

Lu=auy, + 2buyy, + cuyy + dyu, + douy + eu=0, (x,y) €,
b —ac<0, a>0,¢>0 <O,

where 2 is a bounded domain. Then from Theorem 3.1, u(x, y) cannot have a
positive local maximum or a negative local minimum in the interior of 2.

3.3.1 The Discrete Maximum Principle

Theorem 3.2. Consider a grid function Uy, i=0,1,...,m,j=0,1,2,... n Ifthe
discrete Laplacian operator (using the central five-point stencil) satisfies
Uic,j + Ui+ Uijor + Uiy =405

h? - (3.34)
i=1,2,....m—1, j=12,....n—1,

AhUi':

then Uy attains its maximum on the boundary. On the other hand, if A,U; <0
then Uj; attains its minimum on the boundary.

Proof Assume that the theorem is not true, so U;; has its maximum at an interior
grid point (iy, jo). Then Uj, j, > U; ; for all i and j, and therefore

1
Uipjo = 4 (Uio—LJ'o + Ufo+17j0 + Uioa.io—l + Uioyjo-ﬁ-l) :

On the other hand, from the condition A, U; >0

1
Uiy jo < 4 (Ui()*l,jo + Ul'o+17j0 + Uio;jo*l + Uio,jo+1) ’
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in contradiction to the inequality above unless all Uj; at the four neighbors of
(i0, jo) have the same value U(ip, jo). This implies that neighboring U; _1 j, is
also a maximum, and the same argument can be applied enough times until
the boundary is reached. Then we would also know that U j, is a maximum.
Indeed, if U; has its maximum in interior it follows that Uj; is a constant.
Finally, if Aj,U; <0 then we consider — Uj; to complete the proof. 0

3.3.2 Error Estimates of the Finite Difference Method
for Poisson Equations

With the discrete maximum principle, we can easily get the following lemma.
Lemma 3.3. Let Uj; be a grid function that satisfies

Uim1,j+ Uip1,j + Uijo1 + Uiy — 40

ApU;i= ” =fi (3.35)
i,j=0,1,...,nwithan homogeneous boundary condition. Then we have
IUllo = max |Uy) <~ max [AyUyl= 2 max || (3.36)
> ocigen' T8 a<igen PN Bosigen VT ’

Proof Define a grid function

2 2
() 6-)) e

where

1
xi=th, yj=jh, i,j=0,1,...,n, h=—,
: n

corresponding to the continuous function w(x) = 1 ((x — 1/2)> + (y — 1/2)?).
Then

W [(*w  9*w
Ahwﬁ = (Wxx + Wyy) <

+o (= + == =1, (3.38)
(i) 12\ 0x* 94 > (x5 ,p%)

iy
where (x7, y7) is some point near (x;, y;), and consequently

A (Ui = 1 loowip) = Ap Uy = [ flloe =fij = [/ lloc <0,

S (3.39)
A (Uy + 1 lsows) = AU + 11 oo =i + [/ lloc 0.

10:37:27, subject to the Cambridge Core terms of use,
04
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From the discrete maximum principle, Uj; + || f'||oow; has its maximum on the
boundary, while U;; — || f'||scw;; has its minimum on the boundary, i.e.,

min (Ui = 1 flloowis) < Ui = I flloowis
and Uy + ||/ [loowy < max (Uy + 1 flloowiy) »

for all i and j. Since Uj; is zero on the boundary and || f||cow; > 0, we immedi-
ately have the following,

— 1/ Nloo min [lwillag < Uy — || fllcowi < Uy,
and Uy < Uj+ || flloowy < flloo max [[wyllag -

It is easy to check that

1
HWz'jHaQ=§,

and therefore

1 1
—nglloos Uy < gllfHom (3.40)

which completes the proof. O

Theorem 3.4. Let Uj; be the solution of the finite difference equations using the
standard central five-point stencil, obtained for a Poisson equation with a Dirichlet
boundary condition. Assume that u(x,y) € C*(Q), then the global error ||E| s
satisfies:

[Elloc = [[U = ulloo =max | Uy — u(xi, ;)|

, (3.41)
< % (max|uxxxx| + max ]uyyyy\) ,
where max | | = max 84“( )|, and
ere Uxxxx| = —(x,y)|, and so on.
XXXX ()C,y)eD ax4 Y y
Proof We know that

Ah Ulj :fij + T,'j AhEij = T,'j

where Tj; is the local truncation error at (x;, y;) and satisfies

/’12
1Ty < 75 (max e +max )
so from lemma 3.3
1 h?
JElloo < g1 Tlloe < 5 (max ttven] +max fiy1 )
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3.4 Finite Difference Methods for General Second-order Elliptic PDEs

If the domain of the interest is a rectangle [a, b] x [c, d] and there is no mixed
derivative term uy, in the PDE, then the PDE can be discretized dimension by
dimension. Consider the following example:

V- (p(xvy)vu) - q(x,y) u:f(x, y)7 or (pux)x + (puy)y —qu :f>

with a Dirichlet boundary condition at x=5, y =c¢, and y = d but a Neumann
boundary condition u, = g(y) at x =a.
For simplicity, let us adopt a uniform Cartesian grid again

b—
xi=a+ihy, i=0,1,....m, h,= a’

yi=c+jh,, j=0,1,....n, h,=

If we discretize the PDE dimension by dimension, at a typical grid point (x;, y;)
the finite difference equation is

Piyt Uik = (P11 YUs+pi 1 ;Ui

(hx)?
Pt Uijer — (P 1 +p 1)U+ p, o 1Us
I ij+s ThJ ij+3 12,,1 37 7t hj—3 W 4 Uy :fij (3.42)
(hy)
for i=1,2,...,m—1 and j=1,2,...,n— 1, where piilj:p(xiihxﬁ,y,-)
20 ’

and so on.

For theindices i=0,j=1,2,...,n — 1, we can use the ghost point method to

deal with the Neumann boundary condition. Using the central finite difference
scheme for the flux boundary condition

U,j—U_1; .
7-’2/1 L=g(y), or U_y1;=U;—2heg(y), j=12,...,n—1,
pe

on substituting into the finite difference equation at (0, /), we obtain

(p_1j+p1 JUL = (P1;+p_1 ) Uy

(hx)?
N Po 1 Vot = (Po g1 +Pg ;1) Uoj+pg -1 Vo ji
(hy)?
2p_1,;807)

— qo;Uoj = fo; + 7 . (3.43)
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For a general second-order elliptic PDE with no mixed derivative term
Uyy, Le.,

V- (p(x,»)Vu) +w-Vu—q(x,y)u=f(x,y),

the central finite difference scheme when |w| < 1 /A can be used, but an upwind-
ing scheme may be preferred to deal with the advection term w - Vu.

3.4.1 A Finite Difference Formula for Approximating the
Mixed Derivative uy,,

If there is a mixed derivative term uy,, we cannot proceed dimension by
dimension but a centered finite difference scheme (2.20) for u,, can be used, i.e.,

(o, yjm1) + u(Xigns yier) — u(Xign, yio1) — u(Xiz1, yiv)
ux}’(xi’yi)N 4//1 h .
xMy

(3.44)
From the Taylor expansion at (x;, y;), this finite difference formula can be
shown to be consistent and the discretization is second-order accurate, and
the consequent central finite difference formula for a second-order linear PDE
involves nine grid points. The resulting linear system of algebraic equations for
PDE is more difficult to solve, because it is no longer symmetric nor diagonally
dominant. Furthermore, there is no known upwinding scheme to deal with the
PDE with mixed derivatives.

3.5 Solving the Resulting Linear System of Algebraic Equations

The linear systems of algebraic equations resulting from finite difference
discretizations for 2D or higher-dimensional problems are often very large,
e.g., the linear system from an n x n grid for an elliptic PDE has O(n?) equa-
tions, so the coefficient matrix is O(n*> x n?). Even for n=100, a modest
number, the O(10* x 10%) matrix cannot be stored in most modern computers
if the desirable double precision is used. However, the matrix from a self-adjoint
elliptic PDE is sparse since the nonzero entries are about O(512), so an iterative
method or sparse matrix technique may be used. For an elliptic PDE defined

on a rectangle domain or a disk, frequently used methods are listed below.

e Fast Poisson solvers such as the fast Fourier transform (FFT) or cyclic reduc-
tion (Adams et al.). Usually the implementation is not so easy, and the use
of existing software packages is recommended, e.g, Fishpack, written in
Fortran and free on the Netlib.
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62 Finite Difference Methods for 2D Elliptic PDEs

e Multigrid solvers, either structured multigrid, e.g, MGD9V (De Zeeuw,
1990) that uses a nine-point stencil, or AMGs (algebraic multigrid solvers).

e Sparse matrix techniques.

e Simple iterative methods such as Jacobi, Gauss—Seidel, SOR(w). They are
easy to implement, but often slow to converge.

e Other iterative methods such as the conjugate gradient (CG) or pre-
conditioned conjugate gradient (PCG), generalized minimized residual
(GMRES), biconjugate gradient (BICG) method for nonsymmetric system
of equations. We refer the reader to Saad (1986) for more information and
references.

An important advantage of an iterative method is that zero entries play
no role in the matrix-vector multiplications involved and there is no need to
manipulate the matrix and vector forms, as the algebraic equations in the sys-
tem are used directly. Assume that we are given a linear system of equation
Ax = b where A is nonsingular (det(A) #0), if A can be writtenas A=M — N
where M is an invertible matrix, then (M — N)x=»5b or Mx=Nx+b or x=
M~'Nx + M~'b. We may iterate starting from an initial guess x°, via

Xk+l :MilNXk‘i‘Milbv k:o7 1,2,... N (345)

and the iteration converges or diverges depending the spectral radius of
p(M~'N) =max |\,(M~'N)|. Incidentally, if T= M~'N is a constant matrix,
the iterative method is called stationary.

3.5.1 The Jacobi Iterative Method

The idea of the Jacobi iteration is to solve for the variables on the diagonals and
then form the iteration. Solving for x; from the first equation in the algebraic
system, x; from the second, and so forth, we have

1
x| =— (bl —apXy — ap3X3 - — alnxn)
arg
1
Xy = — (bz —ayX] — apX3 - — aznxn)
any
1
Xi=_- bi —ajx1 — apxo -+ — A;;i1Xi—1 — Ajip1Xip1 — - — QinXp
11
1
Xp = — (bn —ajX] — apXy - — an,nflxn71> .
Upp
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Given some initial guess x’, the corresponding Jacobi iterative method is

1 _ 1 k k k
X\ =— (b1 —apXy —apxy - — alnxn>
an
k+1 1 k k k
x2+ = — (b2 —ayX| —anxy- - — aznxn)
ann
k1 1 k k k
N = — (bi —aj x| —apxy - — a,-nxn)
ajj
k+1 1 k k k
anr = — (bn — a;X] —ampXxs - — an,n_lxnfl) )
pn
It can be written compactly as
1 n
k+1 k :
A== b= > apxf |, i=12,....n, (3.46)

which is the basis for easy programming. Thus for the finite difference equations

U1 —2Ui+ U
h? =/

with Dirichlet boundary conditions Uy = ua and U,, = ub, we have

Uk+1_ua+U§_@
ol - — 2

2 2
Us  + UF n2f;

+1 _ Y-l i+l i P .
U’l'.( = 5 i=2,3,...,n—1
R _ Upatub 12,y

n—1 2 2 )

and for a 2D Poisson equation,

UiH _ Uiy + Uy + U + Uiy 2

U 4 4"

i,j=1,2,...,n— 1 assuming m=n.

3.5.2 The Gauss—Seidel Iterative Method

The idea of the Gauss—Seidel iteration is to solve for the variables on the diag-
onals, then form the iteration, and use the most updated information. In the
Jacobi iterative method, all components x**! are updated based on x*, whereas

10:37:27, subject to the Cambridge Core terms of use,
04



http://www.ebook3000.org

64 Finite Difference Methods for 2D Elliptic PDEs

in the Gauss—Seidel iterative method the most updated information is used as
follows:

1
x]f+1 = — (bl —apxh —apxh-- - alnx§>
arn
1
x]z"H = — <b2 — azlxlf'H — a23xl§ cee— az,,xﬁ)
an
1 1 ket 1 k1 ket 1 k k
X = a (bi —anXy o T dpXy e = 41X ) T i1 X T T ainxn>
113
1 1 k+1 k+1 k+1
Xp = a <bn —dajxy —dapXy an,n—lxn_l) )
nn

or in a compact form

i—1 n
1 1
k+1 _ o =5 U ok i
X; ~ b; Za,]xj Z agx; |, i=1,2,....n.  (3.47)
=1 Jj=i+1

Below is a pseudo-code, where the Gauss—Seidel iterative method is used to
solve the finite difference equations for the Poisson equation, assuming u is an
initial guess:

% Give u0(i,j) and a tolerance tol, say le-6.

err = 1000; k = 0; u = ul;
while err > tol
for i=1:n
for j=1:n
u(i,j) = ( (u(i-1,3)+u(i+1,3j)+u(i,j-1)+u(i,j+1))
~h®2*£(i,9) )/4;

end
end
err = max (max (abs(u-u0))) ;
ud = u; k =k + 1; % Next iteration if err > tol

end

Note that this pseudo-code has a framework generally suitable for iterative
methods.

3.5.3 The Successive Overrelaxation Method SOR(w)

The idea of the successive overrelaxation (SOR(w)) iteration is based on an

extrapolation technique. Suppose xlggl denotes the update from x* in the
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Gauss—Seidel method. Intuitively, one may anticipate the update

X = (1 — w)xF + wxlggl , (3.48)

a linear combination of x* and x’%l, may give a better approximation for

a suitable choice of the relaxation parameter w. If the parameter 0 <w <1,
the combination above is an interpolation, and if w > 1 it is an extrapolation
or overrelaxation. For w =1, we recover the Gauss—Seidel method. For ellip-
tic problems, we usually choose 1 <w < 2. In component form, the SOR(w)
method can be represented as

w
= (1 —w)k + - b; — Za,'jle-‘“ - Z a,-jx;‘ , (3.49)
" =1 Jj=itl
for i=1,2,..., n. Therefore, only one line in the pseudo-code of the Gauss—

Seidel method above need be changed, namely,

u(i,j) = (l-omega)*ul(i,j) + omega*( u(i-1,j) + u(i+l,j)
+ u(i,j-1) + u(i,j+1) -h"*2*£f(i,j))/4

The convergence of the SOR(w) method depends on the choice of w. For
the linear system of algebraic equations obtained from the standard five-point
stencil applied to a Poisson equation with &= h,=h, =1/n, it can be shown
that the optimal w is

2 2
1 +sin(w/n) 1+4+x/n’

Wopt = (3.50)
which approaches two as n approaches infinity. Although the optimal w is
unknown for general elliptic PDEs, we can use the optimal w for the Poisson
equation as a trial value, and in fact larger rather than smaller w values are
recommended. If w is so large that the iterative method diverges, this is soon
evident because the solution will “blow-up.” Incidentally, the optimal choice
of w is independent of the right-hand side.

3.5.4 Convergence of Stationary Iterative Methods

For a stationary iterative method, the following theorem provides a necessary
and sufficient condition for convergence.

Theorem 3.5. Given a stationary iteration

X =7xF 4+ ¢, (3.51)
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where T is a constant matrix and c is a constant vector, the vector sequence {x*}
converges for arbitrary X° if and only if p(T) < 1 where p(T) is the spectral radius
of T defined as

p(T) = max |\(T), (3.52)
i.e., the largest magnitude of all the eigenvalues of T.

Another commonly used sufficient condition to check the convergence of a
stationary iterative method is given in the following theorem.

Theorem 3.6. If there is a matrix norm || - || such that || T|| < 1, then the stationary
iterative method converges for arbitrary initial guess x°.

We often check whether || 7], < 1 for p=1,2, oo, and if there is just one norm
such that || 7| < 1, then the iterative method is convergent. However, if || 7| > 1
there is no conclusion about the convergence.

Let us now briefly discuss the convergence of the Jacobi, Gauss—Seidel, and
SOR(w) methods. Given a linear system Ax =25, let D denote the diagonal
matrix formed from the diagonal elements of 4, —L the lower triangular part
of A, and —U the upper triangular part of 4. The iteration matrices for the
three basic iteration methods are thus

e Jacobi method: T=D"'(L + U), c=D"'b.

e Gauss-Seidel method: T= (D — L)~'U, c=(D — L)~ 'b.

e SOR(w) method: T=(I—wD 'L)™' (1 —w)[+wD™'U), c=w(l-w
L)y~'D~1p.

Theorem 3.7. If A is strictly row diagonally dominant, i.e.,

n

jail > > Jagl, (3.53)

J=1,j#n

then both the Jacobi and Gauss—Seidel iterative methods converge. The conclusion
is also true when (1): A is weakly row diagonally dominant

n

Jail = > ayl; (3.54)

J=1,j#n
(2): the inequality holds for at least one row, (3) A is irreducible.

We refer the reader to Golub and Van Loan (1989) for the definition of irre-
ducibility. From this theorem, both the Jacobi and Gauss—Seidel iterative
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methods converge when they are applied to the linear system of algebraic equa-
tions obtained from the standard central finite difference method for Poisson
equations. In general, Jacobi and Gauss—Seidel methods need O(n?) number
of iterations for solving the resulting linear system of finite difference equa-
tions for a Poisson equations, while it is O(n) for the SOR(w) method with the
optimal choice of w.

3.6 A Fourth-Order Compact FD Scheme for Poisson Equations

A compact fourth-order accurate scheme (||u — U|| < Ch*) can be applied to
Poisson equations, using a nine-point discrete Laplacian. An advantage of a
higher-order method is that fewer grid points are used for the same order accu-
racy as a lower-order method; therefore a smaller resulting system of algebraic
equations needs to be solved. A disadvantage is that the resulting system of
algebraic equations is denser.

Although other methods may be used, let us follow a symbolic derivation
from the second-order central scheme for u,,. Recalling that, (¢/ (2.18) on
page 20)

*u W d*u

2 U hou 4
Ot = oxz  120x* + O
o\ 0°
=14+—== | = 4 .
< +128x2> 8x2u+0(h)’ (3.55)
and substituting the operator relation
82

pehe 62+ O(h?)

into (3.55), we obtain

e o>
2 (o 2 o 4
82 = <1+ <6xx+0(h ))) 5+ O(h)

12
R\ & A
- <1+125xx> g i+ 00,

from which we further have
It is noted that

" - " 4
(1 + 125xx> =1- E(Sxx + O(h"),

10:37:27, subject to the Cambridge Core terms of use,
04



http://www.ebook3000.org

68 Finite Difference Methods for 2D Elliptic PDEs

if /1 is sufficiently small. Thus we have the symbolic relation

0 2o\ o 4
8x2:(1+125xx) diy + O(H"), or

0? "

On a Cartesian grid and invoking this fourth-order operator, the Poisson
equation Au = fcan be approximated by

2o\ 2o\
(1 + 1;5§X> 6% u+ (1 + 1;5@) Spu=f(x,) + O(h*),
where 1 = max(hy, h,). On multiplying this by

h)262 h)2’2
(1 8) (1

and using the commutativity
(Ax)* (Ay)* (Ay)* (Ax)*
(1+ P A G PR Al R e R T a A
we get:

h}z’ 2 2 h2 2 2 hz‘ 2 h; 2 -
1+ Edyy G U+ <1 + 135”) Oyt = <1 + 13%) 1+ Eéyy f(x,»)

& h
+0(h*) = <1 + T30+ 1;5@) [(x,)+ O(h*).

Expanding this expression above and ignoring the high-order terms, we obtain
the nine-point scheme

h} h; U1 —2Uj+ Usr
(1 + L2 ) 02, Uy + (1 + L2 ) L y Tzl

127w 1270 (hy)2

_ Ui—l,j_zUii+ Ui+1,j 1
(hx)? 12(hy)

3 (Uifl,jfla =2U;i_y1,j+ Uiy j11

—2Uj-1 +4U; = 2Uj jp1 + Ui, j1 = 2Uipj + Ui+1,j+1) :

For the special case when &, = h, = h, the finite difference coefficients and
linear combination of fare given in Figure 3.3. The above discretization is called
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u(x,y) f(x,9)
1 4 1 1
[ ] [ ) [ ) [ )
14 -20 4 ] 8 1
6l [ ] [ J [ } 7 [ ) [ ) [ ]
[ ] o [ ] o

Figure 3.3. The coefficients of the finite difference scheme using the compact
nine-point stencil (a) and the linear combination of f'(b).

the nine-point discrete Laplacian, and it is a fourth-order compact scheme
because the distance is the least between the grid points in the finite difference
stencil and the master grid point (of all fourth-order finite difference schemes).

The advantages and disadvantages of nine-point finite difference schemes for
Poisson equations include:

e It is fourth-order accurate and it is still compact. The coefficient matrix is
still block tridiagonal.

e Less grid orientation effects compared with the standard five-point finite
difference scheme.

e [t seems that there are no FFT-based fast Poisson solvers for the fourth-order
compact finite difference scheme.

Incidentally, if we apply

0?2 W2
5= (1 — 15§x> 62 u+ O(h*)

to the Poisson equation directly, we obtain another nine-point finite difference
scheme, which is not compact, and has stronger grid orientation effects.

3.7 A Finite Difference Method for Poisson Equations in
Polar Coordinates

If the domain of interest is a circle, an annulus, or a fan, etc. (¢f. Figure 3.4 for
some illustrations), it is natural to use plane polar coordinates

x=rcosf, y=rsiné. (3.56)
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BC
BC
14 r BC " BC
Perjiodi BC BC
Perjodic erodie
BC BC
NoBC 27 ¢ 20 0

Figure 3.4. Diagrams of domains and boundary conditions that may be
better solved in polar coordinates.

The Poisson equation in the polar coordinates is

10 [ Ou 1 0%u .

~ar (rar) + 2902 =f(r,0), -conservative form
(3.57)

Pu  10u 1 0%

Sl Ry Y. A A

nonconservative form.
For 0 < R; <r< R, and 6, <0 <#,, where the origin is not in the domain of
interest, using a uniform grid in the polar coordinates

R — Ry

)

ri=R;+iAr, i=0,1,...,m, Ar o

0, — 06

n

9j=91+jA0, j=0,1,....n, Af6=
the discretized finite difference equation (in conservative form) is

17t Uiy = s+ ) U+ 1 1 Uiy

ri (Ar)?
LV Uijo1 =205+ Uijr
"12 (D)2 =f(ri,0;), (3.58)

where again Uj; is an approximation to the solution u(r;, ;).
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3.7.1 Treating the Polar Singularity

If the origin is within the domain and 0 <6 < 2x, we have a periodic bound-
ary condition in the 6 direction (i.e., u(r,0) =u(r,6 + 2m)), but in the radial (r)
direction the origin R; = 0 needs special attention. The PDE is singular at r =0,
which is called a pole singularity. There are different ways of dealing with a sin-
gularity at the origin, but some methods lead to an undesirable structure in the
coefficient matrix from the finite difference equations. One approach discussed
is to use a staggered grid:

1 R

r,-z(i—)Ar, Ar=—"0 i=1,2,...,m, (3.59)
2 m—

where r; = Ar/2 and r,, = Ry. Exceptfori=1(i.e,ati=2,...,m — 1), the con-

servative form of the finite difference discretization can be used. At i=1, the

following nonconservative form is used to deal with the pole singularity at r = 0:

Uy —2U1 + Uy 1 Uy —Uy 1 U1 —2U;+ Uy jy =f(r1,0))
(Ar)? o 28r (A0)° R

Note that o = —Ar/2 and r; = Ar/2. The coefficient of Uy, in the above finite
difference equation, the approximation at the ghost point rg, is zero! The above
finite difference equation simplifies to

22Ut Uy 1 Uy 1 o1 2205 Uijer _ g
(Ar)? r28r " (A0)? v

and we still have a diagonally dominant system of linear algebraic equations.

3.7.2 Using the FFT to Solve Poisson Equations in Polar Coordinates

When the solution u(r,#) is periodic in 6, we can approximate u(r, ) by the
truncated Fourier series
N/2—1

u(r,0)= > un(r)e™, (3.60)

n=—N/2

where i =+/—1 and u,(r) is the complex Fourier coefficient given by

1 N-1

tn(r) = > u(r, 0)e . (3.61)
k=0
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Substituting (3.60) into the Poisson equation (in polar coordinates) (3.57) gives

2
%% <iaa”r) - %u =f,(r), n=-N/2,....N/2—1, (3.62)
where f,(r) is the n-th coefficient of the Fourier series of f(r,#) defined in
(3.61). For each n, we can discretize the above ODE in the r direction using
the staggered grid, to get a tridiagonal system of equations that can be solved
easily.

With a Dirichlet boundary condition u(ryuuy, ) =uB€(0) at r=ry.,, the
Fourier transform

> uPC(f)e (3.63)

ufc(rmax) =

can be invoked to find u,lfc(rmax), the corresponding boundary condition for the
ODE. After the Fourier coefficient u, is obtained, the inverse Fourier transform
(3.60) can be applied to get an approximate solution to the problem.

3.8 Programming of 2D Finite Difference Methods

After discretization of an elliptic PDE, there are a variety of approaches that
can be used to solve the system of the finite difference equations. Below we list
some of them according to our knowledge.

e Sparse matrix techniques. In Matlab, one can form the coefficient matrix,
A and the right-hand side F, then get the finite difference solution using
U= A\F. Note that, the solution will be expressed as a 1D array. For the
visualization purpose, it is desirable to convert between the 1D vector and
the 2D array.

e Fast Poisson solvers. For Poisson equations defined on rectangular domains
and linear boundary conditions (Dirichlet, Neumann, Robin) on four sides
of the domain, one can apply a fast Poisson solver, for example, the Fish-
pack (Adams et al.). The Fishpack includes a variety of solvers for Cartesian,
polar, or cylindrical coordinates.

e [terative solvers. One can apply stationary iterative methods such as Jacobi,
Gauss—Seidel, SOR(w) for the linear system of equations obtained for
general elliptic PDEs. The programming is easy and requires least storage.
However, the convergence speed is often slow and the number of iterations
is O((mn)?) = O(N?) (N =mn) assuming that m and n are the number of
grid lines in each coordinate direction. One can also apply more advanced
iterative methods such as the CG method, PCG method if the coefficient
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matrix A is symmetric, or GMRES (Saad, 1986) iterative method is A4 is
nonsymmetric.

e Multigrid solvers. There are two kinds of multigrid solvers that one can use.
One is a structured multigrid. A very good package written in Fortran is
DMGIV (De Zeeuw, 1990) that uses a nine-point stencil which is suitable
for the finite difference methods applied to second-order linear elliptic PDEs
described in this book, either centered five-point stencil or the compact nine-
point stencil. Another type is algebraic multigrid solvers, for example, (Ruge
and Stuben, 1987; Stuben, 1999). In general, the structured multigrid solvers
work better than algebraic multigrid solvers for structured meshes.

3.8.1 A Matlab Code for Poisson Equations using A\F

The accompanying Matlab code, poisson_matlab.m, solves the Poisson equa-
tion on a rectangular domain [a, b] x [c¢,d] with a Neumann boundary condi-
tion on x = a and Dirichelt boundary conditions on other three sides. The mesh
parameters are m and n; and the total number of unknowns is M= (n — 1)m.
The conversion between the 1D solution U(k) and 2D array using the natural
row ordering is k =i + (j — 1)m. The files include poisson_matlab.m (the main
code), f.m (function f'(x, y)), ux.m (the Neumann boundary condition % (a,y)
at x=a), and ue.m (the true solution for testing purpose). In Figure 3.5,
we show a mesh plot of the solution of the finite difference method and its
error plot.

(a) The solution plot (b) The error plot

’ y
Figure 3.5. (a) The mesh plot of the computed finite difference solution
[1, 2] x [—1, 1] and (b) the error plot. Note that we can see the errors are zeros
for Dirichlet boundary conditions, and the errors are not zero for Neumann
boundary condition at x=1.
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clear; close all
a=1; b=2; ¢ = -1; d=1;
m=32; n=64;
hx = (b-a)/m; hxl = hx*hx; x=zeros(m+1,1);
for i=1:m+1,
x(1) = a + (i-1)*hx;
end

hy = (d-c)/n; hyl = hy*hy; y=zeros(n+1l,1);
for i=1:n+1,

y(i) = ¢ + (i-1)*hy;
end

M = (n-1)*m; A = sparse(M,M); bf = zeros(M,1);
for j = 1:n-1,

for i=1:m,
k =1+ (j-1)*m;

bf (k) = £(x(i),y(3+1));
A(k,k) = -2/hx1 -2/hyl;
if 1 ==
A(k,k+1) = 2/hx1;
bf (k) = bf(k) + 2*ux(y(j+1))/hx;
else
if i==m
A(k,k-1) = 1/hx1;
bf (k) = bE(k) - ue(x(i+l),y(j+1))/hxl;
else
A(k,k-1) = 1/hxl; A(k,k+1) = 1/hx1;
end
end

°

%$-- y direction --------------

if § == 1

A(k,k+m) = 1/hyl;

bf (k) = bf(k) - ue(x(i),c)/hyl;
else

if j==n-1

A(k,k-m) = 1/hyl;
bf (k) = bf(k) - ue(x(i),d)/hyl;

else
A(k,k-m) = 1/hyl; A(k,k+m) = 1/hyl;
end
end
end
end
U = A \bf;
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%$--- Transform back to (i,j) form to plot the solution ---
j=1;
for k=1:M
i=%k - (3-1)*m ;
u(i,j) = U(k);
u2(i,j) = uve(x(i),y(j+1));
j = fix(k/m) + 1;
end

°

e =

% Analyze and Visualize the result.

max ( max( abs(u-u2))) % The maximum error

x1=x(1:m); yl=y(2:n);

mesh(yl,x1,u); title('The solution plot'); xlabel('y');
ylabel ('x'); figure(2); mesh(yl,x1l,u-u2); title('The error plot');
xlabel ('y'); ylabel('x");

3.8.2 A Matlab Code for Poisson Equations using the SOR(w) Iteration

The accompanying Matlab code, poisson_jacobi.m, and poisson_sor.m, pro-
vide interactive Jacobi and SOR (w) iterative methods for the Poisson equation
on a square domain [a, b] x [¢,d| with (b — a) = (d — ¢) and Dirichelt boundary
conditions on all sides. When w =1, the SOR (w) method becomes the Gauss-
Seidel iteration. The other Matlab functions involved are fcn.m, the source term

f(x,

»), and uexact.m, the solution for the testing purpose.

We test an example with true solution u(x,y) = e* sin(7y), the source term
then is f(x,y) = e sin(ry)(1 — 72). We take m=n=40, and the domain is
[—1,1] x [~1,1]. Thus 2 =1/40 and /*> = 6.25 x 10~*. So we take the tolerance
as fol = 1077, The Jacobi iteration takes 2105 iterations, the Gauss—Seidel takes
1169 iterations, the SOR(w) with the optimal w=2/(1 + sinnw/n))=1.8545
takes 95 iterations, SOR(1.8) takes 158 iterations, and SOR(1.9) takes 133
iterations. Usually we would rather take w larger than smaller in the range
I<w<?2.

1.

Exercises

State the maximum principle for 1D elliptic problems. Use the maximum principle to
show that the three-point central finite difference scheme for u” (x) = f'(x) with a Dirichlet
boundary condition is second-order accurate in the maximum norm.

Write down the coefficient matrix of the finite difference method using the standard central
five-point stencil with both the Red-Black and the Natural row ordering for the Poisson
equation defined on the rectangle [a, b] X [¢, d]. Take m =n=3 and assume a Dirichlet
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boundary condition at x=a, y =c and y =d, and a Neumann boundary condition % =
g(y) at x =b. Use the ghost point method to deal with the Neumann boundary condition.
3. Implement and compare the Gauss—Seidel method and the SOR method (trying to find the

best w by testing), for the elliptic equation

Ux + (3, Y)ttyy + (X, Y)u(x, y) =f(x, )
a<x<b, c<y<d,

subject to the boundary conditions

u(a,y)=0, u(x,c)=0, u(x,d)=0, %(@y) = —7sin(ny).

Test and debug your code for the case: 0<x,y< 1, and
P ) =1+ 407, r(x,p)=—x.
The source term f'(x, y) is determined from the exact solution
u(x,y) =sin(mx) sin(my).

Do the grid refinement analysis for n =16, n =32, and n= 64 (if possible) in the infin-
ity norm (Hint: In Matlab, use max(max(abs(e)))). Take the tolerance as 10~%. Does the
method behave like a second-order method? Compare the number of iterations, and test
the optimal relaxation factor w. Plot the solution and the error for n = 32.

Having ensured your code is working correctly, introduce a point source f (x,y) =d(x —
0.5)6(y — 0.5) and ux=—1 at x=1, with p(x,y) =1 and r(x,y) =0. Along other three
sides x=0, y=0, and y=1, u=0. The u(x, y) can be interpreted as the steady state tem-
perature distribution in a room with an insulated wall on three sides, a constant heat flow
on one side, and a point source such as a heater in the room. Note that the heat source can
be expressed as £ (n/2,n/2) =1/h?, and £ (i, j) = 0 for other grid points. Use the mesh and
contour plots to visualize the solution for n =36 (mesh(x, y, u), contour(x, y, u, 30)).

4.(a) Show the eigenvalues and eigenvectors for the Laplace equation

Au+du=0, 0<x,y<l,
u =0, on the boundaries,

are
Nep=r (P+K), Lk=1,2,.. 00,
uy,1(x, y) = sin(kmx) sin(lry).

(b) Show that the standard central finite difference scheme using the five-point stencil is
stable for the Poisson equation.
Hint: The eigenvectors for 4, U, = F (grid functions) are

i1, ;= sin(ilw /N) sin( jkn /N), i,j,Lk=1,2,...,N—1.

The 2-norm of 4, " is 1/ min{|\i(44)|}.
5. Modify your SOR code for Problem 4, so that either the mixed boundary condition used
at x = b or the periodic boundary condition is used at x =a and x =b.
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6. Modify the Matlab code poisson_matlab.m for Poisson equations to solve the general self-
adjoint elliptic PDEs

V- (pVu) — qu=1(x,y), a<x<b, c<y<d.

Validate your code with analytic solutions u(x, y) = x> + »* and u(x, y) = cos xsin y and
p(x,y)=1and p(x,y) =e""; q(x,y) =1 and ¢(x,y) = x* + y*. Analyze your numerical
results and plot the absolute and relate errors.

7. Search the Internet to find a fast Poisson solver or multigrid method, and test it.
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FD Methods for Parabolic PDEs

A linear PDE of the form
u; = Lu, 4.1)

where ¢ usually denotes the time and L is a linear elliptic differential operator
in one or more spatial variables, is called parabolic. Furthermore, the second-
order canonical form

a(x, ug + 2b(x, t)uy + c(X, t)uxy + lower-order terms = f(x, t)

is parabolic if > — ac = 0 in the entire x and  domain. Note that, we can trans-
form this second-order PDE into a system of two PDEs by setting v = u,, where
the z-derivative is first order. Some important parabolic PDEs are as follows.

e 1D heat equation with a source
ur=uyx +f(x,1).

The dimension refers to the space variable (x direction).
e General heat equation

ur=V - (BVu) +f(x,1), (4.2)

where 3 is the diffusion coefficient and f(x, ¢) is the source (or sink) term.
¢ Diffusion—advection equation

u =V - (BVu) +w-Vu+f(x,1),

where V - (5Vu) is the diffusion term and w - Vu the advection term.
e Canonical form of diffusion-reaction equation

u =V - (BVu) + f(x,t,u).

The nonlinear source term f'(X, 7, u) is a reaction term.

78
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The steady-state solutions (when u; =0) are the solutions of the corre-
sponding elliptic PDEs, i.e.,

V- (BVu) 4+ f(x,u) =0

for the last case, assuming llim f(x,t,u) =f(x, u) exists.
—00

Initial and Boundary Conditions

In time-dependent problems, there is an initial condition that is usually spec-
ified at =0, i.e., u(x,0) =up(x) for the above PDEs, in addition to relevant
boundary conditions. If the initial condition is given at t= 70, it can of
course be rendered at =0 by a translation ¢ =¢ — T. Thus for the 1D heat
equation u; = uy, on a < x < b for example, we expect to have an initial condi-
tion at r = 0 in addition to boundary conditions at x = @ and x = b. Note that the
boundary conditions at =0 may or may not be consistent with the initial con-
dition, e.g, if a Dirichlet boundary condition is prescribed at x=a and x=5
such that u(a, t) = g;(z) and u(b, t) = g»(1), then up(a) = g1 (0) and uy(b) = g2(0)
for consistency.

Dynamical Stability

The fundamental solution u(x.t) = e /4 /V/4rt for the 1D heat equation
u; = Uy 1s uniformly bounded. However, for the backward heat equation u, =
—Uyy, if u(x,0) # 0 then lim,_,, u(x, f) = co. The solution is said to be dynam-
ically unstable if it is not uniformly bounded, i.e., if there is no constant C >0
such that |u(x, )| < C. Some applications are dynamically unstable and “blow
up,” but we do not discuss how to solve such dynamically unstable problems in
this book, i.e., we only consider the numerical solution of dynamically stable
problems.

Some Commonly Used FD Methods

We discuss the following finite difference methods for parabolic PDE in this
chapter:

the forward and backward Euler methods;

the Crank—Nicolson and 6§ methods;

the method of lines (MOL), provided a good ODE solver can be applied; and
the alternating directional implicit (ADI) method, for high-dimensional
problems.
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MOL
BC BC
k+1 ° e o o
k e o o °
FW-CT BW-CT

t=0@ © e e o
IC

Figure 4.1. Diagram of the finite difference stencil for the forward and
backward Euler methods, and the MOL.

Finite difference methods applicable to elliptic PDEs can be used to treat the
spatial discretization and boundary conditions, so let us focus on the time dis-
cretization and initial condition(s). To consider the stability of the consequent
numerical methods, we invoke a Fourier transformation and von Neumann
stability analysis.

4.1 The Euler Methods
For the following problem involving the heat equation with a source term,
= Puxy +f(x,1), a<x<b, t>0,
U(Cl, t):gl(l)a u(bv Z):gZ(Z)7 u(xv O)Zuo(X) 5

let us seek a numerical solution for u(x, 7) at a particular time 7> 0 or at certain
times in the interval 0 < ¢ < T.
As the first step, we expect to generate a grid

xi=a+ih, i=0,1,....m, h:b_“,
m
F=kAt, k=0,1,...,n, At:%.

It turns out that we cannot use arbitrary At (even it may be small) for explicit
methods because of numerical instability concerns. The second step is to
approximate the derivatives with finite difference approximations. Since we
already know how to discretize the spatial derivatives, let us focus on possi-
ble finite difference formulas for the time derivative. In Figure 4.1, we sketch
the stencils of several finite difference methods.
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4.1.1 Forward Euler Method (FW-CT)

At a grid point (x;, t%), k > 0, on using the forward finite difference approxima-
tion for u, and central finite difference approximation for u,, we have

u(xi, t% 4+ At) — u(x;, t5)
At

u(xi_1, t5) — 2u(x;, t%) + u(xiy1, t°)
2

+ [ (xi, %) 4 T(x;, 15) .

=B

The local truncation error is
h B At
T(xi7 tk) = _7uxxxx(xi7 Zk) + 7”11()@'7 tk) + e
12 2
where the dots denote higher-order terms, so the discretization is O(h> + At).
The discretization is first order in time and second order in space, when the
finite difference equation is

T

Uk Uk + Uk
g —i-1 —2U7 + i+1
At

B + 1K, (4.3)

where fik =1 (x;, 1), with Uf‘ again denoting the approximate values for the true
solution u(x;, t¥). When k =0, U? is the initial condition at the grid point (x;, 0);
and from the values Uf‘ at the time level k the solution of the finite difference
equation at the next time level k + 1 is

k k k
Uk - 20U+ U,
h2

Ul’F+1:Ulk+Az<5 +f,.k), i=1,2,....m—1. (44)

The solution of the finite difference equations is thereby directly obtained from
the approximate solution at previous time steps and we do not need to solve
a system of algebraic equations, so the method is called explicit. Indeed, we
successively compute the solution at 7' from the initial condition at ¢, and then
at > using the approximate solution at ¢!. Such an approach is often called a
time marching method.

Remark 4.1. The local truncation error of the FW-CT finite difference scheme
under our definition is

T(x,1) = u(x,t+ AAI)Z— u(x,1) 5 u(x—nh,t)— 2u§l>§, t)+u(x+h,t) e d)

= O(I* + A1).
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In passing, we note an alternative definition of the truncation error in the
literature.

T(x, 1) = u(x, 1+ A1) —u(x, z)—m(/j”(x_h’ Dz2ulx, Hrulx+h ) oo z))

2
~0 (Az(h2 + At))
introduces an additional factor Az, so it is one order higher in Az.

Remark 4.2. If f(x,#) =0 and 3 is a constant, then from u, = Suy, and u, =
B /Ot = f0%u; | Ox? = B*Uxrxy, the local truncation error is

T(x,t) = (ﬁzm - ’Bh2> Urxx + O ((At)z + h4). (4.5)

2 12

Thus if 8 is constant we can choose At=h>/(63) to get O(h* + (A1)?) =
O(h*), i.e., the local truncation error is fourth-order accurate without further
computational complexity, which is significant for an explicit method.

It is easy to implement the forward Euler method compared with other
methods. Below we list some scripts of the Matlab file called FW_FEuler_heat.m:

a=0; b=1; m = 10; n=20;
h = (b-a)/m;
k = h*2/2; % Try k = h"2/1.9 to see what happens;

t = 0; tau = k/h"*2;
for i=1:m+1,
x(1i) = a + (i-1)*h; vy1(i) = uexact(t,x(i)); vy2(i) = 0;
end
plot (x,y1l); hold

; y1(m+1)=0;
y1(i) + tau*(yl(i-1)-2*yl(i)+yl(i+1)) + k*f(t,x(i));
x,y2); pause(0.25)

2
k; vl = vy2;

In the code above, we also plot the history of the solution. On testing the
forward Euler method with different Az and checking the error in a problem
. . 2
with a known exact solution, we find the method works well when 0 < Ar < é’—ﬁ

but blows up when Az > % Since the method is consistent, we anticipate that
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Figure 4.2. (a) Plot of the computed solutions using two different time step
sizes and the exact solution at some time for the test problem. (b) Error plots
of the computed solution using the two different step sizes: one is stable and
the error is small; the other one is unstable and the error grows rapidly.

this is a question of numerical stability. Intuitively, to prevent the errors in uf‘
being amplified, one can set
2

2@?%1, or 0<At§§ﬁ. (4.6)
This is a time step constraint, often called the CFL (Courant—Friedrichs—Lewy)
stability condition, which can be verified numerically. In Figure 4.2, we plot
the computed solutions and errors for a testing problem with =1, f(x)=
—sin ¢sin(7x) 4 cos ¢ sin(mx)7?. The true solution is u(x, t) = cos  sin(7x). We
take 20 time marching steps using two different time steps, one is At; = h*/2
(stable), and the other one is A, =2h? (unstable). The left plots are the true
and computed solutions at #; =20A¢; and ¢, =20At,. The gray lines are the
history of the solution computed using At, =2A?, and the “*” indicates the
computed solution at the grid points for the final step. We see that the solution
begins to grow and oscillate. The plot of the black line is the true solution at
t1 =20A¢; with the little “o0” as the finite difference solution at the grid points,
which is first-order accurate. The right figure is the error plots with the black
one (the error is small) for the computed solution using Az, =A% /2; while the
gray one for the computed solution using At, = 2h?, whose error grows rapidly
and begins to oscillate. If the final time 7" gets larger, so does the error, a
phenomenon we call a blow-up due to the instability of the algorithm. The
stability and the CFL condition of the time step constraint are very important
for explicit or semi-explicit numerical algorithms.

0<

10:12:57, subject to the Cambridge Core terms of use,
05



http://www.ebook3000.org

84 FD Methods for Parabolic PDEs

4.1.2 The Backward Euler Method (BW-CT)

If the backward finite difference formula is used for u; and the central finite
difference approximation for u,, at (x;, t*), we get

- k ko Uk
Uk — yk! _g Ut —2Uf+ US, A k=12
At h2 1) yEy

which is conventionally reexpressed as

Ukt — gk ot —2uftt 4+ U
=5 = e HL e k=0,1,....  (47)

The backward Euler method is also consistent, and the discretization error is
again O(At + h?).

Using the backward Euler method, we cannot get Ul.kJrl with a few simple
algebraic operations because all of the Ul.k“’s are coupled together. Thus we
need to solve the following tridiagonal system of equations, in order to get the
approximate solution at the time level & + 1:

[1+2u —p ] _U{‘H_
o 1+2u —p Ut
k+1
- 14+2p —p U3+
—u 1+2M — 4 Uk+1
I —p 1+2u] LU
i Uk+Atfk+l+Mgk+l
Uk + Arfyt!
Uk + Arfit!
- , (4.8)
2—|—Alfk+l
R% 1+Atf,§+1+ugé‘“_
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where = Bh—%’ and £/ = £ (x;, £*1). Note that we can use f(x;, £¥) instead of
f(x;, t*+1), since the method is first-order accurate in time. Such a numerical
method is called implicit, because the solution at time level k + 1 are coupled
together. The advantage of the backward Euler method is that it is stable for
any choice of At. For 1D problems, the computational cost is only slightly more
than the explicit Euler method if we can use an efficient tridiagonal solver, such
as the Grout factorization method at cost O(5n) (¢f- Burden and Faires, 2010,
for example).

4.2 The Method of Lines

With a good solver for ODEs or systems of ODEs, we can use the MOL to
solve parabolic PDEs. In Matlab, we can use the ODE Suite to solve a system
of ODEs. The ODE Suite contains Matlab functions such as ode23, ode23s,
odelS5s, ode45, and others. The Matlab function ode23 uses a combination of
Runge—Kutta methods of order 2 and 3 and uses an adaptive time step size. The
Matlab function ode23s is designed for a stift system of ODE.

Consider a general parabolic equation of the form

u(x,t)=Lu(x,t) + f(x,1),

where L is an elliptic operator. Let L, be a corresponding finite difference oper-
ator acting on a grid x; =a + ih. We can form a semidiscrete system of ODEs
of form

ou; ' .
E - Lh Ul(l) +fl(t) )

where Uj(f) ~ u(x;, t) is the spatial discretization of u(x, ¢) along the line x = x;,
i.e., we only discretize the spatial variable. For example, the heat equation with

a source u, = [uyy + f where L = 9% /9x? is represented by L;, = 62, produces
the discretized system of ODE

UL . —2U (1) + Us(t t
MO _ 200200 | g8 4 a0,
3(;'[(0 _ Um0 —2(2‘2@ + Uini (1) Ff(xnt), i=23,...m—2,
8Urg—tl(f) -3 Um—Z(t) h22Um—1(t) + ,Bgil(;) +f(xm—17 t)? (4.9)
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and the initial condition is
Ui(0) =up(x;,0), i=1,2,....m—1. (4.10)

The ODE system can be written in the vector form

dy B B
% =f(y,1),  y(0)=yo. (4.11)

The MOL is especially useful for nonlinear PDEs of the form u; = f(0/0x, u, t).
For linear problems, we typically have

dy

=4
7 y+ec,

where A is a matrix and c is a vector. Both 4 and ¢ may depend on ¢.

There are many efficient solvers for a system of ODEs. Most are based on
high-order Runge-Kutta methods with adaptive time steps, e.g., ODE suite in
Matlab, or dsode.f available through Netlib. However, it is important to recog-
nise that the ODE system obtained from the MOL is typically stiff, i.e., the
eigenvalues of 4 have very different scales. For example, for the heat equation
the magnitude of the eigenvalues range from O(1) to O(1/h%). In Matlab, we
can call an ODE solver using the format

[t,y] = ode23s('yfun-mol', [0, t finall, yO);

The solution is stored in the last row of y, which can be extracted using

[mr,nc] = sizel(y);
ysol = y(mr, :);

Then ysol is the approximate solution at time ¢t =1¢_final. To define the ODE
system of the MOL, we can create a Matlab file, say yfun-mol.m whose contents
contain the following

function yp = yfun-mol (t,y)

global m h x
k = length(y); yp= 51ze(k, ) ;

yp (1) = (-2*y(1) + y(2))/(h*h) + £(t,x(1)) + gl(t)/(h*h);
for i=2:m-2
yp(i) = (y(i-1) -2*y(1) + y(2))/(h*h) + £(t,x(1));
end
yp(m-1) = (y(m-2) -2*y(m-1) )/(h*h) + £(t,x(i)) + g2(t)/(h*h);

where g1(¢) and g2(z) are two Matlab functions for the boundary conditions at
x=aand x=b; and f(z, x) is the source term.
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4.3 The Crank—Nicolson Scheme 87

The initial condition can be defined as

global m h x
forllm
)

0(1

III—l

u 0(x(i));

end

where g (x) is a Matlab function of the initial condition.

4.3 The Crank—Nicolson Scheme

The time step constraint At = h?/(23) for the explicit Euler method is generally
considered to be a severe restriction, e.g., if #=0.01, the final time is 7= 10 and
=100, then we need 2 x 107 steps to get the solution at the final time. The
backward Euler method does not have the time step constraint, but it is only
first-order accurate. If we want second-order accuracy O(h?), we need to take
At = O(h?). One finite difference scheme that is second-order accurate both in
space and time, without compromising stability and computational complexity,
is the Crank—Nicolson scheme.

The Crank—Nicolson scheme is based on the following lemma, which can be
proved easily using the Taylor expansion.

Lemma 4.3. Let ¢(t) be a function that has continuous first- and second-order
derivatives, i.e., ¢(t) € C2. Then

(1) :% <q> <t — A) +¢ (t + A;)) + (Agl)zu”(z) +hot. (4.12)

Intuitively, the Crank—Nicolson scheme approximates the PDE

ur = (Bux)x +f(x,1)

at (x;, 1K+ At/2), by averaging the time level t¥ and ¢*! of the spatial
derivative V - (8Vu)) and f'(x, ). Thus it has the following form

ko ik k k \pk o gk
Ukt —uk ﬂi—%Uifl - (61'—5 +61‘+%)U" +ﬁi+$ Ui
At 2h?

klkl k+1 k+1 k+1 k+1 yrk+1
BEN U = (B + B U + 8 U

I+ 5 1 1
2 ~ sk k+1
+ - 5 (HFr) @y

The discretization is second order in time (central at ¢ + Az/2 with step size
At/2) and second order in space. This can easily be seen using the following
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relations, taking 5 =1 for simplicity:

u(x, t + A), u(x, ):u,(x,l+Al/2) +3 <> U (x, 1+ At/2)

2
+o((An?),
u(x —hyt) —2u(x,t) + u(x + h, 1)
2h?

u(x —hyt + At) — 2u(x, t + At) + u(x + h, t + Ar)
2h?

=y (x, 1) + O(h?),

=y (x, 1+ Af) + O(hz) ,

3 (e ) el 1 80)) =, 14+ Ai/2) + O((Ar)),

% (£ 0) +F (x4 A0) =7 (x, 1+ At/2) + O((A1)?).

At each time step, we need to solve a tridiagonal system of equations to get
Ul-k+l. The computational cost is only slightly more than that of the explicit
Euler method in one space dimension, and we can take Az ~ / and have second-
order accuracy. Although the Crank—Nicolson scheme is an implicit method,
it 1s much more efficient than the explicit Euler method since it is second-
order accurate both in time and space with the same computational complexity.
A sample Matlab code crank.m is accompanied with the book. If we use a fixed
time step At=nh, given a final time 7, we can easily get the number of time
marking steps as Ny = int(T/h) as used in the crank.m. In the next section, we
will prove it is unconditionally stable for the heat equation.

4.3.1 A Class of One-step FD Methods: The 0-Method
The 6-method for the heat equation u; = uy, + f(x, t) has the following form:

Ukl _ yk
S =0 US + (1= ) U o+ (1 o)f

When 0 =1, the method is the explicit Euler method; when 6 =0, the method
is the backward Euler method; and when 6§ =1/2, it is the Crank—Nicolson
scheme. If 0 < # < 1/2, then the method is unconditionally stable, and otherwise
it is conditionally stable, i.e., there is a time step constraint. The #-method is
generally first order in time and second order in space, except for 6 =1/2.

The accompanying Matlab code for this chapter included Euler, Crank—
Nicolson, ADI, and MOL methods.
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4.4 Stability Analysis for Time-dependent Problems

A standard approach to stability analysis of finite difference methods for time-
dependent problems is named after John von Neumann and based on the
discrete Fourier transform (FT).

4.4.1 Review of the Fourier Transform

Let us first consider the Fourier transform in continuous space. Consider u(x) €
[e.e]

L*(—00,00),ie., / u?dx < oo or ||ul|s < oo. The Fourier transform is defined
—00

as
i(w) = \/12? /_ Z e N yu(x)dx (4.14)

where i=+/—1, mapping u(x) in the space domain into #(w) in the frequency
domain. Note that if a function is defined in the domain (0, co0) instead of
(—00, 00), we can use the Laplace transform. The inverse Fourier transform is

u(x)= \/12? /_OO ¥ i(w)dw . (4.15)

Parseval’s relation: Under the Fourier transform, we have ||u||, = |Jul|> or

/ |a2dw=/ |u|?dx . (4.16)

From the definition of the Fourier transform we have

—

o . u .
<aw>—_lxu, it 4.17)

To show this we invoke the inverse Fourier transform

Oou(x) 1 o0 Wé?t
ox _\/277/_008 8xdw

so that, since u(x) and @(w) are both in L?(—o00,00), on taking the partial
derivative of the inverse Fourier transform with respect to x we have

Ou(x) 1 /°° 0/ iox~ 1 /°° o~
=— — (") dw=——= iwue™™ dw .
ox m o0 Ox ( ) V2r J
Then as the Fourier transform and its inverse are unique, m: iwu. The
proof of the first equality is left as an exercise. It is easy to generalize the
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equality, to get

oMu .
W = (iw>m u (4 18)
i.e., we remove the derivatives of one variable.

The Fourier transform is a powerful tool to solve PDEs, as illustrated below.
Example 4.4. Consider

U+ auy =0, —co<x<oo, t>0, u(x,0)=uy(x)

which is called an advection equation, or a one-way wave equation. This is a

Cauchy problem since the spatial variable is defined in the entire space and

t > 0. On applying the FT to the equation and the initial condition,
U +auy =0, or u + aiwi=0, i(w,0) = itp(w)

i.e., we get an ODE for #(w) whose solution is

i(w, 1) =i1(w, 0) e ™" = fio(w) e,
The solution to the original advection equation is thus

1 0 )
u(x7 [) = \/277.‘_/ elwx l:l()(w) e*lawt dw

1 R
_ iw(x—at) d
= — e Uplw) dw
vV 2w /oo 0( )
=u(x —at,0),

on taking the inverse Fourier transform. It is noted that the solution for the
advection equation does not change shape, but simply propagates along the
characteristic line x — at =0, and that

[[ull2 =[] 2 = [Jit(w, 0)e

My = [fi(w, 0)]l2 = o]l -
Example 4.5. Consider

Uy = By, —co<x<oo, t>0, u(x,0)=uy(x), lim u=0,

|x]—o0
involving the heat (or diffusion) equation. On again applying the Fourier
transform to the PDE and the initial condition,

~ 5 ~ NOIN 2 A
Uy =Puyy, or uy=_P(iw)u=—pw,

u(w, 0) =tp(w),
and the solution of this ODE is

ii(w, 1) = ii(w, 0) e P .
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Consequently, if 3> 0, from the Parseval’s relation, we have
A~ ~ _ 2
2l 2 = |2 = [[ie(cw, 0)e ™2 < [lu]l2 -

Actually, it can be seen that lim,, ||u|[ =0 and the second-order partial
derivative term is called a diffusion or dissipative. If 8 <0, then lim,_, ||u/|2
= 00, the PDE is dynamically unstable.

Example 4.6. Dispersive waves.
Consider

62m+ 1 u 82m

U= + Lo.t.,

ax2m+ 1 + 8)(2'"

where m is a nonnegative integer. For the simplest case u; = uyy, we have

—

il = Buixyy, or U =PB(iw)’i=—iwQ,
and the solution of this ODE is
1w, 1) = il(w, 0) e~ |
Therefore,

[Jull2 = [latll2 = [[t(w, 0) |2 = [[u(w; 0) |2,

and the solution to the original PDE can be expressed as

(x ¢ lwx i )efiw%dw

vl

\/2?/ IWA wtuo(w)dw‘

Evidently, the Fourier component with wave number w propagates with velocity

w?, so waves mutually interact but there is no diffusion.

Example 4.7. PDEs with even higher-order derivatives.
Consider

aZmu a2m—1u
D2 + 2] + lLo.t.,

where m is a nonnegative integer. The Fourier transform yields
{—awzmit—i—"- ifm=2k+1,

aw?i 4 - if m=2k,

U=«

~

= o(iw) i+ - =
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:

such that u; = uy, and u; = —uyry, are dynamically stable, whereas u; = —u,
and u; = uyyyy are dynamically unstable.

hence
(w,0) e ™" . if =2k + 1,
(w,0) @™ ... if m=2k

<>

ingd

4.4.2 The Discrete Fourier Transform

Motivations to study a discrete Fourier transform include the stability analysis
of finite difference schemes, data analysis in the frequency domain, filtering
techniques, etc.

Definition 4.8. If ..., v_5,v_q, vy, v1, v2,... denote the values of a continuous
function v(x) at x; =i h, the discrete Fourier transform is defined as

Z he~ iy, (4.19)

j——OO
Remark 4.9.

e The definition is a quadrature approximation to the continuous case, i.e., we
approximate [ by ), and replace dx by /.
e () is a continuous and periodic function of £ with period 27 /A, since

e~ UhER2m/h) _ p—iihE 2im _ o—iEjh (4.20)

so we can focus on ¥(¢) in the interval [—7/h, 7 /h], and consequently have
the following definition.

Definition 4.10. The inverse discrete Fourier transform is

= M (€) d (4.21)

\/E /ﬂ'/h

Given any finite sequence not involving /,

Vi;V2,- -5 VM,
we can extend the finite sequence according to the following

.,0,0,VI,Vz,...,VM,0,0,...,
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and alternatively define the discrete Fourier and inverse Fourier transform as

e’} M
1 L L
W) == Y e y=) ey, (4.22)
V2 j=—00 =0
1 T
V== () de (4.23)
VmoJ—n
(4.24)
which is often denoted by ||v||,. Parseval’s relation is also valid, i.e.,
2 m/k 2 - 2 2
= [ @Pde= 3 nisf = v (4.25)

j=—o0

4.4.3 Definition of the Stability of a FD Scheme

A finite difference scheme Py, v]]-C =0 is stable in a stability region A if for any
positive time T there is an integer J and a constant C7 independent of Az and
h such that

J
IV'(ls < Cr > vl (4.26)
=0

for any n that satisfies 0 <nAz < T with (At, h) € A.
Remark 4.11.

1. The stability is usually independent of source terms.

2. A stable finite difference scheme means that the growth of the solution is at
most a constant multiple of the sum of the norms of the solution at the first
J + 1 steps.

3. The stability region corresponds to all possible Az and /4 for which the finite
difference scheme is stable.

The following theorem provides a simple way to check the stability of any
finite difference scheme.

Theorem 4.12. If ||v**1||, <|VK||, is true for any k, then the finite difference
scheme is stable.

10:12:57, subject to the Cambridge Core terms of use,
05



http://www.ebook3000.org

94 FD Methods for Parabolic PDEs
Proof From the condition, we have
V'l < V"Ml < - < IV < V0

and hence stability for /=0 and Cr=1.

4.4.4 The von Neumann Stability Analysis for FD Methods

The von Neumann stability analysis of a finite difference scheme can be
sketched briefly as Discrete scheme = discrete Fourier transform = growth
factor g(§) = stability (|g(£)| < 1?). We will also explain a simplification of
the von Neumann analysis.

Example 4.13. The forward Euler method (FW-CT) for the heat equation v, =

Buixy 18
At
U = U (U, 208 1 0, a=E0t (4.27)
From the discrete Fourier transform, we have the following
. S UK (&) de (4.28)
] \/277'(' /—71'//1 )
U 1 i£O+l)/1 Uk(é—)dé- _ L m/h iﬁjheigh i]k(g)df (429)
AnE \/7 —n/h V2 —7/h ’
and similarly
k 1 m/k oI p—ith
U = Nl The=Ih Tk (€)de . (4.30)

Substituting these relations into the forward Euler finite difference scheme, we
obtain

Ukt — L /W/h I (1 + (e—igh 24 ei&h)) Uk(f)df 4.31)
! B \/ﬂ —7/h a ‘ .

On the other hand, from the definition of the discrete Fourier transform, we
also know that

m/h
Uik+1 1 , 15_111 Uk+l (f)d§ ) (432)
V2 —7/h

The discrete Fourier transform is unique, which implies

U(©) = (14 e =24 ) Th(e) =g(©) UF() . (433)
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where
g(&) =1+ p(e ™" — 2 4 ¢h) (4.34)

is called the growth factor. If |g(¢)| < 1, then |UK+1| < |U¥| and thus || U, <
U ||, so the finite difference scheme is stable.

Let us examine |g(&)| now. We have

2(&) =1+ p(cos(—&h) —isin(Eh) — 2 + cos(Eh) + isin(Eh))

) (4.35)
=1+42u(cos(éh) —1)=1—4pusin“(¢h)/2,
but we need to know when |g(£)| <1, or —1 <g(&) <1. Note that
—1<1—4p <1 —4usin®(¢h)/2=g(§) <1, (4.36)

so on taking —1 <1 — 4y we can guarantee that |g(£)| <1, which implies the
stability. Thus a sufficient condition for the stability of the forward Euler
method is

2

—1<1—-4u or 4u<2, or AZS;I/B. (4.37)
Although we cannot claim what will happen if this condition is violated, it
provides an upper bound for the stability.

4.4.5 Simplification of the von Neumann Stability Analysis
for One-step Time Marching Methods

Consider the one-step time marching method UX+! = £ (U*, U**1). The follow-
ing theorem provides a simple way to determine the stability.

Theorem 4.14. Let 0 =h&. A one-step finite difference scheme (with constant
coefficients) is stable if and only if there is a constant K (independent of 0, At,
and h) and some positive grid spacing Aty and hy such that

1g(0, At,h)| <1+ KAt (4.38)

forall and 0 < h < hy. If g(0, At, h) is independent of h and At, then the stability
condition (4.38) can be replaced by

lg(0] <1. (4.39)

Thus only the amplification factor g(h€) =g(f) needs to be considered, as
observed by von Neumann.
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The von Neumann stability analysis usually involves the following steps:

1. set Uf = e and substitute it into the finite difference scheme;

2. express Uij as Uij =g(&)e, etc.;

3. solve for g(£) and determine whether or when |g(£)| <1 (for stability); but
note that

4. if there are some & such that |g(£)| > 1, then the method is unstable.

Example 4.15. The stability of the backward Euler method for the heat
equation u, = Buyy 1s

BAtL
U = Ul (U —20f U, u=E5t @40)
Following the procedure mentioned above, we have
g(£)eME = o 4, (ezf(/—l)h el 4 ei£U+1)h> 2(£)
= (1 g (78 =24 ) g(g)), (4.41)
with solution
(©) = 1
g T 1= M(e—igh 24 ei.fh)
1 1
— <lI, (4.42)

1= p(2cos(he) —2) 1+ dusin®(h€)/2

for any 4 and Az > 0. Obviously, —1 <0< g(§) so |g(£)| <1 and the backward
Euler method is unconditionally stable, i.e., there is no constraint on At for
stability.

Example 4.16. The Leapfrog scheme (two-stage method) for the heat equation

Uy = Uy 1S
ORI - Ukl U 20 4 U, .
2At - h? ’ '
involving the central finite difference formula both in time and space. This
method is unconditionally unstable! To show this, we use U}‘_l = el /g(¢)
to get
) 1 i ieh .
o(€)elME = eu1£+etijl<ue iEh _ o 4 i )
© g(&) ( )
| .
= — M _ o4y, 5in’ (he)2),
G pusin”(hg/2)
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yielding a quadratic equation for g(¢):

(8(£))* + 4psin®(hé/2) g(€) — 1=0. (4.44)

The two roots are

ol€) = —2pusin(he /2) = /4y sin (he/2) + 1,

and one root

¢(€) = 2y sin® (e /2) — \J4y2 sin (he /2) + 1

has magnitude |g(£)| > 1. Thus there are ¢ such that |g(£)| > 1, so the method
is unstable.

4.5 FD Methods and Analysis for 2D Parabolic Equations
The general form of a parabolic PDE is

Uy + ajuy + aruy = (ﬁ“x)x + (ﬂuy)y + Ku +f(x7y7 t) )

with boundary conditions and an initial condition. We need 3 > 3y > 0 for the
dynamic stability. The PDE can be written as

w=Lu+f,

where L is the spatial differential operator. The MOL can be used provided
there is a good solver for the stiff ODE system. Note that the system is
large (O(mn)), if the numbers of grid lines are O(m) and O(n) in the x- and
y-directions, respectively.

For simplicity, let us consider the heat equation u, =V - (8Vu) + f(x, y, 1)
and assume [ is a constant. The simplest method is the forward Euler
method:

k+1 k k k k k k k
UK = Uf + (U,_17j+ Uby 4+ Uy + Ufyy - 4U1’j) + A,
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where ;1 = SAt/h?. The method is first order in time and second order in space,
and it is conditionally stable. The stability condition is

h2
Ar< s (4.45)

Note that the factor is now 4, instead of 2 for 1D problems. To show stability
using the von Neumann analysis with /=0, set

ull; — ot (Ihx§1+jhy&2) _ i€ (4.46)

where € = (€1, &]7 and x = [y, hyj]T,
Uit =g(&1,6) @, (4.47)
Note that the index is / instead of i in the x-direction, to avoid confusion with

the imaginary unit i =+/—1.
Substituting these expressions into the finite difference scheme, we obtain

gl€1,€2) =1 —4u (sin*(€1h/2) + sin’(&2h/2) )
where i, = h, = h for simplicity. If we enforce
1< - 8u<1—4pu (sinz(flh/2) + sinz(fzh/2)> <1- 8,

and take —1 <1 — 8u, we can guarantee that |g(£;,&)| < 1, which implies the
stability. Thus, a sufficient condition for the stability of the forward Euler
method in 2D is

8A1f i
<2 Ar<
2 =2 or [_45’

in addition to the condition A¢ > 0.

4.5.1 The Backward Euler Method (BW-CT) in 2D

The backward Euler scheme can be written as

k+1 k k+1 k+1 k+1 k+1 k+1
U = Uy Ul Ut UGS + Ui — 40

At N h?

LA @4y
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which is first order in time and second order in space, and it is unconditionally
stable. The coefficient matrix for the unknown Uf;“ is block tridiagonal, and
strictly row diagonally dominant if the natural row ordering is used to index
the Ui’]‘-+1 and the finite difference equations.

4.5.2 The Crank—Nicolson (C-N) Scheme in 2D
The Crank—Nicolson scheme can be written as

Ukt Uk (U-"“.Jr UKL+ URH + UREL - 4l

i—1,j i+1,j ij— i,j+1 k+1
‘ 4k
At 2 h? /g

+ +i

UL, + Uk + UF + UE, —4U) ) 449)
h? ’

Both the local truncation error and global error are O ((A7)? + 4?). The scheme
is unconditionally stable for linear problems. However, we need to solve a sys-
tem of equations with a strictly row diagonally dominant and block tridiagonal
coefficient matrix, if we use the natural row ordering for both the equations and
unknowns.

A structured multigrid method can be applied to solve the linear system of
equations from the backward Euler method or the Crank—Nicolson scheme.

4.6 The ADI Method

The ADI is a time splitting or fractional step method. The idea is to use
an implicit discretization in one direction and an explicit discretization in
another direction. For the heat equation u, =uy, + u,, + f(x, y,t), the ADI
method is

k1 k k+1 k+1 k+1 k k k
Up “= Uy _ Uiy =205 "+ Uiy Uiyor =205+ Ui s
(A2 3 2 i
k+1 k+1 k+1 k+1 e+ k41 k-1 k-1
Upm = Uy * Ui =205 "+ Uy N Ui =207 + U s
(Ar)/2 hi hf gy

(4.50)

which is second order in time and in space if u(x, y, t) € C*(£2), where € is the
bounded domain where the PDE is defined. It is unconditionally stable for
linear problems. We can use symbolic expressions to discuss the method by
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rewriting the ADI method as

k+1 Ky At 5 k+i At 5 At k+
U; > =Uj;+ 3 — 0 Uy * + > -0, Ui+ —/; %, s
fe+1 k-i—l At 2 k+ At ) k-1 At k+ ’
Uij+:Uij2+25 2+26yyU++2fz/2

Thus on moving unknowns to the left-hand side, in matrix-vector form we have

At g At AV
) — +3 I+ 2ip2) Uk 4 Slpkts

(1— % > Ukt = <1+ Aztl)i) Ukt 4 %F“% :

(4.52)

leading to a simple analytically convenient result as follows. From the first
equation we get

At S\ 7! At At 1At
Ukt = (1- =" p? I+ =Sp? ) uk =Spr)  SoFkh
i ( 2 Ty e 2 2

and substituting into the second equation to have

AL 5\ (ke _ Ar Ar 5\ 7! Ar
(1 2D>U 1+50}) (1-5D%)  (1+5D}) Uk

At Ar 5\ A vy A
- <I+ 2D§) <I— 2D§) 7Fk S+ 5 SRR

We can go further to get

At , At 5 kil At , At , X
<"2Dx> (1_2Dy>U =\t ) It 50U
At 5\ At o+ At K+l
+(1+21)) Slpeet 1 Sl

This is the equivalent one step time marching form of the ADI method, which
will be use to show the stability of the ADI method later. Note that in this
derivation we have used

At , AV At , At ,
<I+ 2Dx> <1+ 2Dy> = <I+ 2Dy> <I+ 7Dx

and other commutative operations.
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4.6.1 Implementation of the ADI Algorithm

The key idea of the ADI method is to use the implicit discretization dimension
by dimension by taking advantage of fast tridiagonal solvers. In the x-direction,
the finite difference approximation is

U Z Uk Bl Ut 4 Bl gk Bk

ij /A) 5 vy 2 > i

. .. . kL kel
For a fixed j, we get a tridiagonal system of equations for U, j+2, U2].+2, e
1 .

k . . ..
UmJ_rf j» assuming a Dirichlet boundary condition at x=«a and x=5. The
system of equations in matrix-vector form is

: ot
1+2u —u S
k+5
—p 142 —p Uy *
1
—p 1+ 2p—p vitr |

! F

—pl+2p —p
—p 1 +2pu

k+5
Upn-2,j

k+4
_Umfl,j_

where

+ -
Ui, f" o pre(a, )t + (U oy = 2Uf 4 U )

At /c-i-7 :
U§j+ Sy A (Us o =205+ Us o)

AZ k+1
Uy + f3] o (Us oy =205+ US 1)

=)
Il

At gt !

UZ—Z,/‘ + fm 2T (U;—z,j—l - 2U£(n—2,j + Uﬁz—z,/ﬂrl)

Al fk+2 +#(Ufn—1

Um 1/+7 m lj

f+1
et = 2Us g i Upy ) + pue(b, )"

and p= gﬁ‘zt, and f =f(xi, as 2). For each j, we need to solve a symmetric
tridiagonal system of equations. The cost for the x-sweep is about O(5mn).
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4.6.1.1 A Pseudo-code of the ADI Method in Matlab

for j = 2:n, % Loop for fixed j
A = sparse(m-1,m-1); b=zeros(m-1,1);
for i=2:m,
b(i-1) = (ul(i,j-1) -2*ul(i,j) + ul(i,j+1))/hl +
f(t2,x(i),y(3)) + 2*ul(i,j)/dt;

if 1 == 2
b(i-1) = b(i-1) + uexact(t2,x(i-1),y(j))/h1;
A(i-1,1i) = -1/h1;
else
if i==m
b(i-1) = b(i-1) + uexact(t2,x(i+1),y(j))/hl;
A(i-1,i-2) = -1/h1;
else
A(i-1,i) = -1/h1;
A(i-1,1i-2) = -1/h1;
end
end
A(i-1,1i-1) = 2/dt + 2/hil;
end
ut = A\b; % Solve the diagonal matrix.
F--mmmm - - loop in the y direction --------------------—----—-
for i = 2:m,
A = gparse(m-1,m-1); b=zeros(m-1,1);
for j=2:n,

b(j-1) = (u2(i-1,3j) -2*u2(i,j) + u2(i+1,j))/hl +
£(t2,x(1),y(3)) + 2*u2(i,j)/dt;

if j == 2
b(j-1) = b(j-1) + uexact(tl,x(i),y(j-1))/h1;
A(j-1,3) = -1/h1;
else
if j==n
b(j-1) = b(j-1) + uexact(tl,x(i),y(j+1))/h1;
A(j-1,3-2) = -1/hl;
else
A(j-1,3) = -1/h1;
A(j-1,3-2) = -1/h1;
end
end
A(j-1,j-1) = 2/dt + 2/h1; % Solve the system
end
ut = A\b;

A Matlab test code adi.m can be found in the depository directory of this
chapter.
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4.6.2 Consistency of the ADI Method

Adding the two equations in (4.50) together, we get
Uk+1 Uk k+ il
( 72 —282. U, 4 57, (U{;“ n U,?;) +2f, (4.53)

and if we subtract the first equation from the second equation, we get
1
au =2 (U 4 Uf) - A, (U - Uf). (4.54)

Substituting this into (4.53) we get

At Ukt — Uk Ut + Uk
<1 (4) 5§x5§y> L= (o) L sy @)

and we can clearly see that the discretization is second-order accurate in both
space and time, ie., :r’;j =O((A1)? + 1?).

4.6.3 Stability Analysis of the ADI Method
Taking /=0 and setting

Ull; = ei(fll”ll'f‘fzhzi)’ U}’]ﬂ'l =g(&1,6)e Elhll-i{zhzl) (4.56)

on using the operator form we have

At , At 5 ka1 At , At 5
(1 — 05 )(1—26yy> U = 1+75xx 1+ 25W U],,

which yields,

At At
<1 = 52 > (1 -5 yy> g(&,6)e i(§1h1 & o))

_ <1 Al52 ) (1 Az(sz ) Eimi+&m))
2 2

After some manipulations, we get

( 1 — 4y sinz(glh/2)> (1 — 4y sin2(§2h/2))

g(&1,&) = (1+4Msin2(£1h/2)) (1 +4usin2(fzh/2)) )
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where = % and for simplicity we have set i, =h, =h. Thus [g(£,&)| <1,

no matter what A¢ and /4 are, so the ADI method is unconditionally stable for
linear heat equations.

4.7 An Implicit—explicit Method for Diffusion
and Advection Equations

Consider a diffusion and advection PDE in 2D
u+w-Vu=V-(BVu) +f(x,y,1)

where w is a 2D vector, and V is the gradient operator in 2D, see page 48.
In this case, it is not so easy to get a second-order implicit scheme such that
the coefficient matrix is diagonally dominant or symmetric positive or negative
definite, due to the advection term w - Vu. One approach is to use an implicit
scheme for the diffusion term and an explicit scheme for the advection term, of
the following form from time level #X to t*+1:

k+1 k

— 1
o+ V) =2 (V) BV + (V- BV ) 4
(4.57)
where
3 1

(w732 =2 (- Ty = S (v (4.58)

where Vju= [6.u, 0,u T and at a grid point (x;, yj), they are

Uiy1,j — Uj—1,j Ujj+1 — Ujj—1

P f— 7; X = — . 4'

Ol o Oxlt oy (4.59)

We treat the advection term explicitly, since the term only contains the first-
order partial derivatives and the CFL constraint is not a main concern unless
|lw|| is very large. The time step constraint is

h

At (4.60)
2[|wll2
At each time step, we need to solve a generalized Helmholtz equation
2 k+1 2 k
(V- aVa) = 2 = 20 Lo (w- V)t — (V- pVu)f - 2
At At
(4.61)
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We need u' to get the scheme above started. We can use the explicit Euler
method (FW-CT) to approximate u!, as this should not affect the stability and
global error O((Af)* + h?).

4.8 Solving Elliptic PDEs using Numerical Methods
for Parabolic PDEs

We recall the steady-state solution of a parabolic PDE is the solution of the
corresponding elliptic PDE, e.g., the steady-state solution of the parabolic PDE

u=V-(Vu) +w-Vu+f(x,1)
is the solution to the elliptic PDE
V- (BVu) +w-Vu+f(x)=0,
if the limit
7% = lim £(x,1)

exists. The initial condition is irrelevant to the steady-state solution, but the
boundary condition is relevant. This approach has some advantages, especially
for nonlinear problems where the solution is not unique. We can control the
variation of the intermediate solutions, and the linear system of equations is
more diagonally dominant. Since we only require the steady-state solution, we
prefer to use implicit methods with large time steps since the accuracy in time
1S unimportant.

Exercises

1. Show that a scheme for
U= ﬁ Uxx (462)
of the form

k 1— k
Ut =alr + Ta (Uilfs-l + Uf/—1)

where ao=1 — 28u, u=At/I? is consistent with the heat equation (4.62). Find the order
of the discretization.

2. Show that the implicit scheme

At Uttt —uf\ P o\ o
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for the heat equation (4.62) has order of accuracy ((Atr)?, h*), where

U1 —2Ui + Ui
h? ’

and Ar=O(h*). Compare this method with FW-CT, BW-CT, and Crank-Nicolson
schemes and explain the advantages and limitations. (Note: The stability condition of the
scheme is Su < %).

3. For the implicit Euler method applied to the heat equation u; = u,,, is it possible to choose
At such that the discretization is O((Af)? + h*)?

4. Consider the diffusion and advection equation

U + Uy = ﬁuxx, ﬂ >0. (464)

Use the von Neumann analysis to derive the time step restriction for the scheme

Ut = UF | Ul = Ul _ g Ul = 207 + Uy
At 2h h? '

5. Implement and compare the Crank—Nicolson and the MOL methods using Matlab for the
heat equation:

M,ZBM_W “Pf(xvt)v a<x<b7 120,
u(x,0) =uo(x); u(a,t)=g1(1); ux(b,1)=g),

where 3 is a constant. Use u(x, t) = (cos ¢) x* sin(wx), 0 < x < 1, tfinal= 1.0 to test and
debug your code. Write a short report about these two methods. Your discussion should
include the grid refinement analysis, error and solution plots for m =80, comparison of
cputime, and any conclusions you can draw from your results. You can use Matlab code
odel5s or ode23s to solve the semidiscrete ODE system.

Assume that u is the temperature of a thin rod with one end (x = b) just heated. The other
end of the rod has a room temperature (70° C). Solve the problem and find the history of
the solution. Roughly how long does it take for the temperature of the rod to reach the
steady state? What is the exact solution of the steady state? Hint: Take the initial condition
asu(x,0)=Tp e~ =D’/ where T and ~ are two constants, f (x, #) =0, and the Neumann
boundary condition u,(b, ) =0.

6. Carry out the von Neumann analysis to determine the stability of the § method

U_(V"H) _ U(l
L :b(@&(¢°+(1—9)&L¢H”) (4.65)

for the heat equation u; = buy,, where

Uj1 = 2U; + Uy
h?
7. Modify the Crank—Nicolson Matlab code for the backward Euler method and for variable
B(x, t)’s in one space dimensions. Validate your code.

8. Implement and compare the ADI and Crank—Nicolson methods with the SOR(w) (try to
test optimal w) for the following problem involving the 2D heat equation:

U= and 0<6<1.

uf:ux~‘f+u}’y+f(t7xay)a a<x<b, CS}/Sd, tzov

u(0, x,y) =uo(x,y),
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and Dirichlet boundary conditions. Choose two examples with known exact solutions to
test and debug your code. Write a short report about the two methods. Your discussion
should include the grid refinement analysis (with a fixed final time, say 7=0.5), error and
solution plots, comparison of cpu time and flops, and any conclusions you can draw from
your results.

9. Extra credit: Modify the ADI Matlab code for variable heat conductivity 3(x, y).
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5
Finite Difference Methods for Hyperbolic PDEs

In this chapter, we discuss finite difference methods for hyperbolic PDEs
(see page 6 for the definition of hyperbolic PDEs). Let us first list a few typical
model problems involving hyperbolic PDEs.

e Advection equation (one-way wave equation):

u+au, =0, 0<x<l1,
u(x,0)=n(x),  IC, (5.1
u(0,0)=gi(t) if a>0, or u(l,t)=g(t) if a<O0.

Here g; and g, are prescribed boundary conditions from the left and right,
respectively.
e Second-order linear wave equation:

Up=auy,, 0<x<I,
ou
U(X, 0) :n(x)a E(xv 0) :V(X), IC7 (52)

u(0,1)=g(1), u(l,1) =g (1), BC.
e Linear first-order hyperbolic system:
u, = Au, +f(x, 1), (5.3)
where u and f are two vectors and A is a matrix. The system is called Ayper-
bolic if A is diagonalizable, i.e., if there is a nonsingular matrix 7 such that

A=TDT~', and all eigenvalues of 4 are real numbers.

108
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5.1 Characteristics and Boundary Conditions 109

e Nonlinear hyperbolic equation or system, notably conservation laws:
2
u+ flu)y=0, e.g., Burgers’ equationu, + (é) =0; (5.4)
X
w+f,+g,=0. (5.5)
For nonlinear hyperbolic PDE, shocks (a discontinuous solution) can
develop even if the initial data is smooth.

5.1 Characteristics and Boundary Conditions

We know the exact solution for the one-way wave equation
ur+au, =0, —oco<x<oo,
u(x,0)=n(x), >0

is u(x, t) =n(x — at). If the domain is finite, we can also find the exact solution.
We can solve the model problem

ur+au,=0, 0<x<l1,
u(x,0)=n(x), >0, u(0,t)=gi(t) ifa>0

by the method of characteristics since the solution is constant along the charac-
teristics. For any point (x, ) we can readily trace the solution back to the initial
data. In fact, for the characteristic

z(s) =u(x + ks, t +s) (5.6)

along which the solution is a constant (z’(s) =0), on substituting into the PDE
we get

Z'(s) =u; + kuy, =0,

which is always true if k=a. The solution at (x + ks, ¢+ s) is the same as
at (x,7), so we can solve the problem by tracing back until the line hits the
boundary, ie., u(x, ) =u(x + as,t + s) =u(x — at, 0) if x — at >0, on tracing
back to the initial condition. If x — at < 0, we can only trace back to x=0 or
s=—X/a and t =X/a, and the solution is u(x,7) =u(0,t — x/a) = g,(t — X/a).
The solution for the case a > 0 can therefore be written as

n(x—at) ifx>at,
u(x, 1) = (5.7)

X\ .
gl(t——> if x<at.
a

10:43:26, subject to the Cambridge Core terms of use,
a7



http://www.ebook3000.org

110 Finite Difference Methods for Hyperbolic PDEs

Now we can see why we have to prescribe a boundary condition at x = 0, but we
cannot have any boundary condition at x = 1. It is important to have correct
boundary conditions for hyperbolic problems!

The one-way wave equation is often used as a benchmark problem for
different numerical methods for hyperbolic problems.

5.2 Finite Difference Schemes
Simple numerical methods for hyperbolic problems include:

e Lax—Friedrichs method;

e Upwind scheme;

e Leap-frog method (note it does not work for the heat equation but works for
linear hyperbolic equations);

e Box scheme;

e Lax—Wendroff method;

e Crank—Nicolson scheme (not recommended for hyperbolic problems, since
there are no severe time step size constraints); and

e Beam—Warming method (one-sided second-order upwind scheme if the
solution is smooth).

There are also some high-order methods in the literature. For linear
hyperbolic problems, if the initial data is smooth (no discontinuities), it is
recommended to use second-order accurate methods such as the Lax—Wendroff
method. However, care has to be taken if the initial data has finite discontinu-
ities, called shocks, as second- or high-order methods often lead to oscillations
near the discontinuities (Gibbs phenomena). Some of the methods are the bases
for numerical methods for a conservation law, a special conservative nonlinear
hyperbolic system, for which shocks may develop in finite time even if the ini-
tial data is smooth. Also for hyperbolic differential equations, usually there is
no strict time step constraint as for parabolic problems. Often explicit methods
are preferred.

5.2.1 Lax—Friedrichs Method

Consider the one-way wave equation u; + au, =0, and the simple finite differ-
ence scheme

Ukt — vk,
J J k k _
Rt (U - U =0,

or UM =Uf~u (Ujk+1 - U}‘_1> :
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5.2 Finite Difference Schemes 111

where ;1 = aAt/(2h). The scheme has O(At + h?) local truncation error, but the
method is unconditionally unstable from the von Neumann stability analysis.
The growth factor for the FW-CT finite difference scheme is

g0)=1-pu (ei115 — e_ihg)
=1 — pu2isin(he),
where 6 = K¢, so
g(0)? =1+ 44 sin®(h¢) > 1.

o k e k k
In the Lax-Friedrichs scheme, we average U;" using U, and Ui, to get

Upt =3 (U + 0 ) (U - UL).
The local truncation error is O(At + h) if Az~ h. The growth factor is
g(0) = % (eihf 1 e—ih§> tu (eih§ _ e—ihf)
= cos(h§) — 2usin(h)i
SO
12(0) = cos2(he) + 4y sin’ (e
= 1 — sin®(h€) + 42 sin® (h¢)
=1— (1 —4p?)sin*(h¢)

and we conclude that [g(8)| <1 if 1 —44*>>0 or 1 — (aAt/h)*>>0, which
implies that A7 < //|a|. This is the CFL (Courant-Friedrichs—Lewy) condition.

For the Lax—Friedrichs scheme, we need a numerical boundary condition
(NBC) at x =1, as explained later. The Lax—Friedrichs scheme is the basis for
several other popular schemes. A Matlab code called lax_fred.m can be found
in the Matlab programming collections that accompany the book.

5.2.2 The Upwind Scheme

The upwind scheme for u; + au, =01is

_ gk _ gk i

l/'jk+l o l]jk h (lj] (]]_1) lfaZO,

A Y o« (5:8)
—Z(Ujﬁl—Ujk> ifa<0,
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which is first-order accurate in time and in space. To find the CFL constraint,
we conduct the von Neumann stability analysis. The growth factor for the case

when a >0 is
g0)=1—pu (1 - e_ihé)

=1— p(1 —cos(hg)) — ipsin(hf)

with magnitude

2(0)]* = (1 — p+ pcos(h€))* + p? sin’ (h)
= (1= p)® +2(1 — p)pcos(h) + 4*
=1-2(1 — p)p(l — cos(h§))
soif l — >0 (e, u<l)or At<h/awe have |g(0)| <.
Note that no NBC is needed for the upwind scheme, and there is no severe

time step restriction, since At </h/a. If a=a(x,t) is a variable function that
does not change the sign, then the CFL condition is

0< A<

max |a(x, )|

However, the upwind scheme is first-order accurate in time and in space, and

there are some high-order schemes.

A Matlab code called upwind.m can be found in the Matlab programming
collections accompanying this book. The main structure of the code is listed

below:

a = 0; Db=1; tfinal = 0.5 %
h =

Input the domain and final time.
Set mesh and time step

Initialization

m = 20; (b-a)/m; k = h; mu = k/h; $%

n = fix(tfinal/k); % Find the number of time steps
yl = zeros(m+l,1); y2=yl; x=y1l; %

figure(l); hold %

o°

axis([-0.1 1.1 -0.1 1.11);

for i=1:m+1, % Initialization.
x(1) = a + (i-1)*h;
y1(i) = uexact(t,x(i)); vy2(i) = 0;

end

t = 0; % Begin time marching.

for j=1:n,
y1(1l)=bc(t); y2(1)=bc(t+k);
for i=2:m+1
y2 (i) = y1(i)
end

- mu* (yl(i)-y1(i-1) );

06

Open a plot window for solutions at
different time.
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(a) The history of the FD solution (b)
150

1
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Figure 5.1. Plot of the initial and consecutive approximation of the upwind-
ing method for an advection equation. (a) The time step is Ar=/4 and the
scheme is stable. (b) The time step is Az= 1.5k and the scheme is unstable
which leads to a blowing-up quantity.

t =t + k; yl =vy2; % Overwrite old solutions
plot (x,y2); pause(0.5) % Plot the current solution.
end

In Figure 5.1(a), we show the initial data and several consecutive finite dif-
ference approximations of the upwinding scheme applied to the advection
equation u; + u, =0 in the domain 0 < x < 1. The initial condition is

0 if0<x<1/2,
M(X,O):uo(X):
1 if 1/2<x<1.

The boundary condition is (0, #) = sin ¢. The analytic solution is

up(x —t) if 0<r<x<l,
u(x,t) =

sin(#—x) if O0<x<t<l.

If we take At < h, the scheme works well and we obtain the exact solution for
this example (see Figure 5.1(a)). However, if we take Az > h, say At=1.5h as
in the plot of Figure 5.1(b), the solution blows up quickly since the scheme is
unstable. Once again, it shows the importance of the time step constraint.
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5.2.3 The Leap-frog Scheme

The leap-frog scheme for u; + au, =0 is

U_k—‘rl . Uk—l a
J J k k
2A¢ o < Jtl f”) ’ (5.9)

k+1 _ prk—1 k k
or U= Ut - (U - U,

where 1 =aAt/(2h). The discretization is second-order in time and in space. It
requires an NBC at one end and needs U} to get started. We know that the leap-
frog scheme is unconditionally unstable for the heat equation. Let us consider
the stability for the advection equation through the von Neumann analysis.
Substituting

Uk =o€, U Zg(e)el, Uk = G W3
into the leap-frog scheme, we get
g + (e —eM)g—1=0,
or g+ 2uisin(hé)g—1=0,
with solution
g+ = —ipsin(he) £ /1 — p? sin® (k). (5.10)

We distinguish three different cases.

1. If |u| > 1, then there are £ such that at least one of |g_| > 1 or |g4| > 1 holds,
so the scheme is unstable!
2. If |u| < 1, then 1 — p? sin®(h€) > 0 such that

lgx|? = p? sin?(he) + 1 — p?sin®(he) =1.

However, since it is a two-stage method, we have to be careful about the
stability. From linear finite difference theory, we know the general solution is

Uk = C1gf + ng_lf_
|U*| < max{Cy, G} (Igfl + Igfﬁl)
< 2maX{C1, CZ} )

so the scheme is neutral stable according to the definition ||U*|| <
5 .
Cr 2= IVV]]-
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3. If |u] =1, we still have g+ | = 1, but we can find £ such that psin(h¢) =1 and
g+ =g =—i,i.e, —iis adouble root of the characteristic polynomial. The
solution of the finite difference equation therefore has the form

U = C(—i)* + Cok(—i)¥,

where the possibly complex numbers C; and C, are determined from the
initial conditions. Thus there are solutions such that ||[UX|| ~k which are
unstable (slow growing).

In conclusion, the leap-frog scheme is stable if Az < |’71 Note that we can use
the upwind or other scheme (even unstable ones) to initialize the leap-frog
scheme to get UJ1 We call a numerical scheme (such as the Lax—Friedrichs and
upwind schemes) dissipative if |g(£)| < 1, and otherwise (such as the leap-frog
scheme) it is nondissipative.

5.3 The Modified PDE and Numerical Diffusion/Dispersion

A modified PDE is the PDE that a finite difference equation satisfies exactly at
grid points. Consider the upwind method for the advection equation u, + au, =
0 in the case a > 0,

k+1 17k
Y

s i)

The derivation of a modified PDE is similar to computing the local truncation
error, only now we insert v(x, ¢) into the finite difference equation to derive a
PDE that v(x, ) satisfies exactly, thus

v(x.t + At) —v(x, 1)
At

+ % (v(x,7) — v(x — h, 1)) =0.
Expanding the terms in Taylor series about (x, #) and simplifying yields

1 1 1
Vt+2AtVtt+"'+a<Vx—2hvxx+6hzvxxx+"‘>:0,

which can be rewritten as

1 1
V. +av,= E(ahvxx — Atvy) — 13 (ahzvxxx + (Al)zv,,) +oeee,
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which is the PDE that v satisfies. Consequently,

1
Vit = —AVy; + E(ahvxxt — Atvyy)

= —avy + O(At, h)

= a2 (cavet 0(ann).

so the leading modified PDE is

1 alAt
vt—f—avxzjah (1 - h) Vx - (5.11)

This is an advection—diffusion equation. The grid values U} can be viewed as
giving a second-order accurate approximation to the true solution of this equa-
tion, whereas they only give a first-order accurate approximation to the true
solution of the original problem. From the modified equation, we can conclude
that:

e the computed solution smooths out discontinuities because of the diffusion
term (the second-order derivative term is called numerical dissipation, or
numerical viscosity);

e if @ is a constant and Ar="//a, then 1 — aAt/h=0 (we have second-order
accuracy);

e we can add the correction term to offset the leading error term to render
a higher-order accurate method, but the stability needs to be checked. For
instance, we can modify the upwind scheme to get

k+1 k k k k k k
Y _U}+a%_4%4_lw<1_aAvI@J_ZW‘FWH
h 2 ’

At h 2

which is second-order accurate if At~ /;
e from the modified equation, we can see why some schemes are unstable, e.g.,
the leading term of the modified PDE for the unstable scheme

k+1 k k k
U -U L U~ U

J+l i
A +a 7 =0 (5.12)
1S
2At
v[—i—avx:—aTvxx, (5.13)

where the highest derivative is similar to the backward heat equation that is
dynamically unstable!
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5.4 The Lax—Wendroff Scheme and Other FD methods

To derive the Lax—Wendroff scheme, we notice that

Atr) — A
ulx, 1 ¥ At)l ulx, 1 =u; + Tlutt +0((Ar)?)

= u, + %az(At)uxx + O0((Ar)?).

We can add the numerical viscosity %azAt Uy, term to improve the accuracy in
time, to get the Lax—Wendroff scheme

Ut -Uf L U U 1A

At 2h 2 K

(Uk —20f+ ULy, 514)

which is second-order accurate both in time and space. To show this, we
investigate the corresponding local truncation error

T(x, 1) = u(x,t+ AAZ)I —u(x, 1)  a(u(x+h, t)ﬂ—l u(x —h,t))

@At (u(x — h,t) — 2u(x, 1) + u(x + h, 1))
2h?
a® At

At
=u;+ 7”11 — auy — Tuxx + 0((Al)2 + hz)

= O((An)* + 1),

since u, = —au, and u,; = —au,; = —a%ut = @y
To get the CFL condition for the Lax—Wendroff scheme, we carry out the von
Neumann stability analysis. The growth factor of the Lax—Wendroff scheme is

g(0)=1- % (eih£ _ eﬁh&) i '“22 <e—ihg o eih5)

= 1 — pisin® — 24%sin’(0/2),
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where again 6 = i€, so
9\ 2
0)> = (1 —2u?sin® = | + p’sin’0
lg( 1 7 p

—1-4 2 in2 2 A 4 47 A 2 in2 2 27
=1 0 SIN + A SIN + M- SIn 7 <1 S )

=1—44° (1 —,u2> sin4§

g1—4u2(1—u2).

We conclude [g(0)| < 1if p <1, ie., At <h/|a|. If At>h/|al|, there are £ such
that |g(6)| > 1 so the scheme is unstable.
The leading modified PDE for the Lax—Wendroff method is

1 alAr\?
vl—l—avx=—8ah2 (1 — <h> ) Vxxx (5.15)

which is a dispersive equation. The group velocity for the wave number & is

2
co=a— %ahz (1 - (”’hAZ> ) &, (5.16)

which is less than « for all wave numbers. Consequently, the numerical result
can be expected to develop a train of oscillations behind the peak, with high
wave numbers lagging farther behind the correct location (¢f. Strikwerda, 1989
for more details). If we retain one more term in the modified equation for the
Lax—Wendroff scheme, we get

1 Ar\?
v;+avx:fah2 <<a> - 1>Vxxx — EVxxxx » (5.17)

where the € in the fourth-order dissipative term is O(4%) and positive when
the stability bound holds. This high-order dissipation causes the highest wave
number to be damped, so that the oscillations are limited.

5.4.1 The Beam—Warming Method

The Beam—Warming method is a one-sided finite difference scheme for the
modified equation

10:43:26, subject to the Cambridge Core terms of use,
06



5.4 The Lax—Wendroff Scheme and Other FD methods 119
Recall the one-sided finite difference formulas, ¢f. page 21

3u(x) — 4u(x — h) + u(x — 2h)

' (x) = 7 + O0(h%),
u//(x) _ u(x) — 2u(x _hil) +u(x —2h) L o).

The Beam—Warming method for u; + au, =0 fora >0 is

k1 gk AL k k k
Uit = uf - 5 (3Uf —4ut + U +

(aAt)?
2h?

(Uf =20k, + Uk,

(5.18)
which is second-order accurate in time and space if Ar~h. The CFL
constraint is

2h
0<Ar<—. (5.19)
|al
For this method, we do not require an NBC at x=1, but we need a scheme
to compute the solution Uj. The leading terms of the modified PDE for the
Beam—Warming method are

2
v+ ave = éahz ((“;”) . 1) _ (5.20)

In this case, the group velocity is greater than « for all wave numbers when
0 <aAt/h <1, so initial oscillations would move ahead of the main hump.
On the other hand, if 1 <aAt/h <2 the group velocity is less than a, so the
oscillations fall behind.

5.4.2 The Crank—Nicolson Scheme

The Crank—Nicolson scheme for the advection equation u; + au, = f'is

k1 ik ko ok K+l prkl
U0 U m Uni U U ke

At 4h =5 (5:21)

which is second-order accurate in time and in space, and unconditionally
stable. An NBC is needed at x = 1. This method is effective for the 1D prob-
lem, since it is easy to solve the resulting tridiagonal system of equations. For
higher-dimensional problems, the method is not recommended in general as for
hyperbolic equations the time step constraint Az ~ /4 is not a major concern.
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5.4.3 The Method of Lines

Different method of lines (MOL) methods can be used, depending on how the

spatial derivative term is discretized. For the advection equation u; + au, =0,
if we use

oU; U1 — Uiy

o T4 2h B

the ODE solver is likely to be implicit, since the leap-frog method is unstable!

0 (5.22)

5.5 Numerical Boundary Conditions

We need a numerical boundary condition (NBC) at one end for the one-way
wave equation when we use any of the Lax—Friedrichs, Lax—Wendroff, or leap-
frog schemes. There are several possible approaches.

e Extrapolation. One simplest first-order approximation is
k+1 _ prk+1
Uy =Uy"y

To get a second-order approximation, recall the Lagrange interpolation
formula
X — X — X

S =f) 2+ ()

We can use the same time level for the interpolation to get

Xi X2 — X1

XM — XpM—1 XM — XM-2
Uy = Uy + Ut :
XM—1— XM XM—2 — XM—1

If a uniform grid is used with spatial step size A4, this formula becomes
k+1 _  prk+1 k+1
Uy =-U,)/ >, +2U;,.
e Quasi-characteristics. If we use previous time levels for the interpolation,
we get

Uf“jl = UX,_,, first order,

XM — XM-2
+ Uk, 5272 second order.

XM—1 — XM XM—2 — XM—1

XM — Xp—

U]lfj_l _ Uk 5 M M—1

e We may use schemes that do not need an NBC at or near the boundary, e.g,
the upwind scheme or the Beam—Warming method to provide the boundary
conditions.

The accuracy and stability of numerical schemes usually depend upon the NBC
used. Usually, the main scheme and the scheme for an NBC should both be
stable.
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5.6 Finite Difference Methods for Second-order Linear
Hyperbolic PDEs

In reality, a 1D sound wave propagates in two directions and can be modeled
by the wave equation

Uy = AU, (5.23)

where a > 0 is the wave speed. We can find the general solution by changing
variables as follows,

E=x—at x:&Tn
or (5.24)
n=x+ at [:77_5
2a

and using the chain-rule, we have
Uy = —aug + auy ,
Uy = a2u§£ — 2a2u§n + a2u7777 ,
Uy = Ug + Uy,
Uy = Ugg ~+ 2Ugy + Uy
Substituting these relations into the wave equation, we get
ugea® — 2a%ugy + @y = a® (uge + 2ugy + thyy) |
which simplifies to
4a2u§n =0,
yielding the solution
ue=F(&), — ulx,))=F()+Gn),
u(x,t)=F(x —at) + G(x + at),

where F(&) and G(n) are two differential functions of one variable. The two
functions are determined by initial and boundary conditions.

With the general solution above, we can get the analytic solution to the
Cauchy problem below:

un:azuxx, —00 < Xx <00,

u(x7 O) = “O(x) ) ut(xa 0) :g(x) )
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(a) (b)

(xo, 2p)

X —at = Xx,
X+ ars xg
X

(xo = at, 0) (xo + at, 0) (x9,0) x

Figure 5.2. A diagram of the domain of dependence (a) and influence (b).

as

1 x—+at

u(x, 1) = 3 (uo(x — at) +up(x + at)) + % / l g(s)ds. (5.25)

The solution is called the D’Alembert’s formula. In particular, if u,(x,0) =0,
then the solution is

u(x,t)= % (u(x —at,0) + u(x + at,0) ) ,

demonstrating that a signal (wave) propagates along each characteristic x — at
and x + at with speed «a at half of its original strength. The solution u(x, ¢) at a
point (xp, 7o) depends on the initial conditions only in the interval of (xg —
aty, xo + aty). The initial values between (xo — ato, xo + atp) not only deter-
mine the solution value of u(x, ) at (xo, zp) but also all the values of u(x, ) in the
triangle formed by the three vertices (xo, #y), (xo — ato, 0), and (x¢ + aty, 0).
This domain is called the domain of dependence (see Figure 5.2(a)).

Also we see that given any point (xg, 0), any solution value u(x, ?), >0, in
the cone formed by the characteristic lines x + at = xg and x — at = xy depends
on the initial values at (xg, 0). The domain formed by the cone is called the
domain of influence (see Figure 5.2(b)).

5.6.1 An FD Method (CT-CT) for Second-order Wave Equations

Now we discuss how to solve the boundary value problems for which the
analytic solution is difficult to obtain.

Uy = @il 0<x<l1,
IC: u(x,0)=up(x), u/(x,0)=ui(x),

BC: u(0,0)=g1(1), u(l,1)=ga(1).
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We can use the central finite difference discretization both in time and space
to get

k+1 k k—1
U2y

Uk —2Uf + U
=a
(A1)

2 . hz J+1 , (526)

which is second-order accurate both in time and space ((Af)? + h?). The
CFL constraint for this method is Az < %‘, as verified through the following
discussion.

The scheme above cannot be used to obtain the values of Uj1 since Uj_l ~
u(x;, —At) is not explicitly defined. There are several ways to jump-start the
process. We list two commonly used ones below.

e Apply the forward Euler method to the boundary condition u,(x,0) = u;(x)
to get U]1 = Uj0 + Atuy(x;). The finite difference solution in a finite time t = T’
will still be second-order accurate.

e Apply the ghost point method using Uj_1 = Uj1 — 2Atu;(x;)) to get

2

2
a
U =U) + Atuy(x) + <h> (U;’_1—2(]j9+ U}’H). (5.27)

5.6.1.1 The Stability Analysis

The von Neumann analysis gives

g—2+ l/g:aze’”’£ — 2+ ¢
(Ar)? h? '

When p = |a|At/h, using 1 — cos(h€) =2sin®(h¢/2), this equation becomes

& —2g9+1= (—4/1,2 sin’ 0) g,

or
g — <2—4u25in29)g+1:0,

where 6 = h¢/2, with solution

g:1—2u2sin29i\/(1 —2p2sin?0)2 — 1.

Note that 1 — 2u2 sin’ 0 < 1. If we also have 1 — Zuz sin 0 < —1, then one of
the roots is

g1=1—24sin’0 — \/(1 — 22sin?0)2 — 1< —1

so |g1| > 1 for some 6, such that the scheme is unstable.
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To have a stable scheme, we require 1 — 24> sin0>—1, or 2 sin?0<1,
which can be guaranteed if p> <1 or At <h/|al. This is the CFL condition
expected. Under this CFL constraint,

8> = (1 — 24 sin’ 9)2 + (1 - (1 — 24 sin’ 6)2> —1

since the second part in the expression of g is imaginary, so the scheme is
neutrally stable.

Recall a finite difference scheme for a second-order PDE (in time) Pa, v]k =0
is stable in a stability region A if there is an integer J such that for any positive
time 7 there is a constant Cr independent of Az and /4, such that

J
V'l < V1 +n2Cr > |1V (5.28)
Jj=0

for any n that satisfies 0 <nA¢t<T with (At,h) € A. The definition allows
linear growth in time. Once again, a finite difference scheme converges if it is
consistent and stable.

5.6.2 Transforming the Second-order Wave Equation
to a First-Order System

Although we can solve the second-order wave equation directly, in this section,
let us discuss how to change this equation into a first-order system. The first-
order linear hyperbolic system of interest has the form

u; = (Au), = Au,,
which is a special case of 1D conservation laws
u; + (f(u)), =0.

To transfer the second-order wave equation to a first-order system, let us

consider
p=u;
Ut =Pty  (qx = Uxx s

q=uy,
then we have
{pt:ult:uxx:q,V

qr =1ty = (Us)x =Px
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[Z]_ [(1) (1)] m | (5.29)

and the eigenvalues of 4 are —1 and 1.

or in matrix-vector form

5.6.2.1 Initial and Boundary Conditions for the System

From the given boundary conditions for u(x, ¢), we get
u(0,0)=gi1(r),  u(0,1)=g\(1)=p(0,1),
u(l,)=g(),  w(0,0)=g(1)=p(1,1),

and there is no boundary condition for ¢(x, 7). The initial conditions are

p(x,0) =u;(x,0) =u;(x), known,
q(x,0) =uy(x,0)= aiu(x, 0) =uy(x), known.

To solve the first-order system u, = Au, numerically, we usually diagonal-
ize the system (corresponding to characteristic directions) and then determine
the boundary conditions, and apply an appropriate numerical method (e.g., the
upwind method). Thus we write 4 = T~ DT, where D =diag(\, M2, ..., \)
is the matrix containing the eigenvalues of 4 on the diagonal and T is a
nonsingular matrix. From the following

w=Au., Tu=TAT 'Tu,, (Tu),=D(Tu),,
and writing u= Tu, we get the new first-order system
ﬁ[ - Dﬁx

or (u1;), = Ni(%i)x, i=1,2,...,n, asimple system of equations that we can solve
one by one. We also know at which end we should have a boundary condition,
depending on the sign of A;.

For the second-order wave equation, let us recall that the eigenvalues are
1 and —1. The unit eigenvector (such that ||x|| =1) corresponding to the
eigenvalue 1, found by solving Ax=x, is x=[1, 1]7/+/2. Similarly, the unit

eigenvector corresponding to the eigenvalue —1 is x =[—1, 1]7/+/2, so
L 1
|vi Ll v
T= R S
R S
V2 V2 V2 V2
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The transformed result is thus

1 1 -1 1 1 1
V2 V2 [P] |v2 V2 [0 1] N [P]
1 e, L Lo _ L 1 |lq],
V2 V2 LV2 V2 V2 V2
1 1
[t ollva vale
Lo J R [JJ
V2 2

or in equivalent component form
(1 _1> __<1 _1>
NG ANV A
1

1 1 1
=+ —=q) ==+ —=q) .
(ﬂp ﬂq)f ( PR,

By setting
o
N1 \fzp 2qa
1o
J’2—\/§P \/§q7
we get
9, __9
LW

i.e., two separate one-way wave equations, for which we can use various
numerical methods.

We already know the initial conditions, but need to determine a boundary
condition for y; at x =0 and a boundary condition for y, at x = 1. Note that

$100.1) = —p(0,1) — g(0,1),

=
-5

§_.

yZ(Oa l) = 7p(07 l) + ﬁq(()? [)7
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and ¢(0, ¢) is unknown. We do know that, however,

\2@13(0, 1),

and can use the following steps to determine the boundary condition at x =0:

y1(0,1) +32(0,1) =

1. update (yl)k+1 first, for which we do not need a boundary condition; and

)k+l k+1 (y )k+l

2. use (»2 \[1’0 1)o~ to get the boundary condition for y,

at x=0.

Similar steps likewise can be applied to the boundary condition at x = 1 as well.

5.7 Some Commonly Used FD Methods for Linear System
of Hyperbolic PDEs

We now list some commonly used finite difference methods for solving a linear
hyperbolic system of PDEs

u; + Au, =0, u(x,0)=up(x), (5.30)
where A is a matrix with real eigenvalues.

e The Lax—Friedrichs scheme

1 At
k+1 _ k k k
U; =5 (Uj+1 +Uj_1) ~ 5 (Uj+1 U_l) : (5.31)
e The leap-frog scheme
At
k+1 _ yrk—1 k
U™ =U"" - 2hA (U]H Uj_1>. (5.32)

e The Lax—Wendroff scheme
At
k+1 _ yrk k

U = Uf - 2o (U - U

(Ar)?
2h?

To determine correct boundary conditions, we usually need to find the diagonal
form A= T-'DT and the new system &, = Du, with i = Tu.

+

A (Uf, - 2uf + Uk ). (5.33)

5.8 Finite Difference Methods for Conservation Laws

The canonical form for the 1D conservation law is

u +f(u), =0, (5.34)

10:43:26, subject to the Cambridge Core terms of use,
a7



http://www.ebook3000.org

128 Finite Difference Methods for Hyperbolic PDEs

and one famous benchmark problem is Burgers’ equation

2
Uy + <> =0, (5.35)
2 X
in which f{u) = u?/2. The term f(u) is often called the flux. This equation can

be written in the nonconservative form

U + uuy =0, (5.36)

and the solution likely develops shock(s) where the solution is discontinuous, !

even if the initial condition is arbitrarily differentiable, i.e., up(x) = sin x.
We can use the upwind scheme to solve Burgers’ equation. From the non-
conservative form, we obtain

Ukl — yk Uk — Uk
U =0, iU 20,
Ukl _ gk Uk — Uk

J J k _Jj+1 S o_ e 17k

A U ; 0, ifUF<o0,

or from the conservative form
k+1 k kN2 k)2
A /)

=0, ifUk>0
Al 2h o Y=
Uttt - ol (U= (U
J J J+1 J : k
—0, ifUk<o0.
AT 2 o<

If the solution is smooth, both methods work well (first-order accurate). How-
ever, if shocks develop the conservative form gives much better results than that
of the nonconservative form.

We can derive the Lax—Wendroff scheme using the modified equation of the
nonconservative form. Since u, = —uuy,

Uy = —Urllx — Ulgx
= uui + u(uuy)
= uu% +u (ufC + uuxx)
= 2w + iy

so the leading term of the modified equation for the first-order method is

At
Uy + uuy, = > <2uu§ + uzuxx) , (5.37)

I There is no classical solution to the PDE when shocks develop because uy is not well defined. We need to
look for weak solutions.
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and the nonconservative Lax—Wendroff scheme for Burgers’ equation is
k k

U! !
k+1 _ rrk k _Jj+1 Jj—1
Uit = Uf - AUf R

=+

k k \2 k k k
(Ar)? Uk U1 — Ui + (UM Ui — 207 + Ui,
2 J 2h J 2

5.8.1 Conservative FD Methods for Conservation Laws

Consider the conservation law

u; + f(u)x = 0 y
and let us seek a numerical scheme of the form
At
R e S T
uf =t - = (ngr% gj7%>, (5.38)
where
k k k
+178 (“j—p+1 Wipt2r- - ’“j+q+1)
is called the numerical flux, satisfying
gluyu, ... ;u)=f(u). (5.39)

Such a scheme is called conservative. For example, we have g(u) =u?/2 for
Burgers’ equation.
We can derive general criteria which g should satisfy, as follows.

1. Integrate the equation with respect to x from x;_1tox;, 1, to get
2

+1°

X1 X1
//+2 udx = — j+2f(u)xdx

X, X. 1

Bl
[ST]

= — (s, g ) Sy 1)

1 1
2 2

2. Integrate the equation above with respect to ¢ from ¥ to t%*1, to get

tktk+l /:’45“[ dxdt = — /Zk[kﬂ (f(u(x/‘—i—%’ 1)) _f(u(xj—%’ Z))) “,
7 1) o)) = - t:kﬂ(ﬂu(m;? ) =Sty 0)) dr.

-

BIl—

10:43:26, subject to the Cambridge Core terms of use,
a7



http://www.ebook3000.org

130 Finite Difference Methods for Hyperbolic PDEs

Define the average of u(x, ) as

uf = / 1, X, (5.40)
X

12X ) at the time level k.

which is the cell average of u(x, 7) over the cell (x;_1,
The expression that we derived earlier can therefore be rewritten as

tk+1

1 t/chl
gj!‘“ =uf - ; ( ; f(u(x]ur%, 1))dt —

tk

St 1, z))dr)

1 s | et
_-k_arf b _ 1 .
= ii; ; (At p f(u(x ,1))dt A7 f(u(x/_%, t))dt)
where
Different conservative schemes can be obtained, if different approximations are

used to evaluate the integral.

5.8.2 Some Commonly Used Numerical Scheme for Conservation Laws

Some commonly used schemes are:

e Lax—Friedrichs scheme

1 A
Ut =3 (U + UL = 5 (Uh) —rkn)s s
e Lax—Wendroff scheme
A
Ut = Uf - S (AUk ) - UL )
A

O (W) ~7(U9) = Ay (10~ )

(5.42)

where Aj+% = Df(u(ijr%, t)) is the Jacobian matrix of f(u) at u(xj+%, )
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A modified version
k+2 1 k k
Uiy = 2<U ) = 31 (0t —r)

URH = UF - <J Lﬁ)

(5.43)

M\»—

J+ j—3%

called the Lax—Wendroff-Richtmyer scheme, does not need the Jacobian
matrix.

Exercises

. Show that the following scheme is consistent with the PDE u;, + cuy + aux = f:

urtt —ur . CUz’:Lll vl - o, + Ut +aU,-’ﬁH - UL, _p
k 2kh 2h b
Discuss also the stability, as far as you can.
Implement and test the upwind and the Lax—Wendroff schemes for the one-way wave
equation

u; + uy=0.
Assume the domainis —1 < x <1, and t, = 1. Test your code for the following parameters:
(@) u(t,—1)=0, and u(0, x) = (x + 1)e™*/2.
0 ifx<—-1/2,
(b) u(t,—1)=0,and u(0,x)=< 1 if -1<x<1/2,
0 ifx>1/2.

Do the grid refinement analysis at ¢, = 1 for case (a) where the exact solution is available,
take m =10, 20,40, and 80. For problem (b), use m =40. Plot the solution at #,y =1 for
both cases.

. Use the upwind and Lax—Wendroff schemes for Burgers’ equation

2
v (3),70

with the same initial and boundary conditions as in problem 2.
. Solve the following wave equation numerically using a finite difference method.

8214 281,{
57 =¢ 82+f(x 1), 0<x<l,
x/4 if0<x<1/2,
u(0,1) =u(1,1) =0, (x,0)= .
(I-x)/4 if1/2<x<1.

(a) Test your code and convergence order using a problem that has the exact solution.
(b) Test your code again by setting f(x, ) =0.
(c) Modify and validate your code to the PDE with a damping term

&u ou 28 u
az Do gm0
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(d) Modify and validate your code to the PDE with an advection term

Pu L0 Ou )
. — _ t
ar < ox + ﬂax +f(x1),
where ¢ and (3 are positive constants.
5. Download the Clawpack for conservation laws from the Internet. Run a test problem in 2D.

Write 2 to 3 pages to detail the package and the numerical results.
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6

Finite Element Methods for 1D Boundary
Value Problems

The finite element (FE) method was developed to solve complicated prob-
lems in engineering, notably in elasticity and structural mechanics modeling
involving elliptic PDEs and complicated geometries. But nowadays the range
of applications is quite extensive. We will use the following 1D and 2D model
problems to introduce the finite element method:

ID: —d'(x)=f(x), O0<x<l, u(0)=0, u(l)=0;

2D: - (uxx + u)’)’) :f(xay) ) (Xay) € Q? u(xvy) _07

o0

where (2 is a bounded domain in (x, y) plane with the boundary 0.

6.1 The Galerkin FE Method for the 1D Model
We illustrate the finite element method for the 1D two-point BVP

—u"(x)=f(x), O0<x<l, u(0)=0, u(l)=0,

using the Galerkin finite element method described in the following steps.

1. Construct a variational or weak formulation, by multiplying both sides of
the differential equation by a test function v(x) satisfying the boundary
conditions (BC) v(0) =0, v(1) =0 to get

—u"v=Ffv,

135
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and then integrating from 0 to 1 (using integration by parts) to have the

following,
1 1 1
/ (—"v)dx = —u'v| + / u'vdx
0 0 0
1
= / u'v'dx
= / u'vdx = / fvdx , the weak form.
2. Generate amesh, e.g., auniform Cartesian mesh x; =ih,i=0,1, ..., n, where

h=1/n, defining the intervals (x;,_1,x;), i=1,2,...,n
3. Construct a set of basis functions based on the mesh, such as the piecewise
linear functions (i=1,2,...,n—1)

X—Xi_1 .
Tll if x;_1 <x<x,
() = J Xip1—x .
¢l(x) - 7I+1h lfxi§X<Xi+1,
0 otherwise,

Xt X X
often called the hat functions, see the right diagram for a hat function.
4. Represent the approximate ( FE) solution by a linear combination of the basis
functions
n—1
u(x) = cii(x)
j=1
where the coefficients ¢; are the unknowns to be determined. On assuming
the hat basis functions, obviously u;(x) is also a piecewise linear function,
although this is not usually the case for the true solution u(x). Other basis
functions are considered later. We then derive a linear system of equations
for the coefficients by substituting the approximate solution u;(x) for the
exact solution u(x) in the weak form fol u'v'dx = fol fvdx, ie.,

1 I
/ uV'dx = / fvdx , (noting that errors are introduced!)
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Next, choose the test function v(x) as ¢1, ¢z, ..., ¢, successively,
to get the system of linear equations (noting that further errors are
introduced):

1 1 1

(/0 as’mb’ldx) 4t (/O ¢i¢;1dx> cn_1=/0 fordx
1 1 1

</0 <Z5/2<75/1dx> g+ + (/0 ¢/2¢;,—1dx> Cn—1 =/0 Jbodx

< / ¢;¢adx> ot ( [ ¢;¢:,_1dx> = [

! 1 !
(/0 ¢;—1<Z5/1dx> ci+--+ (/0 ¢Z—1¢Z—1dx> Cn—1 :/0 Sbn_rdx,

or in the matrix-vector form:

[algd1)  a(dr,¢2) oo aldder) ][ @ C(fipr) T
a(do, ¢1)  aldo,¢2) -+ ald2, Pu-1) e (fs ¢2)

_a(¢n717¢1) a(ﬁbnfl,@) to a(d)nflad)nfl)_ Cn—1 —(f; ¢”_1)—
where

1 1
atoni)= [ diofde. (L= [ fos.

The term a(u, v) is called a bilinear form since it is linear with each variable
(function), and ( f, v) is called a linear form. If ¢; are the hat functions, then
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5.

6.

in particular we get

_ 4 - - B 1 7
% —,1*1 C1 f0f¢ldx
1
-1+ 3 =3 &) Jo foodx
1 2 1 1
~h h Th €3 Jo fsdx
1 2 1 1
% h TR |2 Jo fon—2dx
1 2 X
I “n 5 d Lol [ s idx )

Solve the linear system of equations for the coefficients and hence obtain the
approximate solution uy(x) =", ¢;i¢i(x).
Carry out the error analysis (a priori or a posteriori error analysis).

Questions are often raised about how to appropriately

represent ODE or PDE problems in a weak form;

choose the basis functions ¢, e.g., in view of ODE/PDE, mesh, and the
boundary conditions, etc.;

implement the finite element method;

solve the linear system of equations; and

carry out the error analysis,

which will be addressed in subsequent chapters.

6.2 Different Mathematical Formulations for the 1D Model

Let us consider the 1D model again,

—u"(x)=f(x), O0<x<l,

u(0)=0, u(1)=0. ©D

There are at least three different formulations to consider for this problem:

1.
2.

the (D)-form, the original differential equation;
the (V)-form, the variational form or weak form

1 1
/ uW'Vdx = / fvdx (6.2)
0 0

for any test function v € H(l)(O, 1), the Sobolev space for functions in integral
forms like the C' space for functions (see later), and as indicated above, the
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JS(x)

~_

Figure 6.1. A diagram of elastic string with two ends fixed: the displacement
and force.

corresponding finite element method is often called the Galerkin method;
and
3. the (M)-form, the minimization form

. Y1,
v(x)ggﬁo,n{ /0 (2(v) —fv> dx}, (6.3)

when the corresponding finite element method is often called the Ritz
method.

As discussed in subsequent subsections, under certain assumptions these
three different formulations are equivalent.

6.2.1 A Physical Example

From the viewpoint of mathematical modeling, both the variational (or weak)
form and the minimization form are more natural than the differential formula-
tion. For example, suppose we seek the equilibrium position of an elastic string
of unit length, with two ends fixed and subject to an external force.

The equilibrium is the state that minimizes the total energy. Let u(x) be the
displacement of the string at a point x, and consider the deformation of an ele-
ment of the string in the interval (x, x + Ax) (see Figure 6.1 for an illustration).
The potential energy of the deformed element is

T - increase in the element length

=T <\/ (x + Ax) — u(x))* + (Ax)? — Ax)
1 2
)+ u(x)Ax + Euxx(x)(Ax)2 + = u(x)) + (Ax)? — Ax
< 1+ u2(x)] (Ax)? Ax)

| 2

ETLIX (x)Ax,
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where 7 is the coefficient of the elastic tension that we assume to be con-
stant. If the external force is denoted by f(x), the work done by this force is
—f(x)u(x) at every point x. Consequently, the total energy of the string (over
O<x<1)is

1 1
F(u)—/0 ;Tui(x)dx—/()f(x)u(x)dx,

from the work—energy principle: the change in the kinetic energy of an object
is equal to the net work done on the object. Thus to minimize the total energy,
we seek the extremal u* such that

Fu") < Flu)

for all admissible u(x), i.e., the “minimizer” u* of the functional F(u) (a function
of functions).
Using the principle of virtual work, we also have

1 1
/ u'Vdx= / Sfvdx
0 0

for any admissible function v(x).

On the other hand, the force balance yields the relevant differential equation.
The external force f(x) is balanced by the tension of the elastic string given by
Hooke’s law, see Figure 6.1 for an illustration, such that

T (U (X + AX) — uy(x)) ~ —f(x)Ax

7_ux(x + AX) — uy(x)

or Ax ~ —f(x),

thus, for Ax — 0 we get the PDE

—Tuyy =f(X),

along with the boundary condition «#(0) = 0 and u(1) = 0 since the string is fixed
at the two ends.

The three formulations are equivalent representations of the same problem.
We show the mathematical equivalence in the next subsection.
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6.2.2 Mathematical Equivalence

At the beginning of this chapter, we proved that (D) is equivalent to (V)
using integration by parts. Let us now prove that under certain conditions
(V) is equivalent to (D), and that (V) is equivalent to (M), and that (M) is
equivalent (V).

Theorem 6.1. (V) — (D). If uy exists and is continuous, then

1 1
/u’v’dx:/fvdx, Vv(0)=v(1)=0, veH(0,1),
0 0

implies that —uy, = f(x).
Recall that H'(0, 1) denotes a Sobolev space, which here we can regard as the

space of all functions that have a first-order derivative.
Proof From integration by parts, we have

1 1
/u’v’dx:u'v|(l)—/ u''vdx,

0 0

1 1
— —/ u”vdx:/fvdx,
0 0
1
or /(u"—i—f)vdx:O.
0

Since v(x) is arbitrary and continuous, and #” and f are continuous, we must
have

' + =0, ie, —u'=f

Theorem 6.2. (V) — (M ). Suppose u*(x) satisfies

1 1
/ u*'vdx = / vfdx
0 0

for any v(x) € H'(0,1), and v(0) = v(1) =0. Then

F(u*) < F(u) or

1 1 1 1
l ) dx — wdx < l wrdx — udx.
2 x 2 *
0 0 0 0
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Fu)=Fu" +u—u")=Fu" +w) (wherew=u—u", w(0)=w(1)=0),

1 * *
30— ) d

3 L u'f— wf) dx

1 1
E(u*)i - u*f) dx—l—/o ;Widx+/0 ((u*) Wy — fw) dx

(
((u*)i +w? +2(u")
(
(

The proof is completed.
Theorem 6.3. (M) — (V). If u*(x) is the minimizer of F(u*), then

/01 (u*)xvxdx:/olfvdx

for any v(0) =v(1) =0 and v H'(0,1).
Proof Consider the auxiliary function:
gle)=Fu" +ev).

Since F(u*) < F(u* + ev) for any €, g(0) is a global or local minimum such that
£'(0) =0. To obtain the derivative of g(¢), we have

g(e) = /0 1 {;<u*+ev>§— (u*+ev>f} dx
= /O 1 {; ((u*)i + 2(u") e + v§e2) —u'f - evf} dx

_ ! 1 «\2 % : * - é : 2
_/0 (2(u )y uf)dx—i—e/o ((u"), vy fv)dx+2/0 vidx .

Thus we have

g’(E)Z/O1 (") v = f7) dx+e/01v§,dx
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and

1
g/(O)Z/O ((u*) v —fr)dx=0

since v(x) is arbitrary, i.e., the weak form is satisfied.
However, the three different formulations may not be equivalent for some
problems, depending on the regularity of the solutions. Thus, although

(D) = (M) = (V),

in order for (V) to imply (M), the differential equation is usually required to
be self-adjoint, and for (M) or (V) to imply (D); the solution of the differential
equation must have continuous second-order derivatives.

6.3 Key Components of the FE Method for the 1D Model
In this section, we discuss the model problem (6.1) using the following methods:

e Galerkin method for the variational or weak formulation;
e Ritz method for the minimization formulation.

We also discuss another important aspect of finite element methods, namely,
how to assemble the stiffness matrix using the element by element approach.
The first step is to choose an integral form, usually the weak form, say
fol u'vdx= folfv dx for any v(x) in the Sobolev space H'(0, 1) with v(0) =
v(l)= 0.

6.3.1 Mesh and Basis Functions
For a 1D problem, a mesh is a set of points in the interval of interest, say, xo =0,
X1, X2, ..., xpy = 1 (see Figure 6.2 for an illustration). Let h; = x; | — X;, i=
0,1,..., M — 1, then
e x; is called a node, or nodal point.

e (xj,x;41) is called an element.

o h= ,Jnax { h;} is the mesh size, a measure of how fine the partition is.
<i<M—

6.3.1.1 Define a Finite Dimensional Space on the Mesh

Let the solution be in the space V, which is H}(0,1) in the model problem.
Based on the mesh, we wish to construct a subspace

V}, (a finite dimensional space) C V (the solution space) ,

such that the discrete problem is contained in the continuous problem.
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9o ) o; O
X0 =0 X1 X2 X; xy =1

Figure 6.2. Diagram of a mesh and hat basis functions.

Any such finite element method is called a conforming one. Different finite
dimensional spaces generate different finite element solutions. Since V), has
finite dimension, we can find a set of basis functions

o1, 025 oo, O—1 C V)

that are linearly independent, i.e., if

M—-1
> a0 =0,
j=1

then ay=ap=---=ay_1=0. Thus V} is the space spanned by the basis
functions:
M-1
V=3 vn(x), va(x) = oy
j=1

The simplest finite dimensional space is the piecewise continuous linear
function space defined over the mesh:

Vv, = {vh(x), v;(x) is continuous piecewise linear, v,(0) =v,(1) = 0}.

It is easy to show that J;, has a finite dimension, even though there are an
infinite number of elements in V.

6.3.1.2 Find the Dimension of V},
A linear function /(x) in an interval (x;, x;y) is uniquely determined by its
values at x; and x;1:

X — Xt X — Xj

I(x) =1(x:) + I(xi41)

Xi = Xit1 Xipl = Xi

There are M — 1 nodal values /(x;)’s, /(x1), [(x2), ..., [(xp—1) for a piecewise
continuous linear function over the mesh, in addition to /(xg) =/(x3) =0.
Given a vector [I(x1),1(x2),...,l(xp—1)]T € RM~!, we can construct a v,(x) €
Vy, by taking v, (x;) =1I(x;), i=1,..., M — 1. On the other hand, given v;(x) €
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Vi, we get a vector [v(x1),v(x2),...,v(xap—1)]7 € RM~!. Thus there is a one
to one relation between ¥, and R~ so V), has the finite dimension M — 1.
Consequently, V}, is considered to be equivalent to R¥~1.

6.3.1.3 Find a Set of Basis Functions

The finite dimensional space can be spanned by a set of basis functions. There
are infinitely many sets of basis functions, but we should choose one that:

e is simple;

e has compact (minimum) support, i.e., zero almost everywhere except for a
small region; and

e meets the regularity requirement, ie., continuous and differentiable, except
at nodal points.

The simplest is the set of hat functions

¢1(X1):1, ¢1(xj):07 j:072737"'7M7
¢2(X2):17 ¢2(xj)207 j:O,l,?’?"'aM?

(]5,'()6,‘):1, (151'()6]'):0, j=0,1,...i—1,i+1,..., M,

(Z)Mfl(fol):la (Z)Mfl(xj):(), j:(),l,...,M—Z, M.

They can be represented simply as ¢;(x;) =47, i.e.,

sg={ - (6.4)
i\Xj) = )
/ 0, otherwise.
The analytic form of the hat functions fori=1,2,...,m— 11is
0, if x<xj_p,
x_h).Ci_l ) ifxi—l <x<x;,
oi(x) = il b N . (6.5)
T 1in§X<Xi+1,
hiy
\ 0 ) ifxi+l < X3

and the finite element solution sought is

M—-1

up(x) = aj¢y(x), (6.6)

J=1
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and either the minimization form (M) or the variational or weak form (V) can
be used to derive a linear system of equations for the coefficients «;. On using
the hat functions, we have

M—1
uh(x,-) = Z ajgbj(x,-) = oz,-qSi(x,-) =q;, (67)

J=1

S0 «; is an approximate solution to the exact solution at x = x;.

6.3.2 The Ritz Method

Although not every problem has a minimization form, the Ritz method was
one of the earliest and has proven to be one of the most successful.
For the model problem (6.1), the minimization form is

: 1! !
min F(v): F(v)== / (vy)?dx — / frdx. (6.8)
veH)(0,1) 2 Jo 0
M—1
As before, we look for an approximate solution of the form u,(x) = Z a;pi(x).
j=1
Substituting this into the functional form gives
1 1 [ M-1 2 1 M-1
Flu,) = 2/0 Z agi(x) | — /0 fz ajpi(x)dx , (6.9)
j=1 =1
which is a multivariate function of aj, c, . . ., agy—1 and can be written as

F(uh):F(ozl,ozz,.. . ,aM_l) .

The necessary condition for a global minimum (also a local minimum) is
OF _ OF o OF_  _OF
8041 6042 80&5 8OZM—l

Thus taking the partial derivatives with respect to o;; we have

M—1

OF : ARy !

J=1

oF ' [ !
) :/ ZO&jQﬁ} ;dx—/fgb,-dx:O, iZl,Z,...,M—l,
Qi 0\ =1 ' 0
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and on exchanging the order of integration and summation:

M—1

1 1
> (/0 qb_jqﬁ,-dx) aj2/0f¢idX, i=1,2,... M—1.

J=1

This is the same system of equations that follow from the Galerkin method
with the weak form, i.e.,

1 1
/ u'Vdx = / fvdx immediately gives
0 0

M—-1

1 1
/ Z%‘dﬁ ¢§dx=/f¢idx, i=1,2,....M—1.
0 0

j=1

6.3.2.1 Comparison of the Ritz and the Galerkin FE Methods

For many problems, the Ritz and Galerkin methods are theoretically equiva-
lent.

e The Ritz method is based on the minimization form, and optimization
techniques can be used to solve the problem.

e The Galerkin method usually has weaker requirements than the Ritz
method. Not every problem has a minimization form, whereas almost all
problems have some kind of weak form. How to choose a suitable weak form
and the convergence of different methods are all important issues for finite
element methods.

6.3.3 Assembling the Stiffness Matrvix Element by Element

Given a problem, say the model problem, after we have derived the minimiza-
tion or weak form and constructed a mesh and a set of basis functions we need
to form:

e the coefficient matrix 4= {a;} =1 fol ¢ipidx}, often called the stiffness
matrix for the first-order derivatives, and
e the right-hand side vector F={ f;} ={ fol fioidx}, often called the load vector.

The procedure to form 4 and F'is a crucial part in the finite element method.
For the model problem, one way is by assembling element by element:

(x0,x1), (x1,%2), -+ (xi—1,Xi) -+ (Xm—1,XMm),
Q, (O, Q;, Q.
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The idea is to break up the integration element by element, so that for any

integrable function g(x) we have

1 M X M
(x)dx= (x)dx= g(x)dx.
/ng x ;/xmg ;/gk

The stiffness matrix can then be written
[y (@)Pdx Jy ¢lghdx
) Jo dhdndx [y (6h)2dx
-fol 1 P1dx fol 1 Brdx
ISP [ ofon
[y dhordx [11(6h)dx
_fxxol o19ydx f:;l 195X
[ [ dx [ ¢ighdx
Jil ohdhdx S (h)dx
+
_f;lz 19y dx féxlz 1 Phdx
+..
[N (@) IV @ ghdx
SO dhehdx [T (¢h)dx
_|._
_ﬁﬁy_] _19)dx IQVAT_I —1Pdx

07

Jo &1 &_ydx]
fol ¢I2 /M—ldx

1
fo( /M—l)zdx-
Jo Dy ydx]
S - dx

x|

o (Bhis

X

Ji D1 dx
RYASVESY)

fxl ¢2 M—ldx

f;lz( /M—1>2dx_

/i 7]
PPy dx

PPy dx

Jou
XpM—1

Jou
XpM—1

f;:_,( //\4—1)2dx_
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For the hat basis functions, it is noted that each interval has only two nonzero

basis functions (c¢f- Figure 6.3). This leads to

149

[y (@02dx 0o 0] [ [R(h) dx [32dhdx - 0]
0 0 --- 0 J3} #hondx f;‘f(gbg)zdx e 0
A= n
| 0 0 0] i 0 0 0|
[0 0 0 - 0] [00O--- 0
f (¢h)*dx f;23¢’2¢’3dx‘~- 0 000 --- 0
+ 0[5 ¢hehdx [LH(g5)%dx - 0| 4
000 --- 0
0 0 0 .. 0] |000-- f;ﬁ’;{l( ’M_l)zdx_
The nonzero contribution from a particular element is
B j:::i+l(¢;)2dx f‘fﬂrl ¢/ 1+1
i j;jiJrl ¢;_+1¢;dx j;c‘th( i+1)2dx
the two by two local stiffness matrix. Similarly, the local load vector is
B Jo fidx
l Jo fpigadx 7
and the global load vector can also be assembled element by element:
[[ol o] [ fedx] 0] [ 0
0 S22 fndx 3 fndx
0 0 [g3f¢3dx
F= - - ot
0 0 0
L 0] o | L o | LI fomordx |
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Figure 6.3. Continuous piecewise linear basis functions ¢; for a four-element
mesh generated by linear shape functions ¢, ¢ defined over each element. On
each interior element, there are only two nonzero basis functions. The figure
is adapted from Carey and Oden (1983).
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6.3.4 Computing Local Stiffness Matrix K; and Local Load Vector F;

In the element (x;, x;41), there are only two nonzero hat functions centered at
x; and x; | respectively:

Xit1 — X X — X;

i (x) =

- 9
Xit1l — Xi

e/__l e /_l
(wl) - hiv ( i+l) _hiv

1/1f+1(x) =

- b
Xit1 — Xi

where ¢f and ¢7, | are defined only on one particular element. We can concen-
trate on the corresponding contribution to the stiffness matrix and load vector
from the two nonzero hat functions. It is easy to verify that

Xit1 n2 Xit1 ] 1 Xit1 . Xit1 1 i

Al 1 1

Xit1 Xi+l ] 1
/x,- (¢z{+1)2dx=/x_ ﬁdx:h—i.

i 1

The local stiffness matrix K¢ is therefore

1

Kf — hl hl ,
LN
hi  h

and the stiffness matrix A4 is assembled as follows:

r1l 1 1 ]
Loo... TR T
0 1 1
(M=1)x(M—1) 000 o EOH
MM B .. B
A=0 . A= A= 0 0 0.l
rl 1 1 .
wtm w00
1 1 1 1
TR
A= 1 1
L
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Thus we finally assemble the tridiagonal matrix

rl 1 1 7

Wt Th
1 1 1 1
T W th Th
1 1,1 _1
112 /’lz hz /’l3
A=
o | 1 o
hy—s hy—y ' hy o hy—
o 1 1
L hy— hyv— + hy—1

Remark 6.4. For a uniform mesh x;=ih, h=1/M, i=0,1,..., M and the
integral approximated by the mid-point rule

Xit1

S (xi)pi(x)dx

M )i ~

Xi—1 Xi—

1
Afm@mwz

Xit1

= f(xi) di(x)dx =f(x;)

Xi—

the resulting system of equations for the model problem from the finite element
method is identical to that obtained from the FD method.

6.4 Matlab Programming of the FE Method for the 1D Model Problem
Matlab code to solve the 1D model problem

—u'(x)=f(x), a<x<b; u(a)=u(b)=0 (6.10)

using the hat basis functions is available either through the link

www4.ncsu.edu/~zhilin/FD_FEM _book
or by e-mail request to the authors.
The Matlab code includes the following Matlab functions:

e U= femld(x) is the main subroutine of the finite element method using the
hat basis functions. The input x is the vector containing the nodal points.
The output U, U(0) = U(M) =0 is the finite element solution at the nodal
points, where M + 1 is the total nodal points.

e y=hatl(x,x1,x2)is thelocal hat function in the interval [x1, x2] which takes
one at x = x2 and zero at x = x1.
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e y=hat2(x, x1,x2) is the local hat function in the interval [x1, x2] which takes
one at x =x1 and zero at x = x2.

o y=int_hatal_f(x1,x2) computes the integral | ;12 f(x)hatldx using the
Simpson rule.

o y=int_hata2_f(x1,x2) computes the integral | :612 f(x)hat2dx using the
Simpson quadrature rule.

e The main function is drive.m which solves the problem, plots the solution
and the error.

e y=f(x) is the right-hand side of the differential equation.

e y=soln(x) is the exact solution of differential equation.

e y=fem_soln(x, U, xp) evaluates the finite element solution at an arbitrary
point xp in the solution domain.

We explain some of these Matlab functions in the following subsections.

6.4.1 Define the Basis Functions
In an element [x1, x,] there are two nonzero basis functions: one is

P (x) =~ (6.11)

XX

where the Matlab code is the file hatl.m so

function y = hatl (x,x1,x2)

[}

% This function evaluates the hat function

vy = (x-x1)/(x2-x1);
return
and the other is
e X2 — X
_ 6.12
= (©12)

where the Matlab code is the file hat2.m so

function y = hat2(x,x1,x2)
% This function evaluates the hat function
vy = (x2-x)/(x2-x1);

return

6.4.2 Define f(x)

function y = £ (%)
y = 1; % for example
return
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6.4.3 The Main FE Routine

function U = femld (x)

o°
o\°
o\°
o°
o\°
o
o\°
o
o°
o\°
o
o\
o
o\°
o°
o°
o\°
o°
o\°
o
o°
o\°
o
o\°
o°
o\°
o\°
o°
o\°
o°
o\°
o
o°
o\°
o
o\°
o°
o\°
o\°
o°
o\°
o°
o\°
o\
o°
o\°

A simple Matlab code of 1D FE method
_ull = f(X),

Input: x, Nodal points

Output: U, FE solution at nodal points

a <= X <= b,

Function needed:

f(x).

Matlab functions used:

hatl (x,x1,x2),
0 at x1.

hat function in [x1,x2] that

hat2 (x,x1,x2),
1 at x1.

hat function in [x1,x2] that

Contribution to the load
Contribution to the load

int hatl f(x1,x2):
int_hat2_ f(x1,x2):

o o° o° o° o° o o° o o° o° o° A° o° A° o O° o° o° o° o° o° o

o\
o\°
o\
o°
o\°
o\°
o\
o\
o°
o\°
o\
o\°
o
o\°
o\°
o\
o\°
o
o\
o
o°
o\°
o\
o\°
o°
o\°
o\°
o\
o\°
o\°
o\
o\
o°
o\°
o\
o\°
o\
o\°
o\°
o\
o\°
o\
o\°
o\
o°
o\°

M = length (x) ;
for i=1:M-1,

h(i) = x(i+1)-x(1i);
end
A = gparse(M,M); F=zeros(M,1); %
A(l1,1) = 1; F(1)=0;
A(M,M) = 1; F(M)=
A(2,2) = 1/h(1); F(2) = int _hatl f(x(1),x(2));
for i=2:M-2, %

A(i, i) = A(i,i) + 1/h(i)

A(l i+1) = A(i,i+1) - 1/h(1i)

A(i+1,1) = A(i+1,1i) - 1/h(i)

A(i+1,i+1) = A(i+1,1i+1) + 1/h(1);

F (1) = F(i) + int hat2 f(x(i),x(i+1));

F(i+1) = F(i+1) + int hatl f(x(i),x(i+1));
end
A(M-1,M-1) = A(M-1,M-1) + 1/h(M-1);
F(M-1) = F(M-1) + int hat2 f(x(M-1),x(M));
U = A\F; %
return
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for

u(a)=u(b)=0

is 1 at x2; and

and

is 0 at x2;

vector from hatl
vector from hat2

o\°
o\
o\°
o\°
o\
o\°
o\
o\°
o\°
o°
o\°
o\
o\°
o
o°
o\°

Initialization

Solve the linear system of equations

o°
o\

o°
o\°

o o o° o° o° o° A° o o° A° o° A° o° A° o o° o° o° o° o° o° o°

Assembling element by element
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6.4.4 A Test Example

Let us consider the test example

The exact solution is

~x(1—x)
u(x)= — - (6.13)

A sample Matlab drive code is listed below:

clear all; close all; % Clear every thing so it won't mess up
% with other existing variables.

%$%%%%% Generate a mesh.

x(1)=0; x(2)=0.1; x(3)=0.3; x(4)=0.333; x(5)=0.5; x(6)=0.75;x(7)=1;

$%%%%% Compare errors:

x2 = 0:0.05:1; k2 = length(x2);

for i=1:k2,

u _exact (i) = soln(x2(i));

u _fem(i) = fem soln(x,U,x2(i)); % Compute FE solution at x2 (i)
end

error = norm(u_fem-u exact,inf) % Compute the infinity error

o

Solid: the exact,

dotted: FE solution

Mark the solution at nodal
points

xlabel ('x'); ylabel('u(x) & u_{fem} (x)');

title('Solid line: Exact solution, Dotted line: FE solution')

plot (x2,u fem,':', x2,u exact)

o\°

o\°

hold; plot(x,U,'o")

o°

figure(2); plot(x2,u fem-u exact); title('Error plot')
xlabel ('x'); ylabel('u-u_{fem}'); title('Error Plot')

Figure 6.4 shows the plots produced by running the code. Figure 6.4(a) shows
both the true solution (the solid line) and the finite element solution (the dashed
line). The little “0”s are the finite element solution values at the nodal points.
Figure 6.4(b) shows the error between the true and the finite element solutions
at a few selected points (zero at the nodal points in this example, although may
not be so in general).

12:27:52, subject to the Cambridge Core terms of use,
07



http://www.ebook3000.org

156 Finite Element Methods for 1D Boundary Value Problems

(a) Solid line: Exact solution, (b)
Dotted line: FEM solution x1073 Error plot
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Figure 6.4. (a) Plot of the true solution (solid line) and the finite element
solution (the dashed line) and (b) the error plot at some selected points.

Exercises
1. Consider the following BVP:

—u"(x) + u(x) =f(x), 0<x<1, u(0)=u(l)=0.
(a) Show that the weak form (variational form) is

W' V) + (u,v)=(fv), Vv(x)eHy(0,1),

where

H},(o,l):{v(x), y(0) =v(1)=0, /Olvzdx<oo}.

(b) Derive the linear system of the equations for the finite element approximation

3
Up = Z Oéjd’j(x) )
=1

with the following information:

o f(x)=1;
e the nodal points and the elements are indexed as
1 1 3
XO*O, X2717 x37§, -x1717 x471~

O =[x3,x1), Q=[x,x), Qa=[x2,x3], Q= [x0,x2];
e the basis functions are the hat functions
1, ifi=j,
®i(x;) = .
() 0, otherwise,

and do not reorder the nodal points and elements; and
e assemble the stiffness matrix and the load vector element by element.
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2. (This problem involves modifying drive.m, f.m and soln.m.) Use the Matlab code to solve
—u" (x) =f(x), 0<x<1, u(0)=u(l)=0.

Try two different meshes: (a) the one given in drive.m; (b) the uniform mesh x;=ih, h=
1/M,i=0,1,..., M. Take M =10, done in Matlab using the command: x=0:0.1: 1.
Use the two meshes to solve the problem for the following f(x) or exact u(x):
(a) given u(x) =sin(mx), what is f(x)?
(b) given f(x) = x>, what is u(x)?
(c) (extra credit) given f(x) =d(x — 1/2), where d(x) is the Dirac delta function, what is

u(x)?

Hint: The Dirac delta function is defined as a distribution satisfying fab f(x)é(x)dx=

f(0) for any function f(x) € C(a, b) if x =0 is in the interior of the integration.
Ensure that the errors are reasonably small.

3. (This problem involves modifying femld.m, drive.m, f.m and soln.m.) Assume that
Xit1 h
Gi(xX) i1 (x)dx = &,

where = x;+1 — x;, and ¢; and ¢;11 are the hat functions centered at x; and x;11 respec-
tively. Use the Matlab code to solve

—u" (x) + u(x) =f(x), 0<x<1, u(0)=u(l)=0.

Try to use the uniform grid x=0:0.1: 1 in Matlab, for the following exact u(x):

(a) u(x)=sin(mx), what is f(x)?
() u(x)=x(1—x)/2, what is f(x)?
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Theoretical Foundations of the Finite
Element Method

Using finite element methods, we need to answer these questions:

What is the appropriate functional space V for the solution?

What is the appropriate weak or variational form of a differential equation?
What kind of basis functions or finite element spaces should we choose?
How accurate is the finite element solution?

We briefly address these questions in this chapter. Recalling that finite ele-
ment methods are based on integral forms and not on the pointwise sense as
in finite difference methods, we will generalize the theory corresponding to the
pointwise form to deal with integral forms.

7.1 Functional Spaces
A functional space is a set of functions with operations. For example,
c(Q)=Cc%Q)= {u(x), u(x) is continuous on Q} (7.1)

is a linear space that contains all continuous functions on 2, the domain where

the functions are defined, i.e., 2 = [0, 1]. The space is linear because for any real

numbers « and § and u; € C(Q2) and up € C(2), we have au; + fuy € C(2).
The functional space with first-order continuous derivatives in 1D is

CH(Q)={u(x), wu(x), u(x)are continuous onQ} , (7.2)
and similarly
c"(Q)= {u(x), u(x), i (x),...,u"™ are continuous on Q} . (13)
Obviously,
c'>clooC>- (7.4)

158
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7.1 Functional Spaces 159
Then as m — oo, we define
C*(Q)={u(x), u(x)isindefinitely differentiable on 2} . (7.5)

For example, e¢¥, sin x, cos x, and polynomials, are in C*°(—o0, c0), but some
other elementary functions such as log x, tan x, cot x are not if x=0 is in the
domain.

7.1.1 Multidimensional Spaces and Multi-index Notations

Let us now consider multidimensional functions u(x)=u(x1,x2,...,X,),
x € R", and a corresponding multi-index notation that simplifies expressions
for partial derivatives. We can write o = (v, s, ..., ay), @; >0 for an inte-
ger vector in R, e.g., if n=35, then a=(1,2,0,0, 2) is one of possible vectors.
We can readily represent a partial derivative as

alol y

= o a )
Ox]'0x57 - Oxp"

D%u(x) laj=a1+a+-+a,, >0 (7.6)

which is the so-called multi-index notation.

Example 7.1. For n=2 and u(x) = u(xy, x3), all possible D*u when |a| =2 are

0*u
=(2,0), D%u=—,
a=(1,1), D= i
D _8)618)@’
2
a=(0,2), Dau:‘l‘;.
0x3

With the multi-index notation, the C”" space in a domain 2 € R" can be
defined as

C"™(Q) ={u(x1,x2,...,%xn), D% uarecontinuouson), |o| <m} (7.7)
i.e., all possible derivatives up to order m are continuous on 2.

Example 7.2. Forn=2and m =3, wehave u, uy, uy, txy, Uxy, Uyy, Uxxx, Uxxy, Uxyy
and u,,, all continuous on  if u € C3(Q), or simply D € C*() for |a| < 3.
Note that C™(2) has infinite dimensions.

The distance in C°(Q) is defined as

d(u,v) = max lu(x) — v(x)]
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with the properties (1), d(u,v) >0; (2),d(u,v) =0if and only ifu=v; and (3),
d(u,v+w) <d(u,v) + d(u,w), the triangle inequality. A linear space with a
distance defined is called a metric space.

A norm in C°(Q) is a nonnegative function of u that satisfies

lu(x)||=d(u,0) = max |u(x)|, where 6 is the zero element,
xXe

with the properties (1), ||u(x)|| > 0, and ||u(x)||=0if and only ifu=0;
(2), |Jau(x)|| = |a|||u(x)||, where « is a number ;

), |lu(x) + v(x)| < ||u(x)]| + [|[v(x)]|, the triangle inequality.

A linear space with a norm defined is called a normed space. In C™(2), the
distance and the norm are defined as

d(u,v) = ognﬁjém max |DYu(x) — D%v(x)|, (7.8)

u(x)|| = max max|D%]. 7.9
Ju)|| =  max max| D (19

7.2 Spaces for Integral Forms, L>(2) and L?(2)

In analogy to pointwise spaces C(£2), we can define Sobolev spaces H"({2) in
integral forms. The square-integrable space H°(Q2) = L?(€) is defined as

L*(Q) = {u(x), / u?(x) dx<oo} (7.10)
Q
corresponding to the pointwise C°(Q) space. It is easy to see that

Q) =Cc’Q)cL*(Q).
Example 7.3. It is easy to verify that y(x) =1/x/* ¢ C°(0, 1), but

1 1 2 1 1

so that y(x) € L?(0,1). But it is obvious that y(x) is not in C(0, 1) since y(x)
blows up as x — 0 from x > 0, see Figure 7.1 in which we also show that a piece-
wise constant function 0 and 1in (0, 1) isin L2(0, 1) but not in C(0, 1) since the
function is discontinuous (nonremovable discontinuity) at x =0.5.

The distance in L*(Q) is defined as

12
d(f.g) = { [ir-¢? dx} , 7.11)
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=0

0

0 01 02 03 04 05 06 07 08 09 1

Figure 7.1.  Plot of two functions that are in L>(0, 1) but not in C[0, 1]. One
function is y(x) = % The other one is y(x)=0in [0,1/2) and y(x)=1 in

1/2,1].

which satisfies the three conditions of the distance definition; so L?(f) is a
metric space. We say that two functions f'and g are identical (f=g) in L*(Q) if
d(f,g) = 0. For example, the following two functions are identical in L?(—2,2):

P 0, if-2<x<0, 0, if-2<x<0,
1, ifo<x<2, YTV ifo<x<2

The norm in the L?(Q) space is defined as

1/2
|wm=wm:{4mfw} | 7.12)

It is straightforward to prove that the usual properties for the distance and the
norm hold.

We say that L2(Q) is a complete space, meaning that any Cauchy sequence
{£,(Q)} in L?>(Q) has a limit in L?(2), i.e., there is a function f'€ L*(Q) such
that

Jim [1fy =12 =0, or  lim f, .

A Cauchy sequence is a sequence that satisfies the property that, for any given
positive number €, no matter how small it is, there is an integer N such that

1S = S|l 2 <e, if m>N, n>N.
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A complete normed space is called a Banach space (a Cauchy sequence
converges in terms of the norm), so L?(Q) is a Banach space.

7.2.1 The Inner Product in L?

For any two vectors

X1 N1

X2 V2
X = s y:

[ *n | Vn |

in R", we recall that the inner product is

n

(x5, 9)=xTy=> xpr=x1y1+ Xop2+ -+ XuYu -

i=1

Similarly, the inner product in L?(f2) space in R, the real number space, is
defined as

(f,g):/Qf(x)g(x) dx , for anyfandgeLz(Q), (7.13)

and satisfies the familiar properties

(f,8) = (g.f),
(of g) = (fiag)=alf,g), Va€eR,
(frg+w)=(f8)+(fiw)

for any f, g, and w € L?(€2). The norm, distance, and inner product in L?(2) are
related as follows:

1/2
lallo =1l 2y = v/ (0, ) = dl(u1,0) = { /Q Juf? dx} S
With the L?(0, 1) inner product, for the simple model problem
—u'=f, 0<x<l, u(0)=u(l)=0,
we can rewrite the weak form as

W V)=(fv), YveH0,1),
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and the minimization form as

min F(v): F(v)= l(v’7 vy = (f,v).
veH)(0,1) 2

7.2.2 The Cauchy—Schwarz Inequality in L* ()

For a Hilbert space with the norm |ju||=+/(u,u), the Cauchy—Schwarz
inequality is

[ (2, )| < [fael[[[v]- (7.15)

Examples of the Cauchy—Schwarz inequality corresponding to inner products
in R" and in L? spaces are

n n 1/2 n 1/2
T {Zx%} {zy%} |
i=1 i=1 i=1

Zn:Xi <+Vn {Z”:x%}l/Z’

i= i=1

1
fod= ()" (o)
fdx| < | fdx " V7V,
Jol = { [t

where V is the volume of 2.

7.2.2.1 A Proof of the Cauchy—Schwarz Inequality
Noting that (u, u) = ||ul|?, we construct a quadratic function of « given u and v:
flo)=(u+ av,u+ av) = (u,u) + 2a(u,v) + a*(v,v) >0.

The quadratic function is nonnegative; hence the discriminant of the quadratic
form satisfies

A=h —4ac<0, ie, 4(u,v)> — 4(u,u)(v,v) <0 or (u,v)> < (u,u)(v,v),

yielding the Cauchy—Schwarz inequality |(u, v)| < ||u||||v||, on taking the square
root of both sides.

A complete Banach space with an inner product defined is called a Hilbert
space. Hence, L*(Q) is a Hilbert space (linear space, inner product, complete).
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7.2.2.2 Relationships Between the Spaces

The relationships (and relevant additional properties) in the hierarchy of
defined spaces may be summarized diagrammatically:

Metric Space (distance) = Normed Space (norm) = Banach space
(complete) = Hilbert space (inner product).

7.2.3 L?(Q) Spaces
An L7(2) (0 < p < o) space is defined as
LP(Q):{u(x),/ ]u(x)*”abc<oo}7 (7.16)
Q

and the distance in L7(£2) is defined as

1/p
d(f.g) = {/Q If— gl dX} : (7.17)

An I7(Q) space has a distance and is complete, so it is a Banach space. However,
it is not a Hilbert space, because no corresponding inner product is defined
unless p = 2.

7.3 Sobolev Spaces and Weak Derivatives

Similar to C™(f2) spaces, we use Sobolev spaces H”({2) to define function
spaces with derivatives involving integral forms. If there is no derivative, then
the relevant Sobolev space is

HO(Q):LZ(Q):{V(X),/Q|v\2dx<oo}. (7.18)

7.3.1 Definition of Weak Derivatives

If u(x) € C'[0, 1], then for any function ¢ € C'(0, 1) such that ¢(0) = ¢(1) =0
we recall

/0 Y (x)0(x) = ud - /0 () () dr= /0 ud @ dx, (119)

where ¢(x) is a test function in C}(0, 1). The first-order weak derivative of
u(x) € L*(Q) = H(Q) is defined to be a function v(x) satisfying

/ () () = — / u(x)¢! (x)dx (7.20)
Q Q
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forall ¢(x) € C}(2) with ¢(0) = ¢(1) =0. If such a function exists, then we write
v(x)=u/(x).

Example 7.4. Consider the following function u(x)

1
if 0 < =
1 _x<2,

X
27
uix)=
=9

- 1

2x,ﬁ§§x§L

It is obvious that u(x ) € C[0, 1] but «/(x) & C(0, 1) since the classic derivative
does not exist at x = 2 Let ¢(x) € C1(0, 1) be any function that vanishes at two
ends, i.e., $(0) =¢(1) =0, and has first-order continuous derivative on (0, 1).
We carry out the following integration by parts.

1 i 1
/ & udx = /2 ¢ udx +/ ¢ udx
0 0 i

1
2

= ¢(x) u(x)

+ o(x) u(x)

0

]l / ou'dx + /1 ou'dx

:¢(1/2)(u(1/2 )—u1/2+ / ) 4y —/ i

1
- / P(x)(x)dx
0

where we have used the property that ¢(0) = ¢(1) =0 and ¢(x) is defined as

1

=, if0<x<l,

2 2
P(x)=

—%, ifI<x<l,

which is what we would expect. In other words, we define the weak derivative
of u(x) as /(x) =1 (x) which is an H'(0, 1) but not a C(0, 1) function.

Similarly, the m-th order weak derivative of u(x) € H’(2) is defined as a
function v(x) satisfying

/ W) b (x)dx = (— 1) / u(x) ™ (x)dx (7.21)
Q Q

for all ¢(x) € CI'(Q) with ¢(x) =¢'(x)=---= " D(x)=0for all x € 9Q. If
such a function exists, then we write v(x) = u(")(x).

=
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7.3.2 Definition of Sobolev Spaces H" (Q2)
The Sobolev space H' () defined as

H'(Q)= {v(x), Dve L2(Q), |a| < 1} (7.22)

involves first-order derivatives, e.g.,

b b
Hl(a,b):{v(x),a<x<b,/ vzdx<oo,/(v’)2dx<oo},

and in two space dimensions, H'(€2) is defined as

HI(Q):{V(Ly),veLZ(Q) g; LA(Q), g; LZ(Q)}

The extension is immediate to the Sobolev space of general dimension

Hm(Q):{V(X), Dve L2(Q), yaygm}. (7.23)

7.3.3 Inner Products in H" (Q2) Spaces
The inner product in H°(Q) is the same as that in L?(€2), i.e.,

(u, V) oy = (u, V)= /Q uvdx .

The inner product in H' (a, b) is defined as

b
(14 9) g1t () = (4 v)l—/ (uv +u'v') dx;

the inner product in H'(£2) of two variables is defined as

8u ov 8u v
(u, V) i) = (U, v 1—// ( (9x8x ay 0y> dxdy; and

the inner product in A" ((2) (of general dimension) is

(u, v) i) = (4, v m—/ Z (D%u(x)) (D*v(x)) dx. (7.24)

|a|<m

The norm in H™(2) (of general dimension) is

1/2
]| prn () = um{/ > IDu(x)? dX} : (7.25)

|or| <m
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therefore, H”((2) is a Hilbert space. A norm can be defined from the inner
product, e.g, in H'(a, b), the norm is

, 1/2
Hu||1:{/ (u2+u'2)dx} :

The distance in H”(2) (of general dimension) is defined as

d(u, V)m = ||t = V|- (7.26)

7.3.4 Relations Between C" (2) and H" (2) — The Sobolev
Embedding Theorem

In 1D spaces, we have
H'(Q)c '), HQ)cci(Q), ..., HYQ) cCd@Q).
Theorem 7.5. The Sobolev embedding theorem: If 2m > n, then
H™cd/, j=0,1,..., (7.27)

where n is the dimension of the independent variables of the elements in the
Sobolev space.

Example 7.6. In 2D spaces, we have n=2. The condition 2m > n means that
m > 1. From the embedding theorem, we have

HYcd, j=0= H*c(C", j=1=HcC'.,.... (7.28)

Ifu(x,y) e H?, which means that u, u,, Uy, Uyy, Uxy, and uy, all belong to 12,
then u(x, y) is continuous, but u, and u, may not be continuous!

Example 7.7. In 3D spaces, we have n=3 and the condition 2m >n means
that m > 3 /2 whose closest integer is number two, leading to the same result as
in 2D:

BPYcd, j=0= H*cC", j=1=HcC,.... (129

We regard the regularity of a solution as the degree of smoothness for a class
of problems measured in C” or H" space. Thus, for u(x) € H" or u(x) € C™,
the larger the m the smoother the function.
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7.4 FE Analysis for 1D BVPs
For the simple 1D model problem

—u"=f, 0<x<l, u(0)=u(1)=0,

we know that the weak form is

1 1
/u'v’dx—/fvdx or (U v)=(f,v).
0 0

Intuitively, because v is arbitrary we can take v=for v=u to get

1 1 1 1
/ u’v’dx:/ ' dx, / fvdx:/ fdx,
0 0 0 0

sou, i, f,v,and v/ should belong to L*(0, 1), i.e., we have u € H(l)(O, l)andve
H{(0,1); so the solution is in the Sobolev space H}(0,1). We should also take
v in the same space for a conforming finite element method. From the Sobolev
embedding theorem, we also know that H' C C?, so the solution is continuous.

7.4.1 Conforming FE Methods

Definition 7.8. If the finite element space is a subspace of the solution space,
then the finite element space is called a conforming finite element space, and the
finite element method is called a conforming FE method.

For example, the piecewise linear function over a given mesh is a conforming
finite element space for the model problem. We mainly discuss conforming finite
element methods in this book. On including the boundary condition, we define
the solution space as

HL)0,1) = {v(x) . v(0)=v(1)=0, ve H'(0, 1)} . (7.30)

When we look for a finite element solution in a finite-dimensional space V7, it
should be a subspace of H(l)(O, 1) for a conforming finite element method. For
example, given a mesh for the 1D model, we can define a finite-dimensional
space using piecewise continuous linear functions over the mesh:

Viy=A{vn, vy(0)=v,(1) =0, v, is continuous piecewise linear} .

The finite element solution would be chosen from the finite-dimensional
space 1, a subspace of H}(0, 1). If the solution of the weak form is in H}(0, 1)
but not in the V), space; then an error is introduced on replacing the solu-
tion space with the finite-dimensional space. Nevertheless, the finite element
solution is the best approximation in V, in some norm, as discussed later.
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7.4.2 FE Analysis for 1D Sturm—Liouville Problems

A 1D Sturm—Liouville problem on (x;, x,) with a Dirichlet boundary condition
at two ends is

—(p(x)' (x))" + g(x)u(x) =f(x), x<x<x,
u(x))=0, u(x,)=0, (7.31)
p(X) mein >0 3 Q(X) > qmin > 0.

The conditions on p(x) and ¢(x) guarantee the problem is well-posed, such that
the weak form has a unique solution. It is convenient to assume p(x) € C(xy, x;)
and ¢(x) € C(xy, x,). Later we will see that these conditions together with f(x) €
L?(x;, x,), guarantee the unique solution to the weak form of the problem. To
derive the weak form, we multiply both sides of the equation by a test function
v(x), v(x;) = v(x,) = 0 and integrate from x; to x, to get

Xr

/xr (—(p(x)ud) + qu) vdx = —pu'y

Xy

Xr
—i—/ (pu'v' + quv) dx
RYj X/

X

_ [ fvdx

X1

:>/ r (pu'v' + quv) dx = rfv dx,¥ve H(x;,x,) or a(u,v)=L(v).

X1 X1

7.4.3 The Bilinear Form
The integral

a(u,v) = /Xr (pu'v' + quv) dx (7.32)

X

is a bilinear form, because it is linear for both « and v from the following

alou + pw,v) = /xr (p(add + Bw' W' + g(au + pw)v) dx

X1

Xr Xr

=« (pu'v' + quv) dx + 6/ (pu'v' + qwv) dx
X X1

— aa(u, v) + Ba(w, v),

where « and (5 are scalars; and similarly,

a(u,av + pw) = aa(u,v) + Ba(u,w) .
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It is noted that this bilinear form is an inner product, usually different from the
L? and H' inner products, but if p=1 and g =1 then

a(u,v) = (u,v).

Since a(u, v) is an inner product, under the conditions: p(x) > pyin >0, g(x) >
0, we can define the energy norm as

llut]| o = a@@ﬁz{xﬁ(ﬂdf+qf)m}é, (7.33)

Al
where the first term may be interpreted as the kinetic energy and the second
term as the potential energy. The Cauchy—Schwarz inequality implies |a(u, v)| <
lualal V]
The bilinear form combined with linear form often simplifies the notation for
the weak and minimization forms, e.g, for the above Sturm-Liouville problem
the weak form becomes

a(u,v)=L(v), Vve H)(x;, x,), (7.34)
and the minimization form is
. . 1
min  F(v)= min { a(v,v) — L(V)} . (7.35)
ve ) (x;,xr) veH)(x) (2

Later we will see that all self-adjoint differential equations have both weak and
minimization forms, and that the finite element method using the Ritz form is
the same as with the Galerkin form.

7.4.4 The FE Method for 1D Sturm—Liouville Problems
Using Hat Basis Functions

Consider any finite-dimensional space V}, C H(l)(xl, x,) with the basis
b1(x) € Hy(xp,x,), da(x) € HY(x1, %)), ..., dar(x) € Hy(xs, %)),
that is,
Vi = span{¢y, ¢a, ..., om}

M
_ { vs:zm} C Hi(ux).

i=1

The Galerkin finite method assumes the approximate solution to be

M
us(xX) =) i), (7.36)
j=1
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and the coefficients {c;} are chosen such that the weak form

alug,v) = (f,vs), VvseV

is satisfied. Thus we enforce the weak form in the finite-dimensional space V7,
instead of the solution space H}(x, x,), which introduces some error.

Since any element in the space is a linear combination of the basis functions,
we have

a(us,d;) = (figi), i=1,2,....M,

or

M
ald i | =(fid), i=12,....M,

J:

—

or
M
> a(gp d)ai=(fidi), i=1,2,..., M.
j=1

In the matrix-vector form AX = F, this system of algebraic equations for the
coefficients is

La(¢1, 1) aldr,¢2) - alér,om) ] [ou (f;91)
a(pa, ¢1)  alga,d2) - alén, om) | | @ (f, 92)

La(om, &) aldm, ¢2) -+ alom, dm)| [am|  [(fsdm))

and the system has some attractive properties.

e The coefficient matrix 4 is symmetric, i.e., {a;}={a;} or A= AT, since
a(¢i, ¢;) = a(¢j, ¢:). Note that this is only true for a self-adjoint problem such
as the above, with the second-order ODE

—(pd) +qu=f.
For example, the similar problem involving the ODE
. u// + u/ _ f

is not self-adjoint; and the Galerkin finite element method using the
corresponding weak form

(W' ')+ @, v)=(fiv) or (u,v') = (u,v")=(/,v)
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produces terms such as (¢, ¢;) that differ from (¢}, ¢;), so that the coefficient
matrix A4 is not symmetric.
e A is positive definite, i.e.,

xTA x> 0if x#£0, and all eigenvalues of 4 are positive.
Proof For any n # 0, we show that n74 1 > 0 as follows

n"An=n"(An) Zmzaym

=l j=1

M M

= Z Z d)h(b]
v

= Z Z ¢17771¢1
M
>_mia

Z nj®;

I
—_

=a Z niPi, Z ni®j

= a(vs, s)—llvv||2>0

M

since vy = Z ni¢; # 0 because 1 is a nonzero vector and the {¢;}’s are linear-
i=1

independent.

7.4.5 Local Stiffness Matrix and Load Vector Using the
Hat Basis Functions

The local stiffness matrix using the hat basis functions is a 2 x 2 matrix of the
following,

Jip(x) (@))2dx [ p(x) it
[ﬁf“l’(x) iy [0 p(x) ( §+1)2d>l
N [ Jirta(x) gidx [ q(x) ¢i¢i+1dx]

Jotta(x) gipaddx — [5 q(x) 67 dx
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and the local load vector is
St foidx ]

e !
St fivrdx
The global stiffness matrix and load vector can be assembled element by
element.

7.5 Error Analysis of the FE Method
Error analysis for finite element methods usually includes two parts:

1. error estimates for an intermediate function in V/,, often the interpolation
function; and

2. convergence analysis, a limiting process that shows the finite element solu-
tion converges to the true solution of the weak form in some norm, as the
mesh size s approaches zero.

We first recall some notations and setting up:

1. Given a weak form a(u,v) = L(v) and a space V, which usually has infinite
dimension, the problem is to find a u € V' such that the weak form is satisfied
for any v € V. Then u is called the solution of the weak form.

2. A finite-dimensional subspace of V denoted by V), (i.e., V;, C V) is adopted
for a conforming finite element method and it does not have to depend on
h, however.

3. The solution of the weak form in the subspace V), is denoted by uy, i.e., we
require a(uy, v;) = L(vy,) for any v, € V.

4. The global error is defined by e;, = u(x) — u;,(x), and we seek a sharp upper
bound for ||e;|| using certain norm.

It was noted that error is introduced when the finite-dimensional space replaces
the solution space, as the weak form is usually only satisfied in the subspace
V;, and not in the solution space V. However, we can prove that the solution
satisfying the weak form in the subspace V), is the best approximation to the
exact solution u in the finite-dimensional space in the energy norm.

Theorem 7.9. With the notations above, we have
1. uy, is the projection of u onto V), through the inner product a(u,v), i.e.,
u—u, LVyoru—u,Lo¢;, i=1,2,.... M, (7.37)
a(u—up,vy)=0Vv, €Vyor alu—uy, ¢))=0, i=1,2,...,M, (7.38)

where {¢;}’s are the basis functions.
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2. uy, is the best approximation in the energy norm, i.e.,

||M - ”hHa < ||u - vhHaa \V/Vh € Vh~

Proof

=~ =

a(u,v v),VveVl,

(
—a(u,vy) = (fivn), Yy, € V) since Vy, C V,

alup, vy V), Y v, € V}, since uy, is the solution in V7,

)
) =
)= (/.

subtract — a(u — uy,, vy) = 0 ora(ey, vy) =0, Vv, € V).

Now we prove that uy, is the best approximation in V.

et — vl

a(u— vy, u—v)

a(u — up + up — vy, u — w4 up — vp)

a(u — up,u— up + wp) + alwy, u — uy + wy,)

(
(
a(u—uy + wp,u — w, +wy), onletting  wy,=uy, — v, €V,
(
(

a(u — up,u — up) + a(u — up, wy) + a(wy, u — up) + a(wp, wy)
= [ju— uh||§ +0+0+ HwhHﬁ, since, a(ep,u;) =0

2
> [|u — uplly

i.e., ||u—up|a<l|u—vyllq Figure 7.2 is a diagram to illustrate the theorem.

u—uy

Uy
h

Figure 7.2. A diagram of FE approximation properties. The finite element
solution is the best approximation to the solution « in the finite-dimensional
space V/j, in the energy norm; and the error u — u, is perpendicular to the finite-
dimensional space V, in the inner product of a(u, v).
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Example: For the Sturm-Liouville problem,

b
=il = [ (P00 = 1)+ 400) 0= )
b b
Spmax/ (' — u)))*dx + qmax/ (u—up)? dx

b
< max{pmax, qmax}/ ( (u —u))* + (u— uh)z) dx

= Cllu— w7,
where C = max{pmax, ¢max }- Thus, we obtain

et = uplla < Cllue =y,

e = wplla < e = valla < Cllu = villr-

7.5.1 Interpolation Functions and Error Estimates

Usually the solution is unknown; so in order to get the error estimate we
choose a special v; € V), for which we can get a good error estimate. We may
then use the error estimate ||u — uy||, < |lu — v} ||, to get an error estimate for
the finite element solution (may be overestimated). Usually we can choose a
piecewise interpolation function for this purpose. That is another reason that
we choose piecewise linear, quadratic, or cubic functions over the given mesh
in finite element methods.

7.5.1.1 Linear 1D Piecewise Interpolation Function

Given a mesh xg, X1, X2, . .., X)s, the linear 1D piecewise interpolation function
is defined as

u(x;), xi—1<x<x;.

It is obvious that u;(x) € V,, where ¥}, C H! is the set of continuous piecewise
linear functions that have the first-order weak derivative, so

[ = vnlla < [Ju = wlla -

Since u(x) is unknown, then so is u;(x). Nevertheless, we know the upper error
bound of the interpolation functions.
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Theorem 7.10. Given a function u(x) € C*a,b] and a mesh xy,x1,x2,. .., X,
the continuous piecewise linear function uy has the error estimates
h2
[ — ]l oo = max fu(x) —ur(x)] < <", (7.39)
x€[a,b] 8
o/ (x) = ()| 20y < VD — ||| oo - (7.40)

Proof If é, =u(x) — us(x), then ¢,(x,_1) =¢€,(x;) =0. From Rolle’s theorem,
there must be at least one point z; between x;_; and x; such that ¢,’(z;) =0,
hence

i) = [ e

_ /X (W"(1) — (1)) dr

i

= /Y u (1) dr .

1

Therefore, we obtain the error estimates below

X X
16/(x)] < / (1) < " oo / di< || och, and

1

b 2
Héh,HLz(a,h):Héh,H()g{H””Hgo/ hzdf} < Vb —allu"||ch
a

so we have proved the second inequality. To prove the first, assume that
Xi—1+ h/2<z;<Xx;, otherwise we can use the other half interval. From the
Taylor expansion
G(x) = G(zi+ x — =), assuming x;_ < x < x;,
- . 1.
= ep(zi) + € (zi)(x — zi) + Eeh”(ﬁ)(x — )%, X <€< X,

~ 1 " 2
= ep(z) + 3% () (x —zi)7,
so at x = x; we have

0= ~h(x1) = e~h(zl) + %éh”(f)(xi - 21)2 )
(=) = 5 ()~ =),

- 1 h?
(20 < " oo 1 = 2> < 4

Note that the largest value of ¢(x) has to be the z; where the derivative is zero.
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7.5.2 Error Estimates of the Finite Element Methods
Using the Interpolation Function

Theorem 7.11. For the 1D Sturm—Liouville problem, the following error estimates
hold,

= uplla < Chl|"]| oo,

e = wp}1 < Chlju"]| o
where C and C are two constants.
Proof
ot = w13 < e = w3

b
< [ (o) 0 = i+ ) (= i)
a
b
< max {Pmaxv Qmax}/ ( (u/ - u/[)z + (u - ul)z) dx
a
b
< 0t s s [ [ (P 41 /64) dv
a
< Ch[|u" oo -
The second inequality is obtained because || ||, and || ||; are equivalent, so
clvlla <[Pvlls < Clivlla s elvlly < Ivlla < Cllv]l -
7.5.3 Error Estimate in the Pointwise Norm
We can easily prove the following error estimate.
Theorem 7.12. For the 1D Sturm—Liouville problem,
[ = uplloo < Chll"]|so, (7.41)

where C is a constant. The estimate is not sharp (or optimal); or simply it is
overestimated.

We note that ), is discontinuous at nodal points, and the infinity norm
||/ — u}|| s can only be defined for continuous functions.
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Proof

es(x) = ux) ~ ()= [ i)

b
ea()] < / (1) de

. 2 ¢, 1/2
< /]e},]zdt /ldt
b, 1/2
<vVb-a /|e}l|2dt
a min

b —

< — llenlla
min
b—a , .
< =Yl
min
< Ch||u"]| s -

Remark 7.13. Actually, we can prove a better inequality
e = tlloe < CR* " oo

so the finite element method is second-order accurate. This is an optimal (sharp)
error estimate.

Exercises

1. Assuming the number of variables n =3, describe the Sobolev space H>() (i.e., for
m=3) in terms of L?(), retaining all the terms but not using the multi-index notation.
Then using the multi-index notation when applicable, represent the inner product, the
norm, the Schwarz inequality, the distance, and the Sobolev embedding theorem in this
space.

2. Consider the function v(x)=|x|* on Q= (—1,1) with a« € R. For what values of « is
ve H(Q)? (Consider both positive and negative «.) For what values is v H'(Q)? in
H™(Q)? For what values of a is v € C"(2)?
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Hint: Make use of the following

x“ ifx>0
(—x)* ifx<0,

and when £ is a nonnegative integer note that

also

L[ ifa=2k
[x|* = ,
1 ifa=0;

0 ifa>0 ’

1 -

lim |x/*={1 ifa=0 and /1uﬁw: a+1
x—0 1 .

o0 fa<-—1.

ifa>—1

o ifa<0

3. Are each of the following statements true or false? Justify your answers.

(a)
(b)

If uc H*(0, 1), then ' and " are both continuous functions.
Ifu(x,y) € H*(Q), then u(x, y) may not have continuous partial derivatives du/dx and
Ou/dy.

Does u(x, y) have first- and second-order weak derivatives?
Is u(x, y) continuous in ?
4. Consider the Sturm-Liouville problem

(a)
(b)
(©
(d)

©

— (Pu(x)) + g(x)u(x) = f(x), 0<x<,

au(0) + pu' (0)=~, u'(m)=u,
where 0 < Pmin SP(x) Spmax < 00,

0 S qmin S (I(X) S qmax < oo -

Derive the weak form for the problem. Define a bilinear form a(u, v) and a linear form
L(v) to simplify the weak form. What is the energy norm?

What kind of restrictions should we have for o, 3, and v in order that the weak form
has a solution?

Determine the space where the solution resides under the weak form.

If we look for a finite element solution in a finite-dimensional space V) using
a conforming finite element method, should ¥} be a subspace of C 0 or C',
or C*?

Given amesh xo =0 < x; < x2 < --- < xpy—1 < xp =, if the finite-dimensional space
is generated by the hat functions, what kind of structure do the local and global stiff-
ness matrix and the load vector have? Is the resulting linear system of equations formed
by the global stiffness matrix and the load vector symmetric, positive definite and
banded?
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5. Consider the two-point BVP
—u'(x)=f(x), a<x<b, u(a)=u(b)=0.

Let u,(x) be the finite element solution using the piecewise linear space (in Hp(a,b))
spanned by a mesh {x;}. Show that

= ]| < CH,

where Cis a constant.
Hint: First show ||u;, — us]|. =0, where u;(x) is the interpolation function in V.
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8
Issues of the FE Method in One Space Dimension

8.1 Boundary Conditions
For a second-order two-point BVP, typical boundary conditions (BC) include

one of the following at each end, say at x = x;,

1. a Dirichlet condition, e.g, u(x;) = u; is given;

2. a Neumann condition, e.g, ' (x;) is given; or

3. a Robin (mixed) condition, e.g, au(x;) + Bu'(x;) =+ is given, where «, £,
and v are known but u(x;) and «/(x;) are both unknown.

Boundary conditions affect the bilinear and linear form, and the solution space.

Example 8.1. For example,
—u" =7, 0<x<l,
u(0)=0, u'(1)=0,

involves a Dirichlet BC at x=0 and a Neumann BC at x=1. To derive the
weak form, we again follow the familiar procedure:

1 1
/ —u"vdx = / frdx,
0 0

1 1
—u v(l)—l—/ u/V'dx—/ Sfrdx,
0 0

1 1
—u’(l)v(l)—i—u’(O)v(O)—i—/ u/v’dx:/ofvdx.

0

For a conforming finite element method, the solution function « and the test
functions v should be in the same space. So it is natural to require that the
test functions v satisfy the same homogeneous Dirichlet BC, i.e., we require
v(0) =0; and the Dirichlet condition is therefore called an essential boundary

181
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condition. On the other hand, since /(1) =0, the first term in the final expres-
sion is zero, so it does not matter what v(1) is, i.e., there is no constraint on
v(1); so the Neumann BC is called a natural boundary condition. It is noted
that u(1) is unknown. The weak form of this example is the same as before
for homogeneous Dirichlet BC at both ends; but now the solution space is
different:

W, v') = (fiv), Ve Hy(0, 1),

where HL(0,1) = {v(x), v(0)=0, veHl(O,l)},

where we use the subscript E in H5(0,1) to indicated an essential boundary
condition.

8.1.1 Mixed Boundary Conditions

Consider a Sturm-Liouville problem
—(pu) +qu=/f, x;<x<x;, p(x)Zpmin>0, q(x)=0, (8.1)

o

u(xl) =0, au(xr) + BM’(X,) =7, B#0, B >0, (8.2)
where «, 3, and ~ are known constants but u(x,) and #/(x,) are unknown.
Integration by parts again gives

X

—p(x ) (x,)v(x,) + p(x)ud (x))v(x)) + /xr (pu'v' + quv) dx:/ rfv dx.

RY X7

(8.3)
As explained earlier, we set v(x;) =0 (an essential BC). Now we reexpress the

mixed BC as

v — au(x;)

3 , (8.4)

W (x,) =
and substitute this into (8.3) to obtain

p(x,)v(x,,ﬂ—og’(xr) + / (' + quv) dx = / " fodx

or equivalently

/x, (pv' + quv) dx + %P(xr)u(xr)V(xr) = /x,fv bt %p o), (53
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which is the corresponding weak (variational) form of the Sturm-Liouville
problem. We define

a(u,v) = / ,- (pu'v' + quv) dx + %p(x,,)u(xr)v(x,), the bilinear form, (8.6)
x;

Lv)=(f,v) + lp(x,)v(x,), the linear form. (8.7)

g

We can prove that:

1. a(u,v)=a(v,u), i.e, a(u,v) is symmetric;

2. a(u,v) is a bilinear form, i.e.,
a(ru+ sw,v) = ra(u,v) + sa(w,v),
a(u,rv+sw) = ra(u,v) + sa(u,w),

for any real numbers r and s; and
3. a(u,v) is an inner product, and the corresponding energy norm is

o = /a(u, u) = { / | (i + qu?) dx + gmxr)u(xr)z}; :

It is now evident why we require 5 # 0, and /3 > 0. Using the inner product,
the solution of the weak form u(x) satisfies

Xr

a(u,v) = L(v), VveHy(x;,x,), (8.8)
Hi(x), %) = {V(X)a v(x)) =0, ve H'(x, Xr)} : (8.9)

and we recall that there is no restriction on v(x,). The boundary condition is
essential at x = x;, but natural at x = x,.. The solution u is also the minimizer of
the functional

in the HY(x;, x;) space.

8.1.2 Nonhomogeneous Dirichlet Boundary Conditions

Suppose now that u(x;)=u;#0 in (8.2). In this case, the solution can be
decomposed as the sum of the particular solution

—(pu}) +quy =0, x;<x<Xx,

8.10
u(x)=u;, au(x,)+ puj(x,)=0, B#0, (8.10)
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and

—(puh) + qua = f, x;<x<Xx,
e (8.11)
ur(x1) =0, aup(x;) + Bup(x,) =, B#0, E >0.
We can use the weak form to find the solution u; (x) corresponding to the homo-
geneous Dirichlet BC at x = x;. If we can find a particular solution u;(x) of
(8.10), then the solution to the original problem is u(x) =u;(x) + up(x).
Another simple way is to choose a function ug(x), uo(x) € H'(x;, x,) that
satisfies

uo(x)) =uy,  aup(x,) + Bug(x,) =0.

For example, the function uy(x) =u;¢0(x) would be such a function, where
¢o(x) is the hat function centered at x; if a mesh {x;} is given. Then u(x) =
u(x) — up(x) would satisfy a homogeneous Dirichlet BC at x; and the following
S-L problem:

—(pi) +qu=f(x)+ (pup) — quo, x;<x<xy,
i(x) =0, ail(x;) + Bi(x,) =".
We can apply the finite element method for #(x) previously discussed with the

modified source term f(x), where the weak form u(x) after substituting back is
the same as before:

ay(u,v)=Lyi(v), Vv(x) GH}E(xl, Xr),

where

ap (i, v) = /Xr (pilv' + qiv) dx + %p(xr)it(x,‘)v(xr)

X

Li(v) = /xrfvdx + %p(xr)v(xr) + /xr ((pug)'v — quov) dx

X1

= [t oot — [ (o + quon) e
Xy

R

(xrJuo (xr) v(x;).

El’
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If we define

a(u,v) = /xr (pu'v' + quv) dx + %p(x,)u(xr)v(xr),

X

L(v) = /):rfvdx + %p(xr)v(x,),

as before, then we have

ay(u—up,v)=a(u—ug,v)=Li(v)=L(v) —a(up,v), or a(u,v)=L(v).
(8.12)

While we still have a(u, v) = L(v), the solution is not in H(x/, x,) space due to
the nonhomogeneous Dirichlet boundary condition. Nevertheless u — u is in
HY.(x},x,). The formula above is also the basis of the numerical treatment of
Dirichlet boundary conditions later.

8.2 The FE Method for Sturm—Liouville Problems

Let us now consider the finite element method using the piecewise linear func-
tion over a mesh x| = xy, X3, ..., Xpr = X, (see a diagram in Figure 8.1) for the
Sturm-Liouville problem

—(pd) +qu=1f, x;<x<x,

M(X[) =uj, au(xr) + B“/(xr) =7 B ;é 07 Z O

™| R

We again use the hat functions as the basis such that

M
up(x) = cigi(x),
i=0

and now focus on the treatment of the BC.
The solution is unknown at x = x,, so it is not surprising to have ¢,s(x) for
the natural BC. The first term ¢¢(x) is the function used as uy(x), to deal with

q)() o 1 ¢/’ ¢!’l/1

Xy =0 X, X, X; Xy =1

Figure 8.1. Diagram of a 1D mesh where x;=0 and x, = 1.
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the nonhomogeneous Dirichlet BC. The local stiffness matrix is

/ et ax / " gl d
e [ a(pi, i) a(di, div1) ] | s ! N it
(00 @)l gy | [ patistiax [ oty ax
Xi Xi

Xit1 5 Xit1
/ godx / 4didis dx
Xi Xi

/. " qpir10idx / . qé7, dx
a Or(xr)  ixr) i (xr)
+ —p(x,-) 2 ’
’3 ¢i+1(xr)¢i(xr) ¢i+1(xr)

and the local load vector is

Xit1

Joidx

Lidi .
@4 ] +”p<xr>[

L(¢it1)

Fe
Xit1

Joiy1dx

¢i(xr) ]
Giy1(xr) .

X

We can see clearly the contributions from the BC; and in particular, that the
only nonzero contribution of the BC to the stiffness matrix and the load vector
is from the last element (x,,_1, xs) due to the compactness of the hat functions.

8.2.1 Numerical Treatments of Dirichlet BC

The finite element solution defined on the mesh can be written as
uh( =U ¢0 + Zaj¢]

where oy, j=1,2, ..., M are the unknowns. Note that u;¢(x) is an approximate
particular solution in H'(x;, x,), and satisfies the Dirichlet boundary condition
at x =Xx; and homogeneous Robin boundary condition at x = Xx,. To use the
finite element method to determine the coefficients, we enforce the weak form
for uy(x) — uapo(x) for the modified differential problem,

—(pu) + qu=f—+u (pdy) — g ¢o, xl<x<xm

u(x))=0, au(x,)+ pu(x,)=~, B#O0, B >0.

(8.13)
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Thus the system of linear equations is

a(up(x), 0i(x))=L(¢y), i=1,2,..., M,

where a(:,:) and L(:) are the bilinear and linear forms for the BVP above, or
equivalently

a(o1, o1)ar +a(er, ¢a)ag + - - +a(o1, dm)ay = L(p1) — aléo, 1) u
a(¢a, 1)y + a(pa, p2)an + - - - + a(é2, dm)am = L(p2) — al¢o, d2) wy

a(om, d1)on + al(pum, ¢2)an + -+ + a(du, dm)om = L(dm) — alpo, o) up,

where the bilinear and linear forms are still

a(u,v) = /xr (pu'v' + quv) dx + %p(x,)u(x,)v(xr);

Lo = [ lxrfvdx + Dpl)vl).
since
/ r (ui(p ¢y)' — wiq o) ¢i(x)dx = —ua(do, ¢;).

After moving the a(¢;, uipo(x)) = a(pi, po(x)) u; to the right-hand side, we
get the matrix-vector form

1 0 ce 0 Q) uj
0 a(or,¢1) -+ alér, om) ag L(¢1) — a(o1, do)u;

10 a(pa, 1) - alom,dm) | [am] [ L(om) — aldm, do)uy |

This outlines one method to deal with a nonhomogeneous Dirichlet boundary
condition.

8.2.2 Contributions from Neumann or Mixed BC

The contribution of mixed boundary condition at x, using the hat basis
functions is zero until the last element [x;,_1, x3s], where ¢y/(x,) is not zero.
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The local stiffness matrix of the last element is

XM XM
/ (paﬁ’Mf + q%q) dx / (pSy— 1O + qdry—16m) dx
XM—1 XM—1
XM

/XM (PO Phi—1 + admdr—1) dx /

XM—1 Xp—

| (p¢'M2 + %) dx + %p(Xr)

and the local load vector is

/ )b () dx

e

M-1— XM ~
/ FO)u) dx + Tp(x)

8.2.3 Pseudo-code of the FE Method for 1D Sturm—Liouville
Problems Using the Hat Basis Functions

e Initialize:

for i=0, M
F(i) = 0
for j=0, M
A(i,j) =0
end
end

e Assemble the coefficient matrix element by element:
fori=1, M
Ai—1,i—1)=A4A(Gi—1,i— 1)~|—/

Xi—1

A(i—l,z‘):A(z‘—l,i)—i—/i (pi_19; + qbi16i) dx

i—1

Xi

(psbéf + q¢?71) dx

A(ii— 1) =A(i — 1,i)
A(i, i) = A(i, i) + / (pqséz + q¢?> dx

Fi-1)=Fi- 1)+ [ f0ori(dx

FO)=F)+ [ f()0ix) ds

end.
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Deal with the Dirichlet BC:

A(0,0)=1; F(0)=u,
for i=1, M
F(i)=F(i) — A(i,0) * ua;
A(i,0)=0; A(0,1) =0;
end.

e Deal with the Mixed BC at x =5.

A(M, M) = A(M, M) + %p(b),
F(M)=F(M) + %p(b)

Solve AU=F.
Carry out the error analysis.

8.3 High-order Elements

To solve the Sturm-Liouville or other problems involving second-order differ-
ential equations, we can use the piecewise linear finite-dimensional space over
a mesh. The error is usually O(%) in the energy and H' norms, and O(/?) in the
L? and L>™ norms. If we want to improve the accuracy, we can choose to:

e refine the mesh, i.e., decrease /; or
e use more accurate (high order) and larger finite-dimensional spaces, i.e., the
piecewise quadratic or piecewise cubic basis functions.

Let us use the Sturm—Liouville problem
— () +qu=f x<x<x,
u(x;))=0, u(x,)=0,

again as the model problem for the discussion here. The other boundary con-
ditions can be treated in a similar way, as discussed before. We assume a given
mesh

X0 =X, X1, ..., Xy =X, and the elements,
O = (x0,x1), Q=(x1,x2), ..., Q= (Xpm—1,Xm),

and consider piecewise quadratic and piecewise cubic functions, but still require
the finite-dimensional spaces to be in H}(x;,x,) so that the finite element
methods are conforming.
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8.3.1 Piecewise Quadratic Basis Functions

Define
Vy = {v(x) , Where v(x) is continuous piecewise quadratic in H 1} ,

over a given mesh. The piecewise linear finite-dimensional space is obviously a
subspace of the space defined above, so the finite element solution is expected
to be more accurate than the one obtained using the piecewise linear functions.

To use the Galerkin finite element method, we need to know the dimension
of the space V), of the piecewise quadratic functions in order to choose a set
of basis functions. The dimension of a finite-dimensional space is sometimes
called the the degree of freedom (DOF). Given a function ¢(x) in ¥}, on each
element a quadratic function has the form

o(x) :aix2 +bix+ci, X <x<Xpy,

so there are three parameters to determine a quadratic function in the interval
(xi, xi+1)- In total, there are M elements, and so 3M parameters. However, they
are not totally free, because they have to satisfy the continuity condition

lim ¢(x)= lim ¢(x)

X—Xi— X—Xi+

for x1, X2, ..., Xp7_1, or more precisely,
2 2 .
ai1x; +bi1xi+ci_1=aix;y +bixi+c¢;, i=1,2,..., M.

There are M — 1 interior nodal points, so there are M — 1 constraints, and ¢(x)
should also satisfy the BC ¢(x;) = ¢(x,) =0. Thus the total degree of freedom,
the dimension of the finite element space, is

3M— (M—1)—2=2M—1.

We now know that the dimension of V}, 1s 2M — 1. If we can construct 2M — 1
basis functions that are linearly independent, then all of the functions in V, can
be expressed as linear combinations of them. The desired properties are similar
to those of the hat basis functions; and they should

e be continuous piecewise quadratic functions;

e have minimum support, i.e., be zero almost everywhere; and

e be determined by the values at nodal points (we can choose the nodal values
to be unity at one point and zero at the other nodal points).

Since the degree of freedom is 2M — 1 and there are only M — 1 interior
nodal points, we add M auxiliary points (not nodal points) between x; and
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x;11 and define

zy; = X;, nodal points, (8.14)

Zir] = %, auxiliary points. (8.15)

For instance, if the nodal points are xo =0, x; =7/2, x, =7, then zg = x¢, z; =
/4, zp=x1=m/2, z3=137/4, z4 = x, = . Note that in general all the basis
functions should be one piece in one element (zy, zox12), k=0,1,..., M — 1.
Now we can define the piecewise quadratic basis functions as

S (5.16)
(z:) — ]
Y 0 otherwise.

We can derive analytic expressions of the basis functions using the proper-
ties of quadratic polynomials. As an example, let us consider how to construct
the basis functions in the first element (xo,x;) corresponding to the inter-
val (zo,z3). In this element, zj is the boundary point, z; is a nodal point,
and z; = (zo + z3)/2 is the mid-point (the auxiliary point). For ¢;(x), we have
¢1(20) =0, ¢1(z1) =1 and ¢1(z2) =0, ¢1(z}) =0, j=3,...,2M — 1; so in the
interval (29, z2), ¢1(x) has the form

¢1(x) = C(x — z0)(x — 22),
because zp and z; are roots of ¢;(x). We choose C such that ¢;(z;) =1, so

1

¢1(z1) =Cz1 —20)(z1 —:2) =1, = C= (z1 = 20)(z21 — 22)

and the basis function ¢;(x) is

(x — 20)(x — 22)
p1(x) =1 (21 —20)(z1 — 22)

0 otherwise.

if zg<x<z,

It is easy to verify that ¢;(x) is a continuous piecewise quadratic function in
the domain (xg, x,). Similarly, we have

(z—z1)(z — 29)
(z2 —z1)(z2 — 20)

$a(x) =
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Generally, the three global basis functions that are nonzero in the element
(xi, x;41) have the following forms:

0 if z< x;_1
(z — 22i-1)(z — 22i-2) if xi_1<z<ux;
$2i(z) = (221 = 22i-1)(221 = 221-2)
1 g
(z — 22i+1)(z — 22i12) if x;<z<xip
(221 — 22i41)(22i — 22i42)
0 if Xit+1 <cz.
0 if z<x;
(z — Zzi) (Z — 22i+2) ;
hiv1(2) = if x;i<z<xiqg
i+ ( ) (22i+1 — 22l~) (Zzi+1 - 22i+2) l "
0 if Xip1 <Z.
0 if z<x;
(z — 221)(z — 22i41) if x; <z<xiy
$2i42(2) (222 — 22i) (22042 — 22i41)
2i+2 -

(z = 22i43) (2 — 22i44)
(2242 — 22i43) (22i42 — 22i44)

if X1 <z<Xig2

0 ifxl'+2 <z.

In Figure 8.2, we plot some quadratic basis functions in H'. Figure 8.2(a)
is the plot of the shape functions, that is, the nonzero basis functions defined
in the interval (—1, 1). In Figure 8.2(b), we plot all the basis functions over a
three-node mesh in (0, 1). In Figure 8.2(c), we plot some basis functions over
the entire domain, ¢g(x), ¢1(x), P2(x), P3(x), pa(x), where ¢;(x) is centered at
the auxiliary point z; and nonzero at only one element while ¢, (x), ¢4(x) are
nonzero at two elements.

8.3.2 Assembling the Stiffness Matrvix and the Load Vector

The finite element solution can be written as
2M—1

up(x) = cigi(x).

i=1
The entries of the coefficient matrix are {a;} = a(¢;, ¢;) and the load vector is
F;=L(¢;). On each element (x;, x;11), or (z2;, z2i+2), there are three nonzero
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(a) 1.2
1
0.8
0.6
0.4
0.2
-0.2 S S —
-1 -0.8-0.6-04—-02 0 02 04 06 08 1
(b)
1 L j ! j j ! j j J j .
08} g
0.6 g
0.4 -
02} .
0
—02k . . . . . . . . . |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 09 1
(©)
1F T T T T T T T T T =
0.5¢ g
Us ; ; —— ; ; ; ;
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1 T T T T T T T T T =
0.5¢ -
O L 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1 T T T T T T T T T =
0.5¢ -
O B 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 8.2. Quadratic basis functions in H': (a) the shape functions (basis
functions in (—1, 1); (b) all the basis functions over a three-node mesh in
(0, 1); and (c) plot of some basis functions over the entire domain, ¢y(x),
d1(x), P2 (x), da(x), pa(x), where ¢ (x) is centered at the auxiliary point z; and
nonzero at only one element, while ¢,(x), ¢4(x) are nonzero at two elements.
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010 0 2 ’
O@ 10060
G2
+ 222 +
% % %
.........
.. = x w e e wl
* * *
% % *

Figure 8.3. Assembling the stiffness matrix using piecewise quadratic basis
functions.

basis functions: ¢o;, ¢2:11, and ¢o;1 2. Thus the local stiffness matrix is

a(pai, $2i) a(bai, G2it1) a(pai, Paig2)
K = |a(¢rit1, 02)  alPrir1, 2iv1)  aldair1, Prit2) (8.17)
a(Priz2, $2i)  a(boiv2, D2iv1)  alPiga, P2iv2) (

XiyXit1 )

and the local load vector is

L(¢2)
Li= | L(¢2i+1) : (8.18)
L(¢it2) (

Xi,Xig1)

see the diagram in Figure 8.3 for an illustration. The stiffness matrix is still
symmetric positive definite, but denser than that with the hat basis functions. It
is still a banded matrix, with the band width five, a penta-diagonal matrix. The
advantage in using quadratic basis functions is that the finite element solution
1s more accurate than that obtained on using the linear basis functions with the
same mesh.
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8.3.3 The Cubic Basis Functions in H' (x, x;) Space

We can also construct piecewise cubic basis functions in H!(x;, x,). On each
element (x;, x;11), a cubic function has the form

B(x)=aix® + bix® + cix+dp, i=0,1,... M—1.

There are four parameters; and the total degree of freedom is 3M — 1 if a
Dirichlet boundary condition is imposed at both ends. To construct cubic basis
functions with properties similar to the piecewise linear and quadratic basis
functions, we need to add two auxiliary points between x; and x;, 1. The local
stiffness matrix is then a 4 x 4 matrix. We leave the construction of the basis
functions, and the application to the Sturm-Liouville BVPs as a project for
students.

8.4 A 1D Matlab FE Package

A general 1D Matlab package has been written and is available at the book’s
depository, www4.ncsu.edu/~zhilin/FD_FEM_Book/MATLAB/1D or upon
request.

e The code can be used to solve a general Sturm-Liouville problem
—(pY + el + g(xJu=1(x), a<x<b,

with a Dirichlet, Neumann, or mixed boundary condition at x=a
and x=5.!

e We use conforming finite element methods.

e The mesh is

Xo=a<x1<Xxy---<xy=h,

as elaborated again later.
e The finite element spaces can be piecewise linear, quadratic, or cubic func-
tions over the mesh.
e The integration formulas are the Gaussian quadrature of order 1, 2, 3, or 4.
e The matrix assembly is element by element.

8.4.1 Gaussian Quadrature Formulas

In ab finite element meth]())d, we typically need to bevaluate integrals such
as [, p(x)@i(x)di(x) dx, [ q(x)¢i(x)d;(x)dx and [ f(x)hi(x)dx over some

In the package, p(x) is expressed as k(x).
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intervals (a, b) such as (x;_1, x;). Although the functions involved may be arbi-
trary, it is usually neither practical nor necessary to find the exact integrals.
A standard approach is to transfer the interval of integration to the interval
(—1, 1) as follows

b 1
/ () dx = / 7€) de, (8.19)
a —1

where

522_2—1-2_2 or x:a—l—b;a(l—i—&),
- - (8.20)

dx or dv—""“ge.

2
:>d§_b—a 2

In this way, we have

b bh— 1 bh— b — 1
[rwa="30 [ plav 250049 ac= "3 [ 7o as
8.21)

where f(¢) = fla + b%“ (1 +¢)); and then to use a Gaussian quadrature formula
to approximate the integral. The general quadrature formula can be written

1 N
| sy st
- i=1

where the Gaussian points &; and weights w; are chosen so that the quadrature
is as accurate as possible. In the Newton—Cotes quadrature formulas such as
the mid-point rule, the trapezoidal rule, and the Simpson methods, the &; are
predefined independent of w;. In Gaussian quadrature formulas, all £;’s and w;’s
are unknowns, and are determined simultaneously such that the quadrature
formula is exact for g(x)=1,x,...,x* 1. The number 2N — 1 is called the
algebraic precision of the quadrature formula.
Gaussian quadrature formulas have the following features:

e accurate with the best possible algebraic precision using the fewest points;

e open with no need to use two end points where some kind of discontinu-
ities may occur, e.g, the discontinuous derivatives of the piecewise linear
functions at nodal points;

e no recursive relations for the Gaussian points &;’s and the weights w;’s;

e accurate enough for finite element methods, because b — a ~ & is generally
small and only a few points &;’s are needed.

We discuss some Gaussian quadrature formulas below.
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8.4.1.1 Gaussian Quadrature of Order 1 ( One Point):
With only one point, the Gaussian quadrature can be written as

1
/_ 86 = wg(6).

We choose £ and w; such that the quadrature formula has the highest
algebraic precision (2N — 1 =1 for N=1) if only one point is used. Thus we
choose g(¢) =1 and g(&) =& to have the following,

1

forg(§) =1, /_1g(§)d§:2:>2:w1-1; and

1
forg(¢)=¢. /_lg(ﬁ)dé—() — 0= e,

Thus we get w; =2 and &; = 0. The quadrature formula is simply the mid-point
rule.

8.4.1.2 Gaussian Quadrature of Order 2 ( Two Points):
With two points, the Gaussian quadrature can be written as

1
/_ #(€)ds = wig(6y) + wag(6)

We choose &1, &, and wy, w, such that the quadrature formula has the
highest algebraic precision (2N — 1 =3 for N =2) if two points are used. Thus
we choose g(&) =1, g(&) =¢&, g(&) = ¢, and g(¢) = £ to have the following,

1

forg(§) =1, /lg(f)d§=2:>2:w1 + wo;

1
for g(€) = ¢, /_ B =0 = 0= i€y +waty

! 2 2
forg(©) =€, [ e©de=3 =3

T=m& +mg and

1
1

for g(£) = £, / £(Ode=0 = 0=mg] + 1.

On solving the four nonlinear systems of equations by taking advantage of the
symmetry, we get

wi=wr=1, {=- and &=

b
Vel

-
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So the Gaussian quadrature formula of order 2 is

/ 11 ¢(€)de ~g (—\%) g (%) (8.22)

Higher-order Gaussian quadrature formulas are likewise obtained, and for
efficiency we can prestore the Gaussian points and weights in two separate
matrices:

& wi
[ -1 =3 ] - :
0 — Y2 _0.8611363116 --- >
NG 21 5 0.3478548451
] 8
— 0 —0.3399810436 - - 1 2 0.6521451549 - -
/3 | 5
V3 > 0.6521451549
Y2 0.3399810436 5 O
NG 9
_ 08611363116 .- I 0.3478548451 - --

Below is a Matlab code setint.m to store the Gaussian points and weights up
to order 4.

function [xi,w] = setint

o\©

©0000000000000000000000000000000000000000000000000000000000000
0000000000000 000000000000000000000000000000000000000000060600070

o°

o

Function setint provides the Gaussian points x(i), and the %

% weights of the Gaussian quadrature formula. %
% Output: %
% x(4,4): x(:,1) 1s the Gaussian points of order 1i. %
% w(4,4): w(:,1) is the weights of quadrature of order i. %
clear x; clear w

xi(1,1) = 0;

w(l,1l) = 2; % Gaussian quadrature of order 1

xi(1,2) = -1/sgrt(3);

xi(2,2) = -xi(1,2);

w(l,2) = 1;

w(2,2) = w(l,2); % Gaussian quadrature of order 2

xi(1,3) = -sqgrt(3/5);

xi(2,3) = 0;

xXi(3,3) = -x1(1,3);
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w(l,3) = 5/9;
w(2,3) = 8/9;
w(3,3) = w(l,3); % Gaussian quadrature of order 3
xi(1,4) = - 0.8611363116;
x1i(2,4) = - 0.3399810436;
X1(3,4) = -x1(2,4);
xXi(4,4) = -x1(1,4);
w(l,4) = 0.3478548451;
w(2,4) = 0.6521451549;
w(3,4) = w(2,4);
w(d,4) = w(l,4); % Gaussian quadrature of order 4
return
R END OF SETINT ------------—---——-————-—----

8.4.2 Shape Functions

Similar to transforming an integral over some arbitrary interval to the integral
over the standard interval between —1 and 1, it is easier to evaluate the basis
functions and their derivatives in the standard interval (—1, 1). Basis func-
tions in the standard interval (—1, 1) are called shape functions and often have
analytic forms.

Using the transform between x and £ in (8.19)—(8.20) for each element, on
assuming ¢(x) =0 we have

/ (P(X) 10, + q(x)icty) dx = / .Xiﬂf<x>¢i<x> dx

which is transformed to
oy, ] Y
[ e+ ateun) =" [ e
where

26 = (55201,

and so on. Here v); and 1; are the local basis functions under the new variables,
i.e., the shape functions and their derivatives. For piecewise linear functions,
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(a) (b)
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Figure 8.4. Plot of some shape functions: (a) the hat (linear) functions and
(b) the quadratic functions

there are only two nonzero shape functions

o 1-¢ _1+¢
wl — B ) ¢2 — 2 y (823)
. . . / 1 I 1
with derivatives Y= —5 Py = 5 (8.24)
There are three nonzero quadratic shape functions
-1 +1
T BYLA e AR5

2 )
1 , , 1

5 hh=-2 y=E{+5. (8.26)
2 2

These hat (linear) and quadratic shape functions are plotted in Figure 8.4.

It is noted that there is an extra factor in the derivatives with respect to x,
due to the transform:

with derivatives ] =¢ —

dgi _dpid§ 2

dx  df dx Txig —xi
The shape functions can be defined in a Matlab function
[psi, dpsi]=shape(xi,n),

where n =1 renders the linear basis function, n =2 the quadratic basis func-
tion, and n =23 the cubic basis function values. For example, with n=2 the
outputs are

psi(1), psi(2), psi(3), three basis function values,

dpsi(1), dpsi(2), dpsi(3), three derivative values.
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The Matlab subroutine is as follows.

function [psi,dpsi]=shape(xi,n);

o\
o\°
o\©
o\?°
o\°
o\
o\°
oo
o\°
o\©
o\
o\°
oo
o\°
o\©
o\?°
o\°
o\
o\°
o\
o\?°
o\°
o\
o\°
o\
o\°
o\©
o\?°
o\°
o\
o\°
o\
o\?°
o\©
o\©
o\°
oo
o\°
o\©
o\?°
o\°
o\
o\°
oo
o\?°
o\°
o\
o\°
o\
o\?°
o\©
o\
o\°
o\
o\°
o\©
o\?°
o\°
o\
o\°
o\
o\?°
o\©
o\
o\°

Function ''shape'' evaluates the values of the basis functions
and their derivatives at a point xi.

n: The basis function. n=2, linear, n=3, quadratic, n
xi: The point where the base function is evaluated.
Output:

psi: The value of the base function at xi.

dpsi: The derivative of the base function at xi.

3, cubic.

o® o° o° o° o° o o° o° o° o
o o° o o° o° o o° o o° o

o°

o°

switch n

case 2,
% Linear base function
psi(1) = (1-xi)/2;
psi(2) = (1+x1)/2;
dpsi(l) = -0.5;
dpsi(2) = 0.5;
return

case 3,
% quadratic base function
psi(1l) = xi*(xi-1)/2;
psi(2) = 1-xi*xi;
psi(3) = xi*(xi+1)/2;
dpsi(l) = xi-0.5;
dpsi(2) = -2*xi;
dpsi(3) = xi + 0.5;
return

case 4,

)

% cubic Dbase function

psi(1) 9% (1/9-xi*x1i)*(xi-1)/16;
psi(2) 27% (1-xi*xi) *(1/3-x1)/16;
psi(3) = 27*(l-xi*xi)*(1/3+x1)/16;
psi(4) -9*% (1/9-xi*xi) * (1+x1i)/16;

dpsi(l) = -9* (3*xi*xi-2*xi-1/9)/16;
dpsi(2) = 27*(3*xi*xi-2*xi/3-1)/16;
dpsi(3) = 27* (-3*xi*xi-2*x1/3+1)/16;

dpsi(4) = -9*(-3*xi*x1-2%*x1+1/9)/16;
return
end
R END OF SHAPE --------------—----—---—-—---

11:16:02, subject to the Cambridge Core terms of use,
09



http://www.ebook3000.org

202

el

e2

e3

Issues of the FE Method in One Space Dimension

—@ @ @ @ @
x1 x3 x4 x2 x5
| | |
| e2 | el |
—@ ° o ° o
x1 x3 x4 x2 x5

Figure 8.5. Example of the relation between nodes and elements: (a) linear
basis functions and (b) quadratic basis functions

8.4.3 The Main Data Structure

In one space dimension, a mesh is a set of ordered points as described below.

Nodal points: x; =a, X2, ..., Xpede = b. The number of total nodal points
plus the auxiliary points is nnode.

Elements: 1, Q», .. ., Quelem- The number of elements is nelem.

Connection between the nodal points and the elements: nodes(nnode, nelem),
where nodes(j, i) is the j-th index of the nodes in the i-th element. For the
linear basis function, j= 1, 2 since there are two nodes in an element; for the
quadratic basis function, j= 1, 2, 3 since there are two nodes and an auxiliary
point.

Example. Given the mesh and the indexing of the nodal points and the

elements in Figure 8.5, for linear basis functions, we have

nodes(1,1)=1, nodes(1,2) =
nodes(2,1) =3, nodes(2,2) =
nodes(1,3) =4, nodes(1,4) =
nodes(2,3) =2, nodes(2,4) =

Example. Given the mesh and the indexing of the nodal points and the

elements in Figure 8.5, for quadratic basis functions, we have

nodes(1,1) =4,
nodes(1,2) =1,

nodes(2,1)=2,
nodes(2,2) =3,

nodes(3,1) =35,
nodes(3,2) =4.

8.4.4 Outline of the Algorithm

function [x,u]=femld
global nnode nelem
global gk gf
global xi w
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Output: x are nodal points; u is the FE solution at
nodal points.

o° oP°

P
>%
%%
%

[xi,w] = setint; % Get Gaussian points and weights.

%%% Input data, pre-process

[x,kbc,ubc, kind,nint,nodes] = prospset;

o°
o\°
o°

x (nnode) : Nodal points, kbc, ubc: Boundary conditions

kind(nelen) : Choice of FE spaces. kind(i)=1,2,3 indicate
piecewise linear, quadratic, and cubic FE space over the
triangulation.

o° o o
o® o° o
o® o° o

nint (nelen) : Choice of Gaussian quadrature. nint(i)=1,2,3,4
indicate Gaussian order 1, 2, 3, 4.

o° o
o° o
o o

formkf (kind, nint,nodes, x,Xx1i,w) ;

Assembling the stiffness matrix and the load vector element by
element.

o° o
o° o
o o

aplyb (kbc,ubc) ;

o°
o°
o°

Deal with the BC.

u = gk\gf; % Solve the linear system of equations

o°
o
o°

Error analysis

8.4.5 Assembling Element by Element
The Matlab code is formkf.m

function formkf (kind,nint,nodes,x,xi,w)

for nel = l:nelem,
n = kind(nel) + 1; % Linear FE space. n = 2, quadratic n=3,
= nodes (1,nel) ; The first node in nel-th element.

i1
i2 = nodes(n,nel) ;
i3 = nint (nel) ;
xic = xi(:,13);

we = w(:,13);

The last node in nel-th element.
Order of Gaussian quadrature.

Get Gaussian points in the column.
Get Gaussian weights.

o o o° o o

%%% Evaluate the local stiffness matrix ek, and the load vector ef.
[ek,ef] = elem(x(il),x(i2),n,1i3,xic,wc) ;

%$%% Assembling to the global stiffness matrix gk, and the load vector gf.
assemb (ek,ef,nel,n,nodes) ;

end
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8.4.5.1 Evaluation of Local Stiffness Matrix and the Load Vector
The Matlab code is elem.m

function [ek,ef] = elem(x1l,x2,n,nl,xi,w)
dx = (x2-x1)/2;

o°

[x1,x2] is an element [x1,x2]
n is the choice of FE space. Linear n=2; quadratic n=3;

o°

for 1=1:nl, % Quadrature formula that summarize.
X =x1 + (1.0 + xi(1))*dx; % Transform the Gaussian points.
[xp,xc,xb,xf] = getmat (x) ; % Get the coefficients at the
% Gaussian points.
[psi,dpsi] = shape(xi(l),n); % Get the shape function and

o°

its derivatives.
Assembling the local stiffness matrix and the load vector.
Notice the additional factor 1/dx in the derivatives.
for i=1:n,
ef (i) = ef (i) + psi(i)*xf*rw(l)*dx;
for j=1:n,
ek (i,j)=ek(i, )+ (xp*dpsi(i)*dpsi (j)/ (dx*dx)
+xc*psi (i) *dpsi (j) /dx+xb*psi (i) *psi(j) ) *w(l) *dx;

o°

o

end
end
end

8.4.5.2 Global Assembling
The Matlab code is assemb.m
function assemb (ek,ef,nel,n,nodes)

global gk gf

for i=1:n, % Connection between nodes and the elements

ig = nodes(i,nel); % Assemble global vector gf
gf(ig) = gf(ig) + ef(i);

for j=1:n,

jg = nodes (j,nel); % Assemble global stiffness matrix gk
gk(ig,jg) = gk(ig,jg) + ek(i,j);
end
end

8.4.5.3 Input Data
The Matlab code is propset.m

function [x,kbc,vbc,kind,nint,nodes] = propset

e The relation between the number of nodes nnode and the number of elements
nelem: Linear: nelem = nnode — 1.
Quadratic: nelem = (nnode — 1)/2.
Cubic: nelem = (nnode — 1) /3.
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Nodes arranged in ascendant order. Equally spaced points are grouped
together. The Matlab code is datain.m

function [data] = datain(a,b,nnode,nelem)

The output data has nrec groups

data(i,1)=nl, index of the beginning of nodes.

data(i,2) =n2, number of points in this group.

data(i,3) =x(nl), the first nodal point.

data(i,4) = x(nl + n2), the last nodal point in this group.

The simple case is

data(i,1)=i, data(i,2)=0, data(i,3)=x(i), data(i,4)=x(i).

The basis functions to be used in each element:

for i=l:nelem

kind(i) = inf ele =1, or 2, or 3.
nint (i) = 1, or 2, or 3, or 4.
for j=1,kind(i)+1
nodes(j,1i) = j + kind(i)*(i-1);
end
end

8.4.6 Input Boundary Conditions

The Matlab code aplybc.m involves an array of two elements kbc(2) and a data
array vbc(2,2). At the left boundary

kbe(1)=2, vbc(1,

kbe(1)=1, wvbc(1,1)=u,, Dirichlet BC at the left end;
1,1)=—p(a)u'(a), Neumann BC at the left end;

kbe(1)=3, wvbc(1,1)=uxma, vbc(2,1)=uaa, Mixed BC of the form:

pla) (@) = uxma(u(a) — uaa).

The BC will affect the stiffness matrix and the load vector and are handled in
Matlab codes aplybc.m and drchlta.m.

e Dirichlet BC u(a) =u, =vbc(1,1).

for i=1:nnode,

gf (i) = gf(i) - gk(i,1)*vbc(1l,1);
gk(i,1) = 0; gk(1l,i) = 0;

end

gk(1,1) = 1; gf (1) = vbc(1,1);

where gk is the global stiffness matrix and gf'is the global load vector.
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e Neumann BC u/(a) =u,,. The boundary condition can be rewritten as
—p(a)u' (a) = —p(a)ux, = vbe(1, 1). We only need to change the load vector.

gf (1) = gf(1) + vbc(1,1);

e Mixed BC au(a) + pu'(a) ==, p #0. The BC can be rewritten as

pla (a) = ~Fp(a) (u(e) — )

= Uyma (U(a) — tgq) =vbe(1, 1) (u(a) — vbe(2,1)).
We need to change both the global stiffness matrix and the global load vector.
gf (1) = gf(1) + vbc(1l,1)*vbc(2,1);
gk(1,1) = gk(1,1) + vbc(1,1);

Examples.

1. u(a) =2, we should set kbc(1) =1 and vbe(1,1) =2.

2. p(x)=2+x% a=2,1u'(2) =2. Since p(a) =p(2) =6 and —p(a)u'(a) = —12,
we should set kbc(1) =2 and vbe(1,1) = —12.

3. p(x)=2+x* a=2, 2u(a) + 3u'(a) = 1. Since

3u' (a) = —2u(a) + 1,

oo 24 (s 1)

we should set kbc(1) =3, vbe(1,1) = —4 and vbe(2,1) =1/2.
Similarly, at the right BC x = b we should have

kbc(2)=1, wvbe(1,2)=u;, Dirichlet BC at the right end;
kbe(2)=2, vbc(1,2)=p(b)d'(b), Neumann BC at the right end;
kbc(2)=3, vbc(1,2)=uxmb, vbc(2,2)=ubb, Mixed BC of the form

—p(b)u (b) = uxmb(u(b) — ubb) .
The BC will affect the stiffness matrix and the load vector and are handled
in Matlab codes aplybc.m and drchlta.m.
e Dirichlet BC u(b) =up = vbc(1,2).

for i=1:nnode,

gf(i) = gf(i) - gk(i,nnode)*vbc(1l,2);
gk (i,nnode) = 0; gk (nnode, i) = 0;
end
gk (nnode, nnode) = 1; gf (nnode) = vbc(1,1).
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e Neumann BC «/(b) = u,, is given. The boundary condition can be rewritten
as p(b)u'(b) =p(b)uy, =vbe(1,2). We only need to change the load vector.

gf (nnode) = gf (nnode) + vbc(1l,2);

e Mixed BC au(b) + pu'(b) =+, f #0. The BC can be re-written as

_ "py = & _a

P(b)(6) = 5p(b) (u(b) = )
= tmp (u(b) — upy) = vbe(1,2) (u(b) — vbe(2,2)) .

We need to change both the global stiffness matrix and the global load vector.

gf (nnode) = gf (nnode) + vbc(1l,2) *vbc(2,2);
gk (nnode,nnode) = gk (nnode,nnode) + vbc(1l,2);

8.4.7 A Testing Example

To check the code, we often try to compare the numerical results with some
known exact solution, e.g., we can choose

u(x) =sinx, a<x<b.
If we set the material parameters as
p(x)=1+x, c(x)=cosx, gq(x)=x
then the right-hand side can be calculated as
f(x)=(pu) + cu' + qu= (1 + x) sin x — cos x + cos® x + x* sin x.

These functions are defined in the Matlab code getmat.m

function [xp,xc,xq,xf] = getmat (x);
xp = 1l+x; xCc = cos(x); xg = x*x;
xf = (14x) *sin(x) -cos (xX) +cos (X) *cos (X) +x*x*sin (X) ;

The mesh is defined in the Matlab code datain.m. All other parameters
used for the finite element method are defined in the Matlab code propset.m,
including the following:

e The boundary x=aand x=b,eg,a=1,b=4.

e The number of nodal points, e.g., nnode =41.

e The choice of basis functions. If we use the same basis function, then for
example we can set inf_ele = 2, which is the quadratic basis function kind(i) =
inf_ele.

e The number of elements. If we use uniform elements, then nelem =
(nnode — 1) /inf_ele. We need to make it an integer.
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(a) a=1,b=4, nnode = 41, inf le = 1, nint=1, kbe(1)=1, kbe(2) =3 (b) a=1, b=4, nnode = 41, inf le = 2, nint=4, kbc(1)=3, kbe(2) = 2
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Figure 8.6. Error plots of the FE solutions at nodal points. (a) The result
is obtained with piecewise linear basis function and Gaussian quadrature of
order 1 in the interval [1,4]. Dirichlet BC at x =a and mixed BC 3u(b) +
41/ (b) =~ from the exact solution u(x)=sinx are used. The magnitude of
the error is O(10~*). (b) Mixed BC 3u(a) + 4u/(a) =y at x =a and the Neu-
mann BC at x = b from the exact solution are used. The result is obtained with
piecewise quadratic basis functions and Gaussian quadrature of order 4. The
magnitude of the error is O(107°).

e The choice of Gaussian quadrature formula, e.g., nint(i) = 4. The order of the
Gaussian quadrature formula should be the same or higher than the order
of the basis functions, for otherwise it may not converge! For example, if
we use linear elements (i.e., inf_ele=1), then we can choose nint(i) =1 or
nint(i) =2, etc.

e Determine the BCs kbc(1) and kbc(2), and vbe(i,j), i,j=1,2. Note that the
linear system of equations is singular if both BCs are Neumann, for the
solution either does not exist or is not unique.

To run the program, simply type the following into the Matlab:
[x,ul= femld;

To find out the detailed usage of the finite element code, read README
carefully. Figure 8.6 gives the error plots for two different boundary conditions.

8.5 The FE Method for Fourth-Order BVPs in 1D

Let us now discuss how to solve fourth-order differential equations using the
finite element method. An important fourth-order differential equation is the
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biharmonic equation, such as in the model problem
" + q(x)u=f(x), 0 <x <1, subject to the BC

I: u(0)=4(0)=0, u(1)=u/(1)=0; or
II: u(0)=4'(0)=0, u(1)=0, «"(1)=0; or
HI: u(0)=u'(0)=0, «"(1)=0, «(1)=0.

Note that there is no negative sign in the highest derivative term. To derive the
weak form, we again multiply by a test function v(x) € V and integrate by parts
to get

1 1
/ (" + q(x)u)vdx:/ frdx,
0 0

1 1 1
u’”v‘é—/ u”’v’dx—i—/ quvdx:/ frdx,
0 0 0

1 1
u///V‘(l) . U”V/‘(l) +/ (u”v”+quv) dx:/ fvdx,
0 0

" ()v(1) — o (0)v(0) — " (1)v' (1) + ' (0)v’(0) +/ (u"v" + quv) dx

thus we set

v(0)=v'(0)=v(1)=v'(1)=0. (8.27)
The weak form is
a(uv V) :f(v)a (828)
where the bilinear form and the linear form are
1
a(u,v) —/ (u"v" + quv) dx, (8.29)
0
1
L(v) = / frvdx. (8.30)
0

Since the weak form involves second-order derivatives, the solution space is

H(0, 1):{v(x), v(0)=v'(0)=v(1)=1'(1)=0, v,v’andv”eLz},
(8.31)
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and from the Sobolev embedding theorem we know that H> C C!.

For the boundary conditions u(1) =" (1) = 0, we still have v(1) = 0, but there
is no restriction on v’(1) and the solution space is

HzE:{v(x), p(0) ='(0) = v(1) =0, veH2(0,1)}. (8.32)

For the boundary conditions «”(1) ="'(1) =0, there are no restrictions on
both y(1) and v'(1) and the solution space is

H%:{v(x), p(0) = v'(0) =0, veH2(0,1)}. (8.33)

For nonhomogeneous natural or mixed boundary conditions, the weak form
and the linear form may be different. For homogeneous essential BC, the weak
form and the linear form will be the same. We often need to do something to
adjust the essential boundary conditions.

8.5.1 The Finite Element Discretization

Given a mesh
O=xp<x1<xp< - <xy=1,

we want to construct a finite-dimensional space V. For conforming finite ele-
ment methods we have V), € H*(0, 1), therefore we cannot use the piecewise
linear functions since they are in the Sobolev space H' (0, 1) but notin H>(0, 1).

For piecewise quadratic functions, theoretically we can find a finite-
dimensional space that is a subset of H?(0,1); but this is not practical as the
basis functions would have large support and involve at least six nodes. The
most practical conforming finite-dimensional space in 1D is the piecewise cubic
functions over the mesh

Vy= {v(x)7 v(x) is a continuous piecewise cubic function, v e H3(0, 1)}
(8.34)
The degree of freedom. On each element, we need four parameters to deter-
mine a cubic function. For essential boundary conditions at both x=a and
x=b, there are 4M parameters for M elements; and at each interior nodal

point, the cubic and its derivative are continuous and there are four boundary
conditions, so the dimension of the finite element space is

AM—2(M—1)—4=2(M—1).
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8.5.1.1 Construct the Basis Functions in H* in 1D

Since the derivative has to be continuous, we can use the piecewise Hermite
interpolation and construct the basis functions in two categories. The first
category is

T (8.35)
i\Xj) = )
/ 0 otherwise,

and ¢;(x;)=0, forany x;j,

i.e., the basis functions in this group have unity at one node and are zero at
other nodes, and the derivatives are zero at all nodes. To construct the local
basis function in the element (x;, x;11), we can set
(x — xip1)% (a(x — x;) + 1)

(X — Xiy1)?
It is obvious that ¢;(x;) =1 and ¢;(x;+1) = @}(xi+1) =0, i.e, x;4; is a double
root of the polynomial. We use ¢'(x;) =0 to find the coefficient a, to finally

obtain
(x = xip1)? <2(x—x,)) + 1) |

Pi(x) =

Xt — xo
bi(x) = 5 _( >é-++11)2 i (8.36)
1 1
The global basis function can thus be written as
0 if x S Xi—1,
2 -
(x —xi-1)? <( (.x _x,).) + 1>
il =N if x;1 <x<x,
oi(x) e (8.37)
i\ X)= .
2 -
= (2 1)
(xH_l 2XI) ) if xlSXS-xH-lv
(xi — Xit1)
0 if x; <x.

There are M — 1 such basis functions. The second group of basis functions
satisfy

0 otherwise,

i 1 if i=j,
i) = { (8.38)

and  ¢;(x;)=0, forany x;,
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i.e., the basis functions in this group are zero at all nodes, and the derivatives are
unity at one node and zero at other nodes. To construct the local basis functions
in an element (x;, x;41), we can set

Cbl( )=C(x — x;)(x — xi+1)2a
since x; and x; | are zeros of the cubic and x;; is a double root of the cubic.
The constant C is chosen such that ¢(x;) = 1, so we finally obtain
Y (x —x;)(x — Xi+1)2
(x) = ) 8.39
i(x) (xi — Xit1)2 (8.39)

The global basis function for this category is thus

0 if x<x;_1,
N v — v N2
b (;l)_(); 312_1) if xi1<x<x;,
— l —
¢i(x) = , (8.40)
(-X _(‘:l)l(x _x);l;*l) if X <x< Xitls
+1 — M
0 if x; <x.

8.5.2 The Shape Functions

There are four shape functions in the interval (—1, 1), namely,

(E—1)*(€+2)

(g = ST
o) = EF 1)2‘(‘—5 +2)
ua(e) = EZELD
ae) = EF 1)2(5— D)

In Figure 8.7, we show the shape functions and some global basis functions
from the Hermite cubic interpolation. It is noted that there are two basis func-
tions centered at each node, so-called a double node. The finite element solution
can be written as
M—1
wy(x) =Y ajj(x) + Z Bidj(x (8.41)

j=1
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(@)

-0.2 R

_0‘4 1 1 1 1
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

(b)

0.8
0.6
0.4
0.2

0.6
0.4
0.2

0
-0.2
—04 | _
—0.6 | _

083 -3 -2 -1 0 1 2 3 4

Figure 8.7. (a) Hermite cubic shape functions on a master element and
(b) corresponding global functions at a node i in a mesh.
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and after the coefficients ;; and f3; are found we have
up(xp) =y, uy () = Bj.
There are four nonzero basis functions on each element (x;, x;,1); and on

adopting the order ¢1, @2, Y1, Y, @3, 3,13, . . ., the local stiffness matrix has
the form

[ alondi)  alidin)  algidi)  albi dirr) ]
a(piyt, @) a(Biv1sdiv1)  a(dip1, ) aldiv, Gis1)
a(i,¢))  ali,dip1)  aldidi)  a(di, dis1)
La(Giy1, di)  alGivt, div1)  albist, &) albipr, div1) |
This global stiffness matrix is still banded, and has band width six.

(XisXi+1)

8.6 The Lax—Milgram Lemma and the Existence of FE Solutions

One of the most important issues is whether the weak form has a solution, and
if so under what assumptions. Further, if the solution does exist, is it unique,
and how close is it to the solution of the original differential equations? Answers
to these questions are based on the Lax—Milgram Lemma.

8.6.1 General Settings: Assumptions and Conditions

Let V' be a Hilbert space with an inner product (u, v)y and the norm |[u||y =
V(u,u)y, eg, C", the Sobolev spaces H' and H?, etc. Assume there is a
bilinear form

a(u,v), VxV+——R,
and a linear form
L(v), V+—R,
that satisfy the following conditions:

1. a(u,v) is symmetric, i.e., a(u,v) = a(v,u);
2. a(u,v) is continuous in both u and v, i.e., there is a constant -y such that

la(u, V)| <Allullvlvily,

for any u and v € V; the norm of the operator a(u, v)?;

2 If this condition is true, then a(u, v) is called a bounded operator and the largest lower bound of such a
~ > 01is called the norm of a(u, v).
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3. a(u,v) is V-elliptic, i.e., there is a constant « such that
2
a(v,v) Z alvlly

for any v € V' (alternative terms are coercive, or inf—sup condition); and
4. L is continuous, ie., there is a constant A such that

ILO) < Alvllw,

forany ve V.

8.6.2 The Lax—Milgram Lemma

Theorem 8.2. Under the above conditions 2 to 4, there exists a unique element
u € V such that

a(u,v)=L(v), Vvel.
Furthermore, if the condition 1 is also true, i.e., a(u,v) is symmetric, then
A
L. |ul|ly < — and
(6

2. u is the unique global minimizer of

Fv)= %a(v, v) — L(v).

Sketch of the proof. The proof exploits the Riesz representation theorem
from functional analysis. Since L(v) is a bounded linear operator in the Hilbert
space V with the inner product a(u, v), there is unique element «* in V" such that

L(v)=a(u*,v), VveV.

Next we show that the a-norm is equivalent to V norm. From the continuity
condition of a(u, v), we get

leella = /@, u) < /A [Jull= A lully-

From the V-elliptic condition, we have

llla = /a(u,u) = \/ al|ul[§ = Vo [Jul| v,

therefore

Valfully < lulla < /7 [lull v,
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or

1 1
= lulla < llully < —=llulla.

Nal

Often ||u|, is called the energy norm.
Now we show that F(u*) the global minimizer. For any ve V, if a(u,v)=
a(v,u), then

Fv)=Fu +v—u")=Fu" +w)= %a(u* +w,ut +w)— Lu" +w)
(a(u* +w,u*) +a(w* +w,w)) — L(u*) — L(w)

(a(u*,u*) + a(w,u”) + a(u*,w) + a(w,w)) — L(u*) — L(w)

Finally we show the proof of the stability. We have
allu* |} < a(u, uw) = L(u*) < Alju*||v,
therefore
A
allu* |} < Allu(ly = [Ju||ly < =

Remark: The Lax—Milgram Lemma is often used to prove the existence and
uniqueness of the solutions of ODEs/PDEs.

8.6.3 An Example using the Lax—Milgram Lemma

Let us consider the 1D Sturm-Liouville problem once again:

—(pu) +qu=f, a<x<b,

The bilinear form is
b ~
a(u,v) :/ (pu'v' + quv) dx + gp(b)u(b)v(b),
and the linear form is

L(v) = (fiv) + Bp()(b)
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The space is V= H%(a,b). To consider the conditions of the Lax-Milgram
theorem, we need the Poincaré inequality:

Theorem 8.3. If'v(x) € H' and v(a) =0, then

b b b b
/a vzdxg(b—a)z/a WV (x)[*dx or /a v/ (x)[? dx > (b—la)z/a V2 dx.
(8.42)

Proof We have

v(x) = /ax v () dt

— i< [ W</ X\v’<r>|2dz}l/2 { xdz}m
< x/f{ / b|v’<z>r2}1/2,

so that
b
PR b-a) [ WoPar
b b b b
:>/ v2(x)dx§(b—a)/ ]v’(t)\2dt/ dxg(b—a)z/ v/ (x)| dx.

This completes the proof.
We now verify the Lax—Milgram Lemma conditions for the Sturm-Liouville

problem.

e Obviously a(u,v) =a(v,u).
e The bilinear form is continuous:

ja(u, v)| =

/b (pu'v' + quv) dx + gp(b)u(b)v(b)‘

b &
< max{ pPmaxs Gmax } (/ (Jv']| + [uv]) dx + Bu(b)v(b)|)

b b ~
< max{ prar, q,,wx}< / /v |dx + / |uv|dx+g|u(b)v(b)|)

< max{ prass G } (zuuuluvul n guaa)v(bn) .
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From the inequality

/ab ' (x) dx /ab v/ (x) dx

u(b)v(b)| =
b b
< (b—a) /]u’(x)\zdx /]v’(x)zdx
< (b —\// (1 () + [u()P) dx\// (V)P + )P) d
< (b= a)lullilIv
we get
«
|a(u, v)| < max{ pmax, Gmax} <2+B(b )) el [[vl[2
i.e., the constant v can be determined as
«a
'YZmaX{pmaxa qmax} < E(b - a)) .

(v,v) is V-elliptic. We have
b
v = [ (p02 +97) e+ Sptopioy?

b
> / p(v)?dx

e

b
mein/ (v/)zdx
a
1 b N2 1 b "2
= Pmin 3 (v") dx+§ (v')"dx
1 1 b 1 [P
= Pmin (2(b—61)2/a V2dX+2/a (V,)zdx>
1
b,

= DPmin min {z(b_a)za D)

i.e., the constant o can be determined as
1 1 }

Q= Pppip MIN {2(b—a)2’ B
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e L(v) is continuous because

/ S)v(x) dx + Bpw) (b)
L] < (A |V\)o+‘ \ (b)VE—avll

< ol + | 2| (5B = a ol
< (o +|2 <b>M> vl
i.e., the constant A can be determined as
1o+ |2 oty v

Thus we have verified the conditions of the Lax—Milgram lemma under certain
assumptions such as p(x) > pmin >0, g(x) >0, etc., and hence conclude that
there is the unique solution in H!(a,b) to the original differential equation.
The solution also satisfies

Ifllo+ [5/8] pb)VE—a

: 1 1
Pmin TN {Wa 2 }

[lullr <

8.6.4 Abstract FE Methods

In the same setting, let us assume that V/, is a finite-dimensional subspace of
V and that {¢1, ¢2, ..., ¢} is a basis for V},. We can formulate the following
abstract finite element method using the finite-dimensional subspace V. We
seek u;, € V}, such that

a(up,v)=L(v), Yvey, (8.43)
or equivalently
F(up) <F(v), WYveVl,. (8.44)
We apply the weak form in the finite-dimensional V,:

a(ulla¢l):L(¢Z)’ lzlaaM (845)
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Let the finite element solution u;, be

M
Uy = Z ajqﬁj.
J=1

Then from the weak form in V), we get

M M
a| Y oo | = aaldd)=L(¢), i=1,....M,
J=1 j=1

which in the matrix-vector form is
AU=F,

where U€ RM, F e RM with F(i) = L(¢;) and Aisan M x M matrix with entries
a;;=a(¢j, ¢;). Since any element in , can be written as

M

V= Z nibi,

i=1
we have
M M M
a(vv)y=a [ > mei Y mey | =D malei, ¢p)m=n"An>0
i=1 j=1 ij=1
provided n” = {n,...,nu} # 0. Consequently, A is symmetric positive definite.

The minimization form using V7, is

1 1
~UTAU - F'U = min (nTAn-£¢n>. (8.46)
2 T]ERM 2

The existence and uniqueness of the abstract FE method.

Since the matrix 4 is symmetric positive definite and it is invertible, so there
is a unique solution to the discrete weak form. Also from the conditions of
Lax—Milgram lemma, we have

alfup |3 < alup, up) = L(uy) < Aljuy|v,
whence

A
llunl| v < —.
«
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Error estimates. If e, = u — uy, is the error, then:

o alep,vy)=(en,vi)a=0, Vv, € Vy;

o |lu—uyllo=+/alen,en) <|lu—vplla, Vvi € V}, i.e., uy, is the best approxima-
tion to u in the energy norm; and

o ||u—upl|y < Z{ju— 4|y, Vv, € V), which gives the error estimates in the V'
norm.

Sketch of the proof: From the weak form, we have
a(u,vp)=L(v), a(up,vp)=L(vy) = a(u—up,vy)=0.

This means the finite element solution is the projection of u onto the space V.
It is the best solution in V/}, in the energy norm, because

e — vall3 = a(u = vy, u — vi) = a(u — uy + wy, u — wy + wy)

= a(u — up,u — up) + alu — up, wy) + a(wy,u — uy) + a(wy, wy)

=a(u— up,u—uy) + alwy, wp)

> lu— w7,

where wy, =u;, — v, € V},. Finally, from the condition 3, we have
allu —uylly < alu — up,u — ) = alu — wp, u — uy) + a(u — uy, wy)

=a(u—up,u—uy, +wy)=a(u— uy,u—vy)
< Yllu = unllvllu = val[v-

The last inequality is obtained from condition 2.

8.7 *1D IFEM for Discontinuous Coefficients

Now we revisit the 1D interface problems discussed in Section 2.10
—(pu') = f(x), 0<x<l, u(0)=0, u(1)=0, (8.47)
and consider the case in which the coefficient has a finite jump,

(x)_{ﬁ_(x) if 0<x<a,

8.48
B (x) if a<x<l. (8.45)

The theoretical analysis about the solution still holds if the natural jump
conditions
a=0,  [Bu], =0, (8.49)

are satisfied, where [u], means the jump defined at .
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Given a uniform mesh x;, i=0,1,...,n, x;y; — x;=h. Unless the interface
« in (8.47) itself is a node, the solution obtained from the standard finite ele-
ment method using the linear basis functions is only first-order accurate in the
maximum norm. In Li (1998), modified basis functions that are defined below,

1, if k=i,
bi(xx) = { (8.50)

0, otherwise,

[#i]a =0, 8 ¢ile =0, (8.51)

are proposed. Obviously, if x; <« < x|, then only ¢; and ¢, need to be
changed to satisfy the second jump condition. Using the method of undeter-
mined coefficients, that is, we look for the basis function ¢;(x) in the interval
(X, Xj41) as

ap+arx 1if x;<x<a,

i(x)= 8.52
¢i(%) {b0+b1x if a<x<Xxjy, ( )
which should satisfy ¢;(x;) =1, ¢j(xj41)=0, ¢i(a—)=¢;(a+), and
B~ ¢i(a—) = BT ¢}(a+). There are four unknowns and four conditions. It has
been proved in Li (1998) that the coefficients are unique determined and have
the following closed form if 3 is a piecewise constant and 3~ 3% >0,

0, 0<x<x_y, 0, 0<x<x;
X = Xj—1 X — Xj
h 5 Xj—1§X<Xj, T, xj§x<a,
Xj— X .
j X — Xjt1
¢j(x) = D +1, x<x<a, Pir1(x) = %-&-1, a<x <Xy,
p(Xjp1 — Xx) Xjy2 — X
JT, a<x<Xxji1, ! T X1 <X < X,
0, X/+ISXS17 0, X,q.zSXSl.
where
_ B gt —p-

/0—5T7 D=h- T(xjﬂ —a).

Figure 8.8 shows several plots of the modified basis functions ¢;(x), ¢j41(x),
and some neighboring basis functions, which are the standard hat functions.
At the interface «, we can clearly see kinks in the basis functions which reflect
the natural jump condition.

Using the modified basis functions, it has been shown in Li (1998) that the
finite element solution obtained from the Galerkin finite method with the new
basis functions is second-order accurate in the maximum norm.
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N=40,8"=1,5"=5,0=2/3 N=40, =58 =1,0=2/3

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

LY 0.65 0.7 006 0.65 0.7

N=40, B~ =1,5"=100, =23 N=40, 5 =100, " =1,0=2/3

1 1
0.8 0.8
0.6 0.6
04 0.4
0.2 0.2
0 0

0.6 0.65 0.7 0.6 0.65 0.7

Figure 8.8. Plot of some basis function near the interface with different 5~

and 31, The interface is at a = 3.

For 1D interface problems, the finite difference and finite element methods
are not much different. The finite element method likely performs better for self-
adjoint problems, while the finite difference method is more flexible for general
elliptic interface problems.

Exercises

1. (Purpose: Review abstract FE methods.) Consider the Sturm-Liouville problem

— " +u=f O<x<m,
u(0)=0, u(r)+u'(r)=1.

Let V' be the finite-dimensional space
Vy=span{ x, sin(x),sin(2x) } .

Find the best approximation to the solution of the weak form from V7 in the energy norm
(Il :1la=+/a(:, :) ). You can use either analytic derivation or computer software packages
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(e.g, Maple, Matlab, SAS, etc.). Take f=1 for the computation. Compare this approach
with the finite element method using three hat basis functions. Find the true solution, and
plot the solution and the error of the finite element solution.

2. Consider the Sturm-Liouville problem

(I 4+ X)) +xu=f 0<x<l,
u(ly=2.

Transform the problem to a problem with homogeneous Dirichlet boundary condition at
x = 1. Write down the weak form for each of the following case:
(a) u(0)=3. Hint: Construct a function uo(x) € H' such that 1o (0) = 3 and up(1)
(b) «'(0) = 3. Hint: Construct a function u(x) € H' such that uo(1) =2 and u)(0) =
(¢) u(0) 4+ «'(0)=3. Hint: Construct a function uo(x)€ H' such that ug(1)= 2
uo(0) + uy(0) =0.
3. Consider the Sturm-Liouville problem

:2

—(pu) +qu=f, a<x<b,
u(a)=0, u(b)=0.

Consider a mesh a = xo < x; - - - < x)r = b and the finite element space
V= {v(x) € Hy(a,b), v(x) is piecewise cubic function over the mesh} :

(a) Find the dimension of V,.
(b) Find all nonzero shape functions 1);(§) where —1 < ¢ <1, and plot them.
(c) What is the size of the local stiffness matrix and load vector? Sketch the assembling

process.
(d) List some advantages and disadvantages of this finite element space, compared with
the piecewise continuous linear finite-dimensional space (the hat functions).

4. Download thefiles of the 1D finite element Matlab package. Consider the following analytic
solution and parameters,

X

u(x)=esinx, p(x)=1+x", gx)=e~, c(x)=1,
and f(x) determined from the differential equation
—(pu) + c(x)u' +qu=f, a<x<b.

Use this example to become familiar with the 1D finite element Matlab package, by trying
the following boundary conditions:

(a) Dirichlet BC at x=a and x=5b, wherea=—1,b=2 ;
(b) Neumann BC at x = ¢ and Dirichlet BC at x =5, wherea=—1 and b=2;
(c) Mixed BC v =3u(a) — 5u'(a) at x=a=—1, and Neumann BCat x=5bh=2.

Using linear, quadratic, and cubic basis functions, tabulate the errors in the infinity norm

ey = max |u(x;)) — Uj
0<i<M

at the nodes and auxiliary points as follows:

M | Basis | Gaussian | error | ey/eam
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for different M =4,8, 16,32, 64 (nnode= M + 1), or the closest integers if necessary. What
are the respective convergence orders?

(Note: The method is second-, third-, or fourth-order convergent if the ratio ey/exn
approaches 4, 8, or 16, respectively.)

For the last case:

(1) Print out the stiffness matrix for the linear basis function with M =5. Is it symmetric?
(2) Plot the computed solution against the exact one, and the error plot for the case of the
linear basis function. Take enough points to plot the exact solution to see the whole picture.
(3) Plot the error versus 2= 1/M in log-log scale for the three different bases.

The slope of such a plot is the convergence order of the method employed. For this problem,
you will only produce five plots for the last case.

Find the energy norm, H' norm and L?> norm of the error and do the grid refinement
analysis.

. Use the Lax—Milgram Lemma to show whether the following two-point value problem has
a unique solution:

—u" +q(x)u=f, 0<x<l,

8.53
u'(0)=u'(1)=0, (8:33)

where g(x) € C(0, 1), ¢(x) > gmin > 0. What happens if we relax the condition to g(x) > 0?
Give counterexamples if necessary.
. Consider the general fourth-order two-point BVP

n m 11 !
al””" +azu’” +au +Fau +au=f, a<x<b,

with the mixed BC
2u"" (a) —u" (a) + nu' (a) + pru(a) = 61, (8.54)
" (@) + (@) + 7l (@) + pula) = &, (8.55)
u(b) =0,
' (h) =0

Derive the weak form for this problem.

Hint: Solve for «’”'(a) and "’ (a) from (8.54) and (8.55). The weak form should only involve
up to second-order derivatives.

. (An eigenvalue problem) Consider

—(pu) +qu— I u=0, 0<x<m, (8.56)
u(0)=0, u(r)=0. (8.57)

(a) Find the weak form of the problem.

(b) Check whether the conditions of the Lax—Milgram Lemma are satisfied. Which con-
dition is violated? Is the solution unique for arbitrary \?
Note: It is obvious that u=0 is a solution. For some X\, we can find nontrivial solutions
u(x) #0. Such a X is an eigenvalue of the system, and the nonzero solution is an eigen-
function corresponding to that eigenvalue. The problem to find the eigenvalues and the
eigenfunctions is called an eigenvalue problem.

(c) Find all the eigenvalues and eigenfunctions when p(x) =1 and ¢(x) =0.
Hint: \; =1 and u(x) =sin(x) is one pair of the solutions.
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8. Use the 1D finite element package with linear basis functions and a uniform grid to solve
the eigenvalue problem

—(pu') +qu—Au=0, 0<x<m,

u(0) =0, u' () + au(r) =0,

where  p(x) > puin >0, g(x) >0, >0
in each of the following two cases:

(@) p(x)=1, g(x)=1, a=1.

(®) p(x)=14+x%, g(x)=x, a=3.

Try to solve the eigenvalue problem with M =5 and M = 20. Print out the eigenvalues but
not the eigenfunctions. Plot all the eigenfunctions in a single plot for M =5, and plot two
typical eigenfunctions for M =20 (6 plots in total).

Hint: The approximate eigenvalues Aj, A2, ..., Ay and the eigenfunction uy,(x) are the
generalized eigenvalues of

Ax = A\Bx,

where A is the stiffness matrix and B= {b;} with b; = " $i(x)¢;(x)dx. You can gener-
ate the matrix B either numerically or analytically; and in Matlab you can use [V, D] =
EIG(A, B) to find the generalized eigenvalues and the corresponding eigenvectors. For a
computed eigenvalue )\;, the corresponding eigenfunction is

() =Y aijdy(x),
=1

where [a1, 2, . .., i m]” is the eigenvector corresponding to the generalized eigenvalue.
Note: if we can find the eigenvalues and corresponding eigenfunctions, the solution to the
differential equation can be expanded in terms of the eigenfunctions, similar to Fourier
series.

9. (An application.) Consider a nuclear fuel element of spherical form, consisting of a sphere
of “fissionable” material surrounded by a spherical shell of aluminum “cladding” as shown
in the figure. We wish to determine the temperature distribution in the nuclear fuel element
and the aluminum cladding. The governing equations for the two regions are the same,
except that there is no heat source term for the aluminum cladding. Thus

1 d, dh

) Nl <r<
2 ki o q, 0<r<Rp,
l d 2 de

2T o Rp<r<R
2dr ka dr 0, Rrsr<Re

where the subscripts 1 and 2 refer to the nuclear fuel element and the cladding, respectively.
The heat generation in the nuclear fuel element is assumed to be of the form

2
1+c¢ .
Rr

where ¢o and ¢ are constants depending on the nuclear material. The BC are

»dT
kr o

T, = Toatr=Rc,

q1 =40

)

= 0atr=0 (natural BC),

where T is a constant. Note the temperature at r = R is continuous.
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Exercises 227

e Derive a weak form for this problem. (Hint: First multiply both sides by r2.)
e Use two linear elements [0, Rr] and [Rr, R¢] to determine the finite element solution.
e Compare the nodal temperatures 7(0) and 7(Rr) with the values from the exact solution

2 4
_ QRE |, ([ 30, (r
Ti=To+“gp. { ! (RF> 0¢ |1 (RF) }
qoRE 3 _ Re
3% (1+ sc> (1 Rc)’

2
T = Ty + 2R (1+§c) <&_&)'

+

3k2 5 r Rc
Take To =80, go =5, k1 =1, ky =50, Rr=0.5, Re =1, ¢ =1 for plotting and comparison.
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9

The Finite Element Method for 2D
Elliptic PDEs

The procedure of the finite element method to solve 2D problems is the same
as that for 1D problems, as the flow chart below demonstrates.

PDE — Integration by parts — weak form in a space V:a(u,v) = L(v)
or milr/l F(v) — V, (finite-dimensional space and basis functions)
ve

— a(uy, v;) = L(v,) —> uy and error analysis.

9.1 The Second Green’s Theorem and Integration by Parts in 2D

Let us first recall the 2D version of the well-known divergence theorem in
Cartesian coordinates.

Theorem 9.1. If F € H'(Q) x H'(Q) is a vector in 2D, then

// V~Fdxdy:/ F-nds, 9.1)
Q a0

where n is the unit normal direction pointing outward at the boundary 0S) with
T
o 9 }

line element ds, and V is the gradient operator, V = [—x, oy

The second Green’s theorem is a corollary of the divergence theorem if we set

Oou Ou
F=vVu= [vax,vay

0 ou 0 [ Ou
vr= g (05 o 05
owon | Fu ouon | o
COxOx  Ox2 Qydy 02
=Vu - Vv+vAu,

T
} . Thus since

228
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9.1 The Second Green’s Theorem and Integration by Parts in 2D 229

n

oQ

Figure 9.1. A diagram of a 2D domain 2, its boundary 02 and its unit
normal direction.

where Au=V-Vu=u,, + u,,, we obtain

/ V-Fdxdy—/ (Vu - Vv+vAu)dxdy
Q )

:/ F-nds

o0

:/ vVu-nds:/ v@ds,
o0 oo On

where n= (n v 1y) (n2 + n2 = 1) is the unit normal direction, and 3 ‘9“ =Vu-n=

nx m + ny a , the normal derlvatlve of u, see Figure 9.1 for an 111ustrat10n This
result 1mmed1ately yields the formula for integration by parts in 2D.

Theorem 9.2. If u(x,y) € H*(Q) and v(x,y) € H'(Q) where Q is a bounded
domain, then

// v Audxdy = / vds—/ Vu-Vvdxdy. (9.2)
oa On Q

Note: The normal derivative Ou/0n is sometimes written more concisely as u,.

Some important elliptic PDEs in 2D Cartesian coordinates are:

Uxx +uy, =0,  Laplace equation,
—Uxy — Uy, =f(x,y), Poisson equation,
—Uyxx — Uy, + Au=f,  generalized Helmholtz equation,
Uxxxx + 2Uxyyy + Uyyyy =0,  Biharmonic equation.
When )\ > 0, the generalized Helmholtz equation is easier to solve than when

A <0. Incidentally, the expressions involved in these PDEs may also be
abbreviated using the gradient operator V, e.g, uyy + ,, =V -Vu=Au as
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230 The Finite Element Method for 2D Elliptic PDEs

mentioned before. We also recall that a general linear second-order elliptic PDE
has the form

a(x, y)uxy + 2b(x, y)uxy + c(x, y)uyy, + d(x, y)uy
+e(x, y)uy + g(x, y)u=f(x,y)

with discriminant »*> — ac < 0. A second-order self-adjoint elliptic PDE has the
form

=V (p(x,3)Vu) + q(x, p)u=f(x,y). 9.3)

9.1.1 Boundary Conditions

In 2D, the domain boundary 0f2 is one or several curves. We consider the
following various linear boundary conditions.

e Dirichlet boundary condition on the entire boundary, ie., u(x,y)lon=
up(x, ) is given.

e Neumann boundary condition on the entire boundary, i.e, du/dn|sn =
g(x,p) is given.
In this case, the solution to a Poisson equation may not be unique or
even exist, depending upon whether a compatibility condition is satisfied.
Integrating the Poisson equation over the domain, we have

//Qfdxdy:—//QAudxdy:—//QV-Vudxdy

:—/ unds:—/ g(x,y)ds,
o0 o0

which is the compatibility condition to be satisfied for the solution to exist. If
a solution does exist, it is not unique as it is determined within an arbitrary
constant.

e Mixed boundary condition on the entire boundary, i.e.,

(9.4)

o (%, Pu(x,y) + Bx.3) 5 =(x.7)

is given, where « (x, y), 5(x,»), and y(x, y) are known functions.
e Dirichlet, Neumann, and Mixed boundary conditions on some parts of the
boundary.
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9.2 Weak Form of Second-Order Self-Adjoint Elliptic PDEs 231

9.2 Weak Form of Second-Order Self-Adjoint Elliptic PDEs

Now we derive the weak form of the self-adjoint PDE (9.3) with a homoge-

neous Dirichlet boundary condition on part of the boundary 0Qp, u|sq, =0

and a homogeneous Neumann boundary condition on the rest of boundary

QN =0 — 0Qp, g“ la,y = 0. Multiplying the equation (9.3) by a test function
v(x,y) € H'(Q), we have

/ =V - (p(x,y)Vu) + g(x,y)u vdxdy //fvabcdy7

and on using the formula for integration by parts the left-hand side becomes

// (qu -Vv+ quv> dxdy — / pvuy, ds
Q o0

so the weak form is

/ (pVu - Vv + quv) dxdy:/ fvdxdy
° @ (9.5)

+ / pe(x,y)v(x,y)ds  Wv(x,y) € H'(Q).
a0

Here 0y is the part of boundary where a Neumann boundary condition is
applied; and the solution space resides in

V= {v(x,y)  v(x,¥) =0, (x,y)€dQp, v(x,y) € H (Q)}, (9.6)
where 0Q2p is the part of boundary where a Dirichlet boundary condition is

applied.

9.2.1 Verification of Conditions of the Lax—Milgram Lemma
The bilinear form for (9.3) is

a(u,v) / (pNVu - Vv + quv) dxdy, 9.7)

://vadxdy (9.8)

for a Dirichlet BC on the entire boundary. As before, we assume that
0 < Pmin Sp(x,y) < Pmax 0< Q(X) < Gmax, P E C(Q) » 4 € C(Q) .

We need the Poincaré inequality to prove the V-elliptic condition.

and the linear form is
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232 The Finite Element Method for 2D Elliptic PDEs

Theorem 9.3. If v(x,y) € H)(Q), Q C R?, i.e., v(x,y) € H'(Q) and vanishes at the

boundary 0Y (can be relaxed to a point on the boundary), then

// Vedxdy < C// ]Vv|2dxdy,
Q Q

where C is a constant.

Now we are ready to check the conditions of the Lax—Milgram Lemma.

1. Itis obvious that a(u, v) =a(v,u).

2. Itis easy to see that

|a(u7 V)’ < max {pma)m Qmax}

// (IVu - V| + |uv|) dxdy
Q

= max {pmam qmax} |(|u’7 ‘V|)1|

< max {pmgx, 6]max} HquHle )

so a(u, v) is a continuous and bounded bilinear operator.

3. From the Poincaré inequality

la(v,v)| = ‘//p <|Vv|2 +qv2) a’xdy’
Q
I
Q
1 1
= — Pmin // |Vv\2dxdy+fpm,~n // \Vv]zdxdy
2 Q 2 Q

1 min
> ZPmin//QIszdxdy—i—po //Q|v]2dxdy
1

. 1
> rmnmin {1, L

therefore a(u, v) is V-elliptic.

4. Finally, we show that L(v) is continuous:

ILO) = (A v)ol < [ Mollvllo < LA ol Il -

Consequently, the solutions to the weak form and the minimization form are

unique and bounded in H}(£2).
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9.3 Triangulation and Basis Functions 233

9.3 Triangulation and Basis Functions

The general procedure of the finite element method is the same for any dimen-
sion, and the Galerkin finite element method involves the following main
steps.

e Generate a triangulation over the domain. Usually the triangulation is
composed of either triangles or rectangles. There are a number of mesh
generation software packages available, e.g., the Matlab PDE toolbox from
Mathworks, Triangle from Carnegie Mellon University, etc. Some are avail-
able through the Internet.

e Construct basis functions over the triangulation. We mainly consider the
conforming finite element method in this book.

e Assemble the stiffness matrix and the load vector element by element, using
either the Galerkin finite method (the weak form) or the Ritz finite element
method (the minimization form).

e Solve the system of equations.

e Do the error analysis.

In Figure 9.2, we show a diagram of a simple mesh generation process.
The circular domain is approximated by a polygon with five vertices (selected
points on the boundary). We then connect the five vertices and an interior point
to get an initial five triangles (solid line) to obtain an initial coarse mesh. We
can refine the mesh using the so-called middle point rule by connecting all the
middle points of all triangles in the initial mesh to obtain a finer mesh (solid
and dashed lines).

9.3.1 Triangulation and Mesh Parameters

Given a general domain, we can approximate the domain by a polygon and then
generate a triangulation over the polygon, and we can refine the triangulation if

Figure 9.2. A diagram of a simple generation process and the middle point
rule.
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234 The Finite Element Method for 2D Elliptic PDEs

necessary. A simple approach is the mid-point rule by connecting all the middle
points of three sides of existing triangles to get a refined mesh.
A triangulation usually has the mesh parameters

1,:  polygonal region =K; UKy U K3 -+ - U Kyypjem,

K;j:  arenonoverlapping triangles, j=1,2, ..., nelem,
N;: arenodal points, i=1,2, ..., nnode,

hj:  the longest side of Kj,

p;j:  the diameter of the circle inscribed in K; (encircle),

h:  thelargest of allh;, h=max{h;},
p:  thesmallest of allp;, p=min{p;},

with

R

1251>6>0,

=

where the constant § is a measurement of the triangulation quality (see
Figure 9.7 for an illustration of such p’s and A4’s). The larger the 3, the bet-
ter the quality of the triangulation. Given a triangulation, a node is also the
vertex of all adjacent triangles. We do not discuss hanging nodes here.

9.3.2 The FE Space of Piecewise Linear Functions over a Triangulation

For linear second-order elliptic PDEs, we know that the solution space is in the
H'(Q). Unlike the 1D case, an element v(x, y) in H'(€2) may not be continuous

Figure 9.3. A diagram of a triangle with three vertices a!, >, and *; an adja-

cent triangle with a common side; and the local coordinate system in which
@’ is the origin and a’a’ is the n-axis.
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9.3 Triangulation and Basis Functions 235

under the Sobolev embedding theorem. However, in practice most solutions are
indeed continuous, especially for second-order PDEs with certain regularities.
Thus, we still look for a solution in the continuous function space C°(Q). Let us
first consider how to construct piecewise linear functions over a triangulation
with the Dirichlet BC

u(x,y)|an =0.

Given a triangulation, we define

Vi, = {v(x, ») is continuous in €2 and piecewise linear over each Kj,

V(xay)|8§2:0}- (9.10)

We need to determine the dimension of this space and construct a set of basis
functions. On each triangle, a linear function has the form

vp(x,y)=a+ Bx+ vy, (9.11)
where «, § and vy are constants (three free parameters). Let
P, ={p(x,y), a polynomial of degree of k} . (9.12)
We have the following theorem.

Theorem 9.4.

1. A linear function pi(x,y)=a+ fx + 7y defined on a triangle is uniquely
determined by its values at the three vertices.

2. If p1(x,y) € Py and p>(x,y) € Py are such that p1(A) =p(A) and p\(B) =
p2(B), where A and B are two points in the xy-plane, then pi(x,y)=
pa(x,¥), Y(x,y) € Ly, where L4p is the line segment between A and B.

Proof Assume the vertices of the triangle are (x;,y;), i=1,2,3. The linear
function takes the value v; at the vertices, i.e.,

p(xi7yi) =i
so we have the three equations

a+ Bx) +yy1 = v,
a+ Bxy +yyr = v,
a+ Bx3 +yy3; = vs.
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236 The Finite Element Method for 2D Elliptic PDEs

The determinant of this linear algebraic system is

1x1 3
det | 1 x y» | ==+2area of the triangle # 0 since % >p>0, (9.13)
J
1 x3 3

hence the linear system of equations has a unique solution.
Now let us prove the second part of the theorem. Suppose that the equation
of the line segment is

hx+hy+5=0, [}+I13#0.

We can solve for x or for y:

x:—lzyljl3 it 1 20,
or y_—llxljk it b0,

Without loss of generality, let us assume /, # 0 such that

P1(x,y) = a+ Bx+yy

11x+ [3
1)

[ /
~(e-a)- )

= a1+ Bix.

=a+ fx—

Similarly, we have
p2(x,p) = ai+ fix.
Since pi(A4) =p»(A) and p;(B) =p»(B),

aj + Bix1 =p(4), ay + Bix; =p(A),
aj + fix2=p(B), ay + fix2=p(B),

where both of the linear systems of algebraic equations have the same coefficient

matrix
1 x 1
1 X2
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9.3 Triangulation and Basis Functions 237

that is nonsingular since x| # x, (because points 4 and B are distinct). Thus we
conclude that a; =& and 3 = i, so the two linear functions have the same
expression along the line segment, i.e., they are identical along the line segment.

Corollary 9.5. A piecewise linear function in C°(Q) N H!(Q) over a triangula-
tion (a set of nonoverlapping triangles) is uniquely determined by its values at
the vertices.

Theorem 9.6. The dimension of the finite-dimensional space composed of piece-
wise linear functions in C°(Q) N H'(Q) over a triangulation for (9.3) is the
number of interior nodal points plus the number of nodal points on the boundary
where the natural BC are imposed ( Neumann and mixed boundary conditions ).

Example 9.7. Given the triangulation shown in Figure 9.4, a piecewise contin-
uous function v;(x, y) is determined by its values on the vertices of all triangles,
more precisely, v,(x, y) is determined from

(0,0,v(N1)), (x,y) €K, (0,v(N2),v(N1)), (x,») €Kz,

(0,0,v(N2)), (x,y) €K, (0,0,v(N2)), (x,y) €Ky,
(0,v(N3),v(N2)),  (x,y) EKs, (0,0,v(N3)), () € K,
(0,v(N1),v(N3)),  (x,y) €K7, (v(N1),v(N2),v(N3)),  (x,») €Ks.

Note that although three values of the vertices are the same, like the values for
K3 and K4, the geometries are different, hence, the functions will likely have
different expressions on different triangles.

4

o

Figure9.4. A diagram of a simple triangulation with a homogeneous bound-
ary condition.
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9.3.3 Global Basis Functions

A global basis function of the piecewise linear functions in C°(Q) N H!(Q) can
be defined as
IR g 9.14)
R otherwise, '

where N; are nodal points. The shape (mesh plot) of ¢;(N;) looks like a “tent”
without a door; and its support of ¢;(/N;) is the union of the triangles surround-
ing the node N; (¢f. Figure 9.5, where Figure 9.5(a) is the mesh plot of the global
basis function and Figure 9.5(b) is the plot of a triangulation and the con-
tour plot of the global basis function centered at a node). The basis function is
piecewise linear and it is supported only in the surrounding triangles.

It is almost impossible to give a closed form of a global basis function except
for some very special geometries (cf- the example in the next section). However,
it is much easier to write down the shape function.

Example 9.8. Let us consider a Poisson equation and a uniform mesh, as
an example to demonstrate the piecewise linear basis functions and the finite
element method:

_(uxx+uyy) :f(xay)a (x,y)e(a, b) X (C, d)a

”(an’)‘BQ = 0.

We know how to use the standard central finite difference scheme with the
five-point stencil to solve the Poisson equation. With some manipulations, the

(a) .. (®) 2

1
0.8
0.6
0.4
0.2

2725 -15 ' -2 -1 0 1 2

Figure 9.5. A global basis function ¢;: (a) the mesh plot of the global
function and (b) the triangulation and the contour plot of the global basis
function.
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9.3 Triangulation and Basis Functions 239

Figure 9.6. A uniform triangulation defined on a rectangular domain.

linear system of equations on using the finite element method with a uniform
triangulation (¢f. Figure 9.6) proves to be the same as that obtained from the
finite difference method.

Given a uniform triangulation as shown in Figure 9.6, if we use row-wise
natural ordering for the nodal points

Xis Vi) Xi:ih, ':.h; h:ly i:172""7m_17 .:1727"'?11_17
(xi, 7)) yi=J . j

then the global basis function defined at (x;, y;) = (ih, jh) is

x—(i—l)h—l—y—(j—l)h_l Region 1
h

w Region 2

M Region 3
jn—1)+i=q X hry—Jjh ih ;Il_y —Jjh Region 4

w Region 5

w Region 6

h
0 otherwise .

\
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If m =n =3, there are nine interior nodal points such that the stiffness matrix
isa 9 x 9 matrix:

* %= 0 % 0 0 0 0 O
x *x x o x 0 0 0 O
0O = = 0 o x 0 0 O
*x o 0 x x 0 x 0 O
A=10 * o * x x o x 0
0 0 = 0 x x 0 o =*
0 0 0 x o 0 x % O
0 0 0 0 « o * =x =
10 0 0 0 0 x 0 =% x|
where “x” stands for the nonzero entries and “o” happens to be zero for Poisson
equations. Generally, the stiffness matrix is block tridiagonal:
B -1 0 ] 4 -1 0 i
I B -I -1 4 -1
A= , where B=
-1 B -1 -1 4 -1
-1 B | -1 4

and [ is the identity matrix. The component of the load vector F; can be
approximated as

Sy pudxdy~f | | ¢idxdy =y,
/), /],

so after dividing by /> we get the same system of equations as in the finite
difference scheme, namely,

Ui j+ U+ Uijr + Ui j1 — 4U;
h2

=/,

with the same ordering.
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9.3.4 The Interpolation Function and Error Analysis

We know that the finite element solution u;, is the best solution in terms of
the energy norm in the finite-dimensional space V}, i.e., ||u — up||a < ||t — v ||as
assuming that u is the solution to the weak form. However, this does not give a
quantitative estimate for the finite element solution, and we may wish to have a
more precise error estimate in terms of the solution information and the mesh
size h. This can be done through the interpolation function, for which an error
estimate is often available from the approximation theory. Note that the solu-
tion information appears as part of the error constants in the error estimates,
even though the solution is unknown. We will use the mesh parameters defined
on page 6 in the discussion here.

Definition 9.9. Given a triangulation of 77, let K € T}, be a triangle with vertices
a',i=1,2,3. The interpolation function for a function v(x, y) on the triangle is
defined as

vi(x,y) = _Z w(d)gi(x,y),  (x,y) €K, (9.15)

i=1

where ¢;(x, y) is the piecewise linear function that satisfies ¢;(a’) = 5{ (with 5{
being the Kronecker delta). A global interpolation function is defined as

nnode

v(x,y)= > wd)gi(x,y),  (x.») €Ty, (9.16)

i=1

where a'’s are all nodal points and ¢;(x, y) is the global basis function centered
atd'.

Theorem 9.10. If v(x,y) € C*(K), then we have an error estimate for the inter-
polation function on a triangle K,

I = villoo <20 max D] 9.17)

where h is the longest side. Furthermore, we have

2

8h
ImlaﬁHD“ (v =) |yw§—ma§||0av\\m. (9.18)
al= P |al=
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Proof From the definition of the interpolation function and the Taylor

expansion of v(a') at (x, ), we have

vi(x,y) =) v(@)di(x,y)

i

w2

i9) (1) + 2 (500) =)+ 52 (5 0) 0 )

16° 0? 106°
g EM =X + (€m0 =00 =) + wyZ(&n)(yi—yf)

i=1

3
) + 3 6x0) (G =) + T )0 -))

1 i=1

+ R(x,),

|
.M“’

where (£,7) is a point in the triangle K. It is easy to show that

|R(x,y)| <2h? |m‘aXHD°‘vHOOZ]¢I x,y)| =21 maXHDO‘vHOO,
o i=1

since ¢(x,y) >0 and Z?:l ¢i(x,y) = 1. If we take v(x,y) =1, which is a linear
function, then dv/dx=dv/Jdy =0 and maxy—s [[D*V||c = 0. The interpola-
tion is simply the function itself, since it is uniquely determined by the values
at the vertices of T, hence

3 3
vi(x, ) =v(x,p) =Y _v(d)gi(x, )= ¢i(x,y)=1. (9.19)
i=1 i=1

If we take v(x,y) = d|x + dy, which is also a linear function, then dv/0x =d,
0v/dy = dp, and max |y || D*v||c = 0. The interpolation is again simply the
function itself, since it is uniquely determined by the values at the vertices of
K. Thus from the previous Taylor expansion and the identity Z?:l oi(x,y)=1,
we have

3

vi(x, ) =v(x,p) =v(x,p) + Y ¢i(x,p) (di(xi — x) + da(yi — ) =v(x, ),
i=1
(9.20)

hence Z?:l oi(x,y) (di(xi = x) +dr(yi—»))=0 for any d; and d,, ie,
the linear part in the expansion is the interpolation function. Consequently,
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for a general function v(x, y) € C*(K) we have

vi(%,2) = v(x,p) + R, p), v = villeo <207 max 1D%V][oo ,
o=

which completes the proof of the first part of the theorem.
To prove the second part concerning the error estimate for the gradient,
choose a point (xg, yo) inside the triangle K and apply the Taylor expansion

at (xo,0) to get

v Ov
v(x,y) = v(x0,»0) + a*(xo,yo)(x — Xo) + a*(xo,yo)(y —¥0) + Ra(x,),
X )y
:pl(xay)+R2<x7y)7 |R2(x7y)‘§2h2 ‘rnlel);HDavHOO

Rewriting the interpolation function v;(x, y) as

0 0
vi(x,y) =v(x0,y0) + ;;(Xo,yo)(x — Xo) + %(Xoayo)(y — o) + Ri(x,y),

where R;(x,y) is a linear function of x and y, we have
vl(ai) =P (ai) + Rl (ai)a i= 17 27 37

from the definition above. On the other hand, v;(x,y) is the interpolation
function, such that also

Vl(ai) = v(ai) =P1 (ai) + RZ(ai)a i=1,2,3.

Since pi(a’) + Ry (a') =p1(d’) + Ry(a'), it follows that R;(a') = Ry(d'), i.e.,
Ry (x, ) is the interpolation function of Ry(x, y) in the triangle K, and we have

3

Rl(xvy) = Z Rz(ai)¢i(x7y) .

i=1

With this equality and on differentiating

v ov
vi(x,y) =v(xo,y0) + a(xmyo)(x — Xo) + a*y(xovyo)(y = yo) + Ri(x, )
with respect to x, we get

vy v OR,; 0¢;

ov : ;
a(%)’) = a(xovyo) + W()Qy) = a(’%)’o) + ;Rz(a )a(xvy) .
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g

Figure 9.7. A diagram used to prove Theorem 9.10.

Applying the Taylor expansion for dv(x, y)/0x at (xo, yo) gives

ov ov v v
a(x,y) = a(xoayo) + @(X,Y)(X — Xxo) + 6x8y(>€,)/)(y —)0),

where (X, y) is a point in the triangle K. From the last two equalities, we obtain

2 2, 3
— SR E R )+ S E R ) — Y Rala)

i=1

@ . (‘3v1
ox  Ox

09,
a .

It remains to prove that [0¢;/0x| <1/p,i=1,2,3. We take i=1 as an illustra-
tion, and use a shift and rotation coordinate transform such that a’a’ is the n
axis and 4 is the origin (¢f. Figure 9.7):

3
< ‘mla)é | D“V]| 00 (2h +21° Z
= i=1

&= (x—xp)cos8+ (y — y2)sinf,
n=—(x—xp)sinf + (y — yz)cosb.

Then ¢1(x,y) =¢1(§,n) = C{=£/&;, where & is the £ coordinate in the (£, 7)
coordinate system, such that

991 5¢1 ¢ 1 1
- 0sf — —sinf| < |—cosf <— -
ox || o€ ° on & [STh
The same estimate applies to 0¢;/0x, i =2, 3, so finally we have
2 2
o~ Gl < max 1Dl (204 ) < B ma 0%
Oox 0Ox p P lal=2
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from the fact that p < A. Similarly, we may obtain the same error estimate for
8111/ 8}/. U

Corollary 9.11. Given a triangulation of 7}, we have the following error
estimates for the interpolation function:

v = villzzery < CR Wy, v = villan gy < GV 2y > 9:21)

where C; and C, are constants.

9.3.5 Error Estimates of the FE Solution

Let us now recall the 2D Sturm-Liouville problem in a bounded domain 2:
=V (p(x, ) Vu(x, y)) + q(x, y)ulx, y) =f(x,y), (x,y)€Q,
“(X,J’)GQ = uo(x,y),

where uy(x, y) is a given function, i.e., a Dirichlet BC is prescribed. If we assume
that p, g€ C(Q), p(x,») >po >0, g(x,y) >0, f€ L*(Q) and the boundary 99
is smooth (in C'), then we know that the weak form has a unique solution
and the energy norm ||v||, is equivalent to the H' norm ||v||;. Furthermore,
we know that the solution u(x,y) € H*(2). Given a triangulation 7}, with a
polygonal approximation to the outer boundary 02, let V), be the piecewise
linear function space over the triangulation 7}, and u;, be the finite element
solution. With those assumptions, we have the following theorem for the error
estimates.

Theorem 9.12.
[ — uplla < Cihllull (1, [t = up|| g 7,y < Cahl|ul| g1,y (9:22)
lu = unll r2(7y) < G ull ey lu = uplloo < Cal?ull gz, (9:23)
where C; are constants.

Sketch of the proof. Since the finite element solution is the best solution in the
energy norm, we have

e — plla < llu = urlla < Cille — sl g7,y < CLCobtllut]l oy

because the energy norm is equivalent to the #! norm. Furthermore, because of
the equivalence we get the estimate for the H' norm as well. The error estimates
for the L? and L> norm are not trivial in 2D, and the reader may care to consult
other advanced textbooks on finite element methods.
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0.1

&
(x1,y1)

$

(0,0) (1,0)

Figure 9.8. The linear transform from an arbitrary triangle to the standard
triangle (master element) and the inverse map.

9.4 Transforms, Shape Functions, and Quadrature Formulas

Any triangle with nonzero area can be transformed to the right-isosceles master
triangle, or standard triangle A (c¢f. Figure 9.8). There are three nonzero basis
functions over this standard triangle A, namely,

Y1(§n) =1-E&—n, (9.24)
Pa(&,m) =&, (9.25)
Y3(&,m) =n. (9.26)

The linear transform from a triangle with vertices (xy,y;), (x2,)2), and
(x3,y3) arranged in the counterclockwise direction to the master triangle
Als

3 3
x=>_xph&m),  y=Y_yi&m), (9.27)
J=1 j=1
or
1
6= 55 (03— —3) = (5 =) =), 9:28)
n= 21148 <_(yz_y1)(x_xl)+(x2—xl)(y_J’l))’ (9.29)

where A, is the area of the triangle that can be calculated using the formula in
(9.13).
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D
A
()
b
\
N
\ c
\ ® a
\oar L2,
Sey 7 o7
.. g ¢
SN \
®c B e
’ A} AN
®
b d

Figure9.9. A diagram of the quadrature formulas in 2D with one, three, and
four quadrature points, respectively.

Table 9.1. Quadrature points and weights corresponding to the geometry in

Figure 9.9
L Points (&> i) Wi
1 1 1
b (3’ 3) P
1 1
3 a (0, 2) 3
1 1
> (3 0) 6
. 11 1
27 2 6
1 1 27
oo <3’ 3> %
b (2 1y 2
15 15 96
. (2 2y 1
157 15 96
s (L o2y 2
15 15 96

9.4.1 Quadrature Formulas
In the assembling process, we need to evaluate the double integrals

[ et dsis = [ [ atc.oyiiconmicon |72 | dedn

11:44:22, subject to the Cambridge Core terms of use,
10



http://www.ebook3000.org

248 The Finite Element Method for 2D Elliptic PDEs

/ /ng ()6 x ) ddy = [ /A (& m) &) ’fg;‘ii‘ dédn,

(9(x,)
96, m)

/ / P(x,9) Vs - by dxdy = / / PEN) Vit Vit ‘dédn
Q. A

in which, for example, ¢(£,n) should really be g(x(&,n),y(&,n)) =¢q(&,n) and
so on. For simplification of the notations, we omit the bar symbol.
A quadrature formula has the form

L
/ /S o€ m)dedn =" wg(Eer ), (9.30)
A k=1

where S is the standard right triangle and L is the number of points involved
in the quadrature. In Table 9.1 we list some commonly used quadrature for-
mulas in 2D using one, three, and four points. The geometry of the points is
illustrated in Figure 9.9, and the coordinates of the points and the weights are
given in Table 9.1. It is noted that only the three-point quadrature formula is
closed, since the three points are on the boundary of the triangle, and the other
quadrature formulas are open.

9.5 Some Implementation Details

The procedure is essentially the same as in the 1D case, but some details are
slightly different.

9.5.1 Description of a Triangulation

A triangulation is determined by its elements and nodal points. We use the
following notation:

e Nodal points: N;, (x1,¥1), (X2,32)s -, (Xnnodes Vnnode ) 1-€., We assume there
are nnode nodal points.
e Elements: K;, K1, K>, . . ., Kyelem, i.€., We assume there are nelem elements.

e A 2D array nodes is used to describe the relation between the nodal points
and the elements: nodes(3, nelem). The first index is the index of nodal point
in an element, usually in the counterclockwise direction, and the second
index is the index of the element.
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13 16
13 15 17
14 16 18
9 12
7 9 1
8 10 12
5 8
1 3 5
2 4 p
1 2 3 4

Figure 9.10. A simple triangulation with the row-wise natural ordering.

Example 9.13. Below we show the relation between the index of the nodal
points and elements, and its relations, ¢f. also Figure 9.10.

nodes(1,1)=5,  (xs,ys)=(0,h),

nodes(2,1)=1,  (x1,y1)=(0,0),
nodes(3,1)=6,  (x¢,y6) = (h,h),

nodes(1,10)
nodes(2,10) =1
nodes(3,10) =

(xle/ll) = (Zhvzh) )

7, (X7,y7):(2h,h),
17
, (x6,36) = (h, h).

9.5.2 Outline of the FE Algorithm using the Piecewise
Linear Basis Functions

The main assembling process is the following loop.

for nel = 1l:nelem
il = nodes(1l,nel); % (x(i1),y(il)), get nodal points
i2 = nodes (2,nel) ; % (x(i2),y(i2))

i3

nodes (3,nel) ;

o°
i
[
w
N~
[
w

e Computing the local stiffness matrix and the load vector.

ef=zeros (3,1) ;
ek = zeros(3,3);

for 1=1:ng % ng is the number of quadrature points.
[xi x(1),eta_y(1l)] = getint, % Get a quadrature point.
[psi,dpsi] = shape(xi_x(1),eta_y(1l));
[x 1,y 11 = transform, % Get (x,y) from (\xi x(1), \eta y(1))
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[xk,xq,xf] = getmat(x 1,y 1); % Get the material
$coefficients at the quadrature point.
for i= 1:3

ef (i) ef (i) + psi(i)*xf*w(l)*J; % J is the Jacobian
for j=1:3
ek(i,j)=ek(i,j)+ (T + xg*psi(i)*psi(j) )=*J % see below
end
end

end

Note that psi has three values corresponding to three nonzero basis func-
tions; dpsiis a 3 x 2 matrix which contains the partial derivatives 0v;/0§ and
0vi/On. The evaluation of T is

oy _ i Oy O O
[ oy vo-voasar= [ [ pien (G5 G110 dean.

where J = ggg % % is the Jacobian of the transform. We need to calculate 0v; /Ox

and 0v;/0y in terms of ¢ and 7. Notice that
Oi O 0 | i On
ox 06 Ox  On Ox’
Oi O 0§ | Oy On
dy  0£ 0y  On oy’

Since we know that

e = 5 (5= —x) = (s = x) =)

n= 21146 <—(J/2 —y1)(x = x1) + (2 —xl)(y—yl)) ;

we obtain those partial derivatives below,

9 1 o 1

5*2146(%—)/1)7 3y 2Ae(x3_x1)7

e ta), Y=

ax 24,727 9y T 24,

e Add to the global stiffness matrix and the load vector.

(x2 — x1) .

for i= 1:3
ig = nodes(i,nel);
gf(ig) = gf(ig) + ef(i);
for j=1:3
jg = nodes(j,nel);
gk (ig,Jjg) = gk(ig,jg) + ek(i,j);
end
end
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e Solve the system of equations gk U= gf.

— Direct method, e.g, Gaussian elimination.

— Sparse matrix technique, e.g., A = sparse(M, M).

— Iterative method plus preconditioning, eg, Jacobi, Gauss—Seidel,
SOR(w), conjugate gradient methods, etc.

e Error analysis.

— Construct interpolation functions.

— Error estimates for interpolation functions.

— Finite element solution is the best approximation in the finite element
space in the energy norm.

9.6 Simplification of the FE Method for Poisson Equations

With constant coefficients, there is a closed form for the local stiffness matrix,
in terms of the coordinates of the nodal points; so the finite element algorithm
can be simplified. We now introduce the simplified finite element algorithm.
A good reference is White (1985): An introduction to the finite element method
with applications to nonlinear problems by R.E. White, John Wiley & Sons.

Let us consider the Poisson equation below

—Au :f(x7y)7 (X,y) EQ)

u(x,y) = g(x,»), (x,») €08y,
ou

— =0 Q
on 7(xay)€8 25

where (2 is an arbitrary but bounded domain. We can use Matlab PDE Toolbox
to generate a triangulation for the domain (2.

The weak form is
// Vu-Vvdxdy://fvdxdy.
Q Q

With the piecewise linear basis functions defined on a triangulation on £2, we
can derive analytic expressions for the basis functions and the entries of the
local stiffness matrix.

Theorem 9.14. Consider a triangle determined by (x1,y1), (x2,2) and (x3,y3).
Let

a; = X;Ym — XmYjs (9.31)
b= Vi = Vm, (932)
Ci = Xpm — Xj, (9.33)
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where i, j, m is a positive permutation of 1,2, 3, eg,i=1,j=2and m=3; i=2,
j=3andm=1; andi=3, j=1and m =2. Then the corresponding three nonzero
basis functions are

ai+bix+ ¢ )
Uil y) =T =123, 9.34)

where i(x;, yi) =1, Yi(xj,y;) =0 if i #Jj, and

Lx1 0
1
A= 5 det | 1 x5 y» | ==+ area of the triangle. (9.35)

1 x3 33

We prove the theorem for ¢ (x,y). Substitute @, b;, and ¢; in terms of x;
and y; in the definition of 1, we have,

_ay+bix+cy

¢1(x,y) T,
_ (2y3 = x392) + (2 — y3)x + (X3 — x2)y
2A )
SO U1 (x2,12) = (x2y3 — x3y2) + (12 — ¥3)x2 + (X3 — X2))2 _o,
2A
X2y3 — X3)2) + (V2 — y3)X3 + (X3 — x
D1 (x3, ) = (X293 — x392) (yzzAm) 34 (X3 — X2)3 _o,

(X293 — x392) + (12 — y3)x1 + (x3 — x2)y1 _ 2A .

Y1(x1,01) = A =5x =L

We can prove the same feature for ¢, and 3.

We also have the following theorem, which is essential for the simplified finite
element method.

11:44:22, subject to the Cambridge Core terms of use,
10



9.6 Simplification of the FE Method for Poisson Equations 253

Theorem 9.15. With the same notations as in Theorem 9.14, we have

m!n!ll

m n ! _
[ sy sty = B on, 036

_ b,’bj + cicj
S, o Doty =225

A A A

e __ ~ — - -
F= [ osendsar=fg s hpy 4y
. A A A
Fz—//ﬂelz)zf(qu’)dXdy—ﬁlz +f2g +ﬁﬁa

. A A A
F= [ [ wssoendsty =gy vy 45

where f; =f(xi, yi).

The proof is straightforward since we have the analytic form for ;. We
approximate f(x, y) using

S(x, ) = fid + foha + f31h3, (9.37)

and therefore

Ffﬁ//gednf(x,y) dxdy

—fl/ o, Yidxdy + f //nglwzdxdy +/3 //Qe Y13 dxdy.

Note that the integrals in the last expression can be obtained from the formula
(9.36). There is a negligible error from approximating f(x, y) compared with the
error from the finite element approximation when we seek approximate solution
only in ¥}, space instead of H'(Q) space. Similarly we can get approximation
F5 and F3.

(9.38)

9.6.1 A Pseudo-code of the Simplified FE Method

Assume that we have a triangulation, e¢g, a triangulation generated from
Matlab by saving the mesh. Then we have

p(1,1), p(1,2), ..., p(1,nnode) as x coordinates of the nodal points,
p(2,1), p(2,2), ..., p(2,nnode) as y coordinates of the nodal points;
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and the array 7 (the nodes in our earlier notation)

t(1,1), ¢(1,2), ..., t(1,nele) asthe index of the first node of an element,
1(2,1), 1(2,2), ..., t(2,nele) as the index of the second node of the element,
t(3,1), #(3,2), ..., t(3,nele) as the index of the third node of the element;

and the array e to describe the nodal points on the boundary

e(1,1), e(1,2), ..., e(1,nbc) as the index of the beginning node of a
boundary edge,

e(2,1), e(2,2), ..., e(2,nbc) as the index of the end node of the
boundary edge.

A Matlab code for the simplified finite element method is listed below.

o°

Set-up: assume we have a triangulation p,e,t from Matlab PDE tool box
% already.

[ijunk,nelem] = size(t);
[ijunk,nnode] = size(p);

for i=1:nelem
nodes (1,1)=t(1,1);
nodes (2,1i)=t(2,1);
nodes (3,1i)=t(3,1);
end

gk=zeros (nnode, nnode) ;

gf = zeros(nnode, 1) ;
for nel = l:nelem, % Begin to assemble by element.
for j=1:3, % The coordinates of the nodes in the
jj = nodes(j,nel); % element.
xx(Jj) = p(1,33);
yy(3) = p(2,33);
end
for nel = l:nelem, % Begin to assemble by element.
for j=1:3, % The coordinates of the nodes in the
jj = nodes(j,nel); % element.
xx(j) = p(1,33);
yy(3) = p(2,33);
end
for i=1:3,
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j = 1i+1 - f£ix((i+1)/3)*3;
if § == 0
jo=3;
end
m = i+2 - fix((i+2)/3)*3;
ifm ==0
m = 3;
end
a(i) = xx(j)*yy(m) - xx(m)*yy(j);
b(i) = yy(3) - yy(m);
c(i) = xx(m) - xx(j);
end
delta = ( c(3)*b(2) - c(2)*b(3) )/2.0;
for ir = 1:3,
ii = nodes (ir,nel) ;

for ic=1:3,

ak = (b(ir)*b(ic) + c(ir)*c(ic))/(4*
jj = nodes(ic,nel);
gk(ii,§3) = gk(ii, i) + ak;
end
j = ir+l - fix((ir+l)/3)*3;
if § == 0
j = 3;
end
m = ir+2 - fix((ir+2)/3)*3;
if m == 0
m = 3;
end
gf (ii) = gf(ii)+( f(xx(ir),yy(ir))*2
+ £ (xx(m),yy(m))
end
end % End assembling by e

Now deal with the Dirichlet BC

[1junk, npres] size (e) ;

for i=1:npres,
xb p(l,e(1,1)); yb=p(2,e(1,1));
gl(i) uexact (xb,yb) ;

end

for i=1:npres,
nod e(1,1);
for k=1:nnode,
gf (k) gt (
gk (nod, k)
gk (k,nod)

- gk(k,nod) *gl (i) ;

k)
= 0;

255

°
°

Area.

delta) ;

L0+ E(xx(3),yy(3))
) *delta/12.0;

lement.

11:44:22, subject to the Cambridge Core terms of use,


http://www.ebook3000.org

256 The Finite Element Method for 2D Elliptic PDEs

end
gk (nod,nod) = 1;
gf (nod) = gl(i);

end
u=gk\gf; % Solve the linear system.
pdemesh (p, e, t,u) % Plot the solution.

% End.

Example 9.16. We test the simplified finite element method to solve a Poisson
equation using the following example:

Domain: Unit square with a hole (¢f. Figure 9.11).

Exact solution: u(x, y) = x* + y?2, for f(x,y) = —4.

BC: Dirichlet condition on the whole boundary.

Use Matlab PDE Toolbox to generate initial mesh and then export it.

Figure 9.11 shows the domain and the mesh generated by the Matlab PDE
Toolbox. Figure 9.12(a) is the mesh plot for the finite element solution, and the
Figure 9.12(b) is the error plot (the magnitude of the error is O(/?)).

1

0.8

0.6

0.4

0.2

0

—-0.2

-0.4

—-0.6

-0.8

1
-1 -08-06-04-02 0 02 04 06 08 1

Figure 9.11. A mesh generated from Matlab.
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-0.5

-1 | -1 -1

Figure 9.12. (a) A plot of the finite element solution when f(x, y) = —4 and
(b) the corresponding error plot.

9.7 Some FE Spaces in H'(2) and H?(2)

Given a triangulation (triangles, rectangles, quadrilaterals, ezc.), let us construct
different finite element spaces with finite dimensions. There are several reasons
to do so, including:

e better accuracy of the finite element solution, with piecewise higher-order
polynomial basis functions, and

e to allow for higher-order derivatives in higher-order PDEs, e.g., in solving
the biharmonic equation in H? space.

As previously mentioned, we consider conforming piecewise polynomial
finite element spaces. A set of polynomials of degree k is denoted by

i+j<k
Pi={vxy), )= Y apxindh,
ij=0
in the xy-plane. Below we list some examples,
Pr={v(x,»), v(x,y)=ao + ax +aoy},
Py = { v(x,p),  v(x,y) =a + aiox + aory + axx” + a1 xy + apy’ },

P3 = Py + {axx’ +anx’y + apxy’ + 6103)/3},
Degree of freedom of Py. For any fixed x/, all the possible )/ terms in a

pe(x,y) € Py are y°, !, ..., y*=7 ie., jranges from 0 to k — i. Thus there are
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k — i+ 1 parameters for a given x’, and the total degree of freedom is
k k
=i+ 1) =) (k+1) Zz
i=0 i=0
k(k—l— 1)  (k+1)(k+2)
2 2 )

Some degrees of freedom for different ks are:

= (k+1)* -

e 3 when k=1, the linear function space Py;
e 6 when k=2, the quadratic function space Py;

e 10 when k£ = 3, the cubic function space Ps;

e 15 when k£ =4, the fourth-order polynomials space P4; and

e 21 when k =5, the fifth-order polynomials space Ps.

Regularity requirements: Generally, we cannot conclude that v(x, y) € C° if
v(x,y) € H'. However, if ¥}, is a finite-dimensional space of piecewise poly-
nomials, then that is indeed true. Similarly, if v(x,y) € H* and v(x, )|, €
Py, VK; € Ty, then v(x, ) € C'. The regularity requirements are important for
the construction of finite element spaces.

As is quite well known, there are two ways to improve the accuracy. One way
is to decrease the mesh size £, and the other is to use high-order polynomial
spaces Py. If we use a Pj, space on a given triangulation 77 for a linear second-
order elliptic PDE, the error estimates for the finite element solution u;, are

e = vl () < Coll[udll sy 1 = unl g2y < CobHfu s ) 9:39)
9.7.1 A Piecewise Quadratic Function Space

The degree of freedom of a quadratic function on a triangle is six, so we may
add three auxiliary middle points along the three sides of the triangle.

Theorem 9.17. Consider a triangle K= (a',a?,a®), as shown in Figure 9.13.
A function v(x,y) € P>(K) is uniquely determined by its values at

v(d), i=1,2,3, and the three middle pointsv(a'?), v(a*®), v(a®").

As there are six parameters and six conditions, we expect to be able to
determine the quadratic function uniquely. Highlights of the proof are as
follows.

e We just need to prove the homogeneous case v(a') =0, v(a’) = 0, since the
right-hand side does not affect the existence and uniqueness.
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Figure 9.13. A diagram of six points in a triangle to determine a quadratic
function.

e We can represent a quadratic function as a product of two linear functions,
e, v(x) =11 (X)w(x) =11 (X)1h2(X)wp, With 1;(x) denoting the local linear
basis function such that 1;(a’) = 1 and 1;(¢/) = 0 if i #j. Note that here we
use X = (x, y) notation for convenience.

e [t is easier to introduce a coordinate axis aligned with one of the three sides.

Proof We introduce the new coordinates (cf. Figure 9.7)

E=(x—xp)cosa+ (y—yy)sina,
n=—(x—xp)sina+ (y —y2)cosa,

such that a? is the origin and a?a® is the 7- axis. Then v(x, y) can be written as

v(x, ) = v(x(&n), (&) =¥(E,n) = G0 + @10€ + ao1n + ax&>
+anén + apn’.

Furthermore, under the new coordinates, we have

V1(&,n) =0+ BE+ =B, B#O,

since 11 (a®) =11(a®) =0. Along the n-axis (€ =0), ¥(&,7) has the following
form

¥(0,7) = oo + @o1n + aon’.
Since ¥(a?) = v(a*) = v(a*}) =0, we get ago =0, @y =0 and ap, = 0, therefore,

V(E,m) = a0€ + anén + ané =& (a0 + ann + axné)

(@0 an, | an
_B§<B+ﬁ£+ﬂn>

=1 (ga 77)‘*’(& 77)
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Similarly, along the edge a'a?®, we have
1
(@) = 1 (@) w(a®) = 5 w(a) =0,
v(a") = 1 (aw(a) =w(a

N>
|
o

w(@®)=0, w(a")=0.
By similar arguments, we conclude that

(J)(X,y) :¢2(x>y) wo,

and hence

v(x, ) = P1(x, )2 (x, y)w.
Using the zero value of v at a'2, we have

v(a'?) = (a'?) 1ha(a'?) wo = % % wp=0,

so we must have wp =0 and hence v(x,y) =0.

9.7.1.1 Continuity Along the Edges

Along each edge, a quadratic function v(x,y) can be written as a quadratic
function of one variable. For example, if the edge is represented as

y=ax+b or x=ay+Db,
then
v(x,y)=v(x,ax+b) or v(x,y)=v(ay+b,y).

Thus, the piecewise quadratic functions defined on two triangles with a com-
mon side are identical on the entire side if they have the same values at the two
end points and at the mid-point of the side.

9.7.1.2 Representing Quadratic Basis Functions using Linear Functions

To define quadratic basis functions with minimum compact support, we can
determine the six nonzero functions using the values at three vertices and
the mid-points v= (v(a'), v(a?), v(a®), v(a'?), v(a*®), v(a'?)) € R®. We can either
take v=e;€R®, i=1,2,...,6, respectively, or determine a quadratic func-
tion on the triangle using the linear basis functions as stated in the following
theorem.
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Theorem 9.18. A quadratic function on a triangle can be represented by

W

ZV Yoi(x,y) (2¢i(x7J’) - 1)
=1 (9.40)
n Z 4v(a”) di(x,y) $i(x, ),

ij=1,i<j

where ¢i(x,y), i=1,2,3, is one of the three linear basis functions centered at one
of the vertices d'.

Proof It is easy to verify the vertices if we substitute a/ into the right-hand side
of the expression above,

w(@)gy(a) (26)(a) — 1) = v(@),

since ¢;(a/) =0 if i#j. We take one mid-point to verify the theorem. On
substituting «'? into the left expression, we have

v(a)i(a'?) (261(a) = 1) + v(@)da(a'?) (202(a") 1)
+v(@)3(a'?) (263(a"%) = 1) + 4(a)1 (a) 62 ()

+ (@)1 (a2)93(a"2) + 4(@>) (a2 3(a'?)
= (@),

since 2¢1(a'?) —1=2x 5 —1=0, 2¢5(a'?) —1=2x 1 —1=0, ¢3(a'?)=0
and 4¢;(a'?)py(a'?) =4 x % X %: 1. Note that the local stiffness matrix is
6 x 6 when quadratic basis functions are used.

We have included a Matlab code of the finite element method using the
quadratic finite element space over a uniform triangular mesh for solving a
Poisson equation with a homogeneous (zero) Dirichlet boundary condition.

9.7.2 Cubic Basis Functions in H' N C’

There are several ways to construct cubic basis functions in H' N C° over a
triangulation, but a key consideration is to keep the continuity of the basis
functions along the edges of neighboring triangles. We recall that the degree
of freedom of a cubic function in 2D is ten, and one way is to add two auxil-
iary points along each side and one auxiliary point inside the triangle. Thus,
together with the three vertices, we have ten points on a triangle to match the
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(b)

10, Py(K), C°

10, P4(K), C°

Figure9.14. A diagram of the freedom used to determine two different cubic
basis functions in H' N C°. We use the following notation: e for function
values and o for values of the first derivatives.

degree of freedom (cf. Figure 9.14(a)). Existence and uniqueness conditions for
such a cubic function are stated in the following theorem.

Theorem 9.19. A cubic function v € P3(K) is uniquely determined by the values of
vd), v(@),ij=1,23,i#j and va'?), (9:41)
where

1 | 4 ,
a® =2 (al +d+ a3> L= <2a’ n af) i j=1,2.3, i4). (9.42)
Sketch of the proof: Similar to the quadratic case, we just need to prove that the
cubic function is identically zero if v(a') = v(a'¥) = v(a'*}) = 0. Again using the
local coordinates where one of the sides of the triangle 7"is on an axis, we can
write

v(x) = Co1(x)Pa(x)3(X)

where C is a constant. Since v(a'??) = C¢(a'?})py(a'??)p3(a'?}) = 0, we con-
clude that C=0 since ¢;(a'>}) #0, i=1,2,3; and hence v(x) = 0.

With reference to the continuity along the common side of two adjacent
triangles, we note that the polynomial of two variables again becomes a poly-
nomial of one variable there, since we can substitute either x for y, or y for x
from the line equations [y + /jox + lp;y =0. Furthermore, a cubic function of
one variable is uniquely determined by the values of four distinct points.

There is another choice of cubic basis functions, using the first-order deriva-
tives at the vertices (¢f. Figure 9.14(b)). This alternative is stated in the following
theorem.

Theorem 9.20. A cubic function v € P3(K) is uniquely determined by the values of

ov

87(511'), i=1,2,3,j=1,2 and i#j, v(a?), (9.43)
j

v(d),
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where Ov/0x;(d") represents Ov/0x(a') when j=1 and 9v/dy(a') when j=2, at
the nodal point d'.

At each vertex of the triangle, there are three degrees of freedom, namely,
the function value and two first-order partial derivatives; so in total there
are nine degrees of freedom. An additional degree of freedom is the value
at the centroid of the triangle. For the proof of the continuity, we note that
on a common side of two adjacent triangles a cubic polynomial of one vari-
able is uniquely determined by its function values at two distinct points plus
the first-order derivatives in the Hermite interpolation theory. The first-order
derivative is the tangential derivative along the common side defined as dv/0t =
0v/Ox t| + 0v/dy t,, where t = (11, t;) such that t% + l% =1 is the unit direction
of the common side.

9.7.3 Basis Functions in H> N C!

To solve fourth-order PDEs such as a 2D biharmonic equation
A (uxx + uyy) = Uxxx + 2Uxxyy + Uyyyy =0, (9.44)

using the finite element method, we need to construct basis functions in
H?*(Q) N C'(Q). Since second-order partial derivatives are involved in the weak
form, we need to use polynomials with degree more than three. On a triangle,
if the function values and partial derivatives up to second order are specified
at the three vertices, the degree of freedom would be at least 18. The closest
polynomial would be of degree five, as a polynomial v(x) € Ps has degree of
freedom 21 (¢f. Figure 9.15(a)).

(a) (b)

Figure9.15. A diagram of the freedom used to determine two different fifth-
order polynomial basis functions in H> N C'. (a) We specify D*v(a),0 < a <2
at each vertex (3 x 6 = 18) plus three normal derivatives 9v/dn(a”) at the mid-
point of the three edges. (b) We can specify three independent constraints to
reduce the degree of freedom, e.g., 9v/On(a’) = 0 at the mid-point of the three
edges.
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Theorem 9.21. A quintic function v(x,y) € Ps(K) is uniquely determined by the
values of

D), i=1,2,3, 0] <2, D), ij=1,23i<),  (949)

where Ov/0n(a') = n10v/0x(a') + nydv/dy(a') represents the normal derivative
of v(x) at @ and n=(ny,my) (n} +n3=1) is the outward unit normal at the
boundary of the triangle.

Sketch of the proof: We just need to show that v(x)=0 if D*v(a')=0, i=
1,2,3, |o| <2 and 9v/dn(a’) =0, i,j=1,2,3, i<j. A fifth-order polynomial
v(s) of one variable s is uniquely determined by the values of v and its deriva-
tives V/(s) and v/(s) at two distinct points, so along a’a®, v(x) must be zero
for the given homogeneous conditions. We note that %(x) is a fourth-order
polynomial of one variable along a?a>. Since all of the first- and second-order
partial derivatives are zero at ¢ and @°,

D=0 0 <§Z> (@)=0,i=2,3,

- al — , J—

8n( ) ot
and 2*(a*) =0. Here again, $ is the tangential directional derivative. From
the five conditions, we have % (x) =0 along a?a’, so we can factor ¢?(x) out of
v(x) to get

v(x) =1 (%) p3(x), (9.46)
where p3(x) € P3. Similarly, we can factor out ¢3(x) and ¢3(x) to get
v(x) = 1(x) 63(x) $3(x) C, (9:47)

where C is a constant. Consequently C =0, otherwise v(x) would be a poly-
nomial of degree six, which contradicts that v(x) € Ps.

The continuity condition along a common side of two adjacent triangles in
C! has two parts, namely, both the function and the normal derivative must
be continuous. Along a common side of two adjacent triangles, a fifth-order
polynomial of v(x, y) is actually a fifth-order polynomial of one variable v(s),
which can be uniquely determined by the values v(s), v'(s) and v’(s) at two
distinct points. Thus the two fifth-order polynomials on two adjacent triangles
are identical along the common side if they have the same values of v(s), V'(s),
and V'(s) at the two shared vertices. Similarly, for the normal derivative along
a common side of two adjacent triangles, we have a fourth-order polynomial
of one variable dv/0n(s). The polynomials can be uniquely determined by the
values 0v/0n(s) and (d/ds) (0v/0n) (s) at two distinct points plus the value of
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0v/0n(s) at the mid-point. Thus the continuity of the normal derivative is also
guaranteed.

An alternative approach is to replace the values of %(aij ) at the three mid-
points of the three sides by imposing another three conditions. For example,
assuming that along a’a® the normal derivative of the fifth-order polynomial
has the form

v

on
we can impose azy = 0. In other words, along the side of @>4> the normal deriva-
tive Jv/On becomes a cubic polynomial of one variable. The continuity can
again be guaranteed by the Hermite interpolation theory. Using this approach,
the degree of freedom is reduced to 18 from the original 21 (¢f. Figure 9.15(b)
for an illustration).

= ago + anon + axon* + azon’ + axon’

9.7.4 Finite Element Spaces on Rectangular Meshes

While triangular meshes are intensively used, particularly for arbitrary
domains, meshes using rectangles are also popular for rectangular regions.
Bilinear functions are often used as basis functions. Let us first consider a
bilinear function space in H' N C°. A bilinear function space over a rectangle
K in 2D, as illustrated in Figure 9.16, is defined as

01(K) = { v(x,»), v(x,y)=ag + aiox +apy + auxJ’} ;o (9.48)

where v(x,y) is linear in both x and y. The degree of freedom of a bilinear
function in Q;(K) is four.

Theorem 9.22. A bilinear function v(x,y) € Q1(K) is uniquely determined by its
values at four corners.

0,y (x1.y1)

(0.0) (x1.0)

Figure 9.16. A standard rectangle on which four bilinear basis functions can
be defined.
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Proof Without loss of the generality, assume that the rectangle is determined by
the four corners a': (0, 0), (x1, 0), (x1, y1), and (0, y;). The coefficient matrix
of the linear system of algebraic equations that determines the coefficients a;;,
i,j=0,11is

1 0 O 0
. 1 X1 0 0
A=11 0 3 o |’
1 x1 y1 xin

with determinant det(A) :x%y% #£0 since x1y; #0. Indeed, we have analytic
expressions for the four nonzero basis functions over the rectangle, namely,

X X
Sry)=1-— -2 4 2 (9.49)
X1 V1 X1)1
X Xy
X7 = —-—— — 5 950
axy) = -5 9.50)
X
B3(x,y) = —> 9.51)
X1J)1
y Xy
dalx,y) = L — 2L 9.52)
B4 X1)1

On each side of the rectangle, v(x, y) is a linear function of one variable (either
x or y) and uniquely determined by the values at the two corners. Thus any two
basis functions along one common side of two adjacent rectangles are identical
if they have the same values at the two corners, although it is hard to match the
continuity condition if quadrilaterals are used instead of rectangles or cubic
boxes.

A biquadratic function space over a rectangle is defined by

0>(K) = {V(Xa Y), v(x,y)=apo + aiox + ap1y + ayxy
(9.53)

+ a20x2 + a20y2 + a21x2y + alzxyz + azzxzyz} .

The degree of freedom is nine. To construct basis functions in H! N C?, as for

the quadratic functions over triangles, we can add four auxiliary points at the

mid-points of the four sides plus a point, often in the center of the rectangle.
In general, a bilinear function space of order k over a rectangle is defined by

Ok(K) = 4 v(x,p), v(xp)= Y apx'y/s. 9.54)

1,j=0,i<k,j<k

11:44:22, subject to the Cambridge Core terms of use,
10



9.7 Some FE Spaces in H' () and H*(Q) 267

107

Figure 9.17. (a) Q»(K) (biquadratic) in H' N C° whose degree of freedom is
9 which can be uniquely determined by the values at the marked points and
(b) 03(K) (bicubic) in H?> N C' whose degree of freedom is 16, which can be
determined by its values, first-order partial derivatives marked as /, and mixed
derivative marked as *, at the four corners.

L

Figure 9.18. Finite element spacesin 3D. (a) 77 (K) (linear) in H' N C° whose
degree of freedom is 4 and (b) T»(K) (quadratic) in H' N C° whose degree of
freedom is 10.

(@)

In Figure 9.17, we show two diagrams of finite element spaces defined on the
rectangles and their degree of freedom. Figure 9.17(a) is the biquadratic Q> (K)
finite element in H' N C° whose degree of freedom is 9 and can be determined
by the values at the marked points. Figure 9.17(b) is the bicubic Q3(K) finite
element in H> N C' whose degree of freedom is 16 and can be determined by the
values at the marked points. The bicubic polynomial is the lowest bipolynomial
in H> N C" space. The bicubic function can be determined by its values, its par-

. : . o o : . : . . 52 .
tial derivatives (W? 87)’ and its mixed partial derivative vy At four vertices.

9.7.5 Some Finite Element Spaces in 3D

In three dimensions, the most commonly used meshes are tetrahedrons and
cubics. In Figure 9.18, we show two diagrams of finite element spaces defined on
the tetrahedrons and their degree of freedom. Figure 9.18(a) is the linear 7' (K)
finite element in ' N C° whose degree of freedom is 4 and can be determined
by the values at the four vertices. Figure 9.18(b) is the quadratic 7>(K) finite
element in H' N C° whose degree of freedom is 10 and can be determined by
the values at the four vertices and the mid points of the six edges.
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(a) (b)

Figure 9.19. Diagram of non-conforming finite element spaces. (a)
Crouzeix—Raviart (C-R) linear non-conforming element that is determined
by the values at the middle points of the edges. (b) Morley quadratic non-
conforming element that is determined by the values at the vertices and the
normal derivatives at the middle points of the edges.

9.7.6 *Non-conforming Finite Element Spaces

For high-order PDEs, such as biharmonic equations (A?u=f, where A is the
Laplacian operator A = %2 + %) in two or three dimensions, or systems of
PDEs with certain constraints, such as a divergence free condition, it is difficult
to construct and verify conforming finite element spaces. Even if it is possible,
the degree of polynomial of the basis functions is relatively high, for exam-
ple, we need fifth order polynomials for biharmonic equations in two space
dimensions, which may lead to Gibbs oscillations near the edges. Other types
of applications include non-fitted meshes or interface conditions for which it
is difficult or impossible to construct finite elements that meet the conforming
constraints. To overcome these difficulties, various approaches have been devel-
oped such as non-conforming finite element methods, discontinuous and weak
Galerkin finite element methods. Here we mention some non-conforming finite
element spaces that are developed in the framework of Galerkin finite element
methods.

For triangle meshes, a non-conforming P; finite element space called
Cronzeix—Raviart (C-R) finite element space is defined as a set of linear func-
tions over all triangles that are continuous at the mid-points of all the edges.
The basis functions can be determined by taking either unity at one middle
point and zeros at other middle points of a triangle; see Figure 9.19(a) for an
illustration. The theoretical analysis can be found in Brenner and Scott (2002)
and Shi (2002), for example. A non-conforming Q) finite element space on rect-
angles called the Wilson element is defined in a similar way but with a basis
{1, x,y, xy} of degree four. A rotated non-conforming Q; is defined in the sim-
ilar way but using {1 X, P, X2 — y2} as the basis. Note that, for the conforming
biquadratic finite element space, those bases are equivalent, but it is not true
for non-conforming finite element spaces anymore.
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(a) (b)
3

A0, )

2 Bt

1 ot

0

Q'Iiill” 0, y)
-1 r D
-2
0O=0+UQ

-3

-3 -2 -1 0 1 2 3

Figure 9.20. (a) A configuration of a rectangular domain 2 = Q* U Q™ with
an interface I' from an IFEM test. The coefficient p(x) may have a finite
jump across the interface I'. (b) An interface triangle and the geometry after
transformed to the standard right triangle.

For biharmonic equations, a nonconforming finite element space defined on
triangle meshes called the Morley finite element (Shi, 2002) has been developed.
A Morley finite element on a triangle is defined as quadratic functions that
are determined by the values at the three vertices, and the normal derivative at
the middle points of the three edges, see Figure 9.19(b) for an illustration. An
alternative definition is to use the line integrals along the edges instead of the
values at the middle points.

9.7.7 *The Immersed Finite Element Method for
Discontinuous Coefficients

Following the idea of the immersed finite element method (IFEM) for 1D
problems, we explain the IFEM for 2D interface problems when the coefficient
p(x,y) has a discontinuity across a closed smooth interface I'. The interface I'
can be expressed as a parametric form (X(s), Y(s)) € C?, where s is a parameter,
say the arc-length. The interface cuts the domain  into two subdomains Q%
and 27; see the diagram in Figure 9.20(a).

For simplicity, we assume that the coefficient p(x) is a piecewise constant

(x.y) = BT if (x,y) €Q7,
PRI = 6 it () €0

Again, across the interface I' where the discontinuity occurs, the natural jump
conditions hold

—0, (9.55)
T

=0, [Bgﬂ
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(2) (b)

Figure9.21. (a) A diagram of a fitted mesh (unstructured) and (b) an unfitted
Cartesian mesh (structured).

where the jump at a point X = (X, Y) €I on the interface is defined as

- u’ = lim u(x)— lim u(x),

X x—=XxeQt x—X,xeQ~
and so on, where x = (x, y) is an interior point in the domain. Due to the dis-
continuity in the coefficient, the partial derivatives across the interface I" are
discontinuous although the solution and the flux (the second jump condition)
are continuous. Such a problem is referred to as a 2D interface problem.

To solve such an interface problem using a finite element method, first a
mesh needs to be chosen. One way is to use a fitted mesh as illustrated in
Figure 9.21(a). A fitted mesh can be generated by many existing academic or
commercial software packages, e.g., Matlab PDE Toolbox, Freefem, Comsol,
PLTMG, Triangle, Gmesh, etc. Usually there is no fixed pattern between the
indexing of nodal points and elements, thus such a mesh is called an unstruc-
tured mesh. For such a mesh, the finite element method and most theoretical
analysis is still valid for the interface problem.

However, it may be difficult and time-consuming to generate a body fitted
mesh. Such a difficulty may become even more severe for moving interface
problems because a new mesh has to be generated at each time step, or every
other time step. A number of efficient software packages and methods that are
based on Cartesian meshes, such as the FFT, the level set method, and others,
may not be applicable with a body fitted mesh.

Another way to solve the interface problem is to use an unfitted mesh, e.g,
a uniform Cartesian mesh as illustrated in Figure 9.21(b). There is rich litera-
ture on unfitted meshes and related finite element methods. The nonconforming
IFEM (Li, 1998) is one of the early works in this direction. The idea is to enforce
the natural jump conditions in triangles that the interface cuts through, which
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we call an interface triangle. Without loss of generality, we consider a reference
interface element 7" whose geometric configuration is given in Figure 9.20(b) in
which the curve between points D and E is a part of the interface. We assume
that the coordinates at 4, B, C, D, and FE are

(Ovh)v (Oa O)a (h,O), (Ovyl)v (h_y2>y2)a (956)

with the restriction
0<yi<h, 0<y,<h. (9.57)

Given the values at the three vertices we explain how to determine a piece-
wise linear function in the triangle that satisfies the natural jump conditions.
Assuming that the values at vertices 4, B, and C of the element T are specified,
we construct the following piecewise linear function:

ut(x)=ag +aix +a(y — h), ifx=(x,y) € T,

u(x)= _ (9.58a)
u_(x):b0+b1x+b2y7 le:(X,y)GT_,

o PR LOout _Ou”

(D) =u (D), wH(E)=u(B), 8% =B o .

where n is the unit normal direction of the line segment DE. Intuitively, there

are six constraints and six parameters, so we can expect the solution exists and

is unique as confirmed in Theorem 8.4 in Li and Ito (2006).

The dimension of the non-conforming IFE space is the number of interior

points for a homogeneous Dirichlet boundary condition (u|pn = 0) as if there
was no interface. The basis function centered at a node is defined as:

(9.58b)

b=y o, (29| —o 0. (9.59
o) =gy e =0 85| <0 ale=0. 059
A basis function ¢;(x) is continuous in each element 7" except along some edges
if x; is a vertex of one or several interface triangles (see Figure 9.22). We use I to
denote the union of the line segment that is used to approximate the interface.

The basis functions in an interface triangle are continuous piecewise linear.
However, it is likely discontinuous across the edges of neighboring interface
triangles. Thus, it is a non-conforming finite element space. Nevertheless, the
corresponding non-conforming finite element method performs much better
than the standard finite element method without any changes. Theoretically,
a second-order approximation property has been proved for the interpolation
function in the L*° norm; and first-order approximation for the partial deriva-
tives except for the small mismatched region depicted as bounded by the points
D, E, and M. It has been shown that the non-conforming IFEM is second-order
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(a) (b)
-0.15

-0.2 1
-0.25
-0.3

—-0.35

-0.4

-0.45 AN 027015

0.5 e
-0.5 -0.45 -04 -0.35 -0.3 -0.25 -0.2 -0.15
Figure 9.22. (a) A standard domain of six triangles with an interface cutting
through. (b) A global basis function on its support of the non-conforming
immersed finite element space. The basis function has small jump across some
edges.

accurate in the L2 norm. But its convergence order in the L norm is not so
clear. Various variations, improvements, extensions, and applications can be
found in the literature, particularly the symmetric and consistent IFEM that
takes mismatched edge contributions into account in the variational form (Ji
et al. (2014)), and various penalty methods. Note that, a conforming IFEM
can also be found in Li et al. (2003) although its implementation is not so
straightforward.

9.8 The FE Method for Parabolic Problems

We can apply the finite element method to solve time-dependent problems using
two different approaches. One approach is to discretize the space variables
using the finite element method while discretizing the time variable using a finite
difference method. This is possible if the PDE is separable. Another way is to
discretize both the space and time variables using the finite element method. In
this section, we briefly explain the first approach, since it is simple and easy to

implement.

Let us consider the following parabolic problem in 2D,
%:V-(qu)—i—qu—i—f(x,y,t),(x,y)EQ,0<t§T, (9.60)
u(x,y,0)=0, (x,y) €, the initial condition, (9.61)

u(x,y,t) o g(x,y,1), the boundary condition, (9.62)
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where p,q,f, and g are given functions with usual regularity assumptions.
Multiplying the PDE by a test function v(x,y) € H'(Q) on both sides, and
then integrating over the domain, once again we obtain the weak form below,

// u,vdxdy:// (quv — pVu-Vv) dxdy+/ fvdxdy, (9.63)

where u;, = Ou/0t. The weak form above can be simplified as
(us,v) =—alu,v) + (f,v) Yve H(Q), (9.64)

where a(u,v) = [[o, (pVu- Vv — quv) dxdy.

Given a triangulation 7}, and finite element space V), € H'(2) N C°%(9), with
oi(x,y), i=1,2,..., M denoting a set of basis functions for V},, we seek the
finite element solution of form

M
(X, p,1) Za] ) di(x, ). (9.65)
j=1

Substituting this expression into (9.64), we obtain

(Za (1) pi(x, ), vh) =—a (Z a;i(t)gi(x, ), vh> + (fivn), (9.66)
J=1

and then take v, (x,y) =¢i(x,y) fori=1,2,..., M to get the linear system of
ODE:s in the «;(1):

[ (61,01) (D1,02) -+ (1.0m) | [ 4(2)
(02,01) (P2, 02) -+ (P2, 0m) | | 5(2)

<

| (bm:01) (Paa, #2) -+ (dms ) | [ @y(2)

[ (o) ] [ a(er,é1) aler,¢a) -+ a(pr, dm) | [ i)
(f,#2) a(p2, ¢1) alop2, ¢2) -+ a(d2, dum) o (t

~—

| (fiom) | [ alom, d1) alou, ¢2) - a(dur, dur) | | am(t)
The corresponding problem can therefore be expressed as

Bc; +A@=F,  a;(0)=u(N;0),i=1,2,..., M. (9.67)
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There are many methods to solve the above problem involving the system
of first-order ODEs. We can use the ODE Suite in Matlab, but note that the
ODE system is known to be very stiff. We can also use finite difference methods
that march in time, since we know the initial condition on @(0). Thus, with the
solution &* at time 7, we compute the solution @**! at the time /A1 = ¥ + At
fork=0,1,2,...

9.8.1 Explicit Euler Method

If the forward finite difference approximation is invoked, we have

—k+1 =k

o o ~k _ ok
B Y 4Gk —F 9.68
or @t =gk 4 ArB! (Fk - Ao?k) . (9.69)

Since B is a nonsingular tridiagonal matrix, its inverse and hence
B! (F¥ — 4a*) can be computed. However, the CFL (Courant-Friedrichs—
Lewy) condition

At < Ch?, (9.70)

must be satisfied to ensure the numerical stability. Thus we need to use a rather
small time step.

9.8.2 Implicit Euler Method

If we invoke the backward finite difference approximation, we get

T

BY T ggktl = prrl 9.71)
At

or (B+ AtA) @+ = BaF + AtFF 9.72)

then there is no constraint on the time step and thus the method is called uncon-
ditionally stable. However, we need to solve a linear system of equations similar
to that for an elliptic PDE at each time step.

9.8.3 The Crank—Nicolson Method

Both of the above Euler methods are first-order accurate in time and second
order in space, i.e., the error in computing & is O(At 4 h?). We obtain a second-
order scheme in time as well as in space if we use the central finite difference
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ot k+3.
approximation at 1" " 2:

O‘2k+1 _ O_Zk 1

B+ 54 (&k“ + 5/‘) - % (Fk+1 + Fk) : (9.73)

or (B+ ;AzA) aHl = (B — ;AtA) a4+ %At (Fk+1 + Fk). (9.74)

This Crank—Nicolson method is second-order accurate in both time and space,
and it is unconditionally stable for linear parabolic PDEs. The challenge is to
solve the resulting linear system of equations efficiently.

Exercises

1. Derive the weak form for the following problem:

=V - (p(x,»)Vu(x,»)) + q(x, y)u(x,y) =f(x,1) , (x,3) €Q,

0
u(x,) =0, (x, ) €0,  FL=glx.y), (x.7) €I,
0
a(x,p)ulx,y) + 5o =elx,p), (x,y) € 9,

where g(x,¥) > gmin >0, 01 U0 U 0N =00 and 0Q; N 0 = ¢. Provide necessary
conditions so that the weak form has a unique solution. Show your proof using the
Lax—Milgram Lemma but without using the Poincaré inequality.

2. Derive the weak form and appropriate space for the following problem involving the
biharmonic equation:

Alu(x,y) = f(x,p), (x,y) €Q,
u(xay)|89:05 1/[,1(X7y)‘8§2:0.
What kind of basis function do you suggest, to solve this problem numerically?
Hint: Use Green’s theorem twice.
3. Consider the problem involving the Poisson equation:
7Au(x7y) =1 ) (xvy) € Qa
u(xvy)laﬂ = 05
where €2 is the unit square. Using a uniform triangulation, derive the stiffness matrix and
the load vector for N = 2; in particular, take 7 =1/3 and consider

(a) the nodal points ordered as (1/3,1/3), (2/3,1/3); (1/3,2/3), and (2/3,2/3); and
(b) the nodal points ordered as ((1/3,2/3), (2/3,1/3); (1/3,1/3), and (2/3,2/3).
Write down each basis function explicitly.

4. Use the Matlab PDE toolbox to solve the following problem involving a parabolic equation
for u(x, y, t), and make relevant plots:

Ur = Ux + Uy, (x,y) 6(717 1) X (717 1)3
u(x,y,0) = 0.
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u_n|=-1 un=1

u=0

Figure 9.23. Diagram for Exercise 2.

The geometry and the BC are defined in Figure 9.23. Show some plots of the solution (mesh,
contour, etc.).
5. Download the Matlab source code fm, my_assemb.m, uexact.m from

www4 .ncsu.edu/~zhilin/FD FEM Book.

Use the exported mesh of the geometry generated from Matlab, see Figure 9.23 to solve the
Poisson equation

_(MXX + ”yy) :f-(xay%

subject to the Dirichlet BC corresponding to the exact solution

1 .
u(x,y)= 1 (x2 + y4) sin x cos4my.

Plot the solution and the error.
6. Modify the Matlab code to consider the generalized Helmholtz equation

_(u,\‘x + uyy) + )\u:f(xvy)

Test your code with A =1, with reference to the same solution, geometry and BC as in
Problem 5. Adjust f(x, y) to check the errors.
7. Modify the Matlab code to consider the Poisson equation

-V (p(x7y) : vu(xvy)) :f(x,y), (9.75)

using a third-order quadrature formula. Choose two examples with nonlinear p(x, y) and
u(x,y) to show that your code is bug-free. Plot the solutions and the errors.

9.8.4 Matlab PDE-Toolbox Lab Exercises

Purpose: to learn the Matlab PDE toolbox.
Use the Matlab PDE toolbox to solve some typical second-order PDE on some regions
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with various BC. Visualize the mesh triangulation and the solutions, and export the

triangulation.
Reference: PDE Toolbox, MathWorks.

Test Problems

1. Poisson equation on a unit circle:

—Au =1, x2+y2<1,
ulpg =0, x<0,
Unlgo =1, x>0.

2. Wave equation on a unit square x€ [—1,1] x y € [-1,1]:
Fu
or

u(x,y,0) = arctan (cos %x) ,

= Au,

u(x,,0) = 3sin(7rx)gSi“(Try/2)7

u=0atx=—landx=1, wu,=0aty=—landy=1.
3. Eigenvalue problem on an L-shape:
—Au=Mu, u=00nox.

The domain is the L-shape with corners (0,0) , (—1,0), (—1,—1), (1,—1),(1,1) , and (0,1).
4. The heat equation:

ou

The domain is the rectangle [—0.5, 0.5] x [—0.8, 0.8], with a rectangular cavity
[—0.05, 0.05] x [—0.4, 0.4]; and the BC are:
e 1 =100 on the left-hand side;

e u=—10 on the right-hand side; and
e u, =0 on all other boundaries.

5. Download the Matlab source code 2D.rar from
www4 .ncsu.edu/~zhilin/FD FEM Book

Export the mesh of the last test problem from Matlab and run assemb.m to solve the example.

General Procedure

Draw the geometry;

define the BC;

define the PDE;

define the initial conditions if necessary;
solve the PDE;

plot the solution;

refine the mesh if necessary; and

save and quit.
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Appendix: Numerical Solutions of Initial
Value Problems

This textbook is about finite difference and finite element methods for BVPs of
differential equations assuming that the readers have knowledge of numerical
analysis which includes numerical methods for IVPs of differential equations.
The purpose of the appendix is to provide a necessary supplement for those
readers who have not been exposed to numerical methods for IVP.

A.1 System of First-Order ODEs of IVPs

We briefly explain finite difference methods for IVPs, particularly how to use
the Matlab ODE suite to solve such problems. The purpose of this appendix
is to make the book more complete and self-contained. Usually, the more
advanced material in the appendix can be found in the later stage of a numer-
ical analysis class. The readers who have not been exposed to the materials
will find the appendix useful. The methods described here can be used as time
discretization techniques for various applications.
Consider an IVP of the following,

dy
E:f(t7y)7 (Al)
y(to) =,

where f(z,y) is a given vector (or scalar) function, and v is a known vector (or
scalar). The following is the component form of the problem,

% =i (t,y1(0),32(0), .., ym(2))

d
%:]& (t,y1(l)7J’2(t)7~--;J’m(t))a (AZ)
dym. _
dr = fon (6, 1(8), 32(2), -, ym(1))
279
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with a known initial condition y;(#y) = vy, y2(t) =V2, ..., Ym(t9) = vp. Such
an IVP is a quasilinear system since the highest derivative terms (here is the
first order) are linear. Often we have 7y = 0. We also use the notation % =y'(1).
Below are two such examples. The first one is a scale IVP while the second one

is a system of ODEs of an IVP.

Example A.1.
Y(t)=sin(y(z)),  »(0)=1

Example A 2.
Y1 (1) = (1), (A.3)
Ya(t) = —y1(1) + y1 (1) y2(1), (A4)

yl(o) = 1’ yZ(O):O

Note that a high-order quasilinear ODE IVP can be converted to a system
of first-order ODEs of an IVP as shown in the following example.

Example A.3. Convert the IVP,
y'+cos’ry +siny=0,  p(0)=v;, Y (0)=w,

to a first-order system of ODEs of an IVP, where vy and v; are two given
constants.

Solution: We set y;(¢)=y(t), and y,(¢t)=)'(f). Thus we have y|(¢)=
V' (8) =p2(1); 15 () =" () = — cos? ty' — siny = —(cos? t) y» — siny;. The orig-
inal second-order IVP has been transformed to the following first-order system
of ODE:s of the IVP,

WO =y, y1(0)=w
yh(1) = —siny; — (cos? 1) ya, 2(0) = v,.

A.2 Well-posedness of an IVP

Most of the numerical methods are designed for well-posed problems. Ill-posed
problems need special algorithms and analysis. Here we discuss only well-posed
first-order IVPs (A.1). A well-posed problem means that the solution exists,
and is unique, and is not sensitive to perturbations of the data, such as the
initial condition. For an IVP (A.1), the Lipschitz continuity can guarantee the
well-posedness.
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Theorem A.4. Assume that f(t,y) is Lipschitz continuous in a neighborhood D
of (t9,Y0), that is, there is a constant L such that

(2, y1) = £(2,¥2) [ <L |ly1 — 2| (A.5)

Sorall (t,y1) and (t,y>) in D. Then in the neighborhood D there is a unique solu-
tion'y(t) to (A.1) that is not sensitive to perturbation of the data in the original
problem.

For a well-posed problem, the solution should be insensitive to the data such
as the initial condition and coefficients involved. For the IVP (A.1), this implies
the dynamical stability. If all the eigenvalues of the following matrix

(I oh o Of
oy1 Oya Oym
9 o O
Df _ | Oy1 Oy Oym
Dy (1 y(0)= oo (A.6)
Wom Ofm . Ofm
L Oy1 Oy Oym |

at (0,y(#)) are negative, that is, \; (%(zo, y(to))) <0,i=1,2,...,m, then the
IVP is dynamically stable in a neighborhood of (z9, y(#)).

A.3 Some Finite Difference Methods for Solving IVPs

Assume that the IVP (A.1) is well-posed, and we wish to find the solution y(¢)
at some final time 7 > ¢y. For the sake of simplicity, we set 7o =0 and discuss
time marching methods. We start with a uniform time discretization. Given a
parameter N, let At =int(T/N), {* =0, " = nAt with At be the uniform time
step size. We wish to find an approximate solution y” to the IVP problem at ¢”,
y'~y(t"),n=1,2,...,N.

A.3.1 The Forward Euler Scheme
The simplest method is the forward Euler method

n+1 _ yn
y Aty —f("y"), n=0,1,... (A.7)

The method is first-order accurate, that is, ||y” — y(#")|| < CAt. The scheme
is conditionally stable meaning that we cannot take very large At
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We can give a reasonable guess of Az < 1. Theoretically, the method is stable if
we choose At such that |Ar)\; (g—; (1o, y(to))) | <1 for all 7s.

A.3.2 The Backward Euler Scheme

The backward Euler method is

n+1 n
y J—

44ZTX:J<WH7WH>7 n=0,1,.... (A.8)

The method is also first-order accurate, that is, ||y" — y(¢",y(#"))|| < CAt. The
scheme is unconditionally stable, meaning that we can take any A¢. The diffi-
culty of the backward Euler method is that we need to solve a nonlinear system
of equations in order to get the approximate solution at the next time step.
The advantage of this method is the strongest stability sometimes it is called a
metastable method.

A.3.3 The Crank—Nicolson Scheme

The Crank—Nicolson scheme is the following

yn-l—l_yn_l (7" v" fn+1 n+1 —0.1 A9
A—Zr—_i((my)+(t YY), n=01, (A9
The method is second-order accurate, that is, [|y” — y(#", y("))|| < C(Af)?. The
scheme is unconditionally stable for linear problems. The difficulty of the
Crank—Nicolson scheme is that we need to solve a nonlinear system of equa-
tions in order to get the approximate solution at the next time step. The stability
is better than the forward Euler method but not as good as the backward Euler
method.

The methods that we discussed above are all one step methods. We refer the
readers to a general textbook on Numerical Analysis, for example, the one by
Burden and Faires (2010) about other methods including multistep methods
for IVPs and analysis.

A.3.4 Runge—Kutta (RK(k)) Methods

In numerical analysis, the Runge—Kutta methods are a family of implicit and
explicit finite difference methods, which includes various Euler Methods, used
in temporal discretization for the approximate solutions of ODEs. In this sub-
section, we explain explicit Runge-Kutta methods for scalar IVPs (m=1).
Below are some examples.
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Example A.5. The Crank—Nicolson scheme is an implicit scheme. We can use
a predictor and a corrector scheme to make the scheme explicit,

predictor: 7"l =" + Arf(e", y")

At _
corrector: y’”rl =)'+ > (f(t”,y") +f(tn+17yn+l)> '

The scheme is called Heun’s scheme which is second-order accurate and it is
conditionally stable. The scheme above can be written as a one-step scheme

(A.10)

A
Y=y Tt (f(z”,y”) +fL Y+ Atf(t",y”)) : (A.1D)

A class of Runge—Kutta (2) methods can be written as

| 1
Y=y A <(1 — M) 5 S+ ol ) O‘Atf(tn’yn») ’

for some o > 0. If =1, we get the above Heun’s scheme. If o= 1/2, we get the
middle point method. The middle point scheme is also second-order accurate.
The general k-th Runge-Kutta methods (RK(k)) can be written as

k
Y =y ALY bif, (A.12)
i=1

where
No=A7 5",
fo=1 (¢ +cdn "+ At(aaf)
fr=f (1 + B )"+ At (anfi +anf))

S =f( "+ Aty Y+ At (apify + agofo + - -ak,k—Lfk_1)> ~

To specify a particular method, one needs to provide the integer k, and the co-

efficients a;;, (for 1 <j<i<k), b;(fori=1,2,...,k),and ¢; (fori=2,3,...,k).

The matrix a;; is called the Runge-Kutta matrix, while the b; and ¢; are known

as the weights and the nodes. Those coefficients can be arranged as in Table A.1.
The Runge—Kutta (RK(k)) method is consistent if

i—1
E a;j=¢j fori:2,...,k.
Jj=1
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Table A.1. The table of the coefficients of an RK(k) method

0
G | a2l
C3 | Az ds

| @ ao o Grg—
by by - b b

A well-known RK(4) has the following form. Given a step size # >0 and
define

Py S 24 24 ),
where
Si=A1)"),
fo=rf( 1+ A2+ At 2),
£ :f( O+ AL/2,)" Atfz/z) ,
fi :f(z”+Az,y"+Azf3).
The coefficients table is

Table A.2. The table of the coefficients of an RK(4) method

0

Il

2|2

1 1

1o =

20 2

110 0 1
1 1 1 1
6 3 3 6

A.4 Solving IVPs Using Matlab ODE Suite

It is quite easy to use the Matlab ODE Suite to solve a system of first-order
ODE:s of an IVP and visualize the results. The Matlab ODE Suite is a col-
lection of five user-friendly finite difference codes for solving IVPs given by
first-order systems of ODEs and plotting their numerical solutions. The three
codes ode23, ode45, and odell3 are designed to solve nonstiff problems and
the two codes ode23s and odel5s are designed to solve both stiff and nonstiff
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problems. The mathematical and software developments and analysis are given
in Lawrence (1997). The Matlab ODE Suite is based on Runge—Kutta methods
and can choose time step size adaptively.

To call one of five methods in the Matlab ODE Suite, for example, ode23, we
can simply type in the Matlab command window the following

[t,y] = ode23('yp', [0,5], [1,0]");

assume that we have already defined the ODE system in a Matlab file called
yp.m. For Example A.2, the Matlab script file yp.m can be written as

function yp = yp(t,y)
k = length(y); yp = zeros(k,1l); % detect the dimension,

% using column vector.
yp(l) = y(2); % Definition of f(t,y): y(1), y(2),
. vik) .

~— o

7

yp(2) = -y(1) + y(1)*y(2

Running the Matlab command will return outputs ¢, an array of differ-
ent time from =0 to t=5; the matrix y € RM2, the approximate solution of
¥(¢) corresponding to the time. The column vectors y(:,1) and y(:,2) are the
components of the approximation solution of y;(z) and y,(¢), respectively. In
Figure A.1, we plot the solution of y; (#) against time (the top plot); y,(#) against
time (the middle plot); and the phase plot y,(7) against y;(¢) (the bottom plot).

We can put everything into a Matlab script file called ivp_ex2.m, below, which
we can modify later.

[t,y] = ode23('yp' ,[0,5], [1,01");
yl=y(:,1); y2=y(:,2);
subplot(3,1,1); plot(t,yl)

xlabel ('t'); ylabel('y 1(t)")
subplot (3,1,2); plot(t,y2)

xlabel ('t'); ylabel('y 2(t)")
subplot (3,1,3); plot(yl,y2)
xlabel('y 1'); ylabel('y 2')

In the Matlab command window, we just need to type “ivp_ex2” and then we
will see the plot.

We can replace ode23 with four other subroutines in the Matlab ODE Suite,
ode45 and odel13, which are designed to solve nonstiff problems, and the two
codes ode23s and odelS5s, which are designed to solve both stiff and nonstiff
problems. If we are not sure whether a problem is stiff or not, we can always
use the codes for stiff problems.
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Figure A.1. Plots of the approximate solution. (a) y; (¢) against time; (b) y» ()

against time; and (c) the phase plot y, () against y;(¢).

Example A.6. As another demonstration, we solve the nondimensionalized
Lotka—Volterra predator—prey model of the following system,

Yi=y1— Y12,
Yh=—ay) + y1 )2, (A.13)
»1(0) =p1, 12(0) =pa,

where p; and p, are two constants, y|(¢) is the population of a prey, while y; (¢)
is the population of a predator. Under certain conditions, predator and prey

can

coexist.

This problem is potentially stiff as we can see from some of plots of the
solutions. We define the system in a Matlab function called prey_prd.m whose
contents are

function yp
global a
k = length(y); yp

prey prd(t,y)

zeros (k,1) ;
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Figure A.2. Plots of the solution of the prey—predator model from 1=0 to
t =200 in which we can see the prey and predator coexist. (a) solution plots
against time and (b) the phase plot in which the limit cycle can be seen.

y(1l) - vy
(2) = -a*y(2) +

53

To solve the problem, we write a Matlab script file called prey_prd_drive.m
containing the following.

global a

a = 0.5; t0 = 0; y0O = [0.01 0.01]; tfinal=200;

[t y] = ode23s('prey prd', [t0,tfinall,y0);

vyl = y(:,1); y2=y(:,2); % Extract solution components.
flgure(l), subplot(211); plot(t,yl); title('Population of prey')
subplot (212); plot(t,y2); title('Population of predator')
figure(2); plot(yl,y2) % Phase plot

xlabel ('prey'); ylabel('predator'); title('phase plot')

In Figure A.2, we plot the computed solution for the parameters a =0.5,
the initial data is y;(0) = »,(0) =0.01. The final time is 7= 200. The left plot
is the solution of each component against time. We can observe that the solu-
tion changes rapidly in some regions indicating the stiffness of the problem.
The right plot is the phase plot, that is, the plot of one component against the
other. The phase plot is more like a closed curve in the long run indicating the
existence of the limiting cycle of the model.
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Exercises
1. Consider a model for chemical reaction,
yi=a—(b+1y +yin,
5 = by1 =y y(2).

Use the Matlab ODE Suite to solve the problem with various parameters, initial data, and
final time.
2. Use the Matlab ODE Suite to solve the Lorenz equations,

/
Ni=o0@2—»)
ya=y1(p—y)—»(2),
¥i = 1 y(2) — By,

where o, p, and (3 are constants. Try to solve the problem with various parameters, initial
data, and final time. In particular, try to get the Lorenz attractor.
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